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On normality of ASL domains
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In this note we shall give a sufficient condition for a graded ASL domain
over a field to be normal. (For the detail, see §4.) As an easy corollary to
our result, we can give an alternative proof of the normality of homogeneous
coordinate rings of Grassmann varieties using the straightening relations. The
proof of our result is based on two facts: Firstly, a graded ASL has a standard
filtration whose associated graded ring is a discrete ASL ([2], Proposition 1.1);
secondly, bad height one prime ideals of a discrete ASL on a poset H over a field
correspond with special subsets of H which we call spindles of H (Lemma 3, §3).

It should be remarked here that, as shown in [4], every homogeneous ASL
domain on a poset H over a field is not normal even if H is a wonderful poset.

§ 1. Preliminaries

We here recall some basic properties of a graded ASL from [2] and [3].
Let H be a finite poset, and let NH be the set of functions from H to N\ a

monomial on H is an element of NH. The support of a monomial M on H is the
set SuppM = {xe/ f |M(x)^0}; a monomial M is called standard if SuppM is
a chain. For x e H, dim x is the maximal length of a chain of H ascending from x.
For the empty subset 0 of H9 we put min 0 = + oo and max 0 = — oo; we shall
agree that — oo < x < -f oo for every xe H.

Let k be a ring, A a /c-algebra, H SL finite poset contained in A which generates
A as a /c-algebra. Let ^ be the map from NH to A defined by ^(M) = YlXeHxM{x)

for M e NH. We will usually identify M and *I/(M). Then we say that A is an
ASL on H over k if the following axioms are satisfied: (ASL-1) The algebra A is a
free /c-module whose basis is the set of standard monomials; (ASL-2) if x and y in
H are incomparable and if xy=y£rjNJ (O^^e /c ) is the unique expression for
xyeA&sa linear combination of distinct standard monomials, then min Supp Nj <
x, y for every j .

An ASL on H over k is called discrete if xy = 0 for all incomparable pairs
x, y in H. In this note /c[#] denotes a discrete ASL on H over k. Note that if
H is a chain, then k[H~\ is a polynomial ring of #H variables with coefficients in k.
An ASL on H over /c is called graded if A is a graded ring such that every element
of if is a homogeneous element of degree > 0 and k is the set of homogeneous
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elements of degree 0; a graded ASL on H is called homogeneous if degx= 1 for
every xeH.

Let A be an ASL on H over k. Let LA be the maximal number of factors of
standard monomials appearing in the right-hand side of the relations in (ASL-2)
for all incomparable pairs of elements in H. For a monomial M on H, we define
the weight of M to be the number w(M)=^xeH(2LA+ l)dimxM(x)9 and we denote
by [M] the set of standard monomials which appear in the expression for M e A
as a linear combination of distinct standard monomials (cf. [4]).

Let A be a graded ASL on H over k. Then the proof of Proposition 1.1
in [2] is also valid in our case; consequently, if M is a non-standard monomial,
then w(N) > w(M) for all JV e [M]. Therefore if R is an A-subalgebra of Alt, r *],
where t is an indeterminate, generated by {xt~w{x)\xe H} and t, then it follows
from Theorem 2.1 in [2] that R is an ASL on H over k\_i] and R/tR is a discrete
ASL on H over k, where the embedding q:H^R is given by q(x) = xt~w(xK

§ 2. Weights of monomials

Let A be an ASL on a poset H over a ring fc.

LEMMA 1. Let N and Nf be monomials, and choose v e Supp JV and ue
Supp JV' so that dim v = max {dim x\x e Supp N} and dim u = max {dim x|x e
SuppiV'}. Assume that dimt;>dimw. Then we have the following assertions:

0 / / Z*eH ̂ (*) < *M> "W" W(N) > 2W(N')
ii) / / I,eH #'(*) < 2L^, then w(N) > w(N').

PROOF, i) w(N)>w(v) = (2LA+l)dimv>(2LA+l)dimu2LA

2w(N') + w(u). Similarly we have the assertion ii).

