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§1. Introduction

For a prime p ^ 5, H. Toda [7] introduced the ^-family {βs\s ^ 1} and
showed the relation uvβsβt = stβuβv (s + t = u + v) in the p-component of the
stable homotopy groups n^(S) of spheres. An easy consequence of this relation
is βsβt = 0 if p\st9 since the order of βs is p. In this paper we find the following

THEOREM 1.1. Let s and t be positive integers with p Jf st. Then,

βsβt^0 in πφ(S) if s + ίe/,

where I = {kp1 - (p1'1 - l)/(p - l)|i ^ 1, pjfk + 1}.

Consider the Adams-Novikov spectral sequence converging to n^(S), in
which Miller, Revenel, and Wilson [1] defined the ^-elements βs (s ̂  1)
surviving to βs in π^S). This sequence has sparsity in its E2-term enough not
to kill the product βsβt. Therefore the above theorem follows from the non-
triviality in the following

THEOREM 1.2. Let s and t be positive integers with p^ st. Then, in the E2-
term of the Adams-Novikov spectral sequence,

βsβt^Q i f s + tel.

Furthermore suppose that s + ί ^ p 2 + p + 2. Then we have

βsβt = 0 if p X ( s + t)(s + t + 1), or if s + t + 1 = kp and pjfk(k + 1).

Notice that p\n(n + 1) if nel. We also note that the relation "βsβt = 0 if
p\st" is also valid in the £2-term ([2], [6; Cor. 2.8]), and that βsβt = 0 if and
only if p I si in both π^(S) and the £2-term for the case when p = 5 and s + t
^ P

2 - p + l ([3; Chap. 7]).
This theorem does not determine whether or not βsβt (p )( st) is trivial in the

£2-term for the following cases:

a) p2\s H- t + p, b) s + t = kp3 — p2 - 1, and c) s + t = kp2 - p — 1 ̂ /.

In §2, we recall the Brown-Peterson spectrum BP at p and the £2-
term
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H*BP# of the above spectral sequence; and give the elements Bsβt in
mapped to βsβt in H*BP* by the Greek letter map G: H2N% -> H4BP*. Then
the triviality in Theorem 1. 2 is proved in Theorem 2. 9 by noticing uυβsβt

= stβuβv(s + t = M + i?) in H*BP* and by showing BjS, = 0 for u = 1,
2. Furthermore G is an isomorphism (see Lemma 3.3); and the non- triviality in
Theorem 1. 2 is proved for the case p\s + t in §3 by mapping B1βυ to H3M}
whose structure is given in [4], and for the case p\s + t + 1 in §4 after
determining the structure of HlMl at the corresponding degree.

§2. Triviality in the £2-term

Throughout the paper p denotes a prime ^ 5. Let BP be the Brown-
Peterson spectrum at the prime p. Then the coefficient ring BP^ and the BP^-
homology BP^BP are the polynomial rings

A = BP* = Zw[υl9 v29 -.] and Γ=BP*BP = BP+[tl9 t2, ••• ],

where \υt\ = e(i) = |ί£|. Here we use the notation

(2.1) |x| = (deg x)/(2p - 2) and e(ϊ) = (p' - l)/(p - 1).

The pair (Λ, Γ) = (BP+, BP^BP) is the Hopf algebroid (cf. [3]), and we use here
the following formulae for the right unit η:A-+Γ and the coproduct Δ\ Γ

(2.2) ηv^ = Ό! + ptί9 ηv2 = v2 + υtt{ — v\t^ mod(p).

ηυ3 = v 3 + v2tf — vp

2t^ + v±tp

2 + v\V mod(p, ϋξ) and

ηv4 = v4 + ι;3ί?
3 + ι;2ίξ

2 — ί^fξ — t2υ
p

2 mod(p, ux); and

4*! = t! ® 1 + 1 ® ίt and zίί2 = t2 ® 1 + ίi ® ίξ + 1 ® t2 +
 uι^

Here pt?iK= rξtξ2 - vf ίξ + vξ - i rξ and pT= ίξ ® 1 + 1 ® tξ - Jίξ. For a
Acomodule M with coaction ψ, we define the homology H*M as the homology
of the codar complex

ΩkM = M ®^Γ(χ)x ••- ®AΓ (k copies of Γ)

with the differential dk: ΩkM^Ωk + 1M given inductively by

(2.3) d0m = ψm — m, d^x = x®\ — Ax + \ ® x,

d^m ® x = d0m ® x + m ® ί/xx and

dk+1m ® x ® y = ί/im ® x ® y — m ® x ® rfky

for meM, xeΓ and yeΩkM (k ̂  1).
Consider the .Γ-comodules Nl

n and Mj, with the coaction η induced from
the right unit η of Γ defined inductively by the equalities
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N° = A/(p, v!,-•-, vn^1)(N(Q = A), Ml

n = v'+iNl and the exact sequence

n n n

Then we have the long exact sequence

(2.4) ^HkNi

n^^HkMί

n »H*N< + 1 -A+tf* + ι JV< > ».

