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§1. Introduction

Let Y=(Y,,..., Y,)’ be a random vector with the multinomial distribution
My(n, ), i.e.,

n! TT4oy (mmifn;Y), n; =0, 1,...,n(j=1,..,k)
Pr(Y =ny,..., Yi=m) = and 3h-yn;=n,

0 , otherwise,

where w=(ny,...,m)’, n;>0, ¥ %_, n;=1. For testing the simple hypothesis
H: w=p (p a fixed vector) against K: «r# p, the following three statistics are
commonly used:

(1) Pearson’s chi-square statistic

T, = Z'}=1 (Yj—npj)zl(npj)a

(2) Log-likelihood ratio statistic

T, =2%%-, Y;log {Yj/(npp},

(3) Freeman-Tukey statistic

Ty = 4%~ (JY;—/np))?,

where p=(py,..., p)’> P;>0(j=1,...,k)and 3 %k_, p;=1.

It is well known (e.g., see Bishop, Fienberg and Holland [2, p. 313]) that under
the null hypothesis these three statistics have the same chisquare distribution with
k—1 degrees of freedom in the limit. We use the chi-square approximation when
expected numbers np; are not small. But this brings about the question of how
small the numbers np; can be without invalidating the chi-square approximation.
There are many papers attempting to answer this question, in particular, for the
case of T}, but there is wide difference of the proposed numbers for np;. Another
question arises in some practical applications when these statistics show signifi-
cantly different values for a finite sample, in particular, between T; and T, or Tj.

Yarnold [6] obtained an asymptotic expansion for the null distribution of T,



116 Minoru S1oTANI and Yasunori FUJIKOSHI

and studied the accuracy of the chi-square and other approximations to it. In
this paper we give asymptotic expansions for the null distributions of T, and T;
similar to that of T;. Based on the asymptotic expansions, we shall propose new
approximations for T, and Tj.

§2. A preliminary lemma

In this paper we assume 7= p, since we treat the null distributions of T,.
Define

X;=(Y=np)/n, j=1,...k

and let X=(X,,..., X,), where r=k—1. Then the random variable X is a
lattice random vector which takes values in

L= {x = (xy,...,x,); x = (1/\/n)(m—nqg) and meM}

where ¢=(p;,..., p,)’ and M is a set of integer vectors m=(n,,..., n,)’ such that
n;>0and 3%-, n;<n. We can express X as

= \/— 2i-1(Z, — E(Z,)
where Z,,..., Z, are independently identically distributed lattice random vectors
having the distribution of a random vector obtained by deleting the kth component
of the random vector with the multinomial distribution M,(1, p).

LemMA 2.1. Let x=(1/\/n)(m—nq). Then for any meM,

20 Pr(X=x) =n"’2¢(x){1+\/_h ) + Ly (x) + o(,,—m)}
where ¢(x) B (zn)_rﬂ'gl—l/z exp<— ?xlg—lx>’ Q=dlag (pl’-"9 Pr)_qq’,
hy(x) = _121 1_‘+%' flx( >2,
hy(x) = %hl(x)2 + ﬁ(l - ;=1_E)

Xj L k (&)3
( ) iz &J=1% Dj

and xy=—3"%_; x;.

Proor. Let Q(f) be the characteristic function of ¥*=(Y;,..., Y,)’, which is
given by
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Q(t) = X mem €xp (it'm) Pr (Y* = m)
= {X%=1p; exp (it;) + pi}"

where £=(t,,..., t,)’. Then, for any x=(1/\/n)(m—nq) € L, we have

Pr(X=x) = Pr (Y* = m)

T

= (21:)"S . SinQ(t) exp (—it'm) dt

= @ufn)~ Sf} e S‘_/j;”y(t) exp (—it'x)dt

where y(¢)=Q(t/\/n) exp (—i+/nt'q). For large n and fixed ¢, y(t) can be ex-
panded as

() = exp(— % t'Qt){] + X2, n7i2p (t) + O(n~3/2)}
where
i3
by(t) = % (T pit = 3(t'q) t'Qt — (t'q)%},

14
bo(®) = £ 6102 + S {Z5mipith — 4(¢'9) Ther 2t

—3('Q1)% + 6(t'q)2t' Q¢ + 3(¢'q)*}.

Form a discussion on the asymptotic expansions of the density functions of
sums of independent identically distributed random vectors (e.g., see Bhattacharya
and Ranga Rao [1, p. 231)) it follows that

Pr(X=x) = 2n/n)~" Bo_ow go_ow exp (it'x) exp(— % t Qt)
x {1+ X3, n-i12%,()} dt + 0(n~3/2)]

Now then the formula (2.1) is obtained by substituting the above expressions of
b,(2) and b,(t) and carrying out the integration with the aid of formulae of the
inverse Fourier transforms for the normal density and its derivatives.

