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1. Introduction

Consider the initial value problem

(i.i) y'=f(χ,y), X*O) = JΌ,

where the function /(x, y) is assumed to be sufficiently smooth. Let y(x) be the
solution of this problem, let

(1.2) xt = x0 + th (ί>0, /ι>0)

and denote by yt an approximation to y(xt), where h is a stepsize. Multistep
methods for solving (1.1) numerically require starting values. For instance, a

linear /c-step method needs yt (ί=l, 2,..., fc-1) (see [2]), and a two-step method

with one off-step node xv (0 < v< 1) requires yv and y1 (see [6]).

Rosser [3] and Shintani [4, 5] have proposed block one-step methods of

the form

(1-3) Λ = )Ό + Λ Σ ?

that provide yt for f = l, 2,..., N9 where

(1.4) fcι=/(xo,)>o),

(1.5) fc, = /(x0 + αΛ JΌ + Λ Σ£\ W 0 = 2, 3,..., q),

(1-6) ΣW &,, = «„ *,*Ό (i = 2,3,...,<z),

pto (k = l, 2,. ..,#), 0, and 6iy 0 = 1, 2,..., i-1; i = 2, 3,..., g) are constants.
Rosser has shown that for q = N(N + 3)/2 there exists a method (1.3) of order

N + ί for ί = l, 2,..., JV and that for t = N = 2p the order can be raised to N + 2

with one more evaluation of/. Shintani [5] has proved that for g = 4, 6 there

exists a method (1.3) which is of order 3, 4 for t = \ and is of order 4, 5 for t = 2

respectively. But these methods cannot be used to start multistep methods with

off-step nodes. Gear [1] has considered methods of the form (1.3) that can
provide yt for any ί's and has shown that there exists a method (1.3) of order 3

for g = 4 but none for q = 3, that a method of order 4 exists for q = 6 and that q

must not be less than 9 for constructing a method of order 5.
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Let a be a specified value of t. Then in this paper it is shown that for q =
3, 4, 6, 9 there exists a method (1.3) which is of order 2, 3, 4, 5 for ί^α respectively
and is of order 3, 4, 5, 6 for t = a respectively.

2. Preliminaries

We write pit simply as pf for i = l, 2,..., g, but no confusion will arise. Let

(2.1) c^Σ&ajbtj, d^Σ&tfbtj, *, = Σi-i^&y (i = 3, 4,..., β),

(2.2) /^Σ^Ά* m i=Σ£WA> 0i=ΣW>0/A (i = 4,5,...,g).

Let D be the differential operator defined by

and put

(2.4) DJf(x0,y0 )=T', DJfy(x0,y0) = SJ 0 = 1,2,...),

(/)/)2(x0> >Ό) = P, (Dfy)
2(x0, yo) = Q, Dfyy(x0, y0) = R,

Jy(xO> JO) = Λ> fyy(xO> JO) = fyy

Then j, can be expanded into power series in /ι as follows :

(2.5) Λ = y0 + hA.k, + h*A2T+ (h*βl)(A3T* + 2AJ,T) + (WD

+ 6B2TS + 3B3fyT
2 + 6BJ2

yT) + (hsl4\)(C1T*+ί2C2TS2

+ 12C3T
2S+

+ 24CsfyTS)

+ 20£>4T
3S + 60D5fyyTT2 + 60D6PR + 120DΊ TQ + 60DJyfyyP

yTS2 + 60D10fyT
2S+UODlJ

2

yTS+5D12fyT*

/2T3 + 60D14/3Γ2 + 120£>15/ίT) + O(Λ7),

where

(2.6) X^Σf-iΛ, A2=Σ^2aίPi,

(2.7) X3 = Σί»2β?Λ, 51 = Σ?=2«?Pi, C1 = Σ?=2αίPi, J>ι = Σf-2

(2.8) ^ = Σf-sCiPi, B2 = Σ?=3«ίcipί, B3 = Σϊ=3diPi, C2 = ΣU

C3 = Σ?=3 MiPi, C 4 =
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= Σ?=3 a
2dίPί, D4 = Σί=3 aw, Ds = Σ?=3 <**#,,

(2.9) B 4 =Σf-4/Λ, C6 = Σ?=4mίPi) C7 =

(2.10) D8 = Σf-4 (2c,/,+ Σ^3 c56y)Λ , D9 =

D10 = Σ?=4(αi'"i+Σ}=13«A ί)i>f'

