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Introduction

Let n ^ 2 . It is well known that a proper C°°-map of an n-manifold M"

into a (2n — l)-manifold N2"~ι is stable if and only if it is regular except at the

isolated singularities of Whitney umbrella and its sheets intersect in general posi-

tion. In this note we clarify the normal forms of stable and generic C°°-paths

connecting two stable C°°-maps of Mn into iV2""1. We put

0> = {/: MxI->NxI proper C°°-maρs with pNof= pM / 0 and fx are stable},

where px is the projection X x I-+I for X = M or N and/(x, λ) = (fλ(x), λ).

DEFINITION. Let/, ge0>. We say that/is /^-equivalent to g oxf^Ag if there

exist diffeomorphisms k and K which satisfy the following commutative diagram

(where the maps to / are the natural projections):

Nxl

ι \ κ

^ Nxl

Accordingly we cMfrxg as germs at (x, λ) if there exist such k and K as germs.

THEOREM. Let J = {/e & f satisfies one of the following conditions (i)-(iv)

as germs at any point of Mxl}. Then, £ is an open and dense subspace of 0>

with respect to the fine C^-topology of 0> which is defined by the identification

with a subspace ofCco(MnxI, iV2""1).

( i ) /ft(*!,...,*,„ 0,...,0, λ),
(ϋ) f'ΐλiXi* X2> > xm ^i^2» > > Xiχ

n>
 λ) (Whitney umbrellaxR),

(ίv) / f t O i , *2> , xn, * i ( ± λ + x?-x§), x1X39...9xιxn9 λ).
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(iϋ)

(iv)

We call fe 0> is L4-stable if {g e 0> ;gf%f} is an open subspace of 0>. The

proof of Theorem shows that the germs of (i)~(iv) are L4-stable as germs. If

M is compact, we can define a subspace i?0 of J? with the condition that fλ has at

most one non-stable singular point for each λ and deformations of the sheets of fλ

are in general position. Then, it is not difficult to see that i?0 is an open and

dense subspace of & and any fe £0 is L4-stable. This implies that any homotopy

between two stable C°°-maps of compact Mn into JV2""1 is approximated by a

finite sequence of 'elementary' deformations up to isotopy. So, by noting that a

nice PL-maps of a surface into a 3-manifold is isotopic to a stable C°°-map, we get

an alternative proof of the main theorem of Homma-Nagase [4] about the defor-

mations of nice PL-maps of a closed surface into a 3-manifold.

We shall give a proof of Theorem based on the coordinate transformations,

Malgrange's preparation theorem and Thorn's transversality theorem. Since any

miniversal deformation is parametrized stable (Cf. [2], [5]), we see that the

singularities of codimension 1 have L4-stable versal deformations. Hence, our

theorem implies that the normal forms of singularities of codimension 1 in the

germs of C°°-maps of (Rn, 0) into (R 2 "" 1 , 0) are (xj, x2,..., *„, Xχxl±x\,

x1x3,..., XiX,,). The argument in this note can be easily generalized to the case of

the generic paths of C°°-maps of Mm into Nn when ( 3 m - l ) / 2 < n ^ 2 m - l (Cf.

[3]) by replacing (ii) with-(x?, x2,...,xm, *iX2m-«+i> •»*!*«) and (iii)-(iv) with

(xh χ2>-
Theorem.

±X3m-n+l )> 29'-9 XlXm) l n
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Study of generic 1-parameter families and proof of Theorem

We write x = (*,,..., xM), λ9 y = (yί9..., y2n-i) as the local coordinates of Mn,

/, N2"'1 respectively. We define submanifolds Sf of Jί(M xl, N) by

Sr = {Pfix, λ)eJHMxI, N); τaήkd(fl9...9f2H-1)ld(xu...9 xn) = n-i at (x, A)} .

This definition is compatible with the / .̂-equivalence. Put

t 0 = 1,..., n)}.

Since W?=i Sf is closed in Jι(MxI, N), £t' is open and dense in & by Thorn's
transversality theorem. Assume fe £'. We shall study the germs of /at (x0, λ0)
with/(xo) = >Ό By a parallel coordinate transformation, we may assume (x0,
λ0) = (0, 0) and y0 = 0, where we consider / = [ - 1 , 1] instead of / = [0, 1]. Since
codim S^ = n and codim Sf ^ n + 2 (ί ̂  2), it suffices to consider the following cases

