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1. Introduction

In this paper we consider the discriminant problem with two groups II,
and II, in nonparametric case. Let X be a p-dimensional random vector
with density function fy(x) given 6. Here the distribution of @ is defined by

PO=j)=q;; Jj=12

where gjs satisfy q, + q, = 1. Suppose that we want to estimate the state
0e® = {1, 2} based on a sample Z" = {(X, 6,),...,(X,, 6,)} of size n on (X, 6),
where (X;, 0),i=1, 2,...,n are i.i.d., and for each i, X; has density f; (x). Let
C(jli) be the cost of misclassifying an observation from II; as from II;, where
C(ili)=0 and C(i|]j)> 0 for i #j. We can write a discriminant procedure

as 9(x);
9(x)={1 ‘iferl
2 if xeH,,
where H;’s are two disjoint subsets in R? satisfying H,UH, = R?,i=1,2. Let
P(j|i) be the probability of misclassifying an observation from II; as from IT;,
which is given by
P(jli) = POX) = j16(X) = i).

Then an optimum procedure is defined as the one minimizing the expected
cost of misclassification (ECM)

> ¥ P(jli)C(jli)g;

i i#j
=g, P2|1) + g, P(1]2), (1.1)
where ¢, = q;C(2|1) and g, = q,C(1]2).

If g5, q,, f1(x) and f,(x) are completely known, we can obtain an optimal
discriminant procedure called Bayes procedure (see, e.g., Anderson [1]):

1 #fDx)=0

WM:{z if D(x) <0,
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where
D(x) = G, f1(x) — G2 f2(x). 1.2)
Then the minimum ECM, i.e., Bayes ECM, is

R* =g, j fi(x)dx + ﬁzf fr(x)dx
He H

=g, — J D(x) Iy(x)dx, (1.3)
RP

where
H={x;D(x)>0}, H‘=R?-H.

In general, q,, q,, f1(x) and f,(x) are unknown, and consequently, D(x) is so.
Wolverton and Wagner [8] introduced an asymptotical optimal discriminant
function based on a nonparametrical kernel density estimation. Z. D. Bai [2]
obtained an improvement on the conditions of [8]. However, the conditions
in their results are too strong to have practical application.

In this paper, we consider the discriminant procedure based on a nearest
neighbor density estimator of f(x), i =1,2. It is shown that the procedure
is asymptotically optimal in the sense that under an appropriate condition its
ECM converges to the one of Bayes procedure. The new discriminant
procedure may be more interesting to the practical application because it is
more directly, and possess a weaker condition.

2. Main Result

At first, we give the definition of nearest neighbor estimator. Let X be
a p-dimensional random vector with an unknown probability density function
f(x). Suppose we want to estimate f(x), based on a random sample
{X,, X,,...,X,} of size n on X.

DEerINITION: (Rao [7]). Let k, be a nondecreasing sequence of positive
integers such that

lim k, = oo (2.1)
and e
lim k,/n = 0. 22

Then, a nearest neighbor estimator (N. N. estimator) of f(x) is defined by

f;:(x) = (kn/n)/lsx,a,.(x)l, (23)
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where a,(x) is the random distance from x to the k,-th nearest among

p
Xl’ X29---9Xn3 Sx,a,.(x) = {y' ”y - x" < an(x)}5 HXH =(z xiZ)l/Z, and lsl is the
volume of S in RP”. =

Now suppose that k, and a,(x) satisfy

lim k, /n =0, i=1,2 2.4)
and

lim k, /log n; = oo, i=1,2, 2.5)

where n; +n, =n, 2<k, +k, <n Letg,=n/n i=1,2 be the frequence
estimators of gq; based on the n; observations on the group IT;. Let

Ji = (kn,/ 1) S0, (X)]

be the N. N. estimators of fi(x), i=1,2. Then we get an estimator D,(x) of
D(x) as

Dy(x) = g1 fu1 (X) — Gz fr2 () (2.6)

where §,, =q,,C(2|1) and §,, = ¢,,C(1]2). Now, a discriminant procedure
is defined as

(x)_{l if D,(x) > 0
9= b, <o.

