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ABSTRACT. By f-elements, we mean the vy-periodic maps on the sphere spectrum S° or
on the mod 3 Moore spectrum M. For the prime number p > 3, we can tell many
examples of non-trivial products of f-elements, since m,(LS?) is determined in [23],
where L, denotes the Bousfield-Ravenel localization functor. On the other hand we
have no idea about x,(L,S°) at the prime 3, and so the situation is different from the
case p > 3. Here we study products related to f-elements in the homotopy groups
n.(M) of the mod 3 Moore spectrum M, using our results [1] on H' M} which relates to
the E,-term of the Adams-Novikov spectral sequence for computing 7,(M).

1. Introduction

Let BP denote the Brown-Peterson spectrum at a prime number p. Then
the coefficient ring BP, of the BP,-homology theory is the polynomial algebra
Z)[v1,v2,...]. The Morava K-theory K(n),(—) is characterized by the
coefficient ring K(n), = Z/p[vn,v;']. A spectrum X is of type n if
K(n),(X)#0 and K(n—1),(X) =0, and a self-map f: X — X of a type n
spectrum X is said to be a v,-map if K(n),(f) #0. By the name S-element,
we mean an element of the homotopy groups of the mod p Moore spectrum M
or the sphere spectrum defined by using a v;-map on a type 2 spectrum
V. For p >3, we take ¥V to be Toda-Smith spectrum V(1) and v,-map is §
with K(2),(f) = v2 constructed by [24] (c¢f. [25]). The homotopy S-elements
are given by [5], [6], [7], [8], [9], [15], [26]. The non-triviality of S-elements
itself is shown by Miller, Ravenel and Wilson [4]. The non-triviality of
products of f-elements at the prime > 3 is studied in [2], [3] and [22] for the
mod p Moore spectrum and [10], [11], [16], [17], [18], [19], [20] for the sphere
spectrum. In [23], the homotopy groups 7,(L,S°) are determined and render
the non-triviality of the products of two f-elements for p > 3.

At the prime 3, S. Pemmaraju [12] shows the existence of
Bs € Ma3srs—1)-2(S°) for s=0,1,2,5,6 mod 9, while B € mgpis-1)0-2(S?) at
the prime p > 3 exists for any s > 0. In this paper, we assume his results
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including that S, € My(3545—-1)-1 (M) also exists if s=0,1,2,5,6 mod 9. Here
M denotes the mod 3 Moore spectrum. Note that the second author shows
that B, does not exist in 7,(S°) if s=4,7,8 mod 9, and further shows the
existence of B, € m.(L2S°) and B, € n. (L M) if t =0,1,5 mod 9 [21], where L,
denotes the Bousfield-Ravenel localization functor with respect to v;'BP. As
is seen in his book [14], Ravenel shows the existence of another type of f-
elements fg/; € ng2(S%). This result also indicates the existence of another
B-element Sy /3 € g3(M).  As vi-periodic maps, we have the a-elements. The
a-elements «’s are all seen to be non-trivial elements of 74 1(S%) by the
existence of the Adams map a:X*M — M such that BP,(a) =uv;. In this
paper we show the following theorems under the assumption of Pemmariaju’s
results. The first one is on the products with a-elements:

THEOREM A. In the homotopy groups n.(M) of the mod 3 Moore spectrum
M

b

agf #0 if 34 st.

We next consider products of f’-elements:

THEOREM B. In the homotopy groups n, (M) of the mod 3 Moore spectrum
M,

BB #0  if 34st,
and
ﬁs'ﬁé/a #0 if 34s.
Since B exists unless ¢ = 3,4,7,8 mod 9, these theorems are restated as:

THEOREM A’. The element o] for s,t > 0 is essential in m.(M) if s#0
mod 3 and t=1,2,5 mod 9.

THEOREM B'. The element BB, for s,t >0 is essential in n. (M) if
s5;t=1,25mod 9. Ifs=1,2,5 mod 9, then ﬁs'ﬂgﬁ is an essential element of
. (M).