012 = Σ?=3 (Σ£i βίfry)ft, β13 = ΣU (Σ}=3 βj6y)ft ,

Di4 = Σ?=5 (ΣΓ4 m;fty)Λ , D15 = Σ?=6 [ΣΓ4 (ΣU i»MMft
Put

(2.11) A1, = Al-t, A2t = A2-t2/2, A3t = A3-t3l3, A4t = A4-t*l6,

(2.12) Bu = Bt-t*l(4uύ (/ = 1,2,3,4), Cjt = Cj - ts/(5Vj) (; = 1, 2,..., 8),

Dkt = Dk - ί*/(6wfc) (fc=l,2,...,15),

where

(2.13) u t = 1, u2 = 2, u3 = 3, u4 = 6, », = i (i = 1,2, 3,4), »5 = 4,

(2.14) wf = i 0 = 1,2,3,4), w5 = 6, w6 = 4, w7 = 8, w8 = 60/13,

w9 = 15/4, w10 = 20/3, wu = 10, w12 = 5, w13 = 20, w14 = 60,

w15 = 120.

Then we have

(2.15) y, - Xx,) = MI(/C! + ftM2,T+ (h*l2)(A3tT
2 + 2A4,fyT) +....

For simplicity assume that al (i = 2, 3,..., q) are all distinct and put

(2.16) Li^βJlUίβi-βλ Aίj^αjΠί^ίβί-βt) (»>/)•

If we impose the condition

(2.17) p2 = 0, ci = α?/2, d, = α?/3 (i = 3, 4,..., β),

then we have

(2.18) 2Λ4t = A3t> 2B2, = 3B3, = Blt, 2C2t = 3C3( = 4C4( = C1(,
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(2.19) 3α2 = 2α3,

(2.20) a2

3bί3 + 3Σίj-=14aJ(aj-a2)bίj = a2(ai-

Put

(2.21) Xί = α2 + α3, 7t = α2α3, [/! = α4 +

Wί = α47! , X = a3 + a4, Y= a3a4, U = as + X, V= a5X + Y,

W=a5Y,

(2.22) QiO) = 3ί2 - 4Xj + 6715 Q2(t) = 12ί3 - ISU^2 + 20^ ί - 30^ ,

ΛjO) = 3ί2 - 4AΓί + 67, R2(t) = 3ί2 - 5Xί + 107,

R3(i) = 12ί3 - 15[/ί2 + 20Fί - 30W,

(2.23) Pίfc = Σ^i+ιWΛ6y (i^fe + 2), Qik = ΣJ-l

(2.24) Nk = Σ9j=k

Mjk-ιP

(2.25) P(3 = Σ&MtJEj (i^5), Pi4 =

Pί6 =

(2.26) I72 = α 6 + l / , F2 = α6C/ + F, W2

F2, Pf3 = α7F2

(2.27) r = aηjl - U3a
6/6 + V3a

s/5 - W3a
4j4 + X3a

3/3 - Y3a
2/2.

3. Construction of methods

3.1. Case ? = 3

The choice Aίt=Q (i = l, 2, 3) yields

(3.1) Σf- iΛ^ί , 2Σ^2aiPi = t2, 6L32p3 = ί2(2ί-3α2),

(3.2) 6L32Λ4r = /2[(2ί - 3a2)c3 - ίL32] ,

(3.3) 12Blt = - PQάt), 12B2, = l2a3A4t + t3(4a3 - 3ί)/2,

6B3( = 6α2^4r + /3(2α3-ί)/2, 24B4r = - (*.
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Setting A4a = Q, we have

(3.4) (2α-3α2)c3 = 0L32, 2(2a-3a2)A4t = t2a2(t-a).

Hence for any ί, α2,
 a3 and α such that 2α^3α2 other constants are determined

uniquely.

For the choice a2 = a/2 and a3 = a we have

(3.5) 6 3 1 = - f l , b32 = 2α, 2A4ί = ί2(ί-α), 4J3lr = - *2(ί-α)2,

24B2ί = t2(16at-3t2-Ua2), 12B3t = t\a-f)(t-la)y

24B4t = - ί4.

3.2. Case ^ = 4

Put

(3.6) c3 = L32K3, c4 = L42K3 + L43K4.

Then the condition A f t = 0 (ϊ = l, 2, 3, 4) leads to

(3.7) Σf=ιΛ = ί, 2Σί=2«Λ = ί2, 6Σf=3^2Pί = ί2(2ί-3α2),

6L43K4p4 = ί3 - ί2(2ί-3α2)K3,

(3.8) 12Blf = - ί2βt(0 + 12L43p4, 12B3ί = ί3(2fl2-ί) + 12L32fc43jp4,

24J54ί= - ί4 + 24

If .K:47^0, then pf (i = 1, 2, 3, 4) are determined from (3.7).

