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1. Introduction
Consider the initial value problem

(L.1) Y =f(x ) ¥(x0) = yo,

where the function f(x, y) is assumed to be sufficiently smooth. Let y(x) be the
solution of this problem, let

(1.2 X, = Xo + th (t>0, h>0)

and denote by y, an approximation to y(x,), where h is a stepsize. Multistep
methods for solving (1.1) numerically require starting values. For instance, a
linear k-step method needs y, (t=1, 2,..., k—1) (see [2]), and a two-step method
with one off-step node x, (0<v<1) requires y, and y, (see [6]).

Rosser [3] and Shintani [4, 5] have proposed block one-step methods of
the form

(L.3) Ye= Yo+ h Xy puk;

that provide y, for t=1, 2,..., N, where

(1.4) ky = f(Xo, o), |

(1.5) ki = f(xo+a;h, yo+h T2} b;jk; (i=2,3,....,9)),
(1.6) Yiiby=a, a;#0 (i=2,3,...,9),

P (k=1,2,...,9), a; and b;; (j=1,2,..,i—1;i=2,3,...,q) are constants.
Rosser has shown that for g=N(N+3)/2 there exists a method (1.3) of order
N+1 for t=1, 2,..., N and that for t=N=2p the order can be raised to N+2
with one more evaluation of f. Shintani [5] has proved that for g=4, 6 there
exists a method (1.3) which is of order 3, 4 for t=1 and is of order 4, 5 for t=2
respectively. But these methods cannot be used to start multistep methods with
off-step nodes. Gear [1] has considered methods of the form (1.3) that can
provide y, for any t’s and has shown that there exists a method (1.3) of order 3
for g =4 but none for g=3, that a method of order 4 exists for g=6 and that g
must not be less than 9 for constructing a method of order 5.
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Let a be a specified value of #. Then in this paper it is shown that for g=
3, 4, 6, 9 there exists a method (1.3) which is of order 2, 3, 4, 5 for ¢ # a respectively
and is of order 3, 4, 5, 6 for t=a respectively.

2. Preliminaries

We write p,, simply as p; for i=1, 2,..., g, but no confusion will arise. Let
Q1) ¢=Xihaby;, di=3YiZbalby;, e = YiZhalb; (i=3,4,..,9),
22 L=X4c;byy, my=Yihd;by, gi= Xihasc;b;; (i=4,5,...,9).

Let D be the differential operator defined by

_ 0 0
2.3) D= otk
and put
(24) Djf(xO’ yO) = Tj, Djfy(x0’ yO) =8/ (.l:l’ 2’"')9

(Df)(x0, o) = P, (Df))*(x0, o) = @, Df,(x0, o) = R,
Si(X0s ¥0) =1y f(X0s Yo) = fyy-

Then y, can be expanded into power series in h as follows:

(2.5) ye=yo+ hAik, + h2A, T+ (h3]2))(A;T?+2A,f,T) + (h*/3")(B,T?
+6B,TS+3B; f, T2+ 6B, f2T) + (h5/4!)(C,T*+12C,TS?
+12C3T2S+12C, f,,P+4C; f,T3+12Cs f2T?+24C, f3T
+24C3 f,TS) + (h8/S!)(D,T5+20D,TS3+30D,T2S?
+20D,T3S + 60D f,,TT?+60Ds PR + 120D, TQ + 60Dy £, f,,P
+60D, f,TS*+ 60D, f,T>S+120D,, f2TS+5D,, f,T*
+20D,3f2T3+60D,,f3T?*+120D,5f4T) + O(h"),