These follow from Theorem 3.3, which are the 2nd line phenomena. Now
turn to the 3rd line phenomena.
THEOREM C. In the homotopy groups n.(M) of the mod 3 Moore spectrum

M,
BB #0
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if 3|(s+¢) and 3 ts, or if 3|(s—1t) and 3|(s— 1), and
BBes #0  if 34
This is also restated as:

TueoreM C'. The element B.f, is essential in n.(M) if s=1 mod 3 and
t=1,2,5mod9,orifs=2mod3andt=1mod9. Ifs=1,2,5mod9, then
B:Bs /3 is an essential element of n.(M).

This result follows from Theorem D below. In fact, Pemmaraju shows in
[12] that B; in the E,-term of the Adams-Novikov spectral sequence is a
permanent cycle if i =0,1,2,5,6* mod 9. Therefore the result of the E,-term
implies the result of the homotopy, since nothing killes the products in the
spectral sequence by degree reason.

THEOREM D. In the E,-term of the Adams-Novikov spectral sequence for
computing w.(M),

B #0
if 3|(s+1) and 3 ks, or if 3|(s— 1) and 3|(s— 1),
BiBsiys # 0
if 3)st, and
BiBnija, # 0

if 3|(m+2) or 27|(m—8)(m+1), where s=31m—3""1(3t—1) for k>0
with 3 Jm.

Here the integer a; is 4-3%"! — 1, and f-elements of the E,-term are
defined in the next section. This follows from the main result of [1]
immediately.

2. f-elements in the E>-term

Let BP denote the Brown-Peterson spectrum at the prime 3 whose
homotopy groups z,(BP) = BP, consist of a polynomial algebra Z3)[vi,vs,.. ]
over the Hazewinkel generators v; with |v;| =2(3'—1). Then BP.(-)=
n.(BP A —) is a homology theory over the category of spectra. Moreover, the

*There is a conjecture due to Ravenel that §; exists if and onmly if i=0,1,2,3,5,6 mod 9.
The ‘only if’ part is shown in [21]. In [12, Cor. 1.2], Pemmaraju claimed that the ‘if’ part is
shown, but §; with i =3 mod 9 stays still undetermined.
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pair (BP.,BP.(BP)) is a Hopf algebroid with structure maps nz = (i A BP),,
n. = (BPAQ), and 4 = (BP AiA BP),, where i : S° — BP denotes the unit map
of the ring spectrum BP. The unit map also defines the exact couple which
yields the Adams-Novikov spectral sequence

E}(X) = Extyp, 5p)(BP., BP.(X))=>7.(X A SZ3))

for a spectrum X and the Moore spectrum SZ(3) with 7o(SZ(3)) = Z(3). Here
the E,-term is defined as a cohomology of the cobar complex (£2°(X),d;) =
(28p,(8p)BP+(X), d;), which is defined by

Q'(X) = BP.(X) ® pp, BP,(BP) ® sp, - - - ® pp, BP.(BP),
(s copies of BP,(BP))

G(x®@7® - ®y) =mp(x) @ @ -+ ®;
+D ()x@7 ® - Nt @A) @11 ® -+ B
k=1

+(-D)"x®9,® - ®%®1,

for x e BP.(X) and y; € BP.(BP).

First we define the B-elements in the E,-terms E}(M) and E3(S°) at the
prime 3 in the same way as those at the prime p > 3. Here M denotes the
mod 3 Moore spectrum. Recall [4] the elements x; of v3!BP,:

- — 3 _ 3] — 33— 8T _ 13
Xo = 2, X] = vy — vV, U3, Xy = X{ — U0y — U] D303 and
—_ _3n-1
Xp = X0, +vp R0y 3T forn > 2,

for the integer a, with ap =1 and
a,=4-3""1-1.

