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1. Introduction

Consider the neutral differential equation
d
o - pOx(a(®)] + q@)x(z(®) =0, t>1t, (1)

under the standing hypotheses that:
(@) peC [[to, ), (0, 0)J;
(b) a€C [[ty, ©), R], o is strictly increasing and lim,_, o(t) = o0;
(C) q € C [[tO’ w)’ R]a q(t) 'fi- Oa
(d) teC [[ty, ®), R], lim, t(t) = 0.

Our aim in this paper is to obtain sufficient conditions for the oscillation
of all solutions of equation (1). The asymptotic behaviour of the solutions
of equation (1) is also studied.

By a solution of equation (1) we mean a continuous function x: [T, o) —
R such that x(t) — p(¢)x(o(t)) is continuously differentiable and x(t) satishes
equation (1) for all sufficiently large ¢t > T,. The solutions which vanish for
all large t will be excluded from our consideration. A solution of (1) is said
to be oscillatory if it has an infinite sequence of zeros tending to infinity;
otherwise a solution is said to be nonoscillatory.

The problem of oscillation and nonoscillation for neutral differential equa-
tions has received considerable attention in recent years; see e.g. [1-7, 9] and
the references cited therein. However some results in this paper are new and
the other ones in many cases complete the previous ones.

2. Some basic lemmas

The following lemmas will be useful in the proofs of the main results.
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LemMA 1. In addition to the conditions (a) and (b) suppose that

O0<p)<1 for t > t,.
Let x(t) be a continuous nonoscillatory solution of the functional inequality

x(#)[x(t) — p(t)x(a())] <O
defined in a neighborhood of infinity.

(i) Suppose that o(t) <t for t >t,. Then x(t) is bounded. If, moreover,

O<py<i*<1, t>t,,

for some positive constant A*, then lim,_ x(t) = 0.

(ii) Suppose that o(t) >t for t >t,. Then x(t) is bounded away from
zero, that is, there exists a positive constant ¢ such that |x(t)] > ¢ for all large t.

LEMMA 2. [In addition to (a) and (b) suppose that

1 <p(@) for t>t,.
Let x(t) be a continuous nonoscillatory solution of the functional inequality

x(£)[x(t) — p(t)x(a(1))] > O
defined in a neighborhood of infinity.

(i) Suppose that a(t) >t for t > t,. Then x(t) is bounded. If, moreover,

1<A.*Sp(t), t2t09

for some positive constant A, then lim,_ x(t) = 0.

(i) Suppose that o(t) <t for t > t,. Then x(t) is bounded away from zero.

The above Lemmas and their proofs can be found in [6].
The next two Lemmas can be derived on the base of Theorem 2 in [8].
LEMMA 3. Assume that

g € C[[tg, ), [0, c0)], 6 e C[[ty, ), R], lim 6(t) = 2

t— o0

and
o)<t for t >t,,

t 1
lim ian g(s)ds > x

t=o Jo

Then the functional inequality

x'(t) + g(t)x(6()) <0, t>tg,
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cannot have an eventually positive solution, and
x'(t) + g(t)x(6()) = 0, t>t,,
cannot have an eventually negative solution.
LEMMA 4. Assume that (2) is satisfied and

o) >t for t>1t,,

) 1
lim infj g(syds > P
t

t—w
Then the functional inequality

x'(t) — g(t)x(6(t)) = 0, t>ty,
has no eventually positive solution, and

x'(t) —gOx(6(®)) <0, t>t,

has no eventually negative solution.

3. Oscillation of equation (1)
We shall study the oscillation of all solutions of equation (1).
THEOREM 1. Suppose that
0<pit)<i*<1, 0<q(, ot)y<t, )<t for t >ty and

some A* € (0, 1) and

t
1
lim inff q(s)yds > . 3)

t—o0 )
Then every solution of equation (1) is oscillatory.
ProoOF. Suppose that x(t) is an eventually positive solution of equation
(1). Then
d
T [x(2) — p(t)x(a(1))] <O

for all large t. Thus for sufficiently large ¢, we have two cases:
1. x(t) — p(t)x(a(t)) >0, t>ty;
2. x(t) — p()x(a(t) <0, t>t,.
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Set
u(t) = x(t) — p(t)x(o(t) .
Case 1. One can find that
q(Ou(z(t)) = q(1)x(x(2)) — p(z(1))q(1)x(o(2(1)))
and according to (1) we obtain
u'(t) + q®u(z(t)) <0, t>t,.