where

(26) Ay =Z%Lips Ar=Xi,ap,

2.7 Ay =ZXi,atp, By =3Xi,aip, C,=ZXil,atp, D= Xi,aip;,
(28) Ay=2lsep, By=Xisawep, By=Xhidp, C,=Xi;akp;,

Cy=2Xlsadp, Ci=Xlscip, Cs= XL, ep, D, =3l jalcp,
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Dy = 3Y{saldp, D,=Tisaep, Ds= Ti;cdp,
D¢ = T actip,
(29) By=2XLilip, Co= Xlamp;, C;= s (ZZiL;b)pp;,
Cs = Zils(ali+gdp, D, = Xlaagp:,
(210) Dg = Xf4 Qeili+ X525 3bipi, Dy = Ty (a?li+ Xizade;bippi,
Dio = Zia(am+ Xizh a;d;bi))p;,
Dy, = Yis[Xizh(aid;+a;l;+9,)by1p;,
Dy, = i (Xjzh afbidpi, Dis = Xia(Zizh ebipi,
Diy=Yis(XiZhimbp;, Dis= 2ie[Xi2} (Xiz} lkb)bi;1p; .
Put
Q1) A,=A,—1t, A=A, — 1?2, Ay = A;—13[3, A, = A, — 13/6,
(2.12) B, = B; — t*/(4u) (i=1,2,3,4), C;,=C; —t5/(5v)) (j=1,2,..,8),
D,, = D, — 1%/(6wy) k=1, 2,...,15),
where
Q13) u; =1, u,=2, uy=3, u,=6, v,=i (i=1,2,3,4), vs=4,
v =12, v, =24, vg=24/7,
Q14 w,=i (i=1,2,3,4), ws=6, wg=4, w; =8, wg=60/13,
we = 15/4, wyo=20/3, wy; =10, wy, =5, w;3=20, w, =60,
wys = 120.
Then we have
(2.15) Ve — ¥(x) = hAky + h2A4,,T + (h3[2) (A3, T*+ 244, f,T) +....
For simplicity assume that a; (i=2, 3,..., q) are all distinct and put
(2.16) L = alli-2(a;—a), M;; = alTi-3(a;—ay) @i>)).
If we impose the condition
(2.17) P, =0, ¢;=a?2, d;=a3}3 (i=3,4,...,9),
then we have
(2.18) 24, = A;,, 2B,, = 3B3, = B;y,, 2C, =3C;3, =4Cy = Cy,,
2D,, = 3Dy, = 6Ds5, = 4Dg, = D,
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(2.19) 3a, = 2a,,

(2.20) a3b;; + 3 Yizh ajfa;—ay)b;; = a¥(a;—a3) (i=4,5,...,9).
Put
221) X,=a,+a; Yy =aya5, U=a,+X,, Vi=a,X,+7Y,
W,=a,Y,, X=a3+a,, Y=aza,, U=as+ X, V=asX+Y,
W=aY,
(222) Q1) =32 —4Xt + 6Y,, Q,(f) = 12¢3 — 15U,¢* + 20Vt — 30W,,
R,(t) =312 — 4Xt + 6Y, R,(t) =31 — 5Xt + 10Y,
Ry(f) = 1263 — 15U + 20Vt — 30W,
(223) Py =Ytk Myb;; (iz2k+2), Qu = Xithia Pubi; (iZ2k+3),
(224) N, = 23‘-=k M 1p; (kz4), S = ‘}=k Pji—»p; (k26),
T = X3~k Qjx-3p; (k26),
(2.25) Py = YiZh ME; (i25), Py = X5 MF; (i26),
Pis = Y24 M;G; (i27), P = X2V MH; (i28),
Py =3 MJ; (i29),
226) U,=a4+ U, Vo=0aU+V, W,=a,V+ W, X,=a¢W,
Us=a,+U,, Vo=a,U,+V,, Wy=a,V,+ W,
Xy=a,W, + X,, Y3=a0a,X,,

(227) r=a’|T — U;a%/6 + V,a5/5 — Wiat/4 + Xa3/3 — Ysa?/2.