Let u and v be elements in H such that v<u, and let r be a positive integer.
We then denote by V(u\vr) the fc-submodule of A generated by standard monomials
N satisfying one of the following conditions:

(a) min Supp N ^v;
(b) min Supp N = v9 u ^ v and N(v) > r;
(c) N(v) = r and N(z) > 0 for some z in H such that z^tu.

LEMMA 2. Let N be a standrd monomial belonging to V(u\vr)9 and suppose
that *ZxeHN(x)<LA and r<LA. Then for every M e [wuiV], w(M)>w(usvr) +
w(uv), where s = LA — r.

PROOF. Suppose first that a = min Supp N^tv. If a < v, then w(N) > w(usvr)
by Lemma 1; if a is incomparable with v, then for every JV' e [at;], it follows
from Lemma 1 that w(N') > w(usvr) + w(v). Therefore the assertion follows
in this case. Suppose next that min SuppN = v, u^v and N(v)>r. Since
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w(v)>w(us) by Lemma 1, w(vr+l)>w(usvr), and hence w(JV)>w(uV); thus the
assertion follows. Finally suppose that N(v) = r and N(z) > 0 for some z in H
with z^u. Then for every N' e \uz~\, w(N')> w(ws) + w(u) by Lemma 1. There-
fore for every N"e[uN], w(N")>w(vr) + w(us+l), and this shows that w(M)>
w(vr+1) + w(us+1) for every Me[uvN~\. This completes the proof.

§3. Height one prime ideals of a discrete ASL over a field

Let A be a discrete ASL on a poset H over a field /c, and let Al9..., Ah be the
maximal chains of if. Let H^H — Ai for i = l,..., ft. It is well known that
{HXA,..., HhA) is the set of minimal prime ideals of A.

Let p be a height one prime ideal of A. We say that p is of type 1 if there
exists a minimal prime ideal HjA such that p 3 if7>1 and Aj n p = 0. If p is of type
1, then it is easy to see that p contains a unique minimal prime ideal of A and Ap

is a DVR. We say that p is o/ 0>/?e 2 if p is not of type 1.
Assume that p is of type 2 in the rest of this section. Let HjA be a minimal

prime ideal of A contained in p. By our assumption, Aj f] p ^ 0 . Since htp = 1,
/d7- D p consists of one element a. (Note that AIHjA^k{_Aj'] and /ctylj] is a poly-
nomial ring over k.) Let r = Aj — {a}. Then T is independent of minimal prime
ideals of A contained in p, and p = (H — F)A. Let u = min {x e r\oc<x} and v =
msix{xer\x<a}. Let W={xeH\v<x<u}. Since /Up = l, W is a clutter i.e.,
no two elements in FT are comparable, and moreover pAp is minimally generated
by W; in particular, if W = 1, then Ap is a DFK.

DEFINITION. (7\ M, t;, W) is a spindle of / / if
(1) F and Ware non-empty subsets of if and W > 2 ,
(2) u, veH U{ + oo, - o o } ,
(3) JF={xei f | i ;<x<u} and
(4) for each x e H ^ x ^ f and F u {x} is a maximal chain of if.

Summarizing the above arguments, we have the following

LEMMA 3. Let p be a height one prime ideal of A. Then Ap is a DVR or
there exists a spindle (F, u, v9 W) of H such that p = (H — F)A; in the latter case,
pAp is minimally generated by W.

§ 4. Normality of graded ASL domains over a field

In this section, A is a graded ASL on a poset H over a field k, and we assume
that k[H] is Cohen-Macaulay and every maximal chain of H has the same length.
Let R = A[{q(x)\xeH}, i]9 where q(x) = xrw™. Note that if (f\ u, v, w) is a
spindle of H, then every element x in W has the same weight.
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LEMMA 4. A is a normal domain if and only if, for each spindle (F, u, v, M)
of H, Rp is normal, where P is the prime ideal of R generated by t and q(H — F).

