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1. Introduction

It is observed frequently in nature that a physical system develops in such
an inhomogeneous way that in different spatial regions, the system is in
distinctive states or it behaves in distinctive manners. Under certain
circumstances, these spatial regions may be well-distinguished, and be clearly
separated by certain boundaries, which are so-called interfaces. Such interfaces
form a variety of geometrical patterns, and exhibit significant changes in size,
shape and location as time passes.

The interfacial phenomena attract a lot of attention and stimulate
continuing activity in natural science. From various points of view, people
attempt to understand the underlying mechanism of generation of the interfaces,
their internal structure and their dynamical behavior. For example, the
classical Stefan problem treats the liquid freezing and the solid melting. The
front of shock waves in Riemann problem for fluid flow is another type of
interfaces ([16, 26]). Friedrichs [14] presented a fantastic description of many
interesting interfacial phenomena arising in physics. More recently, chemists
observed rotating spiral waves and expanding target patterns in the well-known
Belousov-Zhabotinski reagent ([41, 40]), which leads to extensive mathematical
studies of reaction diffusion systems ([10, 36] and references therein). The
pigmentation patterns of the shells and the animal coats are also viewed as a
kind of interfaces in a theory of biological pattern formation ([27, 30]).

In this paper we are concerned with an interfacial phenomenon in a class
of reaction diffusion systems. Mathematically, we study a nonlinear partial
differential equation of parabolic type:

1

(L.1a) a—u=sAu+—f(u, v) xeR" t >0,
ot €

(1.1by® g—i=DAv+g(u, v) xeR" t >0,

with initial condition

(1.2a) u(x, 0) = ¢(x) xeR",
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(1.2b) v(x, 0) = Y(x) xeR"

The nonlinear terms f and g in equation (1) are as follows:
(1.3a) f(u,v)=Fu)—v=u(l —u)(u—a —vo,
(1.3b) gu, v) = u — yo.

In the above, 4 stands for the Laplacian Y 7, 6?/0x?, D >0, a€(0, 1) and y > 0
are constants, and ¢ > 0 serves as a small paramater.

Problem (1.1)*-(1.2) is a diffusing and reacting system with two
components, which is a prototype of modelling the propagation of chemical
waves in excitable media. The unknowns in (1.1*—(1.2) are real-valued
functions u(x, t) and wv(x, t), that represent—as termed by Paul Fife—the
propagator and the controller in the system respectively, while ¢(x) and ¥(x)
are given initial data.

Of essential importance in the problem are the assumption that 0 < ¢ « 1,
and the bistable property—as explained below—of the term f describing the
kinetics of chemicai reaction of the propagator component u. The former
implies that u diffuses quite slowly while its reaction takes place much
faster. Under this situation, the development of interfaces in this system
consists of two consecutive stages. The first one is a short time-period of the
birth of interfaces, and next an evolutionary process of interfaces follows.

Before discussing these two stages in detail, let us look at a simple typical
example of interfacial dynamical patterns, namely, the traveling wave solution
of constant speed. Notice that the nullcline {(u, v); f(u, v) = 0} of the function
f consists of three branches

(1.4a) u=nh,(v) v<F(ay),
(1.4b) u=nh_(@v) v>F(a_),
(L4c) u=ho(v) uelF(a-), Flas)l,

where the relation h_(v) < hy(v) < h,(v) holds for ve(F(a_), F(a,)), and a, and
a_ are two solutions of the algebraic equation F'(u) =0 with a, >a_. Fix
arbitrarily be(a_, a,). It is well-known that the nonlinear eigenvalue problem

(1.5a) U'(z)+ cU'(z) + f(U(z), b)) =0  zeR,
(1.5b) lim,,_, U(z) = h,(b),
(1.5¢0) lim,_,,, U(z) = h_(b),

(1.5d) U(0) = ho(b)
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has a unique solution (U, ¢). Here U = U(z; b) is a smooth function of z given
by

U=U(z; b)=h_(b) + (h..(b) — h_(b))

x <1 + exp{z\_;go (h(b) — h-(b))}>_l’

where z,€R is a constant ensuring the condition (1.5d), and ¢ = W(b) is a real
number given by

(1.7) ¢ = W(b) = [h,(b) + h_(b) — 2ho(b)1//2.

For a discussion of this problem in its more general setting, see
[2,3]. Moreover, for the Cauchy problem of the equation ou/dt = 0%u/dx>
+ f(u, b) (xeR, t > 0), Fife and McLeod [13] proved that the traveling wave
solution U is stable subject to a fairly large class of perturbations of initial
data. To relate these waves to equation (1.1)%, consider the following scalar
equation:

(1.6)

0 1
(1.8 M e eAu+-fu,b)  xeR" t>0,
ot £
where ¢ > 0 is a small parameter. Given any point x,€R” and any vector

EeS" 1, define
- —ct
(1.9) Ut(x, t) = U(%) xeR" teR,

where (-, -) denotes the usual scalar product in R*. Then U° satisfies (1.8)° and

h.(b) (x — x0, &) <ct,

(1.10) lim,,o U®(x, 1) = { h_(b) (x — xq, &) > ct.

The transition layer of U*(-, t) is flat and has thickness of order O(¢). In fact, it
locates at a narrow strip along the hyperplane {xeR"; (x — x,, £) = ct}, which
moves at a constant speed c in the direction £&. The geometry and dynamics of
layers of this special solution U*® are so notably simple. The importance of
traveling waves lies in that they describe the local internal structure of generic
layers (see Appendix 2, especially equation (2A.12)). The macroscopic
behavior of layers in general cases, however, is far more complicated. More
often than not, transition layers may be curved rather than flat, and the velocity
of their propagation may vary with time and place. In order to surmount the
difficulties in analyzing the exact solutions of problem (1.1)*—(1.2) for ¢ > 0, it is
useful to take formal limits of equation (1.1)° as ¢} 0, respectively, in the first
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and second stages of interfacial dynamics, and then to study such reduced
limiting equations.

To discuss the first stage of the interfacial dynamics for problem (1.1)*-
(1.2), we observe that for smooth initial data ¢ and  without sharp jumps, the
diffusion term edu in (1.1a)° may be negligible for a time, in other words, the
ordinary differential equation

u 1
(1.11) M fwv)  xeR" >0
Jt ¢

approximates equation (1.1a)°® and governs the behavior of u, for t « 1. Since 0
< & « 1, the change of v is much smaller as compared with that of u in the early
stage, that is, v(x, f) & ¥(x) for t « 1. Replacing v by ¢ in (1.11), we obtain

ou 1

(1.12) 5= /wY)  xeRL >0

For simplicity, assume that F(a_) + ¢ < y(x) < F(a,) — o (xeR") for some o
> 0, and that zero is a regular value of the function ¢(x) — hy(Y(x)). Then by
virtue of the quadrature of equation (1.12) under the initial condition (1.2a), one
observes that u(x, t) approaches two stable branches h, (¥(x)) or h_(¥(x))
during a short time-period, depending on whether ¢(x) > hy(¥(x)) or ¢@(x)
< ho(Y(x)) respectively, apart from the region where ¢(x) = hy(f(x)). Thus the
whole space R" is decomposed into two different domains, namely, “the excited
region” Q,(t) in which u~ h,(v), and “the rest region” Q_(f) in which
u=~ h_(v). What splits them is a quite thin “interfacial layer region” Q,(t),
across which the system undergoes a sharp transition from the rest state u
= h_(v) to the excited state u = h,(v), or vise versa. The thickness of Q,(t)
becomes to be of order O(e) after a time-period of order O(e|log ¢|), as seen by a
formal calculation using equation (1.12).

The above formal discussion concerning the first stage of emergence of
interfaces will be further justified by mathematical proofs in Section 2 of this
paper. We shall present there explicit estimates of the thickness of layer region
and the length of time interval for formation of such sharp transition
layers. The analysis relies on a scaling transformation and a probabilistic
argument and is based on the study of a much simpler case, namely, that of
scalar equations du/0t = edu + ¢ ' F(x, u). Our results are related to those of
Fife and Hsiao [12], who investigated one-dimensional scalar equations. The
methods we used are however quite different from theirs and are effective
enough to permit us to deal with the higher dimensional case and the systems
case.