Choosing Bία = 0 (i = l, 2, 3, 4), we have

(3.9) a4 = a, 2(a-2a2)K3 = a, (2a2-ά)Q,(a)K4 = a2a,

Qi(a)L32b43 = tf(α-2α2)L43, 2α2(α-2α2)b32 = αL32,

(3.10) 4aBlt = (t-a)t2(Q1(t) + 2Yί-at), ZB2t = (t-a)t2(t + 4a3-3a),

l2B3t = (ί-α)*2(3-3α + 602), 2454ί = (t-a)t2(t-3a),

(3.11) 60Clt = - ί2Q2(0/2 + 601/Λ, ,

60C2f = - ί3(12ί2-15Xί + 207)/2 + 60Z52ί,

40C3f = - ί3(8ί2-15α2ί-10α4ί + 20α2α4)/3 + 40α2B2ί + 40α4B3f5

60C4ί = ί3(10c3-3ί2) + 60c4(c4-c3)p4,

60C5ί = - ί3(3ί2-5X1ί+10Y1)
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120C6ί = t\5a2-2t) + 120α2£4ί, 120C7ί = -

120C8ί = ί4(5*-70 + l2QXB4t.

Hence for any f, 02,
 fla an^ β such tnat (2α2 — fl)6i(fl)^0 other constants are

determined uniquely.

For the choice a2 = a/4 and 03 = 70/10 we have

(3.12) 631 = - 140/25, &32 = 630/50, 641 = 830/35, b42 = - 140/5,

ί>43 = 10^/7,

(3.13) Clβ = C5α = 0, 240C2α = - 05, 160C3fl = a5, 480C4α = α5,

160C6α = - a5, 120C7α = - α5, 80C8β = a5.

3.3. Case r̂ = 6

We impose the condition (2.17). Setting Aίt = Bit = Q (i = 1, 2, 3, 4), we have

(3.14) Pl + Σf=3Pt = t, 2Σf=3aiPί = t\ 6N4

12N5 = t2Rι(t), 12M65E5p6 = t\t-2a3)

(3.15) 60Clf = - t*R3(t) + 60M65p6, 60C5ί = 180C6ί = -

24C7f = - t5/5 + a^ - 2W + 12(P64-2ρ63)p6,

24C8f = - 7ί5/5 + ί3(3ί-403)^ + t2Rι(i)a5 + ί3(ί-

Thus if £5 7^0, then pt (i = 1, 3, 4, 5, 6) can be determined from (3.14).
The condition Cία = 0 (i = l, 2,..., 8) leads to

(3.16) 2R2(a)E4 = a(2a-5a3)9 2R2(a)R3(a)E5 = - 5aR4(a),

R3(a)M54b65 = aR2(a)M65, (a-a6)R4(a) = 0,

where

R4(t) = (2a4-a3)t2 - 8Yt + 10α37.

Thus E4, E5 and b65 are determined for any given α f (i = 3, 4, 5, 6) and a such that

R2(a)R3(a) φ 0. By the condition E5 Φ 0 we have R4(a) + 0, so that a6 = a.
For the choice

(3.17) α3 = α/4, α4 = α/2, α5 = 3α/4

we have £)lβ=0,
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(3.18) a2 = α/6, f>31 = a/16, b32 = 3α/16, *>41 = β/4, &42 = - 3α/4,

*>43 = «, &5i = 57α/16, b52 = 9α/16, b53 = - 9α/2, ί>54 = 9α/8,

661 = 71α/14, b62 = 579α/28, fc63 = - 114α/7, ί>64 = 15β/28,

fees = 8α/7.

3.4. Case 4=9

We impose the condition (2.17). Choosing Ait=Bίt=Q (i = l, 2, 3, 4) and

Cjt=0(j = ί, 2,...,8), we have

(3.19) ί>1 + Σ?=3J>ί = ί, 2Σ?=3« iP i = '2, 6N4 = f'(2f-3α3),

^5 = Γ2(ί),

(3.20) N6 = r3(ί),

(3-21) Σ?=6 (Σμ My£,)Pί = r4(ί) - £4r2(t), S6 = rs(ί),

(3.22) T6 = r6(ί),

(3.23) Σ?=6(αi-«s)Λ 3Pί = r7(ί) - α5r4(ί),

(3.24) D l t = N7-r8(ί), 2D7, = l/7 - r9(ί) = D4f,

4D8ί = S7 - 4F7 + 2(D1( + ί6/6-α3ί
s/5) + Sl(ί) + 4s2(ί) - 13ί6/90,

2D9, = S, - 2F7 + Dlt + ί6/6 - α3t
5/5 + 2s2(ί) - 4ί6/45 + Sl(ί),

3D10r = S7 + l/7 + α3((5/5-α3ί
4/4) + Sl(ί) + (α4-2α3)r7(t)