for each ϊ, k and n, and the Greek letter map

whose range is the E2-term °f tne Adams-Novikov spectral sequence converging
to the stable homotopy groups of spheres. As usual, we write an element of
MJ, as a summation of fractions x/υ for x e υ ~+i N° and v = anan + 1 - an +1 _ t

(θj. = i p for n ^j < n + i and e7 > 0) with a convention that x/v = 0 if α7 |x for
some;. Hereafter, v0 = p. With a calculation by (2. 2-3), we find the element

Bs = vs

2/pvι in H°NQ,

and define

which is the ^-elements given in [1].
From here on we study the product βsβt in the £2

 term H*A.

LEMMA 2.5 [2; Lemma 4.4]. The element βs is represented by

(s\
βs = ί \KS_2 + sT,.! mod(p, t?!) in Ω2^,

w/z^r^ Xf = vl

2(2t2®tl + ίι(x)ίΓ) ΛW^ 7J = v2T.

LEMMA 2.6 [2; Remark after Prop. 6. 1]. In H4A9 we have

uvβsβt = stβuβv if s + t = u + v.

We notice that H *M is an H M-module for a comodule M, and that each
map of (2.4) is an H*A-module map. Thus we have

βsβt = GBsβteH*A for BsβteH2Nl

LEMMA 2.7. Let u be a positive integer. Then in

(2.7.1) uKu_Jpυι = - 2Tu/pvl9 and

(2.7.2) BJU = TJpυ, ifp^u and B2βu., = K^Jpv, if p\u.

PROOF. By (2.2-3), we compute
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(2.7.3) d,H/p2υp, = (uKu_, + 2TJ/pvl9

where H = v\~^v\t\ - pvp

1~
2vu

2t2 - puvp

1~
1vu

2~
1tp

ΐt2.

Thus we have (2.7.1). (2.7.2) follows from (2.7.1) since

+ uTJ/pv, and B2βup_, = (Kup_, - Tup)/pvl by Lemma 2.5. q.e.d.

LEMMA 2.8. Let u be an integer such that u ̂  p2 + p + 1. Then,

TJpv^K^Jpv^Q in H2N2

0

if vX(u + l)(w + 2), or if u + 2 = fcp ana pjfk(k + 1).

PROOF. PutD = vu

2~
1tp

1t2 + Vu

2~
p2-p-1(v2t

p

2ηvp

3 + ̂ ί? 4̂ - ίξιyt;5+1), JB = t;3ίf
+ ι;2ίf - ί^t ξ - vp

2t2 and F = υj&'tl + (M + l)~1ι;5+1ζ1' for the element ζ
= v2

 It2 - ^1ί?+1 + V 2

p t p

2 - v2

p~^tp

lηv2). Then D/pι;ls E/pυ\ and F/pι??
belong to Ω^NQ by the assumption on u. By (2.3), we have (d^xηv)
= d^l (g) ηv) — x® d0v for xeί^M and vεΩ°M (M is a Γ-
comodule). Using this and the equalities in (2.2-3), we compute

(2.8.1) d.D/pv, = (υ»2ζ (g) ί? - X.-j - vu

2~
p2 gp)/pυ^ d.E/pv2 = (gp

d^/pυl = 0 and d^F/pυl = - v"2ζ
p (

where ^ = ίx (x) ίξ + t2 (x) if2. We also have the element U = v% + 1 — vp

2υ^eA
such that dΐU/pv1 = vp

2

+p+1(ζ-ζp)/pv1 (cf. [1; (3.20)]). Now consider the
element

Cu = (VlD + vu

2-
p2E + F- v1v

u

2-
p2-p-

of Ω2NQ, and we have

(2.8.2) d.CJpv2 = TJpv, - Ku_1/pv1eΩ2N2.

Thus TJpvί = Ku_Jpv± in H2Nl 'ύ p)((u+ 1), which is trivial if p)((u + 2) by
(2.7.1).

For the case u = kp — 2, we further consider the elements

X1 = ι#-2*(ίξV3 - 2- Si?*2 - i ̂ f rξ) and

X2 = vk

2

p~2p((tp2+p - tp

2)ηvp

2-
1 - 2-1u1ι>Γ3ι>3ίι1' + CVip-1

and recall [6; Lemma 2. 6] that the element V satisfies

V= - ϋf-1*? + 2"1ι;1ι^-2ί?J>mod(p, t;?) and

i/i^K/pi;^2 = Tζ/pvl + svs

2

p-ptp

1

2 (

Then we obtain
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.XJpvl = vtf-'tf® tjpυ* + 2-ίK'k_2lpv\ - ^/~2'tf <g> Vfpv2, and

in the same way as we compute above. Therefore,

ίk + 1\
for Y= v^t, - kvp

1X1 - 2~1kv1Cζ_1 + 2~lkv2vk

2

p-pV- ί )vp

i

 + 2X2, which

implies Ku^1/pv1 = 0 in H2N% if p/f k(k + 1). Thus the lemma is also valid for
this case. q.e.d.