PROOF. Let M = A +, M* = M[t, r J ] n # and N = (M*, f)#- If A is a normal

domain, then R is a normal domain because R/tR is reduced and Rt is a normal
domain, and hence RN is normal. Conversely, if RN is normal, then
A[t, t~l~\M[tt-i^ — RM* = {R^)M* is normal, and hence AM is normal i.e., A is a
normal domain. Since R/tR (^/c[H]) is Cohen-Macaulay, RN is normal if and
only if RP is normal for each height two prime ideal P of R such that t e P. Let
P be a height two prime ideal of R with t e P. Then by Lemma 2, # P is regular or
P = (t, q(H-T))R for some spindle (F,u,v, W) of H. This completes the
proof.

THEOREM. Assume that for every spindle (f, u', t/, JF) of H, one of the
following conditions is satisfied:

(a) There exist x, y in W (x^y) and usvr e[xy~\ such that (a-1) s, r>0 ,
u, veF, v<v\ u'<u and (a~2)for every z (^x) in W, zx = ausvr (mod V(u\vr))
withO^aek.

(b) Let W={xu...,xn}. There exist veF and r > 0 such that v<v' and
for all i^j, xiXj = aijxiv

r + bijXjVr + cijV
2r (mod V(v\vr))9 where aij9 bip ctjek

and aijbij + Cij^O.

(c) W={x, y} and there exists usvr e[xy] such that s, r>0, u, veF,
v<u<v' and xy = axvr + byvr + cusvr (mod V(u\vr)), where a, b, cek, c^O.

Then A is a normal domain. Moreover if the condition (a) is satisfied at a
spindle (F, u\ v\ W), then %W=2.

PROOF. Let ( r , u\ v\ W) be a spindle of H, and let P = (f, q(H-F))R.
It is sufficient to show that RP is normal. Consider the case (a): Choose x, y
in W(x^y) and usvr e\xy~\ satisfying the conditions (a-1) and (a-2). Then by
Lemma 2, q(u)q(v)q(x)q(y) = t*f with f'eR-P, where 3 = w(usvr)-w(x)-w(y);
therefore q(x)q(y) = tdf for some fe RP — PRP. By replacing y with z (^x) in W
in the above argument, we have that q(x)q(z) = t5g for some g e RP. Therefore
q(z) = gf~1q(y), and this implies that W={x, y} by Lemma 3. Thus there exists
a surjective homomorphism D = X[[X, 7, TJ]l(XY-T3)-^(RPy, where K is a
coefficient field of (RPy. Since D is a normal domain of dimension 2, the above
homomorphism must be an isomorphism, and hence RP is normal.

Consider the case (b): Choose veF, r > 0 and aij9 bij9 c^ek so that, for all
ijzj9 ciijbij + Cij^O and xiXj = aijxiv

r + bijXiv
r + cijv

2r (mod V(v\vr)). Let S = # F

and F^S^ts'1, qix^s'3,..., q(xn)s~3
9 s^\, where s is an indeterminate and 3 =

w(vr) — w(xi). If F/si7 is a normal domain, then so is S by filtered version of
Theorem 3 in [5], Chapter VIII. Therefore it is sufficient to show that F/sF is a
normal domain. By Lemma 2, q{x^q{xj) = a^qix^qiv^t5 + btjq{Xj)q{vr)t& +
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cijq{vr)2t2djtt25+lgij for some g^eRp. Therefore there exists a surjective
homomorphism 6: D = K[Xl9...9 Xn9 T]/I-*F/sF such that 6(Xi) = q(xi)s-dlq(vr)
for i = l,..., n and 6(T) = ts-1

9 where / is the ideal generated by XiXj-a^XiT8-
bijXjTd-cijT

23 for all i=£j and K = RP/PRP. Since dim F/sF = 2, it is sufficient
to show that D is a normal domain of dimension 2. Let I(v) be the ideals of A
generated by {ze H\z^v}. Then by Proposition 1.2 in [2], I(v)=*V(v\v) and
A/I(v) is an ASL on {zeH\z>v} over k. Let J be the ideal of K[X l 5 . . . , A;, T5]
generated by XiXj-aijXiT

8-bijXjT
8-cijT

2d for all i # j . It then follows
from our assumption that there exists a homomorphism a\ K\_Xl9...9 Xn9 T