In the second evolutionary stage, the interfacial region £2,(f) may move and
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deform as t evolves. It is worth stressing that the diffusion term ¢4u can no
longer be neglected near a sharp transition layer, and thus equation (1.11) is not
suited to be an approximation of (1.la)® at the second stage. To derive a
limiting equation, we rely on matched asymptotic expansion methods.
We may accept several hypotheses below on the limiting behavior of
solutions as ¢} 0:
(a) the transition layer region ,(¢) tends to a hypersurface /7(t) in R”,
which is called interface;
(b) the component u(-, t) has jump discontinuity across I'(t); the relations
u=nh,(v) and u=h_(v) hold, respectively, in two disjoint regions
Q. (¢t) and Q_(t) with

(1.13) RN\I(5) = 2, () uL2_(1);

(c) I(r) changes smoothly as time ¢ varies (at least in a certain, possibly
short, time interval).
For simplicity we assume further that
(d) I'(¢) is a compact hypersurface for each t > 0;
(e) there exists ¢ > 0 such that

(1.14) a_+o<v(x,t)<a, —o xeR", t>0.

Under these hypotheses and by matched asymptotic methods, the following
free-boundary problem can be deduced as the singular limit of equation (1.1)°
when ¢/0:

(1.15a) (;—l:=DAv+gt(v), t>0,
or
(1.15b) P {(Wv)—e(n—1Dk}N  neM, t>0,
(1.15¢) v(-, )e C1(R") t>0,
with the initial condition
(1.16a) v(x, 0) = Y(x) xeR",
(1.16b) I'(n,t)= S neM.

Here I'(-,t): M - R" is an imbedding of an (n— 1)-dimensional compact
manifold M into R" Denote by [I(t) the imbedded hypersurface
{I'(n, t); neM}. In (1.15a), the functions g, and g_ are defined by g, (v)
= g(h.(v), v) with h, as in (1.4), and Q,(t) and Q_(¢) are two disjoint regions
satisfying (1.13). In the interface equation (1.15b), the function W is as in
(1.7), k(n, t) is the mean curvature of the hypersurface at the point x = I'(y, t),
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and N(n,t) is the unit normal vector of I'(¥) pointing from Q.(t) to
Q_(t). This equation reveals that the motion of interface I'(¢) is affected by an
interplay between the mean curvature of the interface and the value of v on
it. Physically speaking, the interfacial dynamics is under the influence of the
interfacial tension, together with the driving force due to the difference between
the depth of two potential wells h,(v) and h_(v). Derivation of (1.15a) and
(1.15¢) involves the outer part of the layers and is concerned with a regularity
analysis of solutions, while derivation of (1.15b) requires a careful analysis of the
inner part of the layers, for which it is convenient to choose a new coordinate
system. The reader is referred to Appendices 1 and 2 for more details.

RemArk 1.1. The unknowns in our limiting problem (1.15)—(1.16) are the
variable v and the interface . The component u is not involved directly in
(1.15)—(1.16), but is determined by the equations u = h,(v) in Q.(t), after the
problem (1.15)—(1.16) is solved.

REMARK 1.2. One may wonder why the term ¢(n — 1)x in equation (1.15b)
is retained in the limit as ¢ | 0. The reason is that in certain circumstances the
terms &(n — 1)x and W(v) may be of same order. For instance, in the case of
the spiral wave solutions in Belousov-Zhabotinski reactions, the curvature x is
so large near the center of the spiral (see [24, 37]) that the above mentioned

two terms are both of order 0(\/5). Another situation in which &(n — 1)k
cannot be omitted, is found in a study of equilibria of reaction diffusion
systems. Ohta, Mimura and Kobayashi [31] have shown that under suitable
conditions, equation (1.15)—(1.16) has redially symmetric equilibrium solutions,
with the radii of interfaces being of order O(1). Since the relation

(1.17) W) =¢em — 1)k on the interface I

holds for equilibria, W(v)| in this case has the same order O(e), as e(n — 1)k
has. As a matter of fact, the interfacial tension term ¢(n — 1)k plays a primary
role in the stability and instability analysis of interfaces (see [31]).

There arise naturally two problems about the limiting equation (1.15):
(P1) Prove rigorously that (1.15) holds in the limit as ¢ | 0 for solutions
of the original problem (1.1)*—(1.2).
(P2) Study the free-boundary problem (1.15)—(1.16) and then compare the
results with the properties of solutions of (1.1)*—(1.2).
Problem (P1) is not yet understood satisfactorily, as far as this author is
aware. Although there are many results strongly supporting the validity of
(1.15) as the singular limiting equation (1.1)* when &) 0, most of those are
limited to scalar equations and treat only equilibrium solutions or one-
dimensional case, rather than the nonstationary solutions of higher dimensional
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systems, in which we are chiefly interested here. For instance, Modica [29]
studied a variational problem with a small parameter in the Van der Waals-
Cahn-Hilliard theory of phase transitions in a fluid confined to a bounded
container, and proved that the interfaces arising from the singular limits of the
global minimizers satisfy an equation similar to (1.15b) (see also
[19]). Mimura [28] discussed problem (P1) in detail for special solutions of
one-dimensional systems (that is, n =1 in problem (1.1)*-(1.2)), such as
traveling waves and standing pulses. In one dimensional scalar equations,
there is an interesting phenomenon—the “very slow dynamics” of
interfaces — which is beyond the scope of our interface equation (1.15b) (see [5])
mainly due to the fact that the curvature term or the interfacial tension makes
no sense when n = 1. More recently, it seems that de Mottoni and Schatzman
[7] made some progress in (P1) for non-equilibrium solutions of scalar
equations in higher dimensions.

Hilhorst, Nishiura and Mimura [21] considered (P2) and investigated the
global interfacial dynamics for problem (1.15)—(1.16) in one-dimensional
case. As for two-dimensional systems, recently Ikeda [22] has numerically
studied the free-boundary problem (1.15)—(1.16). In the present paper we shall
focus our attention on problem (P2) for higher dimensional systems. Existence
(locally in time) and regularity of classical solutions to problem (1.15)—(1.16) will
established in section 3. We may regard such a solvability not only as a proof
of mathematical consistence of (1.15) but also as partial evidence for the validity
of the limiting equation (1.15). In general one cannot expect the existence of
global classical solutions to problem (1.15)—(1.16), since the interface may
develop singularities or self-intersections at some moment.

A striking difference between the one-dimensional case and the higher
dimensional case, is that in the former case the interface equation is an ordinary
differential equation, while in the latter which we study in this paper, the
interface evolves according to a partial differential equation (1.15b), therefore
the curvature effects must be taken into account. It should be mentioned here
that our interface equation (1.15b) is closely related to the following equation:

or

==
which can be viewed as the singular limiting equation of du/dt = edu + ¢~ ' F(u)
where F(u) = u(1 — u)(u — 1/2). This equation has been extensively studied
(see [1, 4,17, 18, 20, 33]). Equation (1.15b) differs from (1.18) in that the
former involves also the component v in addition to the curvature x. This
feature causes certain marked contrasts between the behavior of solutions of
(1.15) and that of solutions of (1.18). For example, when starting from a
convex hypersurface, the solution of (1.18) remains convex, while the interface of

(1.18) —¢&(m — 1)KN,
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the solution of (1.15) may become nonconvex in some cases (see [31, 28]). In
spite of such differences, the nonexistence of global classical solutions is a
common difficulty in analyzing (1.15) and (1.18). For equation (1.18), quite
recently Sethian [32, 34] came up with a new idea of applying the Crandall-
Lions theory of viscosity solutions to overcome this difficulty and has shown its
usefulness in the numerical studies. Evans and Spruck [8] furthered his idea
and proved the global existence and uniqueness along with many interesting
properties of viscosity solution to the initial-value problem for equation
(1.18) (see also [6] for a generalization). We hope that their approach may be
possibly extended to the study of equation (1.15), at least may provide us a
method to resolve (1.15)—(1.16) globally in time. Tracing the qualitative
behavior of solutions to (1.15) is a far more hard task. These remain to be
attractive problems for further attacks.
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stimulating this work. He is also greatly indebted to Professor Hiroshi
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2. The first stage: the emergene of transition layers

In this section we study the emergence of transition layers in problem
(1.1°—(1.2).

Let f, g and F be as in (1.3), and denote by a, and a_, respectively, the
local maximum and the local minimum points of the function F (see
(1.4)). Define F*: R—>R by

F(u) a-<u<ay,,
(2.1) F*(u)={F(a+) u>a,,
F(a-) u<a..
For given initial data ¢ and ¥, define
22 Q, = {xeR"; F¥*(¢(x)) > ¥ ()},
23) Q_ = {xeR"; F¥*(¢(x)) < y(x)},

and
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24 I'={xeR"; F*(¢(x)) = Y(x)},
and define a function U*: R"\I"- R by

hi(W(x))  for xeQ,,

2.5) U*(x) = { h_(Y(x)) for xeQ_,

where h, are functions as in (1.4). Note that if ¢ and y are continuous, the
function U* defined by (2.5) has jumping discountinuity at the set I

THEOREM 2.1.  Assume that ¢ and Y : R* > R are bounded and continuous,
and let (u°(x, t), v°(x, t)) be the solution to problem (1.1¥—(1.2). Then

(2.6) limg, , lim, o u’(x, &s) = U*(x) xeR"\T.