3. Construction of methods

3.1. Caseg=3
The choice A4,,=0 (i=1, 2, 3) yields

(3.1 Xipi=t 23X} aip; =1, 6L3,py = t3(2t—3ay),
(3.2) 6L3,A4 = 12[(2t—3ay)c3—1tL;,],
3.3) 12B,, = — 1?Q,(¥), 12B,, = 12a54,, + t3(4a;— 31)/2,

6B, = 6a,4,, + 13(2a;—1)/2, 24B, = — t*.
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Setting A4, =0, we have
3.4 (2a—3a,)c3 = al;,, 2(2a—3a,)A,, = t2a,(t—a).

Hence for any t, a,, a; and a such that 2a # 3a, other constants are determined
uniquely.

For the choice a,=a/2 and a;=a we have
(3.5) by; = —a, by, =2a, 24, =t} (t—a), 4B, = — t (t—a)?,
24B,, = t*(16at—3t2—12a%), 12B;, = t*(a—1)(t—3a),
24B,, = — t*.
3.2. Case g=4
Put
(3.6) ¢3 = L3,K;, ¢4 = LKy + LysKy,.
Then the condition 4;,=0 (i=1, 2, 3, 4) leads to
(37 Xhip=t 2Xt,api=1% 6Xi3Lyp; = t*(2t—3ay),
6L, 3K, ps = 12 — 12(2t—3a,)K;,
(3.8) 12By, = — 12Q,(t) + 12L,3p,, 12B;, = t3(2a,—1t) + 12L;3,b,3p,,
24B,, = t3(4ay—3t) + 24[K3+(a,—a3)K,41L43ps
24B,, = — t* + 24c3b43ps -
If K,#0, then p; (i=1, 2, 3, 4) are determined from (3.7).
Choosing B;,=0 (i=1, 2, 3, 4), we have
(39) as=a, 2a—2a)K;=a, (2a,—a)Q,(a)K, = a,a,
Q1(a)L3;b4s3 = a(a—2a;)L4;, 2a(a—2a,)b3; = als,,
(3.10) 4aB;, = (t—a)t*(Q,(t)+2Y; —at), 8B,, = (t—a)t*(t+4a5—3a),
12B;, = (t—a)t*(3—3a+6a,), 24B,, = (t—a)t*(t—3a),
(3.11) 60C,, = — t2Q,(1)/2 + 60U B;,,
60C,, = — t3(12t2—15Xt+20Y)/2 + 60X B,,,
40C,, = — t3(8t2—15a,t —10a,4t +20a,a4)/3 + 40a,B,, + 40a,B;,,
60C,, = t3(10c; —3t%) + 60c4(cs—Cc3)P4 >
60Cs, = — 13(3:2—5X,t+10Y,) + 60X,B;,,
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120C,, = t*(5a, —2t) + 120a,B,,, 120C,;, = — 13,
120Cq, = t4(5X —7t) + 120X B,,.

Hence for any t, a,, a; and a such that (2a,—a)Q,(a)#0 other constants are
determined uniquely.

For the choice a, =a/4 and a3;=7a/10 we have
(3.12) by, = — 14a/25, by, = 63a/50, b, = 83a/35, by, = — 14a/5,
b43 = 10[1/7,
(3.13) C;,=Cs,=0, 240C,, = — a% 160C;, = a®, 480C,, = a®,
160Cq, = — a®, 120C,, = — a®, 80Cg, = a’.
3.3. Caseg=6
We impose the condition (2.17). Setting 4;,=B;,=0 (i=1, 2, 3, 4), we have
(314) p,+ X0api=1t 23¢3appi =1, 6N, = t*2t—3ay),
12N5 = 1?R(t), 12MsEsps = t3(t—2a3) — t>R(DE,,
(3.15) 60C,, = — t2R4(t) + 60M¢sps, 60Cs, = 180C¢, = — t3R,(t) + 60P¢,ps ,
24C,, = — 855 + a,t* — 2Y13 + 12(Pgys—2Q63)Ps »
24Cgq, = — 785/5 + 3(3t—4a3)X + 2R (t)as + t3(t—2a3)(a,—2a;—2as)
+ 12[Mgs+Pss—2(ag—as)Pe3]ps -

