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Every 2 x 2 system of linear differential equations
X' = (X0 dnt™X, Ao ~ diag(iy, 4,) (A1#4,)

is meromorphically equivalent to a normal system of the form

o))
) X' = t+ X,
0 A, ¢ U,

where we put p,—pu,=a+f and cc'’=—ap. This Birkhoff system has two
singularities, a regular singular point =0 and an irregular singular point ¢= oo,
in the whole complex t-plane. It is easy to see that through the transformation
of the form X =e**1?Y, (1) can be reduced to the confluent hypergeometic equation
and then solutions near t=0 are expressed in terms of Kummer’s functions.
Hence, by means of properties and connection formulas of Kummer’s functions,
the central connection problem between solutions near t=0 and t=o00 can be
immediately solved [2, 3, 5]. From this, it was also shown in [2, 3] that the
values {1, 4,}, {14, n,} and

71 =¢/[f(A—-)[(1-p), vy, =c[T(1+)I'(1+p)

are invariants, where {y;, y,} are closely related to the monodromy matrix or the
Stokes multipliers.

Here we shall deal with the same problem for (1), however, consider the global
behavior of particular solutions near ¢t =0, which are defined directly as convergent
power series, but not in terms of Kummer’s functions.

In general, in order to solve such a problem completely, one has to know the
asymptotic behavior of coefficients of convergent power series solutions [4].
For instance, in case the coefficients are rational functions of gamma functions
(like almost all special functions), the problem can be easily solved. In the case
considered, the coefficients satisfy the second order linear difference equations
or, after a simple transformation, the so-called hypergeometric difference equa-
tions. There is the very interesting study of hypergeometric difference equations
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by P. M. Batchelder [1]. By making the best use of his detailed investigations,
we can then solve the connection problem for (1). From this point of view, the
Birkhoff system (1) is a quite good example of cases where the coefficients satisfy
more than one order linear difference equations and the consideration in this
paper will be extended to the solution of connection problems for more general
differential equations.

Hereafter we assume for simplicity that

[Ay = 42| 2 44] 2 122 > 0,
@)

—n<argl, —argl, ==

and a— B is not equal to an integer. _
One can find a fundamental set of convergent power series solutions of the
column vectorial form

3 X)) =" Too Gmym  (i=1,2),
where the characteristic exponents p; (i=1, 2) are eigenvalues of the constant
matrix (lc‘ H #cz)’ i.e.,

pr =5+ 1m) + 5 @=B), p2="(us+m) — S (@—P).

The coefficient vector G,(m) satisfies the system of linear difference equations

[men( 2 Jlo=( 3
4) m+p;— Gi(m) = Gi(m—1) (i=1,2)
¢’ U, 0 A,

together with the initial conditions G0)#0 and G(r)=0 (r<0). Putting
Gi(m)=<f “(m)), we write down (4) in the componentwise
fiz(m)

(m+pi— 1) fis(m) — cfia(m) = Ay fy(m—1),
[ = fu(m) + (m+p;— p3) fio(m) = A, fia(m—1)
and then obtain
) {(m+pi—p) (m+ pi— po) + o} fiy(m)
= {l(m+pi—p2) + Ao(m—1+4p;— p)} fu(m—1) — A, fiy(m—2)
(i=1,2).

Now, since
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pr— My =0, py—py=—5,

Pr— =B, py—pa=—0,
we may only consider the difference equation (5) for i=1, i.e., dropping the
index i,
(6) m(m+a—p)fi(m) = {(d4+2A)m—21,f+2(a— D} fi(m—1)— A4, f1(m—2)

and for i=2, we merely interchange the role of the parameters « and f. If we put
_ Jim+1)
@) fi(m) = T(m+1) °

then we obtain

8 (m+oa—B+1)f(m+2)
= {(A +A)(m+1) + Ay(a—1) — 1,8} f(m+1) — A, A,mf(m),

which is just the normal form of hypergeometric difference equation (103) [1; 69p],
where p;=1; (i=1,2), f;=a—1 and B,=—p. P.M. Batchelder defines six
solutions £(m), »{(m) (i=1,2), /(m) and »(m) and investigates their global
befavior in great details. Among them, we here have to choose a suitable solution
which fits our purpose. Since f;(m) must be defined in the right half m-plane and
vanish for negative integral values of m because of the supposed initial conditions,
we choose, taking account of the form (7), f(m) which has no poles at nonpositive
integers, as a solution of (8). Hence we take the entire solution

/(m) = Sj §m=1(s — A, )*=1(s — A,)~Adis

which is defined under the assumption that Rea>0, Re(—pf)>—1. If the
above assumption is not satisfied, then one may replace the path of integration
by the so-called double loop circuit. From this we put

© fam) = 27m) = § " 1G5 2,715 = 1)~ sds

- (1 —_ eZni(a—l))(l — e2ni(—ﬂ))/(m) .

As to the asymptotic behavior of /(m) for sufficiently large values of m, P. M.
Batchelder gives the following result: If arg A, =arg 1,, then

Si(m) -+ Y, <argm <y,
(10) /(m) ~ [
—S(m) Y, <argm <7+ Yy,

where ¥, =tan~1! {log (|A,|/|4,])/arg (1,/4,)}, and if arg A, <arg A,, then
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= Sz(m) —n—¢,<argm < — ¢,
a1n /(m) ~
Sy(m) — ¢o <argm < m — ¢,,
where ¢o=tan~! {log(|4,|/|A,])/arg (1;/4,)}. The S(m) (i=1,2) are formal
solutions of (8) of the form

m _ s’ s”
Sl(m) = llm a{s1 + ’m_l + Eli“ +"‘} ’

— Jmmp-1 S2 83
Sz(m) lzm {Sl + m + m? + } N
where s; =(—A4,)*"1(A; —4,) (o) and s, =(—A,)P(A,—A)* ' ['(—B+1). From
the definition (7) and (9), and the above result, we have thus known completely
the behavior of the coefficient G,(m).