From Lemma 3 it follows that u(f) < 0, which is a contradiction to u(t) > 0.
Case 2. From Lemma 1 it follows that

lim x(z) = 0.

t—o0

This implies that lim,_, u(t) = 0, which contradicts the fact that u(f) < 0 and
u'(t) <0 for t >t,. The proof is complete.

In the next theorems o !(t) will denote the inverse function of o(t).
THEOREM 2. Suppose that

1 <p@), 0<gq(), at) <t, o lt@)) >t  for t>t, and

o a=1(z(1) q(s) 1 )
h?—]»olonfj‘, p_(a__l(rmds>2' 3"

Then every solution of equation (1) is oscillatory.

Proor. Assume for the sake of contradiction that x(t) is an eventually
positive solution of (1). Then

d .
it [x(®) — p(®)x(a (1)1 < 0

for all large t. Thus for sufficiently large t, we have two cases:
1. x(t) — p(t)x(a(t)) >0, t>ty;
2. x(t) — p)x(a(t)) <O, t>tg.
Set
u(t) = x(t) — p(t)x(a (1)) .

Case 1. Integrating (1) from T to t, T >t,, and then letting t — co, we
get

w(T) = f q(B)x(z(t))d . @)

T
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By Lemma 2, x(t) is bounded away from zero for all large t. The condition
(3') implies that

f q(t)dt = oo .
T
Otherwise if
f q(t)dt < oo,
T

we can choose t; > T such large that

J q(t)dt < 1 .
1, e

The above facts and (4) give a contradiction.
Case 2. Set y(t) = o (z(t)). Then

4 _q
200) u(y(r)) = p—(y(t))X(V(t)) + q()x(z(1))
and with regard to (1) we have
, q(t)
u(t)—mu(y(t))sO, t>ty,

which implies by Lemma 4 that u(t) >0 and this contradicts the fact that
u(t) < 0. The proof is complete.

THEOREM 3. Suppose that
0<p, 0<q(@), o lz(t) >t, )<t  fort>t,,

and conditions (3), (3') hold.
Then every solution of equation (1) is oscillatory.

Proor. Assume for the sake of contradiction that x(t) is an eventually
positive solution of equation (1). Then

d
2 X0 — p(Ox(e())] <0

for all large t. For sufficiently large t, we have two cases:
1. x(t) — p(t)x(a(2)) > 0, t>ty;
2. x() —pOx(c(®) <0, t>t,.
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Now we can treat the case 1 in the same way as in the proof of Theorem
1 and the case 2 in the same way as in the proof of Theorem 2. The proof
is complete.

To the above theorems we can establish the next three theorems. Their
proofs, with using Lemmas 1-4, are similar to the previous ones and will be
omitted.

THEOREM 4. Suppose that

O<p)<1, q(t) <0, alt)>t, (t) >t for t >ty and

(t) 1
lim inf f lq(s)|ds > . 5
t

t— o0
Then every solution of equation (1) is oscillatory.
THEOREM 5. Suppose that
1 <4, <p@), q() <0, a(t)>t, o lz(t) <t  for t>t,

and some 1, € (1, ),

lim inf Jt —Es)l—ds > ! 6)

o Jomi POEED) T e
Then every solution of equation (1) is oscillatory.
THEOREM 6. Suppose that
0<p®, q(t) <0, clz(t) <t, w()>t  fort>t,,

and conditions (5), (6) hold.
Then every solution of equation (1) is oscillatory.

4. Asymptotic behaviour

In this section we shall study the asymptotic behaviour of the non-
oscillatory solutions of the equation (1).