Thus if E5#0, then p; (i=1, 3, 4, 5, 6) can be determined from (3.14).
The condition C;,,=0 (i=1, 2,..., 8) leads to

(3.16) 2R,(a)E, = a(2a—5a3), 2R,(a)R;(a)Es = — 5aR,(a),
Ri(@)Ms,bgs = aR,(@)Mgs, (a—ag)R4(a) =0,
where
R,(?) = (2a,—a3)t?> — 8Yt + 10a,Y.

Thus E,, E5 and bgs are determined for any given a; (i=3, 4, 5, 6) and a such that
R,(a)R;(a)#0. By the condition E5#0 we have R (a)#0, so that ag=a.
For the choice

3.17) as; = a4, a, =al2, as=3al4

we have D,,=0,
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(3.18) a, =al6, bsy =all6, by, =3a/16, b, = a4, b,, = — 3a/4,
bys = a, bsy = 57a/16, bs, =9a/16, bs3 = —9af2, bs, = 9a/8,
bg, = Tla/14, bg, = 579a/28, be; = — 114a/7, be, = 15a/28,
bgs = 8a/7.

34. Caseg=9

We impose the condition (2.17). Choosing A;=B;=0 (i=1, 2, 3,4) and
C;,=0(j=1,2,...,8), we have
(B19) pi+ Xaap=1t 2%¥}sappi=1t% 6N, =t>(2t—3a;),

Ns =ry(0),

(320) Ng=rs(0,
(3.21) X6 (XIS MyE)DD; = ra(t) — Eqry(0), Se = rs(0),
(3.22) Ts =re(t),

(3.23) X6(ai—as)Pi3p; = r1(1) — asry(1),
(324) D, = N,—rg(t), 2D,;,=U; — ro(t) = Dy,
4Dg, = S, — 4V, + 2(D,,+1%/6 —a3t3[5) + s,(f) + 4s,(t) — 13t5/90,
2Dy, = S; — 2V; + Dy, + 15/6 — ast3]5 + 2s,(1) — 41°/45 + s5,(1),
3Djo = S; + U; + a5(t3/5—ast?/4) + s,(t) + (az—2a3)r,(Y)
+ agrs(t) — 31/40,
2Dy, = =2 X7 [(ai—ae)Qis+ Xizk (aj—as)P;3bdp;, + S,
+ Uy + Ty + s3(8) + so(t) + agrs(t) — 15/30 + a,r,(1),
9D, = 98, + aj[t4/3—4r () +8r,(1)] + 9s,(t) — 316/10,
9D, 5, = 9T; + 25,(t) + 3s3(t) + 6a,re(t) — 2a2r(t)
— 2as+as)rs(t) — 3t6/40,
3Dy = T, + s3(t) — 16/120,
2Dys, = — 2 X7 (X525 Qsbij)p; + Ty + ayre(t) — 6/360,
where
(3.25) U; = X3-7(ai—ae)Pupy, Vi = Xi-7(a;—as)(a;—ae)Pispi,

(3.26) 12r,(f) = P(3t—4ay), 12r,(t) = 2R,(1), 60rs(f) = 2R4(1),
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12r,(t) = 3(t—2a,), 60rs(t) = 3R,(1), 120r¢(t) = t4(2t—5as3),
120r,(t) = t3(8t—15a3;),
60rg(r) = t2[10¢*— 12U ,13 + 15V,12 —20W,t + 30X, ],
120r4(t) = t4(52—8Xt+15Y) — 120a¢rs(t),
(3.27) so(t) = aZry(t) + (ag+as)rs(t) — 2(as+ag)re(t),
$1(8) = a3r () + (as—as)(as+2a3)r,(t) + Urs(),
$2(1) = asasra(t) — (as+aerq(1),

s3(t) = (a4 —2a3)re(t) + asrs(t) + Yra(1).