Now consider the differential dy = ng —#, : v;' BP, — v3'BP.(BP), and it is
shown [4] that

do(xn) = vlt? n=0,
(2.1) =3 +o@ (2 —-14)-G) n=1,
= —u‘f"vg'y-l(tl + vlfg"—l) n>1.

Here

(22) ([4)) (o represents a cocycle vy'tr +vy>(6 — 1i%) — vy*vst}, which is
homologous to {3 for i >0 in QLE(2),/(3,0).
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Consider the comodules

NJ = BP,,

N} = BP./(3),

Ny = BP./(3%),
N; = BP./(3,v1),
Ni = BP./(3,7),
Nj = BP./(3%,v7),

481

and M} = v;!,NF, whose comodule structures are induced from the right unit
ng- Then we have the short exact sequences

0— N} = MJ— N} —0,
0— N} < M} — N2 —0,

0—>N?—C—> M?—»N}—»O,

with the associated connecting homomorphisms

0 : H'Ny — H*FINQ,
& : H'N; — H*'' Ny,

0y : H*N} — H*HIND,

Here we use the abbreviation

for a comodule L. Note that H*N{ = E5(S°) and H*N? = E5(M).

compute

(2.3)

in Q'(5°) by the formula 7gx(v1) = v; +pt; (cf. [14]), we see that

for n>0,s>0and 0<k<n+1.

HSL = EthBP,(BP)(BP*’ L)

o' /3 & HON]

and

do(v3®) = 3" svd* 1y mod (3"?)

Besides, we see by (2.1) that

x/vi e H'N] and x/3v] e H'N}

Since we
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for n>0, s>0 and 0 <j <a,. Now we can define the a- and f-elements:

azngk = O(vi °/3%) € H'NJ = E}(S).
Bing; = 01(x3/v]) € H'N) = E}(M).

Bans)j = 85 (x;,/30]) € H*Np = E3(S°).

We abbreviate oy, f; and ﬁs'/l by «, B, and B, respectively. Then the
formula (2.3) yields immediately

(2.4) gk = 3 5o hyy mod (3"7FF2)

in EZI(SO), since Ay is represented by #;. Moreover, by definition together with
(2.1), a B'-element is expressed by

B = sv;_lh” mod (3,v;),
(2.5) ﬂgs/j = sv?_jvg‘_lhm mod (3, v‘:_j), and
ﬂgks/j = —sv‘l"‘_jv;k_l(3‘_l)h10 mod (3, v‘f"_j“) fork > 1
in E}(M) by [4, Prop. 5.4] and B-elements are represented by the cocycles as
follows (cf. [10]):

1
B, = (s)u;—lczh“ + (” )v;-lbo mod (3, 1),

2 2
(26) ﬂ3s/3 = Sl)gs_3b1 mOd (37 vl)r and
Bstsa, = —svgk_lm_l)hloé' mod (3, vy) fork > 1

in E3(S°). Here h;; and b; are represented by # and —(8% ® £ + £ ® %),
respectively. Moreover, { denotes the homology class which is represented by
an element whose leading term is {,.

We end this section with explaining about the homotopy elements f; €
Tai43-1)-1(LaM).  In [21], the existence is shown of B, : S'% — L,V (1) for
j=0,1,5 mod 9 such that BP,(B;) =v,. Here V(1) denotes the Toda-Smith
spectrum, which is a cofiber of the Adams map «: X*M — M. Now define

B = n(B)) € n.(L2 M),
where 7m: V(1) — Z°M is the canonical projection. Then the Geometric
Boundary Theorem (cf. [14]) shows that the f-elements of the E,-term converge

to the same named homotopy elements in the Adams-Novikov spectral
sequence.
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3. The non-triviality of products in H’BP,/3
We have the exact sequence
H'M? - H'N! °% H2BP,/3,

in which H"M? =0 unless =0 by [4]. Therefore, J; is monomorphic at
t>0. Moreover, (2.4) and (2.5) show the equations:

(3:1)  @ang/na1Bimy; = 61 (Xoy3ns/ms1 /07)
= 501 (03 " hio/v{ ")
ﬁg":/kﬂg"'t/j =0 (x:nﬂg".\'/k/ vlj )
o1 (o3 b o] + ) n=0,
= sél(v;m’+3‘"1h10/v{_3+k +--9) n=1,
_S51(U;’"t+3""l(3s—1)h10/vii—a..+k+‘”) n>1.