+ α6r5(t) - 3ί6/40,

2D l l t = -2 Σ?=7 [.("i-aJQii + Σte&j-aJPjib^pi + SΊ

+ l/7 + Γ7 + s3(ί) + s0(ί) + α6r5(ί) - ί6/30 + α4r7(ί),

9D12r = 9S7 + αl[ί*/3-4r1(ί) + 8r4(t)] + 9Sl(ί) - 3(6/10,

9D13( = 9Γ7 + 2s,(ί) + 3s3(ί) + 6β4r6(ί) - 2aίr4(t)

- 2(α4 + α5)r5(ί) - 3ί6/40,

3D14ί = T7 + s3(ί) - ί6/120,

2D15t = - 2 Σ?=7 (ΣΓ4 Q;3*y)Λ + TΊ + a4r6(t) - ί6/360,

where

(3.25) tf7 = Σ?-7(fl|-fl6)Λ4Λ, ^7 = Σ?=7(αi-α5)(αi

(3.26) 12rx(t) = ί3(3ί-4α3), 12r2(t) = ί̂ ί̂), 60r3(ί) =
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12r4(0 = t\t-2a3\ 60r5(ί) = ί3Λ2(ί), 120r6(t) = ί4(2ί-5α3),

120r7(ί) = ί2(8<-15α3),

60r8(ί) = t2[lW-12U2t
3 + 15V2t

2-2W2t + 30X2'],

120r9(f) = t\5t2-8Xt + 15T) - 120α6r5(ί),

(3.27) s0(ί) = α|r4(ί) + (α4 + a5)rs(t) - 2(as + α6)r6(ί) ,

«ι(0 = βi» ι(0+ (β4-03)(«4 + 2a3)r4(ί) + t/r5(i),

s2(ί) = a5a6r4(t) - (α5 + α6)r7(ί),

(e4-2e3)r6(f) + α3r5(ί) + 7r4(/).

Thus PI (i = 1, 3, 4, 5, 6) can be determined from (3.19) and (3.20).
Let

»»ΊΓ6(0 + w2r5(ί) + w3[r4(ί)-£:4? 2(0] + w4r3(ί) Ξ 0

so that (3.22) is expressed as a linear combination of (3.20) and (3.21). Then if

(3.28) α 4 *2α 3 ,

the choice w4=α3/2 yields

(3.29) HΊ = 3(α3-α4), w2 = α4 - 3α3, w3 = α4(α4-2α3),

2α4(2α3-α4)£4 = α 3α s,

(3.30) WtQi3 + w2Pi4 + w3 ΣJ=i My£y + w4Mi5 = 0 (i = 6, 7, 8, 9) .

Equating the coefficients of My 0' = 5, 6,..., i — 1) to zero in (3.30), we have

(3.31) w0F5 + w3£5 + w4 = 0, w0F6 + WiE5Ge + w3£6 = 0,

w0F7 + Wl(E5GΊ + E6HΊ) + w3£7 = 0,

w0F8 + w1(£5G8+£6/ί8 + £7J
Γ

8) + w3£8 = 0,

where W0 = w1£4+w2. If

(3.32) Wow^s * 0,

then F5 and Gk (k = 6, 7, 8) can be determined for any given w3, w4, Ek, Ft (fe = 6,
7, 8), H7, HB and Jβ.

Eliminating p6 from (3.21) and (3.23), we have

(3.33) Σ!=6£Λ+ι

ΣSk=6LEk-ι+(ak+1-aΊ)Ek]Nk^1 = s7(ί) - (α7-α5)s4(ί),
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where

(3.34) 54(ί) = r4(ί) - E4r2(f) - £5r3(ί), s5(ί) = r5(ί) - F5r3(f) ,

s7(ί) = Γ?(0 - α5r4(f) - [E4 + (06-05)£5>3(0

Put

(3.35) £ί+4 = ft£ί+5, F l+5 = Mί+5 0 = 1,2,3),

(3.36) z t = #2 - 3d + fl8 - α7, z2 = 43 - <?2 + α9 - α8 .