Roughly speaking, the above theorem means that there appears a jumping
discontinuity of the component u® near the set I” in a short period of time. The
following theorem provides a more precise estimate on the width of transition
layer and the length of time for the layer generation.

THEOREM 2.2. Let ¢ and y: R" > R be functions with bounded C* norms,
and assume that there exist positive constants B,, 6, and p, such that

(2.7a) F(a-)+ B, <y(x) < Fla,) — B,
for all xeR" and such that
(2.70) |¢(x) — ho(Y(x))| = 0, min {p,, dist(x, I')}

for any xeR". Then for any 6 > 0, there exist positive constants ¢,, C, and K,,
independent of e, such that

(2.8) |uf(x, t) — U*(x)| < o
for 0<ée<eg, K,elloge| <t <3K,e|loge|, and xeR"™\I" with dist(x, I') >
C,¢lloge|.

Theorem 2.1 is proved by a simple scaling transformation. In proving
Theorem 2.2, it is important to study the behavior of the set
29 {xeR"; F*u(x, 1)) = v°(x, 1)}

in a small time interval. This will be achieved by employing a large deviation
result in the probability theory for the Brownian motion (see Lemma 2.8).

LEMMA 2.3. Assume the conditions of Theorem 2.1. Then there exists a
constant C3 = C3(¢, Y) > 0 such that
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(2.10) [uf(x, )] + [v°(x, 1) < Cs
for any ¢>0, xeR" and s > 0.
ProoOF. Apply the standard invariant regions argument (see [35]). O
Proor OF THEOREM 2.1. Fix arbitrarily x,€R". Define
U&(y, s) = u®(xq + ¢y, &s) yeR" s >0,
(2.11)
Vi(y, s) = v*(xq + &y, &s) yeR" s> 0.

Then U*® satisfies the following parabolic equation:

ou*
=AU+ F(U)— V*  yeR" s>0,
2.12) ds
Us(y, 0) = ¢(xo + &y) yeR"

Recall that v* satisfies equation (1.1b)* and the term g(u%, v°) in (L.1b)* is
uniformly bounded (see Lemma 2.3). Using standard parabolic estimates, we
see that for any 6 > 0 there exists t; = t,(6) > O such that

(2.13) [v°(x, ) — Y(x)| <O
for all e>0, xeR" and 0 <t <t,. It follows that
[VE(y, 8) = Y(xo)| < [vF(xo + Y, &5) — Y (xo + y)| + W (Xo + £y) — ¥ (xo)|
<0+ Y(xo + &) — Y(xo)l

for all e >0, yeR" and 0 < s <t,/e. Thus V*(y, s) converges as €0 to ¥(x,)
uniformly on any compact subset of R" x [0, c0). Since the solution to the
parabolic equation (2.12) depends continuously on the inhomogeneous term and
the initial data, such a convergence implies that U®(y, s)— U(y, s) as €0,
uniformly on any compact subset of R"” x [0, c0), where U is the solution of

(2.14)

U
= =AU+ F@U) —¥(x,) yeR" s>0,
(2.15) s

U(y, 0) = ¢(xo) yeR".

Since U(y, 0) is independent of y, U(y, s) = U(s) satisfies an ordinary differential
equation:

(2.16) { U'(s)=F(U) = Y(xo)  5>0,

U0) = ¢(xo)-

Therefore,
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(217 limg,, lim o u®(x,, &) = lim,, , lim, o, U%(0, s) = lim,_, ,, U(s).
By looking at (2.16), one can easily find that

(2.18) lim,, U(s) = h. (Y(xo))  or h_(¥(xo)),

which depends on whether x,€Q, or x,eQ_. O

LEMMA 2.4. Assume that conditions of Theorem 2.2. Then
(i) there exists a constant C, > 0 such that

(2.19) [v°(x, t) — Y (x)| < Cyt

for all € >0, xeR" and t > 0;
(ii) there exists t, > 0 such that

(2.20) F(a_)+ B, < v°(x,t) < F(a,) — B,

for all e >0, xeR" and 0 <t <t,, where B, = B,/2 with 8, being as in (2.7a).
Proor. (i) By Lemma 2.3, there exists a constant K, > 0 such that

(2.21) lg(ut(x, t), v°(x, t))| < K,

for any ¢, x and t. If C, was chosen sufficiently large, then the function #(x, t)
= (x) + C,t satisfies

5
(2.22) a—'t’—DAﬁ—g(uf, ¥)>C, — DAY — K, >0

for any ¢, x and t(recall that we assumed ||/ ||c2gn < c0). From the maximum
principle it follows that #(x, t) > v*(x, t) for any ¢, x and t. The lower bound
can be derived similarly.

Statement (ii) follows from (i). O

LEMMA 2.5. Fix arbitrarily positive constants K s, a5 and ps. Suppose that
two functions J: R" x [0, o) > R and @: R" > R and a subset G of R" satisfy

1T (x, O] + | ()] < Ks xeR" t>0,

(2.23) { ®(x) > 65 min {ps, dist(x, G)} x¢G.

Let wi(x, t) be the solution to the Cauchy problem

&

(2.24) ot
wi(x, 0) = &D(x) xeR".

=gedw® + ¢~ 1 J(x, W' xeR" t>0,

Then there exist positive constants s, ts and Cs, depending only on K5, o5 and
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ps, such that
(2.25) wi(x, t) >0
Jor any 0 <e<es, 0<t<ts and xeR" with dist(x, G) > Cs(t + ¢|loge]).

Proor. We shall use a probabilistic argument similiar to that found in
[15].

For a point xeR", denote by X, the space of all continuous curves
X: [0, 0) > R" with X(0)=x. For each 6> 0, let P2 be the probability
measure on X, induced by the diffusion process corresponding to the equation
op/ot = 64p.

By equation (2.24) and the Feynman-Kac formula, we obtain

(2.26) wi(x, t) = (ﬁi[tﬁ(X(t))-exp{f e YJ(X(s), t — ) ds}:l,
0

where € is the mathematical expectation with respect to .
For each (x, t), we decompose the space of sample paths X, into two parts
X! and X} as follows:

X, = {XeX,; maxo,|X(s) — x| < L(t + ¢|logel)},
X5 =X \X,,

2.27)

where L> 0 is a large constant to be chosen later (see (2.34)). This induces a
decomposition of the right hand side of equation (2.26):

(2.28) wix, £) = €[ ]lx, + CL[]lx;-
The first term is easily controlled. In fact, we have
(2.29) D(X(s)) > o5 min{ps, dist(x, G) — Lt — Le|loge|}

for any xeR"\G, 0 <s<t and XeX,. From this it follows that

tK
(2.30) Gi[]lx&Zexp{—Ts}osL(t+sllogs|),

provided that xeR” and t > 0 satisfy ¢t + ¢|loge| < ps/L and dist(x, G) > 2L(t
+ ¢lloge]). To estimate the second term on the right hand side of (2.28), we
recall the following result (see [39] or [38]):

For any L> 0, there exists a constant 65 = d5(L) > 0 such that

(2.31) PLLX € X, Supo<ecs | X (5) — x| > L] < exp { — L?/85}

for any 6€(0, 5] and xeR".
According to this and in view of
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(2.32) et(t + ¢|loge|) ™2 < (4]loge|)~?! for all t >0,
we find that
PLLX] = BL[X e X,; suposse, | X (s) — x[ > Lt + ¢lloge])]
= Peretelossd™* (¥ e X supgeseq | X(s) — x| > L]

(2.33)
(by a change of variables)

L2(t + ¢|loge|)?
= CXP{_ YR

for any x and t, provided (4|loge)™! < &s. This implies that

K 2 2
(gi[]lx;Z - Ks-exp{%}.exp{_w}

8et
tK
> — K584exp{— TS},

for any x and ¢t provided L?=16(Ks+ 1) and 0 <e <exp(— d5/4).
Combining inequalities (2.30) and (2.34) completes the proof of Lemma
2.5. O

(2.34)

LEMMA 2.6. Assume the conditions of Theorem 2.2. Then for any M > 0,
there exist positive constants &g, tg and Cg such that

(2.35) ut(x, ) = ho(Y(x)) + M(t + ¢llogel)
forany 0 <e<egs, 0<t<71<tg and xeQ, with dist(x, I') = C¢(t + ¢|loge]).