5~\jJ-+
(A/I(v))®k K such that (T(Xf) = xf for i = 1,..., n and (r(T5) = t;r. Since (A/I(v))®kK
is an ASL on {zeH\z>v} over X, it follows from the axiom (ASL-1) that a must
be inject ive; h e n c e K[Xl9...9 Xn9 Td~]jJ is an A S L o n H' — {xl9...9 xn9 v}. Since

H' is a Cohen-Macaulay poset, K[XU...9 Xn9 T^jJ is Cohen-Macaulay, and
therefore D = K[XU...9 Xn9 T~\/I is also Cohen-Macaulay because I = JK[XU...,
XH9 T] and X[X l f . . . , Xn, T] is free over KlXl9..., Xn9 T*~\. Let B = K[_XU...9
Xn9 T] . We shall now prove that D = B/I is a normal domain of dimension 2.
For each e with 2<e<n9 we put Ce = X[X l 5 . . . , Xe, T~\jle9 where / e is the ideal
generated by XtX)-a^Xj:*-btJXjT6-cuT

23 for all i9 j with i<j<e. By
arguments similar to the above, Ce is also Cohen-Macaulay for each e9 and more-
over CedCe+l for e = 29...9n — 1. We shall now prove that Ce is a normal
domain of dimension 2 by induction on e. Assume that e = 2. Then C2 =
K[Z, 7, T~]j(XY-T2d)9 and therefore C2 is a normal domain of dimension 2.
Assume that e > 2 and Ce_x is a normal domain of dimension 2. Let Q/ = (X1 —

e_1 and Q = (Q\ T)Ce. Note here that y/Q'Ce = Q.

- V{Qr) ̂  Spec (Ce) - V{Q). Therefore if htQ > 2, then Ce is normal. If htQ = 1,
then Xe-aieT

3 £ Q9 and hence (CJQ is a DVR whose maximal ideal is generated
by T; therefore Ce is also normal in this case. Consequently D = Cn is normal.
Note here that D is a graded ring such that deg X{ = 8 for i = 1,..., n — 1 and deg T=
1. Therefore D is a domain.

Finally consider the case (c): Write xy = axvr + byvr + cusvr (mod F(u|i;))
with a9b9cek9c^0. By Lemma 2, gOOgO) = aq{x)q{vr)tw(<vr)-w^) + &<?Cy)gOr)•
tw(vr)~wix) +cq(us)q(vr)t3 + ts+1 f for some / e # P , where 5 = W(MS) + w(i?r) - w(x) -
wOO. Let5 = /?PandF = S[fT-1,^(x)T-^(MS)+w^), q{y)T-Wi<vr^^y\ T], where T
is an indeterminate. It is sufficient to show that F/TF is a normal domain. Let
S' = w(vr)-w(y) and 8" = w(us) - w(x). Note that 8f>8". Since (^(x)T"^')-
(q{y)T-*^ = aq{vTMx)T-*W for some ^ e F ,
there exists a surjective homomorphism D = X[X, Y, T~\j{XY-a'XTdr-T5)^
FjTF9 where K = RP/PRP. Since D is a normal domain and both D and F/TF are
two-dimensional, FjTF must be a normal domain. This completes the proof.



612 Shiroh ITOH

If the poset H satisfies the additional condition that for every spindle (T, u,
v9 W), %W=2 (e.g., H is a distributive lattice), then we have the following

COROLLARY. Assume that for every spindle (T, u, v, {x, y}), one of the
following conditions is satisfied:

(a) xy = uv (mod V(v\v));
(b) xy = auv-{-byv + cv2 (mod V(v\v)) and ab + c^O.
Then A is a normal domain.

It is known that the homogeneous coordinate ring of a Grassmann variety is
a homogeneous ASL domain on a distributive lattice satisfying the condition (a)
in the above Corollary (cf. [1]); therefore it is normal by the above corollary and
the fact that distributive lattices are Cohen-Macaulay posets.

Note that if A satisfies the conditions in the above corollary, then, for every w
in H, A/I(w) (I(w) = V(w\w)) also satisfies the same conditions; therefore A/I(w)
is also a normal domain. Thus we have an alternative proof of the fact that
Schubert varieties are projectively normal.
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