Recall [1, Th. 6.1] the structure of H!'M]:

(3.2) H'M]} =A@®B. Here B is the direct sum of cyclic k(1),-modules
generated by the elements represented by the cocycles whose leading terms are:

vgk(3t+l)h10/v‘1’(k), v;k(gt_l)hlo/v'{(k), v Vhy /v and vgk“f/v'l"‘

for k>0 and t,ue Z with 3fu. Here k(1), = Z/3[v)] and the integers a(k),
d (k) and a, are given by a(0) =2, a'(0)=10, ap=1, a(k) =6-3*"1+1,
ad(k)=28-3*"! and a =4-3*1 —1 for k> 0.

These facts show the following

THEOREM 3.3. In the E)-term of the Adams-Novikov spectral sequence for
computing m.(M),

oc3ns/,,+1ﬁg,,.,/j #0 if 3kst and 3ft+1 or 9t+1.
BiBymyj #0 if 3ks form>0, orif 3fst form=0.
Suppose that m > 0. Then,
ﬂ;s/kﬂgm,/j ifj+k>3, 3fsu and 3fu+1 or
Ou+1 for 3tu=3"t+3s—1.
Suppose that m > n. Then,

BangiBimy; fj+k>an, 3fsu and 3fu+1 or
Ou+1 for 3lu=3m"t+3""1(3s—1).
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Proor. Consider the localization map A: H'N! — H'M] induced from
the canonical localization map N} — M}. Let x denote the element found in
01(x) on the right hand side of (3.1). If we show that A(x) # 0, then x # 0,
and so is the product of the left hand side of (3.1). The non-triviality of i(x)
follows from (3.2), immediately. q.e.d.

4. The non-triviality of products in H>BP,/3

Consider the short exact sequence
0— M) L M2 M —0

of comodules, and denote the connecting homomorphism by 0: H*M| —
H**'M). Here ¢ is defined by ¢(x) = x/v;.

Lemma 4.1. If v}B,; is not in Im{0 : H*M| — H*"' M3}, then
By # 0 € E3(M).
Proor. Consider the diagram

H*M? — H2N! 2% H3N® = B3(M)

JA
HM - B2M0 2 H2M!

in which both sequences are exact, and A denotes the localization map used in
the proof of Proposition 3.3. It is shown that H>M{ = 0 in [13] (¢f. [14]), and
so the map J; in the diagram is a monomorphism. Since H*N{ acts on H*L
for a comodule L naturally,

BiB,; = 61(v3/v1)B,); = 1(v3B,;/v1).

Therefore, the non-triviality of the element v35,;/v1 implies the desired non-
triviality of the product of the f-elements.

Note that A(v3f,;/v1) = v5B,;/v1 in H>M]. Furthermore, vif,;/v1 =
¢.(v3B,;)- Thus, if vif,; is not in Imd, then ¢, (v3,,;) #0 and so
v3Byi/v1 # 0. q.e.d.

Proor OF THEOREM D. By the result of [1], we see that Im J is generated
by the following elements:
(I) vdho (te Z),
Ugt_“bo + Ugt_4h11C (te Z),
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(1I) u§"*“+"<")¢ (n>0,teZ),
(1) v'z(i")hloc (n>0,te Z),
vy O Dhyt (n>0,ueZ-32),
Iv)  v3b (teZ),
(V) v3hil (ueZ-32).

Here, integers i(n)=1(33"-1) for n>0, and #(#,0)=9/—4 and
i'(t;n) =3"1(9(3t—1) — 1). Now Theorem D follows from (2.6) and Lemma
4.1. g.e.d.
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