Proor. Take two small numbers ¢ > 0 and y¢ > 0 such that

2.36) {F’(u) > B for all uela_ + y¢, ay — 6l;

a_ + 2y < ho(W(x)) < a, — 2y for all xeR".
Fix an arbitrarily large M > 0. Without loss of generality, we suppose that
(2.37) BeM = Cy + | A(ho oY)l Lomnys

where C, is as in Lemma 2.4.
For each t > 0, consider a function

(2.38) W(x, t) = w(x, t; T, &) = u’(x, t) — ho(Y(x)) — M(t + ¢|logel).
It is easy to check that

(2.39) %?=8AW+8_1J(x, HWw + b(x, t),
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where J and b: R" x [0, o) > R are defined, respectively, as follows:
Jx,t)=J(x, t; 1, ¢
(2.40) =w(x, ) {F(u(x, 1)) — F(u(x, t) — W(x, 1))},
b(x,t) =b(x, t; 7, ¢
(2.41) =¢ Y{F(hooy(x) + Mt + Me|loge|) — v°(x, 1)}
+ ed(hg o) (x).

Let w(x, t; t, ¢) be the solution to the problem

0
—VK=£AW+£_1J(x, Hw xeR" t>0,
(2.42) ot

w(x, 0; 1, &) = W(x, 0; 1, ¢) xeR".
First we show that if ¢ and t, are sufficiently small constants, then
(2.43) w(x, t; 1, ) > w(x, t; 1, ¢

forany 0 <e<egs, 0<t<t<t;and xeR" To this end, let g€ (0, ) and ¢4
> 0 be so small that

(2.44) M(te + esllogegl) < v¢

where 7, is as in (2.36). Then for any 0 < e <¢gg 0<t <7 <tg and xeR", we
have

(2.45) a_ +v¢ < ho(Y(x)) + Mt + Me|loge| <a, — s,
and hence.
bix, t; 1, 8) > ed(ho°Y)(x) + e~ {F(ho° Y (x))
BsM(t + ¢lloge|) — y(x) — Cut}  (by (2.36))

(2.46) = {BGMI loge| — el d(hoo )|l Lw(n")}
+ e Y {Bs M1 — C,ut}
> 0. (by (2.37))

Combining this with (2.39) and (2.42) and using the comparison theorem, we
obtain (2.43).
Next we claim that there exist positive constants &, s and C4 such that

(2.47) w(x, t;1,€) =0
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for any 0<e<é, 0<t<t1<f and xeQ, with dist(x, ) > C4t
+ ¢lloge|). For this, we put
248) P(x) = W(x, 0, 7, &) = P(x) — ho(Y(x)) — M(r + ¢|loge|),

' G=Q_U{xeR"; dist(x, I') <265 M(t + ¢|loge|)},

where o, is an in (2.7b). If we can choose positive constants Ks, ps and o5
such that J, @ and G satisfy the conditions of Lemma 2.5, then (2.47) follows
immediately from Lemma 2.5 (note that in Lemma 2.5 the constants &s, ts and
C, depend on J, G and & only through the constants K, ps and g5). Since J
and & here are uniformly bounded, K is easily found. Now we seek ps and
os. Observe that any x¢G is contained in €, and satisfies that

(2.49) dist(x, I') > 205 M(t + ¢|logel),
which along with the assumption (2.7b) implies that
&(x) > o, min{p,, dist(x, I')} — M(t + ¢|loge|)
> g, min{p,, 3dist(x, G) + o; ' M(z + ¢|loge|)}
(2.50) — M(z + ¢|loge|)
> g, min{p, — 05 ' M(t + ¢|logel|), 3dist(x, G)}
> 40> min{p,, dist(x, G)},

for any 7 + ¢|loge| < (2M) ™' p,0, and x¢G. Therefore it suffices to take o5
=0,/2 and ps = p, for applying Lemma 2.5. The inequality (2.47) is proved.
Lemma 2.6 follows from (2.43) and (2.47). O

LemMMA 2.7. Let A and B be positive numbers. Consider an ordinary
differential equation for R(t)

R'(t) = A[B — R(t)]R(t) t>0,
(2.51) { R(0) = R, e(0, B). )
Then,
(2.52) B> R(t) > B — R, ! B%2exp(— ABt) t>0.

PrOOF. A simple quadrature gives

B(B — Ry)

2:33) B-R®= Roexp(ABf) + (B — Ry)’

O

LemMMA 2.8. For constants € >0, p > 0 and ne(F(a_), F(a.)), consider an
initial-boundary value problem of parabolic equation:
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s
5'tf=eAa+e-1[F(a)—n] Ix| < p, t>0,
@59 =hon x| =p, >0,
@ = hy(n) + ¢lloge| x| <p, t=0.

Denote the solution by ii(x, t; & n, p). Then for any 6 > 0 there exist positive &g,
og, Kg, Lg and Mg such that

M,

(0, t; > -0 —
u( ] ,87 f[, p)—h+(’7) 5 8|10g8|

exp(— ogt/e) t>0,

(2.55)
40, t;e,n, p) = hi(n) — 26 t > Kgellogel,

for all 0 <e<eg, p>Lge and Fa_) + B4, <n < F(a,) — B,.
Proor. For any 6 > 0 there are 63 >0 and Mg > 0 such that

(2.56) F(§) — F(ho(n) = 205[£ — ho(n)]

hi(n) — ho(n) < /Mg

for all £ and n with ho(n) <E<h,(n)— 96 and F(a_)+ B, <n < F(a,) — Ba
where f, is as in Lemma 2.4.

Let R(t) be the solution to problem (2.51) with A =¢ 'Mg'?aq4, B
=h,(n) — ho(n) — 6 and R, = ¢|loge|. Let ¢,(x) be the positive eigenfunction
of the principal eigenvalue A, of the Laplacian in the unit disk, that is,

{A‘P1+i1‘/’1=0 Ix| <1,

@37 o) =0 Ix|=1.

We further assume that

(2.58) ¢,(0)=1.
Note that 0 < ¢,(x) <1 for all |x| < 1.
Define
(2:59) ug(x, 1) = ho(n) + R(D) @, (%) x| <1, t>0,

and denote #(x, t) = i(x, t; &, 1, p) for brevity. Then it is easy to see
ug(x, 0) < ii(x, 0) x| <1,

(2.60) .

ug(x, ) = i(x, 1) = ho(n)  |x[=1.

Moreover,
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28 2 fug — [F(ug) — 1)
ot
=¢R'p, — e?p?RA ¢, — F(ho(n) + Re,) + F(ho(n))
Og 2 -2
(2.61) SR%[—\/—M——‘{M(ﬂ)—ho(ﬂ)—fs“R}+5 P 11—208]
8

< R, (e*p %4y — 0gy)
<0,

provided p > ¢./4,/0g. Thus ug is a subsolution to problem (2.54) if p is as
above, and therefore, by the comparison theorem and Lemma 2.8, we obtain
that

#(0, t) > ug(0, t)
(2.62) = ho(n) + R(¥)
> h. () — & — Mg{e|log e[}~ exp(— ogt/e)
for any ¢ > 0. O

LemMMa 2.8'. For any F(a_)<n < F(a,), AeR" and p >0, consider an
initial-boundary value problem

o
—ag=sAa+e“[F(12)~’1] x| <p, t>0,
(2.63) i=A |x|=p, t >0,
u=4 x| <p, t=0.

Denote the solution by u(x, t; e, n, p, A). Then for any 6 >0 and A€R there
exist positive constants &g, Ky such that

(264) a(O’ t’ &, ”5 P A) < h+('l) + 59

for all 0 <e<ey, t > Kjielloge|, p>Lge and F(a_)+ f, <n < F(a,) — P,
Proor. Take constants A3eR and o5 > 0 such that
Ay > max {4, h,(n)},
F(&)— F(hi(n) < —0s[& —hi(n],

for all { and n with h,(n) <& < Aj and F(a-) + B4 <n < F(ay) — s
Let R(t) be the solution to problem (2.51) with R, = 1, 4 and B defined by

(2.65)
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A= A5+ 1) Lo,
(2.66)
B=Ag+1—h.(n)—9,
and let @, satisfy (2.57)-(2.58). Define
(2.67) ig(x, )= Ay +1— R(® o, (x/p) Dx|<p, t>0.

