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1. Introduction

Let Ln be the general disconjugate operator

T — 1 ^ I d d i d -
" Pn(t) dt Pn^(t) dt '" dt Pi(t) dt Po(t)

where pt: [0, oo)-*(0, oo), O^i^n, are continuous. Let (1) be in canonical
form [10] at oo; i.e.,

(2) [ pt(t)dt = oo, l^i^n-L
Jo

Consider the mixed sublinear-superlinear differential equation

(3) Lny + la{i)\y\« + b(t)\y\^ sgn y = 0, t > 0,

where

(4) 0 < a < l , P>1,

and a, b: [0, oo)->/? are continuous.
In Theorem 1 we give conditions which imply that (3) has a solution j) which

is defined on the entire interval [0, oo) and behaves as f-»oo like a prescribed
solution of the unperturbed equation

(5) Lny = 0, t > 0.

This type of global existence problem for equations of the form Lny+f(t, y) = 0
has recently been studied by the present authors [9]. The theory developed in
[9] covers the sublinear case (b(f)==O) as well as the superlinear case (a(f) = 0),
but not the mixed sublinear-superlinear case (a(i)^0 and fc(r)#0). In this paper
a device is presented which enables us to demonstrate the existence of global
solutions of the mixed sublinear-superlinear equation (3).

By means of a similar device we find conditions which imply that the mixed
sublinear-superlinear elliptic equation

(6) Au + ^(|X|)MA + *KM)W = 0, xeRN, N ^ 3,
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has a positive entire (i.e., defined for all x in RN) solution U such that

lim \x\N-2H(x) = c(>0).
|JC|->OO

Here x = (x l9..., xN), \x\ is the Euclidean length of x, A is the N-dimensional
Laplacian,

(7) 0 < A < 1, n > 1,

and cp, ij/: [0, oo)-»(0, oo) are continuous. The existence of decaying positive
entire solutions for second order semilinear elliptic equations has been the subject
of recent intensive investigations; see, e.g. [1-8]. However, the results obtained
previously are not applicable to (6) in the mixed sublinear-superlinear case (7).

2. Ordinary differential equations

We define the iterated integrals

Ij(t, s; <?,.,..., qx) = ^q£r)lj_x(r9 s; qj-u..., qjdr, s, t ^ 0, j ^ 1,

where ql9 q2,--- are locally integrable on [0, oo), and put

(8) y{t) = jpo(0/,-i(r, 0; pl9..., Pi.x)9 1 g i g n,

(9) zf(r) = pn(t)In-i(U 0; p,,-!, . . . , A), 1 g i ^ n.

It is easily seen that yt(t), l ^ i ^ n , form a fundamental system for (5) on [0, oo),
and that z,-(f), l^i^n, are similarly related to the formal adjoint equation

Po(O ^ P i (0

We also introduce the notation:

^ I n - i ( t , s; p f,..., p . -

and

J ^ ; G) = PoWiit, 0; p t JX.; Q)) if i = 2,

Ji(f,Q) = Po(t)Ii-1(t90;pu...,pi-29 Pi-tU-iQ)) if 3 ^ i ^ n .

We need the following special case of Lemma 2 from [9]. It is here that (2) is
required.
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LEMMA 1. If Qe C[0, oo) and

(10)

then Jt(t; Q) is defined for t^O and

(11) W ; 0 = - G(0;

morawer,

(12) IJf(f; 2)| ^ ^(0 T ^)|fi(s)|ds, r ^ 0,
Jo

(13) JfcQ)

The following theorem is the main result of this section.

THEOREM 1. Suppose that

(14) A = J\a(t)\yf(t)z{t)dt < c»

Jo

/or some i, l ^ i rgn , and define

(16)

Suppose also that y<l, choose 6 so that

(17)

and define

Tften, i/ c is a positive constant sufficiently close to c(9), (3) has a solution $ on
[0, oo) such that

t £ 0,
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(19) lim ̂ LD- = c.

PROOF. The set of functions

Y = {y e C[0, ao): \y(t) - cy£t)\ ^ Ocy^t), * ^ 0},

where c>0 is a constant to be specified later, is a closed convex subset of the
Frechet space C[0, oo) of continuous functions on [0, oo) with the topology of
uniform convergence on compact subintervals of [0, oo). Define the mapping

Now suppose that yeY. Then

\a\y\« + b\y\'\ ^ |a|[c

hence (14) and (15) imply (10) with

(20) Q = ta\y\* + b\ynsgny.

Therefore &y is defined on [0, oo) and satisfies the inequality

I>XO"cyif)\ g [ca(l + e)*A + c'(l + 0yB]ytf)9 t ̂  0.

(see (12) with Q as in (20).) Consequently, J5" maps 7 into itself if

ca(l + 6)*A + c^(l + BYB g 0c,

or, equivalently, if

C-iQ + eyA + c*-\\+G?B =/(c) g 0.

It is elementary to verify that if (4) holds, then f(c) assumes the minimum value

(cf. (16) and (17)) at the point c(6) defined in (18). Therefore, J F ( Y ) C Y if c is
sufficiently close to c(6).

It is not difficult to show that & is continuous and ̂ (Y) is relatively compact
with respect to the topology of C[0, oo). The Schauder-Tychonoff fixed point
theorem then implies that & has a fixed point j> in Y. Since

P(t) = cy£t) + Jf(

(11) with G = [«l^la + ̂ li)l^]sgn ^ implies that p satisfies (3), and (13) implies
(19). This completes the proof.
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REMARK 1. If (17) is replaced by

^ * 1

(i.e., if O = yl(l—y)), then the argument given above, with c = c(0), shows that (3)
has a solution $ on [0, oo) such that

) - (1 - y)Kytf)\ ^ yKytf), t ^ 0,

and

where

REMARK 2. If y< l /2 , then choosing 6 so that y g 0/(1+ ©)< 1/2 yields a
solution j) which is positive on [0, oo) if i = 1, or on (0, oo) if 2 ^ i ^ n .