Case (1) VίO, 0)<£Sf: It is easy to see that/β(x, 0, A) at (0, 0).
Case (2) j1fo^Sί where Sί = {σeJί(M9 N); rankσ = n - l } : In an ap-

propriate coordinate, we haveft{ = y^f) — Xiil^i^n). Since jxf0 intersects with
S± at x = 0 transversally, d^f^d.J^^ -^d^^.^O and J ^ 0 at (0,0)
where Δ = det {d{dxjx, ^ X l / M + 1 , . . . , δΛ l/ 2 n_ t)ld(xl9..., xπ)). Hence, we may assume
3χιXJi*0 a n d &xixif**j = 0 ( l ^ J ^ n - 1 ) at (0, 0). In particular C^,0)(Mx/)/
{f*miOfO)(NxI))C^OtO)(MxI) is generated by 1, x l 9 where C(°^>0)(Mx/) is the set
of all germs of C°°-functions defined on a neighborhood of (x, A) = (0, 0) in M x /
and m(00)(iVx 1) is the unique maximal ideal of C™0)0)(Nxl). By Malgrange's
preparation theorem, we get α,, α2 e C^)0)(iV x/) such that x? = (α1o/')(x, λ) +
x^^o/Xx, A). We remark that α2(0, 0) = 0 and δ^α^O, 0)#0.

Put X1=x1-(l/2)(α2o/)(χ, λ), Xί = x ί (2^/^n)and Y1=(α1+(l/4)α|)0>, A),
7̂ . = ̂ . (2^7^2n —1). Then, this is a coordinate change because of the above
remark, and we get Yί=X2

l9 Yt = Xi (l^i^n), Yn+j = gj(x, λ) (l^jSn-1) for
some gjEC?OtO)(MxI). By using Malgrange's theorem again, we have βjΛ,
J»y.2eC$,o)(R"+1). (lύjύn-l). such that Qj{Xu X\ λ) = βJΛ{X\9 X'Lλ) +
XJji2(X2

uX\X) with an abbreviation Γ = ( I 2 , . . . J n ) . By putting y f = Yf

( l< ikn) , F n + / =Γ n + J -i8 Λ 1 (y, λ)(lSJύn-l), we get FlS=Xf, 7 , = ^ ( 2 ^ i g
n), y ^ ^ Z i ^ ^ ί X ? , Z',.λ) ( l g g n - l ) . Since7 Vo intersects with St at X=Q
transversally, we get ^_ 1 > 2(0, 0) = 0 and det(^.jS;_1>2(0, 0))#0 (2<i,j£ή).
This implies/β (x, x7, Xxx', A) at (0, 0).

(3) jVo intersects with St non-transversally: We may assume that
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and fn+j = xΛhj(xl x\ λ) (l£j£n-ϊ). Since j'Vo
intersects with Sx non-transversally at x = 0, we get ft/O, 0) = 0 ( l^ j^Ξn —1)

and A'(09 0) = 0 where /Γ = d e t ( ^ . / ί y ) l g l . _ 1 J ^ n _ 1 . Since i 1 / ^ 5 * . we have

rank(^a j C ι/1,3 J C l/Λ + 1,...,δ J C l/2 l l_1)/3(x1,...,x l l,λ)) = nat(0,0). So, we may assume

3Aft!(0,0)^0 and det (dx./i7(0, 0))2^i-ίj^n-ι¥:0. Moreover, by a coordinate

change of (x3,..., xn) and 0>π+2> . > ym-i) w e m a Y assume hi = xi+1 (2^ϊ^n — 1)

from the last condition; other conditions reduce to 5JC2/i1(0, 0) = 0 and ^/^(O, 0)=£

0. Hence, A^xf, x', λ) = fl(xf, x', J,)x?+ &(*?> *'. Λ)x| + c(xf, x', A)λ +

ΣJL 3 αf(xί, x', A)x£ for some a, b, c9 aιGC^OtO)(Rn+ί) with c(0, 0, 0 ) ^ 0 . This

easily implies

f ~A (xh X2> ~>χ

n> ^i(±A + α(xf, x'9 λ)x\-β(x2

u x\ λ)x§), XjXa,..., x ^ ^ A).

PROOF OF THEOREM. Note that (xf, x', Xi(±A+a(xf, x', λ)x?—/?(xf, x',

A)xi), xxx", A)β(x?, x\ x 1(±A + signa(0, 0, 0))8(0, 0, O ) * ? - * ^ X χ X ^ ^ i f a ( 0 > O j

0 ) ^ 0 and ^(0, 0, 0)^0, where x' = (x2,..., xΛ) and x" = (x3,..., xn). By the above

argument we see that (i)-(iv) are /^-stable germs and so 1 is open. We remember

that J ; is dense in &. For any/' e £' there is a n / e J in any neighborhood off.

In fact, i f / ' n ( x ? , x', Xi(±A + αx?-j5x|), x ^ " , A) at (x, A), we modify/' near

(x, A) to / so that / n ( x ? , x', Xi(±A + (α + 7)x?-(jβ + 7)xi, x ^ " , λ)£ί(x?, x',

Xi(±λ + x?-x l ) , x ^ " , A) by using a germ of C°°-function γ(λ)e C$(R) close to 0

with y(0)>0 and y = 0 outside a small neighborhood of 0. q.e.d.
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