The rest of the proof goes quite analogously to that of Lemma 2.8. In fact, if
oy is sufficiently small and Ly is sufficiently large, then #g(x, t) defined as above
is a supersolution to problem (2.63) for p > ¢L3. Hence, i < tig. However, by
Lemma 2.7,
ig(0, 1) = A + 1 — R(t)
(2.68)
<h,(n)+ 6+ (A5 + 1)*exp(— agt/e),

which is smaller than h,(g) + 26, if t>¢Kjy with Kj being sufficiently
large. O

LEMMA 2.9. Assume the condiions of Theorem 2.2. Then for any 6 >0
there exist positive constants &g, tg, Cq and Kq such that

(2.69) [ub(x, ) — h (Y (x))| < 6
for 0 < & < &y, Kot|loge| <t <ty and xeQ, with dist(x, I') = Cy(t + ¢|logel).

Proor. For any ¢ >0, p >0, yeR" and 7 > 0, define
(2.70) ug(x, ) =ii(x — y, t;6,n,p) |x—y|<p, t=0,

where i is as in Lemma 2.8 and # is as follows:

2.71) n=n(p, )=y +1Cs+plIVY| Lo
By Lemma 2.4, we find that

s%u, 1) — e2dué(x, t) — F(ui(x, t)) = — v¥(x, t)
2.72)
_Ous

ot - 624“9(-’6’ t) - F(“Q(x) t)),

22—
for all xeR" with [x — y| < p and t€(0, t]. By the assumption (2.7b), Lemma
2.6 and the Lipschitz continuity of the function ho(n) on the interval ne[F(a_)
+ B4, F(a,) — B,], we find that if ¢, t, and C4 ! are sufficiently small positive
numbers, then for 0 <e<ey 0<p <c¢llogel, 0<t<ty and yeQ, with
dist(y, I') > Cy(t + ¢|logel), it holds that



Dynamics of interfaces in reaction diffusion systems 65

u(x, 1) 2 ug(x, 1)  |x—yl=p, 0<t <,
(2.73)
P(x) = ug(x,0)  |x—y|<p.
From this, (2.72) and the comparison theorem, it follows that
(2.74) us(x, t) = uq(x, t) [x—y|<p, 0Kt <,
for all ¢ p, T and y as above; in particular, for Te[Kqy¢|loge|, toy] we have
u'(y, ) = uo(y, 7)
=0, 75 ¢ 1, p)
>h.(n)—26

2 h,(Y(y) — 20 — My(tCy + plIV Y || Lomny)>

2.75)

where M, stands for

(2.76) Mo = max {|l,(n)|; F(a-) + Bo <n < F(ay) — B4}

Therefore

@.77) u'(y, ) = h, (Y (y)) — 36,

provided ¢ and t, were chosen sufficiently small. Similarly one can prove
(2.78) u'(y, ) < hi (Y (y)) + 36,

by using Lemma 2.8". Since § > 0 is arbitrary, the lemma is established. O

PROOF OF THEOREM 2.2. By Lemma 2.9, when te[Ky¢|loge|, 3Kq¢|loge|],
inequality (2.8) holds for 0 < ¢ < ¢y and xe, with

(2.79) dist(x, I') > Co(3K4 + 1)e|loge|.

The part of (2.8) involving xeQ_ follows from an analogue of Lemma
2.9. O

REMARK 2.10. (i) Assuming the conditions of Theorem 2.2, one can give
estimates of other types. The following is an example:

for any 6 > 0 and a€(0, 1), there exist positive constants ¢,, and C,, such

that

luf(x, 1) — U*(x)| < 6
for 0 <e<e, & <t<3¢% and xeR" with dist(x, I') > C,y&"

Note also that the number 3 is unimportant here and in Theorem 2.2; in fact it
can be replaced by an arbitrary number.
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(i) The arguments in this section are applicable to the Cauchy problem for
scalar equations and to the Neumann boundary value problems for scalar
equations and systems in smooth bounded domains of R". In the Dirichlet
boundary value problems our method can still be directly employed in the
analysis of internal layers and the treatment of boundary layers needs little
modifications. One can also consider nonlinearities more general than those
given by (1.3). We shall not get involved further in these details here.

3. The second stage: the interfacial motion

In this section we are concerned with a free-boundary problem which
describes the interfacial dynamics for the reaction diffusion system (1.1)%. As
discussed intuitively in section 1, the singular limiting problem of (1.1)* reduces
to equation (1.15). This equation involves the component v and the interface I"
which interact each other in a highly nonlinear way. Here the interface, or the
free-boundary, is an imbedded hypersurface I'(t) separating the whole space R"
into two regions Q,(t) and Q_(t) and propagating as time evolves. We shall
show in this section that the initial-value problem for (1.15)—(1.16) is solvable at
least in a short interval of time.

To be more precise, fix a smooth compact hypersurface M of R”, which is
the boundary of a bounded domain Q,(0). Let S: M — R" denote the
inclusion map and let 2_(0) = R"\(2,(0)uM)." Given a C! function ¥ : R"
— R and the hypersurface M, our problem is to find a function v: R" x [0, T]
— R and a mapping I': M x [0, T] —» R" satisfying the following equations:

ov

(3.1a) EzDAv+g+(v) xeQ.(t), 0<t<T,
(3.1b) g—j:DAv+g_(v) xeR_(1),0<t<T,
(3.2) <%—I;, N>=W(v)—£(n—1)x neM, 0<t<T,
(3.3) o(-, t)e C}(R") 0<t<T,

(3.4) v(x, 0) = ¥(x) xeR”,

3.5) I'(n,00=Sm) neM,

where g, and g_: R — R are smooth functions, The equation of motion for

D A topological remark: any connected compact hypersurface separates R” into two connected
components.
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the interface is (3.2), in which W: R — R is a smooth function, k = k(n, t) is the
mean curvature of the hypersurface I'(t) = {I'(n,t); ne M} at the point x
= I'(n, t), N = N(n, t) is the unit normal vector field of I'(¢) pointing from Q (t)
to Q_(¢), and (-, -) is the Euclidean inner product of R". The free-boundary
condition (3.3) requires that u(-,t) and its derivatives du/dx,(1 <i < n) are
continuous across the interface I'(t), for each ¢t > 0.

DEFINITION 3.1.  We call a pair (v, I') a classical solution to problem (3.1)—
(3.5) in the time interval [0, T] if

(i) I''M x[0, T]->R" is of class C? in neM and of class C' in te
[0, T1;

(i) there exists a C' function Z: R" x [0, T] — R satifying
r@)={I'( 1), ;neM,tel0, T}

(3.6)

={(x, )eR" x [0, T]; =Z(x, t) = 0},
(3.7) V.E(x,t) #0 for any (x, t)e I'(t),
(3.8) Q.()={xeR"; E(x, t) > 0} te[0, T],
(3.9) Q_(t) ={xeR"; Z(x, t) < 0} te[0, T7,

(iii) v:R"x [0, T] >R is a bounded continuous function; moreover, v
is of class C! in t and C? in x in the set

(3.10) Q= Uosisr [(2:+()UL_(1) x {t}]1;
(iv) each of equations (3.1)—(3.5) are satisfied in the usual sense.

The main result in this section is the local (in time) solvability of problem (3.1)—
(3.5):

THEOREM 3.2. Assume that g,,g_ and W: R — R are of class C. Let M
be a compact hypersurface in R" of class C*>** with a€(0, 1) and let S: M - R"
be the inclusion map. Suppose that y:R"—>R is of class C'** and that
Y lct+amny < 0. Then there exists a classical solution (v, I') to problem (3.1)-
(3.5) in a time interval [0, T] with T= T, M) > 0.

Now we describe the outline of the proof of the above theorem.

Firstly it is appropriate to translate equation (3.2) into an evolution
equation for scalar functions on M. To this end we take a C* imbedding
Io: M > R" and denote by Ny(n) the unit outward normal vector of the
hypersurface 1o(M) at the point 14(n). If L> 0 is small, then the geodesic map

(3.11) 1M x (— L, L) —R"
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which is defined by

(3.12) in, O) =10() + {No(m)  neM,

maps M x (— L, L) difftomorphically onto an open tubular neighborhood (M
x (— L, L)) of 1o(M). For 1, sufficiently close to the inclusion map S in C?
topology, S can be represented by a function z,: M — (— L/4, L/4) with

(3.13) Un, zo(m)) = S(n)  neM.

Since S is of class C?*% so is z, Moreover, if I'(-,t): M >R" is a
C**#(k > 1, Be[0, 1)) imbedding sufficiently close to S in C' topology, then it
also corresponds to a C**# function z(-, t): M —» (— L/2, L/2) such that

(3.14) in, zn, 1)) =I'(n,t) neM.

Thus, for finding the (local in time) solution I'(-, t) of equation (3.2) starting
from S, it suffices to find a family of functions z(-, t): M — R which satisfies a
certain evolution equation.

