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ABSTRACT. This is a supplement and continuation of our previous paper [9], in

which we have made a study of A"-weakly precompact sets in Banach spaces. For a

bounded subset A of dual Banach spaces, we introduce notions of ^-separated £-trees,

Λ-midpoint-Bocce-dentability, ^-strong regularity and ^4-weak*-strong regularity.

Making use of these notions and arguments analogous to that of [9], we give some more

characterizations of ^Γ-weakly precompact sets.

1. Introduction

Throughout this paper, X denotes an arbitrary real Banach space, X* and
X** its topological dual space and bidual space, respectively, and B(X) (resp.
S(X)) the closed unit ball (resp. sphere) of X. The triple (I,Λ,λ) refers to the
Lebesgue measure space on / (= [0,1]), Λ+ to the sets in A with positive
measure, L\ to Li(/,Λ,λ) and L& to Loo(/,Λ,>i). For each BeΛ+

y denote
A(B) = \χF/λ{F) :F CZB,FE A+}. For each g e Loo and B e Λ+, ess-O (g\B)
denotes the essential oscillation of g (as a function) on B. We always
understand that / is endowed with A and λ. If C is a subset of X**, a function
f : I —> X* is said to be C-measurable if the real-valued function (***, /(*)) is
Λ-measurable for each x** e C. If C = X, we say that / is weak*-measurable.
If / : / —> X* is a bounded weak*-measurable function, we obtain a bounded
linear operator 7/ : X —• L\ given by T/(x) = x of for every xe X, where
(xof)(ή = (x, f(ή) for every tel. The dual operator of 7/ is denoted by
Tf (: Loo —• X*)- Furthermore, if we define a vector measure oc/ : A —• X* by
ocf(B) = Tβ(χB) for every B e A, we then have that

(*,«,(*))=[ {xj{i))dλ{t)
JB

for every j c e l a n d every Be A. Let {I(n, ί) : n = 0,1,.. . i = 0,..., 2n - 1}
be a system of intervals in I given by 7(Λ,I) = [I/2 Π ,(I +1)/2Π) if w ̂  1,
0 ^ i ^ 2n - 2 and /(«, 2* - 1) = [(2Π - l)/2", 1] if n ^ 0. If Λ denotes the
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σ-algebra generated by Πn = {I(n - 1, i) : i = 0,. . . , 2n~ι - 1} (n ^ 1), define

fn : I - X* by

BeΠn

for every f e / . Then we have an X* -valued martingale (fn,An)n>ι.

In the following, all notations and terminology, unless otherwise stated, are

as in [8], [9] and [10].

Now let us define the notion of localized weak precompactness in Banach

spaces as follows (cf. [7] and [2]).

DEFINITION 1. Let A be a bounded subset of X and K a weak*-compact

subset of A"*. Then we say that A is K-weakly precompact (or, A is weakly

precompact with respect to K) if every sequence {xn}n>\ in A has a pointwise

convergent subsequence {xn(k)}k>\ o n K.

Note that if K = B(X*), A is simply said to be weakly precompact, which

has been considered in [12] to characterize Banach spaces not containing a copy

of l\. We also know from the characterization of Pettis sets (cf. [11]) that for

each weak*-compact subset K of X*, K is a Pettis set if and only if B(X) is K-

weakly precompact. In what follows, we always understand that for every

weak*-compact subset K of X*, K is endowed with the weak*-topology

σ(X\X).

In [2], Bator and Lewis have made a systematic study of A'-weakly

precompact sets A in Banach spaces and they have obtained various char-

acterizations of such sets which are analogous to the results of Fitzpatrick [3],

Saab [13] and Saab and Saab [14]. Succeedingly, in [9] and [10], we have

made some attempts to analyze A'-weakly precompact sets A by means of the

lifting theory, weak*-^ί*-dentability and a ^-valued weak*-measurable function

constructed in the case where A is not AΓ-weakly precompact and we have

obtained various characterizations, which we sum up in the following Theorem

A. We note that these characterizations can be regarded as generalizations of

corresponding ones of Pettis sets, weak Radon-Nikodym sets and weakly

precompact sets.