Let D=diag(p,,....p), VP=(/P1,--» /P> and A=(ay,...,a,) be a kxr
matrix such that (4, \/p) is an orthogonal matrix. Define

z=(z4..., 2;)' = Hx

(2.2) [ I }
= A'D12| x.
1

-1, -
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Then, noting that HQH'=1, and /p;(ajz)=x,, we can express (2.1) as
23) Pr(X=x) = n2 |Q|7V2{f(z) + O(n731?)}

where

Qo @ = oo (= 32 ){L+ 7o0i@) + 5 0

and
91(2) = — %— i=1 ﬁ (ajz) + % j=1 ﬁ (a2)°,
92(2) = 5 9:(2)* + %(1 - §=17}7>
+ % §=1p1—j(a}z)2 - 117 §=1p1—j(a,’-z)4.

§3. Asymptotic expansions for Pr (Xe B)

In order to get. an asymptotic expahsion for Pr (X € B), it is necessary to sum
the local expansion (2.1) over all the points in Bn L. It is known (Esséen [3],
Ranga Rao [5]) that such a lattice sum can be expressed as a Stieltjes integral when
B is a Borel set. Yarnold [6] gave a reduction for the Stieltjes integral when B
is an “extended convex set”. It is convenient to summarize here Yarnold’s
result, since we will use it in the subsequent sections. A set B is called an extended
convex set if B has the following representation for every l € {1,..., r}:

B = {x = (x1,..., X,)': 4(x*) < x; < 0(x*) and
X* = (Xqy00r Xjm15 X4 15--+5 X») € B}

where B;<=R""! and A, 6, are continuous functions on R*~!. If B is an extended
convex set, then

(3.1) Pr(XeB)=J, + J, + J5 + O(n~372)

where
— 1 1
n={f 0@ {1t Jome) + L@l
JZ = _ \—/17_ 27=l n—(r—l)/z Zx1+1EL1+1 o zx,,EL,-
~[Sl(\/'_zxz+np:)¢(x)]2;§:i‘§ dxdx;_y,

1 < —(r—
']3 = n Z?=ln r=n/2 zxn-xELHx ZXrELr SS

B



Multinomial goodness-of-fit statistics 119

.['_ Si(y/nx,+np)hy(x)$(x)

6:1(x%)

+ 8 (it mp) 5 b)) 7 dxidin,

Ar(=*)

L; = {x;: x; = (1//n) (n;—np;) and n; is integer},
Sl(x) =X — [x] _%9

S,(x) is the real-valued periodic function of period one such

that S,(x)= %(xz—x+ —é—)on 0<x<l1,

[h(x)]‘}’.:g::; = h(xl»---y xl—la gl(x*)’ xl+ ) EAREE) xr)
— h(Xgsenes Xpm 15 A(X¥)s Xpgg5eees Xp) -

The J, term can be regarded as the Edgeworth expansion for a continuous
distribution, while the J, term is a term to account for the discontinuity in X. Itis
known that J,=0(n"1/2) and J;=0(n"!). Since Pearson’s chi-square statistic
T; is-expressed as Ty = X'Q-1X, it holds that

Pr(T; <¢) =Pr(XeB))

where B, ={x=(x4,..., x,)’: X’Q 'x<c}. Hoel [4] evaluated the J, term for the
case of B=B,. Yarnold [6] evaluated the J, term for the case of B=B; and
showed that J, 4+J, provides very accurate approximation to Pr (T, <c).

§4. Log-likelihood ratio statistic
We can express the null distribution of T, as
“4.1) Pr(T,<c¢).=Pr(XeB,)
where B, ={x=(xy,..., X,)’: To(x)<c} and
4.2) Ty(x) =2 Xk (np;++/nx;)log {1+x;/(/np,)}.

Observing that the set B, is an extended convex set, we. can write (4.1) as the

formula (3.1) with B=B,. In the followiﬁg'we shall evaluate the J, and J, terms.
Making the transformation (2.2), we can write J, as -

@43 n={-(, ra

where f(z) is given by (2.4) and §2>=‘ {z=(245..., 2,)': Ty(H 'z)<c}. = We may
regard J, as the distribution function of T,(H-!'Z) when Z has a continuous
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density function f(z). Then the characteristic of T,(H~!Z) is defined by
@.4) c@) = g“’w S: exp {itTo(H'2)}f(2)dz.
We can expand T,(H™!z) as
(4.5) Ty(H'2) = 2'7 — —3&7 K \/ o (@5
+ o Thes 7,- (aj2)* + O(n~312)

in the set @, of z for which |ajz/\/np;|<1, j=1,...,r. Substituting (4.5) into
(4.4), we obtain

4.6 CQ) = g: ...gioexp (it z'z)l:l \/_ Th 1—-=(a 2

_1_;1_ Zh=1 }IT (0}7:)4 + (1118): {25;:1 \/II,J (aj’z)3} ]f(z)dz+ o(n-312).

The validity of this reduction is obtained by controling the errors of approx-
imations. For example, if we define the set 4, of z by |z;/ <2,/2logn, j=1,..., 1,
then it can be checked that for sufficiently large n,

(i) 4,< 0,
@ | 1@z = o(r?).