For {e(— L, L), let g, be the Riemannian metric on M induced by the
imbedding

(3.15) M —R", n—un ).

Then the outward unit normal vector field is given by

(3.16) N, t) = —lf (i — gradzz>,

1+ lldz|2, 78

where grad, is the gradient operator with respect to the metric g, The normal
velocity of I(t) is

or dz/0t
(3.17) <—, N> =
ot 1+ lldz|2,

and the mean curature x can be written as follows:

grad,z } B tr,J,

3.18 —(n— D@, t)= divz{ )
(18 ( ) 1+ ldzlIZ, 2./1+ |dz |2,

where div, and tr, are, respectively, the divergence operator and the trace
operator with respect to the metric g,, and J, is a symmetric bilinear form on
the tangent boundle TM defined by:

(3.19) J.(X,Y) = 9

| XY X YeTM,

{=z
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with (-, -), being the inner product associated with the metric g;. Therefore, at
least for a short period of time, in terms of z, equation (3.2) is:

0z . grad,z
— =1+ |dz]2, div, {—}
ot ’ ST+ 1dz12,

- %trz Jz - W(U(l(’?s Z), t))\/ 1+ “ dz ”;,s

(3.20)

or, equivalently,

oz 1

Z =4

o~ T T ]
—3trJ, — W(t(y, 2), 1) /1 + lldz]3,.

It is more convenient to consider a C® Riemannian metric § on M x R
and a C*® imbedding 7: M x R —» R" such that

(321) Iz (( )grad,z gradz z, gradzz)g,

(3.22) g = Gggp +dl?

(3.23) i, ) =1(n, L)  neM, (eR,

where £: R >R is a C® increasing function satisfying
Q=< 1&l < L/2,

(3.24) & =3L/4 >4,

&0 =-3L/4 &< -3L/A
Assume that
(325 {(zo(n), dzo(m)); ne M} = {({, w)eR x T*M; [{| + |wlly, < Co},

where g, is g0 and C, >0 is a constant. Let J: M x R»>R be a C*
function such that

J,2)=tr,J.(n) neM, |z| <Lj2,
(3.26)
J(n,z)=0 neM, |z| > 3L/4.
Consider further a function =Z: R x T*M — R such that
>Z¢ w)=>0 for all ({, w)eR x T*M;
(3.27) E¢ w)=1 for ({, w)eR x T*M with [{| + ||, < 2C,;
E(l w)=0 for ({, ) eR x T*M with |{| + |||, = 4C,;

and define A: R x T*M >R and B: R x T*M - TM by
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(3.28) A, ) = :(g %) J1+ ol

for all (eR, we Ty M and X e T,M with ne M. Given a function v(x, t), (eR,
neM and weT}M, we define a differential operator o/ by

S, v, o )z] = Z;Z DYDY —— (7 OB grad;z B({, w))z,

A(C )
= J(n, O — Wl 2), 1)) A, o).

Since we are concerned only with the local solution, equation (3.17) can be
replaced by the following equation:
0z

(3.30) Py A, v, z, dz, t)[2].

(3.29)

In fact, because of the construction, equation (3.30) coincides with (3.20) if
|z| < L/2 and |z| + ||dz],, < 2C,, which is satisfied by any solution to (3.30) in

a sufficiently small period of time.
In terms of z, we should understand that the domains 2, (t) and Q_(¢) in
equation (3.1) are determined by

Q. =250

= [Q,(ON\iIM x R)JU{i(n, 0); { < z(n, 1)},
Q_(1)= Q% (1)

= [Q_(0\I(M x R)Ju{iln, {); { < z(n, 1)},

and that the interface I(t) is given by

(3.31a)

(3.31b)

(3.31¢) I@t) = It = {in, z(n, 1)); ne M}.
In conclusion, problem (3.1)—(3.5) is reduced to the following:
v
(3.32a) a——DAv+g+(v) xeQ.(t), t >0,
v
(3.32b) a——DAv+g_(v) xeQ_(t), t>0,
0z
(3.33) — =, v,z dz, t)[z] neM, t >0,

ot
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(3.34) v(-, t)e C*(R") t>0,
(3.35) v(x, 0) = Y (x) xeR",
(3.36) z(n, 0) =zo(n)  neM.

In what follows we shall assume that
(3.37) g, g- and W: R - R are of compact support.

This can hardly be a restriction, as far as only the local solutions are concerned.
By the above observation, we find that Theorem 3.2 follows from the
following:

THEOREM 3.2. Let zo: M — R be a function of class C*** with «€(0, 1)
and let y:R" >R be of class C'** such that ||y |ci+agm < ©. Then there
exists a classical solution pair (v, z) of problem (3.32)—(3.36).

For f€(0, 1), let
(3.38a)  Z4(R) = CP#2(B(R) x [0, T]) x Cl1+BOA+RI2Z(M x [0, T]).
and let

(3-38b) (v, 2) ||3r,;(m = U“cﬂ-ﬂﬂ(ﬁx[o,ﬂ) + |z ||cl+ﬂ,<1+ﬂ1/2(Mx[o,T])

For 4€[0, 1], R> 0 and (¥", Z)e Z4(R) consider the following problm (3.39)-
(3.44):

(3.39a) %%=DAU+ 2g.+(¥) xeQZ()nB(R), te(0, T],
(3.39b) g%= DAv+ Ag_(¥) xeQZ(t)nB(R), te(0, T],
(3.40) g—i=ly/(n, V,%,dZ, )z + (1 — N4,z neM, te(0, T1,
(3.41) (-, t)e C*(B(R)) t>0,

(3.42) v(x, t) = Y(x) |x| =R, te(0, T],

(3.43) v(x, 0) = Y(x) |x| <R.

(3.44) z(n, 0) = zo(n)  neM.

In (3.39) the sets Q2Z(t) are as in (3.31). We begin with the solving of the
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problem (3.39)-(3.44). For each pair (¥, Z)eZ4(R), denote by (v,2)
=@, (¥, Z) the solution of equations (3.39)—(3.44). This determines a map
D, r: Zy(R) = Z4(R). We shall next seek a fixed point (vg, zg) of the map @, 5
for each fixed R >0, by applying the continuation method to the one-
parameter family of maps {®;g}iq0.1- Then we shall show that (a
subsequence of) (vg, zg) converges as R — oo and the limit is a solution of
problem (3.32)—(3.36).

Problem (3.39)-(3.44) is resolved in the lemma below for given
(7", Z)eZ4(R) and R > 0.

LeMMA 3.3. Let zy: M — R be a function of class C**# with Be(0, 1) and
let R > 0 be so large that iiM x R) = B(R). Fix constants Ae€[0, 1] and T > 0.

Then for any e C'(B(R)) and any pair (¥", Z)e Z 4(R), there exists a unique
solution pair (v, z) of problem (3.39)—(3.44). Moreover,

(3.45) ”U||cn+v,(l+w/2(m_R)x[o,T]) + I zllc2 +rarnzaxio.r) < Cas

where y€(0, 1) and C, > 0 depend only on

ﬁ, T, || zo HC2+ﬁ(M)> “‘p”CHﬂ(B(_R))a and | (7, %) ||9tp(R),

and are independent of 1 and R.

PrOOF. A unique solution z to equations (3.40), (3.44) is easily found by
the classical theory for parabolic equations.

To find the solution v to equations (3.39), (3.41)—(3.43), we define a function
G:R"x [0, T]>R by

¥V (x, t xeQZ(t
(3.47) G, &, 0) = { ziz“// g, t;; er% 8
and let G%(6 > 0) be approximations of G satisfying
(3.48) |G%(x, t)| < C, for all xeR", te[0, T], and 6 > 0;
(3.49) G’:R" x [0, T]—>R is a class C! for each 6 > 0;

(3.50) G°=G for xeR", te[0, T] and veR with dist(x, I'Z(t)) > 6.
Consider the following equation appoximating (3.39):

a ]
(3.39)° % = DA’ + AG%x, 1)  xeR" te(0, T].

By the existence theorem for parabolic equations possessing smooth coefficients
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and smooth nonlinear terms, we obtain the classical solution v’ of equations
(3.39)°, (3.42), (3.43).
(3.48) implies that {v°} are uniformly bounded:

(3.51) |v"(x, t)l < "!p”Loo(B(R)) + C3t |x| < R, 0<t< T, 0> 0.
Clearly, the solution v° can be decomposed into two terms:
(3.52) v’ =0, + 13,

where v, and v} satisfy

%l—)ti:DAv1 |x] <R, te(0, T],
(3.53) vy(x, 1) = Y(x) |x| =R, t >0,
v1(x, 0) = Y (x) [x| < R;
ol s 5
E=D41’2+1G (x, t) |x| <R, te(0, T],
(3.54) v5(x, t)=0 x| =R, t>0,
¥%(x, 0) =0 [x|] <R.