Thus p; (i=1, 3, 4, 5, 6) can be determined from (3.19) and (3.20).
Let

wire(t) + wars(t) + wilra() —Eary(] + wars() =0
so that (3.22) is expressed as a linear combination of (3.20) and (3.21). Then if
(3.28) a, # 2a;,
the choice w,=a;/2 yields
(3.29) wy=3(az—ay), wy=a,—3a;, wy=aya,—2a3),
2a,(2a3—a4)E, = asas,

(3.30) wiQiz + wyPyy + w3 XIZAMUE; + wM;s =0 (i=6,7,8,9).
Equating the coefficients of M;; (j=35, 6,..., i—1) to zero in (3.30), we have
(3.31) woFs + wiEs + wy, =0, woFg + wEsGg + w3Eg =0,

woF 7 + wi(EsG,+EgH;) + w3E; = 0,

woFg + Wi(EsGg+E¢Hg+E,Jg) + w3Eg = 0,
where wo=w E,+w,. If
(3.32) wow Es # 0,

then F5 and G, (k=6, 7, 8) can be determined for any given ws, wy, E,, F) (k=6,
7, 8), H;, Hg and Jg.
Eliminating pg from (3.21) and (3.23), we have
(3.33) =6 EclNir1 = 54(D), T FilNis 1 = s5(0),
2826 [Ex-1+(ak+ 1= a7)E Ny = 57(1) — (a7—as)s4(1),
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where
(3.39) 54(8) = r4(t) — E ry(t) — Esry(0), ss(t) = rs(f) — Fsrs(t),
s7(t) = () — asra(t) — [Es+(as—as)Es]rs(?).

Put

(3.35) Eiya=qiEirs, Fivs = hiEiys (i=1,2,3),
(3.36) Zy=4q2— 4y tag—a; 2z;=4q3— 4, ta—as.
Then if

(3.37) 4293Es[(hy —hy)z, —(hs—hy)z,] # 0,

from (3.33) p; (j=7, 8, 9) can be determined for any ¢.
Now we consider the case t=a, so that p; denotes p;, for i=1, 2,...,q. The
choice D;,=0 (i=1, 2,..., 15) yields

(3.38) N, =rg(a),

(3.39) U;=ry(a), S;=r10 Vi=r11, Ty =711, Z?=723‘_=16Qj3bijpi =T13,
27 [(ai—ae)Qis+ Xizk (a;—as)Pjsblpi = ria
where
(3.40) rio = a®/30 — s,(a), ryy = a®/18 — a;a3/10 + s,(a),
rip = a®/120 — sy(a), 2ry3; = a%/180 — s3(a) + asre(a),
2r;4 = a%/20 — Xa®/15 + Ya*/8 — s,(a) + a,r,(a) + s¢(a).

From (3.33) and (3.39) we have by (3.31) and (3.38)

(3.41) E;Ng + EgNy = v,, F,Ng + FgNo = vs,
[E¢—(as—ag)E;INg + E;Ng = v,
[Fs—(as—ag)F;INg + F3Ng = vy + v;5h,,
[Es—(as—as)E¢INg + ENo = vy4,