The formula (4.6) follows by dividing the region of the integral in (4.4) into A4,
and A¢ and using the properties (i) and (ii). Carrying out the integral (4.6) with
the aid of the moment formulae for a multivariate normal variate, we obtain

. 1 1 .
—_ — -r/2 — k o — — -1
4.7 C@) = (1-2i) [1+——12 (1 =1 5 ){1 (1-2i2) }J
+ O(n~3/2),
Inverting (4.7) we obtain
= Pr(y2<c) + L (1— Tk _1_>
4.8) J, =Pr(x2<c) + 5 (1 >k 2;

x {Pr(x? < c¢) — Pr(x2,,<c)} + O(n~3/2).

Next we consider the J, term in (3.1) with B=B,. Approximating
[Sy(\/nx;+ np)(x)13:(=2) by its asymptotic approximation

r)~r/2| Q|12 c'xp< ) [Sy(/nx, +np)] %S,
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and using the same argument as in Yarnold [6], we obtain an asymptotic approx-
imation to J,,

(49) Ty = (N, = wivy) exp( = & o) [{@nny Ty p} 2

where N, is the number of lattice points in B,, i.e.,
“4.1) N,=#{x;xeL and T,(x)<c}

and V, is the volume of B,. We shall give an expansion for
@.11) v, = SS dx
B>

= |Q|/2 SS dz
): 73

where z=Hx is defined by (2.2) and B,={z: z=Hx and xeB,}. Consider the
transformation z—u such that T,(H-!'z)=wu'u. Using (4.5) we can express z in
terms of u as
z=u+ _L: Sk, —1~_(a’.u)la.
6\/’1 J= \/p_] J J
1 , 1 , -
- *7—2"—’— {5(“ u)u + z’}_—.l —PT (aju)3aj } + O(n 3/2)

for sufficiently large n. It is seen that the Jacobian of the transformation is

|G| = [+ 505 Bt g @ap (@)

D _
— {muu 5@l +3 They - (a )Za,.a,.} + 0(n=7)|

1 p 1 /
3\/ \/ aju+m-{(l—5r)uu

-7 Xk — (aju)? + 4( ko \/_.a u> }+O(n"3/2).

=1+

From (4.11) we obtam

@.12) v, = |Q|1/ZS-~-S 22 du

u'u<c

= V,[1+ < {720k + 1)}—1{- 9%k + 15k — 6

-3 ZJ=1 _J__} + O(n-3/2) :’
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where V; is the volume of By, i.e.,

@.13) v, = |Q|1/25--.S du

= (e THip T (S + 1)

The J; term is very complicated. However, from the general result in Section
3 it follows that J;=0(n"!). Neglecting the J; term, it is suggested to use

(4.14) Ji+ J,

as an approximation to Pr (T, <c), where J, and J, are defined by (4.8) and (4.9),
respectively.

§5. Freeman-Tukey statistic

The null distribution of the Freeman-Tukey statistic T; can be expressed as:
(5.1) Pr(T;<c) = Pr(XeB,)
where B; = {x=(xy,..., x,)": T3(x) < ¢} and.
(5.2) Ty(x) = 4%, {(np;+/nx))V/* — \/np;}*.

It is easily seen that B, is an extended convex set. Therefore we can write (5.1)
as the formula (3.1) with B=B;. In the following we shall evaluate the J, and J,
terms in (3.1) with B=B;. When |x;/(\/np,)|= |(a}z)/</np;l <1 and |1/(np))| <1,
we can expand T3(x) as
(5.3) Ts(x) = T3(H 'z)

, -

—rg——L sk L ()3
2\/n JPj

5 r ., -
+ 16n 2ha D (aj2)* + O(n™32).

The J, term can be obtained by using the formula (5.3) and the same method as in
the case of T,. The final result is given by

(54)  Jy=Pr(E<o + L T30, P <o) + O
where

g0=ll—2<l— .f:l%)a g1=?12—(_k2+4k_3)’
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g2=3—12<2k2 — 2k -1+ Xk, }},—)

gs=_9lg<— 3k2 — 6k + 4 +52§=1pij).

Applying an argument similar to that in the case of T,, we can obtain an
asymptotic approximation for the J, term given by

(55) = (Vs = w2V exp( = 5 o) [{@n) TTher 2312
where N is the number of lattice points in B, i.e.,

(5.6) N, = #{x:xeL and T3(x)<c}

and

(.7) v, = S Ss, dx.

Similarly we can derive an asymptotic expansion for V3. For this, we consider the
transformation z—u such that Ty3(H™!'z)=wu'u. From (5.3) we can write the
transformation as

=

2 5 ! -3/2
4\/ \/_ (a; u)’a ~ 35 (u'u)u+0(n ).
Therefore we have

58 vy =epaf. S
u'u<c

|
B |QII/ZS Su u<c[ 171‘ §=1\/;.‘aj"

+~%{ (7+5r)uu+4<2 \/Tau>2

—axk, 717 (aju)? } +0(n"3/2)]du

’du

=V {1 - T32€n—(k_ D@k-1)(k+1)"! + 0(,,—3/2)}

where V is given by (4.13).
The formulas (5.4) and (5.5) will be useful in getting closer approximations to
Pr(T;<c).
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