Since the inhomogeneous term G° in (3.54) is uniformly bounded, the standard
estimate provides the following (see [25, Chapter V, §4]):

(3.55) 103 llc1+ et + w2 @@pxio, Ty < Cas

where a€(0, 1) and C, > 0 are independent of 6. For d > 0 let
(3.56) Q%4 = {(x, t)e B(R) x [0, T]; dist(x, I'*(¢t) > d}.
From (3.50) it follows that

(3.57) | G® || curarza, < Cs(d) for 0 <0 <d,

where Cs(d) > 0 is a constant. Combining Schauder’s interior and boundary
estimates we obtain

(358) “ Ug ”C2+u,(2 +a)/2( 7 d) < C6(d)

if 0<d<d By virtue of the estimates (3.55), (3.58), one can find a

subsequence 6, |0 and a function v,: B(R) x [0, T] = R such that
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v —v, in C1*PUW2(B(R) x [0, T])

(3.59)
in C2% y.(2+7)/2 (HQT,J—)

for any d > 0 and ye(0, a). Therefore

v — v, +v, in CP*PU2Z(B(R) x [0, T])
(3.60)
in C2+7C+2(Q%a 1 BR) x [r, T)),

for any d >0, ye(0, «) and 7€(0, T). In view of (3.50), we conclude that v,
satisfies the equations

%:Dsz+lgi(”I/) xeQZ(t)nB(R), te(0, T],
(3.61) U,(x, ) =0 |x| =R, te(0, T],
UZ(xa 0)=0 le SR.

From this it follows that the function v:= v, + v, is the required solution to
problem (3.39), (3.41)—(3.43). The existence of the solution is established.

The uniqueness of the solution v of (3.39), (3.41)—(3.43) follows readily from
the maximun principle.

It remains to show the inequality (3.45). The C!**1*"2 norm of v has
been already estimated in the above proof of the existence. As for z, we note
first that the structure of /(n, ¥, Z,dZ%,t) ensures a uniform L%
estimate. Then one can use the interior estimates (see [25, Chapter V.§5]) to
derive the bound of C2*72*V/2 porm of z. O

By the above lemma, one can define a map @; p: Z4(R)—= Z4(R) by
@, (¥, Z):= (v, z) with (v, z) being the solution of (3.39)-(3.44).

LEMMA 34. Let zy: R" > R be a function of class C*** with ae(0, 1) and
lett’ R>0 be so large that iM x R)cB(R/2). Assume  that

YeC'**(B(R)). Then there exists a fixed point (vg, zR) € X p(R) of the map D, ¢
if Be(0, 1) is chosen sufficiently smalll. Moreover,

(3.62) g e+ smn@@xio,ry + 12r lc2+ v enzmaxio,ry < C7s

where ye(0,1) and C, >0 are independent of R (and depend only on
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o T, ||zo [l c2+=ar) and ”'//“cw“(B_(IT)))-

Proor. We use Leray-Schauder’s fixed point theorem. It suffices to
prove the following a priori estmates (i)-(iv) when fe(0, 1) is sufficiently small:

(i) for each 1€[0, 1] the map @, x maps any bounded set of Z4(R) into
a relatively compact set of Z4(R);

(ii) for any bounded set B = % 4(R), the family of maps {®; rlp}ic0.17 18
equicontinuous in 2;

(ii)) sup {l1v, 2)llapr); Par(®, 2) = (v, 2), 2€[0, 11} < 00;
(iv) there exists a unique (7, 2)€ Z4(R) such that @, x(7, 2) = (7, 2).

The property (i) follows from (3.45) in Lemma 3.3 and Ascoli-Arzeld’s
theorem. The property (iv) can be easily obtained, since the equations (3.39)
and (3.40) are linear ones when A =0.

ProorF oF (ii): Let A4, A'€[0, 1] and (¥, Z)eB. Put

(3.63) (Vg 2) = P, (Y, &) — Dy g(V, Z).

It suffices to show that v, and z, are small if |4 — 4’| is small. The part
involving z, can be directly proved by a standard estimate for the quasilinear
parabolic equations (see [25, Chapter V, §6]). To estimate the term v,, we
look at the equation satisfied by v,:

ov,

(3.64) —*=Ddv, +(i—1)g.(¥(x,1)  xeQIONBR), te(©, T1,
(3.65) v,(x, ) =0 |x|=R, te0, T],
(3.66) v,(x,)=0  |x|<R.

Since |g 4 (77)| are uniformly bounded by a constant Cg(B) for ¥ € B, by the L?
estimate and the Sobolev imbedding theorem we obtain:

(367) ” U* ”C‘ +8,(1 +ﬂ)/2(B<_R)x[0,T]) < |/1 — 11|C9(B)

This establishes the property (ii).

PROOF OF (iii): Suppose that @, x(v, z) = (v, z2)e Z4(R). By the condition
(3.37), |g+(v(x, t))|] are bounded. Using a priori estimates we have

(3.68) lvllci+s.a+mrv2@Rxi0.1) < Cros
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where the constant C,, is independent of R. Then a standard argument found
in [25, Chapter V, §6] yields that when g is sufficiently small, there exists
y€(0, 1) and C,; > 0, independent of R, such that

(3.69) Izllc2+v.c+nrmxio.ry < Ciy-

The above inequalities (3.68) and (3.69) imply the property (iii) along with
(3.62). O

ProoF oF THEOREM 3.2'. For each R > 0 sufficiently large and Be(0, 1)
sufficiently small, we obtain in the preceeding lemma a fixed point (vg, zg) of the
map D, g: Z4(R) - Z4(R) satisfying (3.62). Let

(3700  Q=4R)={(x,1); |x| <R 0<t<T, dist(x, [**(t)) > d},

Then applying Schauder’s interior estimate to equation (3.39) gives

(3.71) llvg ”Cl*%(l*V)/Z(.()ZR"‘(R)nB(R/Z)x[t,T]) < Cy,d, 1),

where de(0, R/4) and 1€(0, T). Combining this with (3.56) and (3.62), one can
find a subsequence R, — oo and functions v:R" x [0, T]->R and z: M
x [0, T] - R such that

(3.72) Vg, — U in CLro(+a2(R" x [0, T]) and in C2}*2*+92(Q),
and
(3.73) Zp, —Z in C*+%2+a2 (M x [0, T]),

where 6€(0, y) is a constant and Q:= {(x, t)eR" x [0, T]; x¢ I'(t)}. Clearly,
(v, 2) is a classical solution to problem (3.32)—(3.36). O

Appendix 1. Derivations of (1.15a) and (1.15¢)

In this appendix we shall derive equations (1.15a) and (1.15c) as the limit of
the original equation (1.1)* when ¢ | 0. In what follows we denote by B(R") the
space of all bounded continuous functions w: R” - R with the norm

(1A.1) [Wllg = Supcgn [W(X)

and by B'(R") the space of all C'-functions w:R"—>R such that w and
ow/dx;(1 <i < n) are both in B(R"), with the norm

ow
0x;

(1A2) Iwlp: = Il + 3.

i=1 B
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all continuous functions w: [0, T]— B(R")(resp. B}*(R")) with the norm

(1A3)  [[wlo,ri;p = Maxggcr IW(E)Ip  (resp. W0, 130 = MaXog<r | W(E) |l 1)

The following proposition gives (1.15a) and (1.15¢c). The estimates used in the
proof are similar to that used in the proof of Lemma 3.3.

ProOPOSITION 1A.1.  Let (v, v°) (¢ > 0) be a family of solutions of (1.1 in R"
x [0, T] with initial data (¢*, *¥). Suppose the condition (e) in section 1 along
with that there exist a constant C, > 0 and a function y € B{(R") such that

(1A.4) [¢lls+ IY°llp<C,  e>0,
(1A.5) Y& —y in B'R") as €0,

and that there exists a smooth family of compact hypersurfaces I't)(0 <t < T) in
R" such that u* — h(v*) > O uniformly in the sets

(1A.6) {(x,8); xeQ.(t), 0<t < T, dist(x, I'(t)) > 6}

for each 6 >0, where Q,(t) and Q_(t) are two disjoint regions as in
(1.13). Then,
(i) v® converges to a function v uniformly in R" x [0, T];
(ii) moreover, v(-, t)e B*(R") and v* - v in C([0, T]; B*(R") as ¢]0;
(ii) the limit v satisfies equation (1.15a) for xeQ ,(t) and te(0, T].