THEOREM 7. Suppose that

1<, <p@), q(t) <0, ot)>t for t > t,

© g0,
L e = ®

Then every nonoscillatory solution of equation (1) tends to zero as t — 0.

and some A, € (1, c0),
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Proor. We may assume that x(¢f) is an eventually positive solution of
(1). Then

d
4 X0 — pOx(a(©)] 2 0

for all large t. For sufficiently large t, we have two cases:
1. x(t) — p(t)x(a(t)) >0, t>ty;
2. x(t) — p(t)x(o(t)) <O, t>t,.
Set
u(t) = x(t) — p()x(a(t)) -

Case 1. From Lemma 2 it follows that lim,, x(¢) = 0. This implies,
with regard to the inequality x(t) > p(t)x(a(t)), that lim,_ u(f) = 0, which is
impossible since u(t) >0 and u'(t) > 0 for ¢ > t,.

Case 2. We have u(t) > L<0ast— oo. Suppose that L <0. We get

L= u(t) > —p(t)x(a(r)
or
L > —p(t)x(a(?)) .
Then we have
L> —p(e™ (z(£))x(c(1)
and

x(z(t)) > — —L—

(o™ (x())

for t > t, > t,, where t, is sufficiently large.
From (1) it follows that

o o q)
—u(T) > — L q()x(x(t))dt > LL Pl )

T >t,, which is impossible. Thus u(t) >0 as t — oo.
Now we show that x(t) is bounded. Otherwise there exists a sequence
t,, ty, ... with the following properties:

(a t,— o0 as m—-o0; (b) x(t,)—> o0 as m— ©;

(©) x(o(t,)) = max {x(c(s)): to < a(s) < o(t,)} -
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But for sufficiently large ¢,, we have
—-1< u(tm) < x(tm) - }.*X(G(tm)) < x(tm) - )“*x(tm) s
from which it follows that

1

x(t,) < 1

which contradicts the above condition (b). Thus x(t) is bounded.

Now suppose it is not true that lim,,  x(f) =0. Set lim sup,_, x(t) =
¢ > 0. This ensures the existence of an increasing sequence {t,} with ¢, - oo
and x(t,)— ¢ as n—> oo. Then we have

u(t,) = x(t,) — p(t.)x(a(t,)) < x(t,) — A, x(a(t,)) .

Since ¢ >0 and 4, e(l, o), there exists a positive number & such that
Aelc —€)>c+ ¢ and with regard to the inequalities x(t,) < c + ¢, x(o(t,)) >
¢ — ¢ for all sufficiently large n, we have

ut,) <c+e—4,c—e

for all such n. Since u(t,) » 0 as n —» oo, we obtain a contradiction by letting
n— oo in the last inequality. We conclude that x(tf) >0 as t— co. The
proof is complete.

THEOREM 8. Suppose that
O<pl)<i*<1, 0<q(), o)<t for t >t
and some A* € (0, 1),

Jw q(t)dt = oo .

0o

Then every nonoscillatory solution of equation (1) tends to zero as t — 0.

The proof of Theorem 8 is similar to the one of Theorem 7 and will
be omitted.

THEOREM 9. Suppose that
1<, <p@, 0<q@®), a(t)>t, o l(z(@t) >t  for t>1t,

and some A, € (1, 00), and condition (3') holds.
Then every nonoscillatory solution of equation (1) tends to zero as t — 0.

Proor. Without lack of generality we may suppose that x(t) is an eventu-
ally positive solution of equation (1). Then
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d
71X = p)x(a())] <0

for all large t. For sufficiently large ¢, we have two cases:
1. x(t) — p()x(a(t)) >0, t>ty;
2. x(t)— pt)x(o(t)) <O, t>tg.
Case 1. From Lemma 2 it follows that

lim x(t) = 0.

t—o0

Case 2. Set
u(t) = x(t) — p(t)x(a(?)) .
Then we have

(V)
p(e™(z(1))

From Lemma 4 it follows that u(¢) > 0, which is a contradiction.

u'(t)

ue ' @®) <0, t=tp.

THEOREM 10. Suppose that
O<pi)<i*<1, q(t) <0, a)y<t, (t) >t for t >t,

and some A* € (0, 1), and condition (5) holds.
Then every nonoscillatory solution of equation (1) tends to zero as t - 0.

The proof is similar to the one of Theorem 9 with using Lemmas 4 and 1.
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