THEOREM 2.9. In the E2-term H4A, we have

βsβt = 0 if p\st, if p X ( s + t)(s + ί + 1) and s + t ^ p2 + p + 2,

or z/ 5 + t + 1 = /cp, pj(k(k + 1) α«J s + t ^ p2 + p + 2.

PROOF. Lemma 2.6 implies the triviality for the case p|sί, and the
equalities uβsβt = stβlβu and 2(u - l)βsβt = stβ2βu_l for u = s + t - 1. Let
u^p2 + p + I and suppose that p)(u(u+ l)(u + 2), or that u + 2 = kp and
pj(k(k + 1). Then Blβu = Q in H2N% by Lemmas 2.7-8, and so /?s/?f

= stu~1β1βu = 0. In case p|u, the triviality similarly follows from the equality
^2/?«-i — 0 shown by Lemmas 2.7-8. q.e.d.

§3. Non-triviality for the case p\s + t

In §§3-4, we study the element

βsβt in H4A for 5, t ^ 1 with p\(u + l)(u + 2), where w = s + ί - 1.

In this section we assume that p\u 4- 1 and prove the non-triviality of βsβt by
showing that δλB1βu Φ 0 in H3M\. Here λ: H2No -> H2M% is the localization
map in §2, and <5: H2M^ -+ H3M\ is the boundary homomorphism associated to
the short exact sequence

(3.1) 0 —* M\ -A M2 -̂  M2 -* 0 (/χ = x/p).

LEMMA 3.2. ΛJ?tβu = — t;?ί? (8) ί/P^i iw /f2Mo.

PROOF. Note that (2.8.1) is also valid in Ω2M% for the case u < p2 +
p + 1. Then we obtain

(3.2.1) d.Z/pυl = ( - v\t\ (g) ζ - K^, + TJ/pvl9

for Z = υ±D + rS~p2E + uυ^vu

2~
p2~ltlηv^ + t ^Jζtξ. Now apply Lemma 2. 7

to get the lemma. q.e.d.
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Since HkM% = 0 = H*Mj for k ̂  2 by [1; Th. 3. 16, Th. 4.2], the exact
sequences (2.4) for (/c, n, i) = (3, 0, 0), (2, 0, 1) imply the following

LEMMA 3.3. The Greek letter map G: H2N-Q -> H4A is an isomorphism.

PROPOSITION 3.4. In the E2-term H*A, we have the non-triviality

βsβt 7* 0 i f p j f s t , p\s + t and p2 )( s + t + p.

PROOF. Note first that ζ/v1 = ζpi/v1 (ί ̂  0) in H^M\ (cf. [1; Lemma 3. 19])
and the following:

(3.4.1) [5; Lemma 2.6] There exists an element ζf of i^Γ/ίp2, vfy such that

2vl = 0 and ζ'/pv, = ζp2/pv, in Ω*M2.

We also have the relations v\t\ (x) ζ (x) ζ/υ^ = 0 and TJυί = —vu

2

+1gl/vl in

H*M\. In fact, these are given by 2~1d2v
u

2t
p

1 (x) ζ2/v1 and (d^'** E

+ uv1vr2~
p2~ίt!ί*IV4)/vl τhen by the definition of δ, (2.7.3), (3.2.1) and Lemma

3.2,

ιβu =Γ1(d2( -H + pvΓ2Z) (

which equals the generator x°1G1 (x) C(2)/^ι (αp = w + 1) of H3M{ if p j f a + 1 by
[4;Th.4.4]. Thus we see that B±βu φ 0 and so is β±βu by Lemma 3.3. Hence

we have the proposition by Lemma 2.6. q.e.d.

§4. Non-triviality for the case p\s + t + 1

The integer u also denotes s + t — 1 ̂  1 here, and is supposed to be

p\u + 2. Consider the long exact sequence

(4.1) 0 - > H°M{ -+ HQMl -£-

H1M2

0 -^ H1M2

0 -̂ U H2M\ -^ H2M2

assiciated to the short exact sequence (3.1). Note that this exact sequence is

homogeneous. We first determine X = H^M2^ at the degree

kq = {(ap - l)(p + 1) - 2}q (q = 2p - 2)

for u = ap — 2 by the following

LEMMA 4.2. Let B be a direct sum of submodules L <#> (g e Y(j) c X

= ί/^Mo), where Y(j) is a homogeneous subset of X with the degree j and L(g )

denotes the Z-module generated by g which is isomorphic to Z/n if the order of g
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is n. Then B = X at the degree j if B contains Im/Ί and the set {δ(g\ge Y(j)} is
linearly independent.