Proor. We shall prove the statements (i), (ii) and (iii) with T replaced by a
constant T,€(0, T], which depends only on the Lipschitz constants of the
nonlinear terms v g.(v). Using this repeatedly, we obtain the original
statements.

First we recall some well-known properties of the heat kernel

(1A.7) H(x, t) = (4n Dt)""2 exp(— | x|?/4Dt).

For any bounded function w: R" x [0, T] — R, define a function w**(x, t) by

t

(1A.8) w**(x, t) = j

f H(x — y, t — s)w(y, s)dyds xeR" te[0, T].
0 JRn

Then w** is in B*(R") for each te[0, T], and w** satisfies

(1A.9) IW** 0.8t < Ca/t 1Wllio.:85

moreover if t—w(-, t) is a continuous function [0, T] into the space L?(R"),
where p > n is a constant, then there exist constants C; > 0 and 6 > 0 with 20
+ (n/p) < 1 such that

(1A.10) [W** lli0,0:81 < C,t W llto,a;Lr-



78 Xu-Yan CHEN

By the “variation of constants” formula,
(1A.11) vi(x, 1) = f H(x — y, )y*(y)dy + {g(’, v') }** (x, 1)
Rn

for (x, t)eR" x [0, T].

Let us prove that {1*},., is a Cauchy net in the space C([0, T,]; B),
where the constant T, will be specified later. For each é > 0, let R%, R : R"
x [0, T] - R be two smooth functions satisfying

(1A.12) 0<Ri(x,f)<1 xeR" te[0, T],

1 if xeQ,(t) and dist(x, I'(t)) > 20

(1A.13) Ri(x, 1) = { 0 if x¢Q.(t) or dist(x, I'(t)) <9,

and write
(1A.14) RY(x, t):=1— R’ (x, t) — R% (x, ).

We decompose v° into

(1A.15) v ={Y* + I%% 4 J&% 4 K&9,
where
(1A.16) Y *(x, 1) = f H(x —y, 9y*(y)dy,
RVI
(1A.17) 19° = {[u* — h ()] R + [w* — h_(v*)] RL}**,
(1A.18) J® = {uf R)}**,
(1A.19) K* ={h, ()R’ + h_(v)RE — yv°}**.

By the maximum principle,

(1A.20) I{ye}* — ¥ *lo.ryp < 1Y° — Yllip
Moreover, in view of (1A.9) and (1A.10) one finds that

(1A.21) 1122 li0,:81 < Can/t SUP,cqupprs sy |45 8) — B (0°(3: 9))]
Ossst
+ C/t SUPequpprs () | 8) — H-(%(1, 9))],
Os<ss<t
(1A.22) e lio.:8r < C3t® |8 RG lljo,30 < Cat?d.

In the last inequality, we used the fact that u®(x, t) is uniformly bounded as ¢
>0, xeR" and t€[0, T] vary (see Lemma 2.3). The above estimates implies
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the following convergences in the topology of C([0, T]; B!):
Yo} —y* as ¢/0;

(1A.23) 1% —0 as ¢ |0, uniformly in 6e(0, 1];
J# 0 as 60, uniformly in £€(0, 1].

The last term K*° in equation (1A.15) satisfies

(1A.24) I K®* — K& "[O,t];B‘ < Cs(a, )’)\/E [ v* — v ”[O,t];B,

where the constant Cs depends on the Lipschitz constants of the functions
v—>g.(v). Choose T, =min{T, (2Cs)~?}. Then,

(1A.25)
Io* — o llo,rome < 20{Y7}* — {Y=}* + 150 — 19 + T2 — T ||ig 1.1, -

Note that the constants C; do not depend on ¢ and §. From the above
observations it follows that {v°} is a Cauchy net and therefore converges in the
space C([0, T,]; B!). The statements (i) and (ii) are proved.

It remains to prove statement (iii). Denote the limit function of v* by
v: R" x [0, T,]—R. Taking the limit as ¢ | 0 in equation (1A.15), one observes
that u(x, t) satisfies the integral equation

(1A.26) v=y* + (A @ +h_(0)g- — y}**
for (x, t)eR" x [0, T,], where the functions y, are defined by

(1A.27) e, 1) = { (1) i:g;g;

Thus v is a weak solution of the parabolic equation
(1A.28) v,=DAdv+ h, (V)xy + h_(V)x- —

in R" x [0, T,]. Since the nonlinear term of this equation

(1A.29) x, t, ) h V) () + h_(V)y-(x, t) — yv

is smooth for xeQ.(¢), 0<t<T, and M_+ o6 <v<M, — o, using the
standard Schauder estimate we find that v(x, ) is smooth for xe2,(¢) and 0
<t<T, and satisfies equation (1.15a) classically for xeQ.(t)) O
<t<T,;. O

Appendix 2. Derivation of (1.15b)

In this appendix we shall derive the interface equation (1.15b) from the
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original equation (1.1)® by passing to the limit as ¢ | 0. The heuristic arguments
we used below are essentially due to [11, 23, 24, 37, 42].
Fix a point (x*, t*)e Q,(t*) with

(2A.1) u(x*, t*) = hy(v(x*, t*))

and consider a moving local coordinate system (7,...,%,_1,& 7) in a
neighborhood of (x*, t*):

(2A2) n = "Ii(X, t) (l = 1’ s B — l)a é = £(x9 t)’ T= t,

satisfying the following:

(C1) the sets {x; &(x, t) = constant} are level surfaces of the function
u('s t),

(C2) the location of interface is I'(f) = {x; &(x, t) =0} = {x; u(x, t) =
ho(v(x*, 1))} ;

(C3) &(x,t) <0 for xeQ,(t) and &(x, t) > 0 for xeQ_(t);

(C4) (1, & 1)=(n* 0, v*) corresponds to the given point (x*, t*);

(C5) n=("4,...,n,—,) is an orthogonal coordinate system on the lovel
surface of u(-, t);

(C6) the normal vector V, ¢ is of unit length at point (y*, & 1), or
equivalently,

ox
s

(C7) the orientation of (1, ...,M,—, &) agrees with that of (x,,..., x,).

(2A.3)

(1’]*, ‘f’ T.') =1;

Moreover we define
(A4 p=¢ ‘¢

As pointed out in Introduction, the component u develops very quickly a
transition layer £,(t) with thickness of order Of(g), while the variable v varies
rather smoothly. This indicates that in analyzing the internal structure of the
layer of u the coordinate system (1, p, t) is more suitable, while in describing the
behavior of v, (1, &, 1) is convenient. Write for brevity that

(2A.5) u(x, t) = u(n, p, 1), v(x, t) = v(n, & 1).
We first compute

ou ou 0 ou
2A.6 S s e *
(2A.6) b =t T3 Er for (n*, p, 1)

and
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o

(2A.7) B au =

+e(n — 1),za_“ for (n*, p, 1),
dp

where X is the mean curvature of the level surface of u(-, t) at the point
(n*, £, 7). Then equation (1.1a)® becomes

ou 0%u . 0&) ou .
(2A.8) 85{ = W + {s(n - DE — 5;} 5; + f(u, v(n*, ep, 1)).

Because of the assumptions (a)-(d) in Introduction, we tend to impose that du/ot
is uniformly bounded with respct to ¢ Passing to the limit of the above
equation, we see that u(n*, p, t*) satisfies

02 or 0
(2A.9) aTZ + {8(n - Dx + <a_t’ N)} % + f(u, v(n*, 0, %)) = 0,

where k, I' and N are as in equation (1.15). To match this to the condition
that u = h,(v) in Q,(t), we further require that

(2A.10) lim, . _ ,u(n*, p, t*) = h,(v(n*, 0, ¥)),

(2A.11) lim,_, ;. , u(n*, p, t*) = h_(v(n*, 0, %)),

In view of these along with (C2), comparing equations (2A.9)—(2A.11) with
equation (1.5) and recalling the stability result of Fife and McLeod, we are led
to the identities

(2A.12) u(m*, p, t*) = U(p; v(n*, 0, t*))
and
or
(2A.13) e(n — Dx(n*, t*) + <}9T('7*’ ), N> = W(v(n*,0,t%)),

where U and W are as in (1.6) and (1.7) respectively. Eqution (2A.12) gives a
local description of the internal structure of transition layers, and equation
(2A.13) relates the normal velocity of interface with its curvature and the value
of v on it. Since the velocities in the tangential directions of interface do not
contribute the deformation of the shape of interface but only to the change of
its parametrization, equation (2A.13) is geometrically equivalent to (1.15b). As
pointed out in Remark 1.2, one should not ignore the term g(n — 1)x.
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