THEOREM A. Let A be a bounded subset of X and K a weak*-compact

subset of X*. Then the following statements about A and K are equivalent.

(1) The set A is K-weakly precompact.

(2) The set cδ*(K) has the A*-PCP.
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(3) For every weak*-measurable function f : / —> K and every B e Λ+, the

set cδ*(Tf{Δ(B))) is weak*-A*-deniable.

(4) Every weak*-measurable function f : / —> K is A*-Pettis decomposable.

(5) Every weak*-measurable function f : / —• K is weak*-equivalent to a

A*-measurable function g : I —> cδ*(K).

(6) For every weak*-measurable function f : / —» K, the set {x o fn : x e A,

n ^ 1} has the Bourgain property.

(7) For every weak*-measurable function f : / —• K, it holds that

infl fsap\\χofn-χofn+ι\\1 I = 0.
n^ιlxeA J

(8) For every weak*-measurable function f : / —• K, the set Tf(A) is

relatively norm compact.

(9) For every weak*-measurable function f : I —> K, it holds that

inf{sup|(x,r;(rn))|}=0
n^{xeA J J

{Here rn denotes the nth Rademacher function on I).

(10) For every weak*-measurable function f : I-> K, the set Tβ(A(I))
contains no A-δ-Rademacher tree.

It is remarkable that when A is not A^-weakly precompact the construction

of a AΓ-valued weak*-measurable function in [9] plays a very important role in

the establishment of these characterizations in Theorem A, especially, impli-

cations such as (7) =* (1), (8) => (1), (9) =• (1) and (10) =* (1).

In this paper as well, by following the same ideas of the best use of such

^-valued weak*-measurable functions, various properties of A^-weakly pre-

compact sets can be analyzed in terms of some new notions, and some other

characterizations of such sets are presented. This is the aim of our paper. Of

course, these characterizations also are generalizations of corresponding ones of

Pettis sets, weak Radon-Nikodym sets and weakly precompact sets.

In §2, we restate the construction of ^-valued weak*-measurable functions,

which plays the central role in this paper, for the sake of necessity and

importance. In §3, the notion of ^-separated 5-trees is introduced and the

equivalence among the statements (1), (7), (8), (9) and (10) in Theorem A is

reconsidered by the effective use of the function constructed in §2 and the

notion of yl-separated J-trees. In §4, the notion of ^4-midpoint-Bocce-

dentability is introduced and a relation between ^4-separated <5-trees and

^4-midpoint-Bocce-dentability is clarified. In consequence, characterizations

of A^-weakly precompact sets in terms of yl-midpoint-Bocce-dentability are
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given. In §5, notions of y4-strong regularity and ̂ 4-weak*-strong regularity
are introduced. Some characterizations of ̂ -weakly precompact sets in terms
of these notions are given. These characterizations may be regarded as
generalizations of corresponding parts of Theorem VI. 16 in [4]. Finally, we
list various characterizations of ^-weakly precompact sets established in [9],
[10] and this paper as a convenient summary.

2. A brief on the construction of ^-valued weak*-measurable functions

In order to proceed our argument concerning the construction of ^-valued
weak*-measurable functions, we first need the following:

DEFINITION 2 ([12]). A sequence (An,Bn)n^ι of pairs of subsets of some
set is called independent provided An Π Bn is empty for every n and for every

wfth εj = 1 O Γ ~1> OiεjAj 1 ύj ύk} is a nonempty set, where
if 8j = 1 and SjAj = Bj if εj = —1.