The ECM of g(x) with given Z" is

L,(g(x), Z") = 4, PQ2|1, Z") + 4, P(1|2, Z")
=4, — j D(x)1,(x)dx, (2.7)

where
H,={x;D,(x)>0}, H,UH;=R".
THEOREM: Suppose that (2.4) and (2.5) hold, and

J f3(x)dx < oo, i=1,2 (2.8)
RP
Then

L,(9(x), Z") — R*  a.s. (2.9

From this theorem, we can see that by using the N. N. estimator in our
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discriminant procedure, the condition for f;(x) may be only for the quadratic
integrability not for the Lipschitz condition or absolute continuity. The
conditions required for the N. N. estimator itself are also mild, and it is also
easier for simulation.

3. The Proof of Theorem

For the proof of the theorem, we use the following two lemmas. Let
X,,...,X, be iid. random vectors with values in R? and with an unknown

density function f(x).

LemMMmAa 3.1 (Devroye and Wagner [3]). Let f,(x) be a N. N. density
estimator of f(x) and k,, a positive integer satisfying (2.1), (2.2) and

lim k,/logn = oo. (3.1)
Then
sup [ f(x) = f(x)| — 0,  a.s. (3.2)

LEMMA 3.2 (Zhao [9]). Suppose that a density function f(x) satisfies
J f*¥(x)dx < 0,  for some k > 2. (3.3)
RP
Further, k, <n, n=1,2,..., satisfy (22) and (3.1). Then

J | £,(x) = f(x)[¥dx — 0 a.s. (3.4)
RP

where f,(x) is a N. N. estimator of f(x) formed as (2.3).

On the other side, it is seen that if (3.4) is true, then so are (3.3), (2.1)
and (2.2).

The proof of theorem:
For any ¢ > 0, we can choose a bounded set B — R? such as

J f(x)dx <, (3.5)
Then, from (1.3) and (2.7):

0<L,(¢9(x), Z") — R* = f D(x)[Ig(x) — Iy, (x)]dx

RP
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= LP D(x) L (x) — I, (x)11p(x) dx
+ Lp D(x) [1g(x) — Iy, (x) 11 pe(x) dx
< LP (D(x) = Du(x)) (I (x) — I, (x)) I(x) dx

+ 'f D(x)(Ig(x) — Ig,(x)) I pe(x) dx.
RP
Here the last inequality is obtained by using
- J D,(x)(Ig(x) — I, (x))Ip(x)dx > 0.
RP

Noting that

D) <f(x),  Halx) —Ig,(x)| <1,

we have

0<L,(9(x), 2" — R* < f |Dy(x) — D(x)|Ip(x) dx

RP

+ j | D(x)| I ge(x) dx
RP

< j |D,(x) — D(x)|I5(x)dx + e.
RP

From Holder inequality, we have

J |D(x) — D,(x)|Ip(x)dx < (J [D(x) - D..(x)]szC>1/2 (1BDY2,
RP RP

where |B| is the volume of the bounded set B. Further
J (D(x) = Dy(x))* dx < 2(J g + J12)s
RP

where

I = j |G fur (%) — Gy f1 (%) dx
RP

and
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Jn2 =f |Gnz fr2(X) — G2 f2(x)| dx.
RP
Since

Ju1 = f |Gn1 fo1 (X) — 61f1(x)|2 dx
RP

< 2(‘?51 J [ for (%) — 1)1 dx + (s — q%)f ff(x)dx),
RP RP

by lemma 3.1, lemma 3.2 and (2.8), we obtain

J,—0 a.s.

Similarly we can show

Ju, —0 a.s.

Therefore
J. (D,(x) — D(x))*dx — 0 as.
RP

which implies
L,(g(x), Z") — R* a.s.

In the proof, we ignore the discussion about the mean and variance of
f,(x) and emphasize a direct establishement of (2.9). As a matter of fact, we
are concerned only with the convergence of the discriminant procedure formed
from training samples Z" and the N. N. density estimator of unknown
conditional density function f;(x) to a Bayes discrimination. Consequently, it
is not essential whether E {f,(x)} or var {f,(x)} could be established or not
as in [5].

This research work was partially supported by NSFGC (P. R. China)
under Grant 18971061.
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