If p0 = • • • = pn = 1, then (3) reduces to

(21) /»> + [a(0b | - + K0bK]sgn j ; = 0,

while (8) and (9) reduce to

Theorem 1 implies the following corollary, in which we have taken j = i —. 1 for
convenience.

COROLLARY 1. Consider the equation (21) with a, b: [0, oo)->R and
a, P as in (4). Suppose that

C = \ tn~j~l+j*\a(t)\dt < oo
Jo

D = (V-^+^l&COIdf < oo
Jo

for some./, O^jrgn — 1. Define

l-a/ \p-lj J'
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Suppose also that

(22) s<jl(n-j-l)l,

choose 6 so that

j\(n-j-l)l < 1+0

and define

Then, if c is a positive constant sufficiently close to c*(9), (21) has a solution
j> on [0, oo) such that

(23)

and

(24) lim -££p- = c.
t-+oo tJ

RBMARK 3. If (22) is replaced by

then (21) has solutions which are positive on (0, oo) and satisfy (23) and (24)
for suitable c>0.

3. Partial differential equations

We now consider the elliptic partial differential equation (6), and show that
a technique similar to the one used in the preceding section can be applied to give
conditions implying that (6) has an entire radially symmetric solution which is
positive for all x in RN and decays to zero as |x|->oo.

In the following, we use the notation

(7(0 = max {r, t"-1}, p(t) = min {1, t2~N} (p(0) == 1).

We remind the reader of our earlier stated assumptions on cp, \J/, X, \L and N, which
apply in the following theorem.

THEOREM 2. Suppose that

(25) ^T t < oo
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and

(26) (°° tN'1'^N-2^\l/(t)dt < oo,

and put

(27) <P=[° o(t)p\t)cp(t)dU V = T a(t)p»(tMt)dt,
Jo Jo

K 1 _ ; \(M-I)/(M-A) / ,. i \(I-A)/(M-A)~I

(6) has a radially symmetric solution ti which is defined and positive for
all x in RN, and has the asymptotic behavior

lim \x\N~2{i(x) = c(>0),

provided that

(29) n^N-2.

Note that (25) and (26) imply that <P and <P are finite. The proof of this
theorem rests on the observation that if y = y(t) satisfies the ordinary differential
equation

(30) (tN~lyfy + tN-lcp{t)yk + tN-l\j/(i)y^ = 0, t > 0, / ( 0 ) = 0,

then the function u(x) = y{\x\) is a radially symmetric solution of (6). Therefore,
it suffices to show that (30) has a positive solution j> on [0, oo) such that

(31) lim tN~2$(t) = c> 0.
t->00

The following lemma will help us to accomplish this.

LEMMA 2. Let h: [0, oo)->[0, oo) be a continuous function such that

[" p-thtydt < oo
Jo

and define

jth(t) = j^]^J^~2 sh{s)ds + *\° sh(s)ds\ t ^ 0.

Then
)'(ty\ = - tN^h(t), t ^ 0,
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and

(32)

where

= j±^ JJmin {s, s^

lim tN~2^h(t) = 7r-L- (°° sN-lh(s)ds.

We omit the routine proof of this lemma.

PROOF OF THEOREM 2. Let

Y={ye C[0, oo): clP(t) ^ y(t) ̂  clP(t\ t^ 0},

where cx and c2 are positive constants to be specified later. Notice that Y is a
closed convex subset of C[0, oo) with the topology of uniform convergence on
compact subintervals. Define the mapping & by

(33) &y(t) = J?(cpyx + ̂ ) (0, t ^ 0.

If>>eY,then

(34) &y{t) ̂  ut(<pc$p*) (0 + ^(il/c$p») (0

g c$I2(<pp*)p(t) + c5/2(iAp>(0, ^ ̂  0,

where we have invoked the second inequality in (32) with h = cppx and h = \
From (27) and the definition of I2(h), (34) can be rewritten as

Therefore,

(35) J^XO ̂  ^2P(0, t ^ 0,

if

(36) 4-^ 4- cr1 (^ = g(c2) S N - 2.

A routine computation shows that rj as defined in (28) is the minimum value of
g(c2)9 and that it is attained when



Mixed sublinear-superlinear differential equations 605

With this choice of c2, (29) implies (36).
Returning now to (33), we note that if y e Y, then

+ cftfMKO, t ^ 0,

where we have invoked the first inequality in (32) with h = cppx and h = \j/p11.
Therefore,

(37)

if

(38) ci-H^) + cr'hWp'1) ^ 1.

Since A<1, the left side of (38) tends to oo as c1->0+ ; therefore, we can certainly
choose cx so that 0 < c 1 < c 2 and (38) holds.

Now (35) and (37) imply that & maps Y into itself. The continuity of &
and the relative compactness of ^"(Y) are easily proved. Therefore,
for some $ in 7, by the Schauder-Tychonoff theorem. Since

Lemma 2, with h = (p^x + ij/ptl and ^h = j>, implies that j) satisfies (30) and (31).
Therefore, the function ti(x)=$(\x\) satisfies the requirements of the theorem,
and the proof is complete.

REMARK 4. It would be of interest to give conditions which guarantee the
existence of decaying positive entire solutions of non-radial equations of the form

Au + (p(x)ux + ^OOw" = 0, xe RN,

where 0 < A < l , /*>1, and q>, \j/: RN-+(09 oo) are locally Holder continuous.
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