This is proved in a same manner to [6; Lemma 3. 9] by using
[1; Remark 3. 11]. We also need

LEMMA 4.3. The Z/p[υ ^-module HnM\ at the degree kq is
0)[1; Th. 5. 3] the direct sum of L < xs

t/v{ > for (i, s, j)eA(k), i f n = Q,

1)[6; Th. 3. 10] the direct sum of L' <x?C/ι>ί > for (i, s,j)eA(k), and

£ < JΊnΛ>ί > for m = spl with (i, s9j)eAQ(k)9 if n = 1, and

2) [4; Th. 4. 4] the direct sum of L < x? GJv{ > for (i, 5, j) eΛ(k-\ G, \ )

with pX s + 1, and L <ym (x) £/ι̂ ' > /or m = spl with (i, s,7')eΛ0(/c)

( | G , l = - ( p + l M i - l ) - l ) , 1/11 = 2.

/fere L' < x/ι; { ) denotes the submodule generated by the element x/v{ which is
isomorphίc to Z/p[v^/(vi), A(ΐ) and A0(l) are the sets of triples of integers

A(l) = {(i, sj)\ί ^ 0, j ^ at and sp\p + 1) -j = I for s with p)(s}, and

A0(l) = {d, 5, j) \ i ^ 0, j £ A(spl) and sp\p + ! ) + ! _ _ / = /

for s with p )( s(s + 1) or p2 |s + 1},

for the integers αf and A(m) defined by

00 = 1, a{ = pl + p1'1 - 1; and A(spl) = 2 + ε(S)pi(p2 - 1) + (p + 1X0

(/7/t^s, and ε(s) =1 if p2\s + 1, αnd = 0 otherwise), and the generators satisfy

(4.3.1) yjvl = i^ίi - 2-1t;1C
p)/i;? i/ p|m, ami

(4.3.2) xJG^i;! = v^T/υ, = TJv, (m = spl - e(ί - 1) - 1) if i ̂  2.

Here we note that i ̂  2 if (i, s, 7) e Λ(/c) (J yi0(^) except for the case i = 1 and
p|s + 1 and so we see that p )( j if (i, s, j)εA(k)(J A0(k) since /c = — 3 mod p.

PROPOSITION 4.4. The Z-module H1M^ at degree kq is the direct sum of
L <#> for g E Ύ(kq\ where

Y(kq) = {ym/prtlm = spl and (ϊ, s, j)eA0(k)}.

PROOF. Let B denote the direct sum of L<#> for geY(kq). If A(k) = φ,
then B z> Im /x by Lemma 4.3. For the element x = xsJv{eHQM\ with
(i, s, j)eA(k), we obtain

by [1; prop. 6.9] and (4.3.1), where /0 is the map in (4.1) and ••• denotes an
element killed by i^"1. Therefore xζ is dependent on the elements of Y(kq) in
Im /x and so we have B => Im /x.

By the definition of δ\, we have
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(4.4.1) δ\(y) = -jt, (X) y/v, +fί-
ί(d1y~)/p2v{

for y = yjpv{ e Y(kq) and y^l/p2v{eΩ1MQ with y = y^/pv{, whose last term is
killed by v{~1 since y~/p2v{ = v^(t, - 2~iviC)/p2v{ + - and (d^)/p2υ{
= mvΐv'S~1tp

1(g)(t1-2-1vlζ')/p2v{ + '- by (3.4.1) and (4.3.1). The element

^2*1 ® tι/vι+1 turns out to be a part of ••• by considering dlv
r^tl/v{+^. Then

the first term of (4.4.1) turns into

by (4.3.1). Therefore we see that the set {δ\(y)\yε Y(kq)} is linearly
independent by Lemma 4.3, since p ) ( j . Hence the proposition follows from
Lemma 4.2. q.e.d.

By observing the proof of this proposition, we also have

PROPOSITION 4.5. Im δ\ at the degree k is the submodule of H2M\
generated by 2t1 (x) y/v1 = — y (x) ζ + ••• for ye Y(kq).

COROLLARY 4.6. In the E2-term H4A, we have the non-triviality

βsβt + 0 if p j f s t , p\s + ί + 1 and s + ίe/.

PROOF. By virtue of the exact sequence (4.1), we see that TJpv^ Φ 0 for
u + l e / by (4.3.2), Lemma 4.3 and Proposition 4.5. Now the corollary follows
from Lemmas 2.6-7 and 3.3. q.e.d.
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