F¢Sg + F,Sg = v,,, E¢Sg + E;Sg = vy,
ESg + [E¢+(ag—a;)E;1So = vy4,

where

(3.42) vy = s4(a) — [Es+(a;—as)Eglrg(a), vs = s4(a) — Egrg(a),

vs = s5(a) — Ferg(a), ve = vy — (ag—as)vs, V7 =0y — (Ag—as)v,,
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vg = ro(a) — (ag—ae)ss(a) — reg(a)Fs, vy =ry; — Fsryo,
vi0 = re(a) — Eyrs(a) — Esryo, 015 = (ag—aq)rg(a)Es,
vy =1y — [E4+(a;—as)Es+(a;—as)a;—ae)Eelrs(a) — (ag—ae)vo
— (ag—as)vs,
V14 =Ty5 — [rio—(a;—as)rs(a)]E4 + (a7—ae)rioEs,
120r,5s = 4a%/3 — (3a5+2a,)a’ + Saza,a*.
Choosing ay=a, by (3.35) we have from (3.41)
(3.43) Lygs = L,,
(3.44) Lihy + Lyhy = 2,0y, Lghy = (v7—q304)h, + z505,
(3.45) 2,E¢Ng = — Ls, z,EgNy = Lg,
(3.46)  LsH; + [(z;—q3)v11+42(92—as+a7)v,]1Hg = Ly — 2,05,
43z1LeJg = z,L4,
where
(347) Ly =Ls+ q1z1vs, Ly =qrz1v; + (42—as+4as)Ls,
Ly = (z;+41)v10 — V1as La =014 — 1010, Ls =041 — q507,
Lg = vg — q,0,.
For any q,#0, q,#0, Es#0, h, and Hg such that
L;#0 (i=1,2,4,5,6), z; #0 (j=1,2),

the values of g3, h, and h; are determined from (3.43) and (3.44) successively
and we have gq3#0, so that E;#0 (i=6, 7, 8); ps, and po, are obtained from
(3.45); H, and Jg are determined from (3.46).

For the choice a;=(j—1)a/8 (j=3, 4,...,9), Ng=r, g, =2.15a, a?E¢= —1.27,
h,;=—0.02a, aHg=1.08 we have

a, =al6, b, =1/6, by, =1/16, by, =3/16, b, =3/32, b, =0,
bay =9/32, bs, = —1/36, bsy =3/4, bsy; = —2/3, bsy=4/9,

bgy = — 0.1951934524, by, = 1.841337891, bgy = — 2.035284598,

bes = 0.8786086310, bys = 0.1355315290, b,, = — 0.05786087521,
by, = 1.124085938, b,3; = —1.003943034, b,, = — 0.03009339701,
b,s = 0.7396718335, b, = — 0.02186046512, bg; = 1.100504144,

bg, = — 5.070306927, bg; = 5.571648504, by, = — 0.2884653995,
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bgs = — 2.265681048, bge = 2.356071743, bg, = — 0.5287710161,
by, = 3.928841861, by, = — 19.59914764, by, = 19.22514986,
boy = 2.296193618. bys = — 9.056014744, bys = 3.444657007,
by, = 1528150063, byg = — 0.7678300215, 7,
Py = 2.786592076, P, = — 9.453246618, ps = 17.35023425,
Pe = — 17.82289539, P, = 11.15624084, g = — 3.586992329,
Po = 0.5839496094, (h,—h,)z, — (h3—h,)z, = 1.62853a2,
where p,=ap; and b;;=ab;; (j=1, 2,...,i—1; i=1,2,...,9).

References

[1] C.W. Gear, Runge-Kutta starters for multistep methods, ACM Trans. Math. Software,

6 (1980), 263-279.

11

— 0.01388244549, 5, =0,

[2] P. Henrici, Discrete variable methods in ordinary differential equations, John Wiley

and Sons, New York and London, 1962.
[3]1 J.B.Rosser, A Runge-Kutta for all seasons, SIAM Rev., 9 (1967), 417-452.

[4] H. Shintani, Two-step processes by one-step methods of order 3 and of order 4, J. Sci.

Hiroshima Univ., Ser. A-I, 30 (1966), 183-195.

[51 H. Shintani, On one-step methods for ordinary differential equations, Hiroshima Math.

J., 7. (1977), 769-786.

[6] H. Shintani, Two-step methods with one off-step node, Hiroshima Math. J., 14 (1985),

479-487.

Department of Mathematics,
Faculty of School Education,
Hiroshima University