Then if

(3.37) q2<l3E8l(h2-hl)z2-(h3-h2)zΛ Φ 0,

from (3.33) pj (7 = 7, 8, 9) can be determined for any t.

Now we consider the case t = a, so that pt denotes pia for ΐ = l, 2,..., g. The

choice Dία = 0 (i = l, 2,..., 15) yields

(3.38) N7 = r8(α),

(3.39) t/7 = r9(α), S7 = r10, F7 = rn, Γ7 = r12, Σf^vΣ^e^Mi = r i3 ?

Σ?=7 [(fl|-fl6)a3 + Σi=i(a^-fl5)^36ιy]Λ = r14 ,

where

(3.40) r10 = α6/30 - Si(a), ru = α6

r12 = α6/120 - s3(fl), 2r13 =

2r14 = α6/20 - Xα5/15 + Yα4/8 - s^α) 4- α4r7(α) + s0(α).

From (3.33) and (3.39) we have by (3.31) and (3.38)

(3.41) EΊNs + EsN9 = v49 FΊN8 + F8N9 = v5 ,

[E6-(09-α8)E7]ΛΓ8 + £7N9 = vΊ9

[F6-(α9-α8)F7]N8 + F7N9 = v9 + ϋ^hj,

[£5-(α9-α7)E6]N8 + E6N9 = ϋn,

F6S8 4- F7S9 = ϋ12, F6S8 + £7S9 = ι;10)

where

(3.42) ι;0 = s7(έi) -

, VΊ = VQ - (a9-a5)v4,
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v9 = r9(a) - (a9-aβ)s5(ά) - r8(a)F5, vί2 = r12 -

t>ιo = rβO) - E4r5(a) - E5r10, v15 = (a9-aΊ)rs(a)E6,

»n = f i i - LE4 + (a7-as)E5 + (a7'-a5)(a7-a6)E6]rs(a) - (as-a6)v0

-(a9-a5)v6,

0i4 = rιs ~ [ri0-(a7-as)rs(ay]E4 + 07-α6)r10E5,

120r15 = 406/3 - (3a3 + 2aΊ)a5 + 5α3070
4.

Choosing a9 = a, by (3.35) we have from (3.41)

(3.43) L,q3 = L29

(3.44) L 3 Λi + L4h2 = z±vl2, L6h3 = (v1-q3v4)h2 + z2v5,

(3.45) ZlE6N8 = - L5, z2£8N9 = L6,

(3.46) L5H7 + [(z2 - ^3)^!! + ^2(ςf2 - α9 + a7)υ7']Hs = L4 -

43ZιL6Js = z2L4,

where

(3.47) L! = L5

For any g^O, #2τ^0, E5^Q, hί and H8 such that

L,* 0 ( i = l,2,4, 5, 6), zy ^ 0 (y = l, 2),

the values of q3, h2 and /ι3 are determined from (3.43) and (3.44) successively
and we have g3^0, so that E^O (i = 6, 7, 8); p8a and p9a are obtained from
(3.45); HΊ and J8 are determined from (3.46).

For the choice a,-==(7 —1)0/8(7 = 3, 4,..., 9), N8 = r, ^1=2.15α, a2E6= —1.27,
/ι x= —0.02α, α//8 = 1.08 we have

643 = 9/32, £51 = -1/36, 552 = 3/4, B53 = - 2/3, b54 = 4/9,

£61 = - 0.1951934524, b62 = 1.841337891, 563 = - 2.035284598,

g64 = 0.8786086310, β65 = 0.1355315290, 571 = - 0.05786087521,

δ72 = 1.124085938, b13 = -1.003943034, £74 = - 0.03009339701,

bls = 0.7396718335, 576 = - 0.02186046512, £81 = 1.100504144,

b82 = - 5.070306927, fe83 = 5.571648504, 584 = - 0.2884653995,
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685 = - 2.265681048, S86 = 2.356071743, bBΊ = - 0.5287710161,

£91 = 3.928841861, B92 = - 19.59914764, £93 = 19.22514986,

£94 = 2.296193618. B95 = - 9.056014744, b96 = 3.444657007,

b9Ί = 1.528150063, b98 = - 0.7678300215, p1 = - 0.01388244549, p2 = 0,

p3 = 2.786592076, p4 = - 9.453246618, p5 = 17.35023425,

β6 = - 17.82289539, p7 = 11.15624084, p8 = - 3.586992329,

β9 = 0.5839496094, (Λ2 - ΛJza - (Λ3 - Λ2)z! = 1.62853α2,

where pίa = api and bij = a f > i j ( j = l, 2,..., i-1; z = l, 2,...,9).
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