Now we proceed to the analysis of the connection problem. There exist

formal solutions of (1) of the form
o
(12) Y1) = erime T2 H(s)1™? ( H*(0) =< 6”‘ ); k=1, 2),
2k

d;; being the Kronecker’s delta. According to our general theory [4], we can
define the functions

(13) FY(m) = Y320 H*(s)gk(m+5) @ k=1, 2),
where
(14) oM = iy (=12),

and can then prove that for each i, F¥(m) (k=1, 2) form a fundamental set of
solutions of (4). Hence, by the theory of linear difference equations, we have

(15) G{(m) = X}~ Ti(mFi(m)  (i=1,2),

where the T%(m) are periodic functions of period 1.

By means of the behavior of G(m) and F¥(m), we can then determine the
T%(m) explicitly, which are actually constants and become the connection coeffi-
cients (the Stockes multipliers). Consider the T%(m) (k=1, 2), since the T%(m)
(k=1, 2) can be given by interchanging « and . From the Cramer rule it im-
mediately follows that

Ti(m) = |Gy(m), F{ (m)|/|Fi(m), F{'(m)] ~ (k#K'; k, k'=1, 2).

They are holomorphic in the right half m-plane, since the denominator is the
Casoratian, which does not vanish. We now investigate the behavior of the
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T%(m) in some period strip NSRe m< N +1, N being a sufficiently large positive
integer. Taking account of the asymptotic behavior
Fi(m) = H*0)g(m) {1+0(m~")}
in the right half m-plane, we have
(16) Ti(m) = |G(m)/g§(m), H*' (0) {1+ O(m~"1)}|
+ [H¥0), H¥'(0)l {1+O(m~1)}.

So we have only to investigate the behavior of G,(m)/g%(m) near both ends
Im m— + o0 of the period strip. For simplicity, dropping the constant factor
(1 — e?ri2) (1 — e~27i8), we first consider the behavior of

fim = 352

Fam) = S {(m+a)fy(m) = Ay fi(m—1))

-1 _F_(lm_{(l +%)/(m+ 1)—/11/(m)} :

From (10) and (11), if arg A, =arg 4, (arg A, <arg 4,), we have

) ~ T = Tty (1t t ) @=sims

l Am-'-l -a e
12 ~ & Ty

(1)

(ey: constant)

near the lower (upper) end of the period strip and

_Sa(m+1) _ _ AFtimf! dy o ...
fim) ~ —For Dy = T Tm+D) {s2+_2+ }

. (dy=s3+(B—1)s;)
(ii)
Mg

falm) ~ =2 fuc {Ga= 25+ 2+

\ (ey: constant)

near the upper (lower) end of the period strip. Hence in case (i) we have

Gy(m)/gi(m) = li‘“( i)l > +0(m™Y),

m pL
G (m)/g3(m) = m-<~+ﬂ>(i—;) [( S;’ )+O(m") }
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and in case (ii)

G1(m)/gi(m) = me+» (42" .

— 0
G(m)/gi(m) = M( ) + O(m™1).
§2

Substituting these results into (16), we can see that the T%(m) (k=1, 2) behave
like

Ti(m) = Al~*s,{1+0(m~1)},

17 m
v Tim) = (32) 'm=+#0(n-1)

Tim) = 2A=23) 5, 1+ o)),

(18) 1 \m
T3(m) =<7i—) m~CthOo(m™1)

near both ends of the period strip. Now the transformation z = 2™ maps the
unit period strip on the entire z-plane, where both ends of the strip correspond
to z=0and z=o00. So the functions T%(z)=T%(m) (k =1, 2) are holomorphic
at every point of z-plane except possibly at z=0 and z=0. However, from
(17) and (18) we can see that the singularities are removable because

A A
(%2- -1 — pzmars (g 1og|;f|<
1

logz +(a+p)-1
2ni )

with

An(f)< ).

Hence from the Liouville theorem it follows that the T%(z) are constant and equal
to the limiting values as z—0 or z— o0, that is,

Ti(m) = Ai™*sy = (=1)*71 (A1 = A2) 7T (%),

SHO =) Ly, -p.

Ti(m) =
The required T% (k=1, 2) are given by multiplying the above values by the factor
(1—e27*)(1—e~27#), and moreover T% (k=1, 2) are given by T% (k=1, 2) in
which « and f are interchanged.
Combining the above with our previous results [4], we have the following
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THEOREM. A fundamental set of convergent power series solutions
(X (1), X,(t)) admits the asymptotic expansion

e2rialiT1  Q2miBLiT]
(19) (X1 (1), X5(1)) ~ (Y'(), Yz(’))( )

e—ZﬂiﬂlzT% e—21l:ialzT%

as t—o0 in the sector

2, 1,) = {larg gt — 2xl,| < %n} n {larg It — 2ml,| < %n}

1,, 1, being integers, where
Ti=(1-e*)(1-e2m ) (= 1)*"1(4;— 4) T (),
Tt = (1-e*™*)(1—e 2™ (= 1)1 (A, —A)* T (1= B)/c,
T} = (1—e?)(1—e ™) (- 1)P"1 (A — )T (B),

(20) .
2
T3 =(1-e)(1—e?m)(-1)7**1 (A, — 1) T (1 -a)/c.
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