Then, as is seen in §3 of [9], we should note the following fact. Let K
be a weak*-compact subset of A"*. Suppose that there exists an indepen-
dent sequence (An,Bn)n^ι of pairs of closed subsets of K. Then, Γ =
(>\n^λ{AnUBn) is a nonempty compact subset of K, since (AniBn)n^ι is in-
dependent. Now, define φ : Γ —> gp(N) (Cantor space, with its usual compact
metric topology) by φ(x*) = {j : Aj 3 x*} e 0>(N). Then φ is a continuous
surjection and so we have a Radon probability measure γ on Γ such that
^(y) = v (the normalized Haar measure if we identify 0>(N) with {0,1}^)
and {f oφ :f eL{(0>(N),Σv,v)} = Lι(Γ,Σγ, γ), where Σv (resp. Σγ) is the
family of all v (resp. y)-measurable subsets of 0>(N) (resp. Γ). Further, con-
sider a function τ : 0>(N) -»/ defined by τ(J) = Σ ι/2j f o r e v e i Ύ J e &(N).

jeJ

Then τ is a continuous surjection such that τ(v) = λ and {uoτ:ueL\} =
L\{0>(N),Σv,v). Then, making use of the lifting theory, we have a weak*-
measurable function h : / —• Γ (c K) such that

f(h(ή)dλ(ή=\ f(x*)dγ(χ )

for every E e A and every / e C(Γ). Further we should remark here
that τ(φ(γ))=λ, \J{φ-\τ-\l{n,2ί))) : 0 ̂  i < 2n~λ - 1} = ΓΠBn, and
\J{Φ~l(τ~ι(I(*>2* + l))) 0 ̂  / ̂  2n~ι -l}= ΓΠAn (with respect to y) for
n= 1,2,....

For convenient reference, we wish to indicate here two typical cases where
the existence of such functions h can be assured. These two cases are very
important for us later on.
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PROPOSITION 1. Let K be a weak*-compact subset of X* and A a bounded

subset of X. Suppose that A is not K-weakly precompact. Then there exist

a sequence {xn}n>\ in A and real numbers r and δ with δ > 0 such that

putting An = {x* e K : (xn,x*) ύ r} and Bn = {x* e K : {xn,x*) ^ r + δ}, then

{An,Bn)n^λ is an independent sequence of pairs of closed subsets of K.

PROOF. See §3 in [9].

In this case, we easily get that the weak*-measurable function h : I —> K

constructed as above satisfies the following:

f (xn,h(ή)dλ(ή=\ (Xrnx*)dy(x*)
JI(n,2i) Jφ-l(τ-ι(I(n,2i)))

and

f (xnjh(t))dλ(t)= f (xn,x*)dγ(x*)
J/(JI,2I+1) Jφ-ι(τ-ι(I(n,2i+l)))

ύ r/2n

for Λ = 1 , 2 , . . . and i = 0 , . . . , 2 / l " 1 - 1.

PROPOSITION 2. Let K be a weak*-compact subset of X*. Suppose that

there exists a system {V(n, i) : n = 0,1, . . .;/ = 0 , . . . , 2 Λ — 1} of nonempty

closed subsets of K such that V(n + 1,2/) U V(n + 1,2ί + 1) c V(n, i) and

V(n + 1,2/) Π V(n -I-1,2/+ 1) is empty for n = 0 , 1 , . . . and i = 0 , . . . , 2n - 1.

Then there is an independent sequence (An^Bn)n^ι of pairs of closed subsets of K.

PROOF. Let An = \J{V{n,2i+\) : 0 ^ i^2n~l - 1} and Bn = \J{V(n,2i) :

0 ^ i ^ 2n~ι - 1} for n= 1,2,.... Then it is easily seen that (An,Bn)n^ι is a

desired sequence.

In this case as well, we easily know that the weak*-measurable function

g : I —> K constructed as above satisfies the following:

f f(g(t))dλ(ή=\ f{χ*)dy{χ*)

= f /(χ )rfy(χ ),
JΓnV(n,2i)

and
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f f(g(t))dλ(ή=l f(x*)dγ(x*)
il(n,2i+\) )φ~λ (τ-1 (7(n,2i+l)))

= f f{χ*)dy{χ*)
JΓOV(n,2i+l)

for / e C(Γ), n = 1,2,... and i = 0,... ,2Λ" 1 - 1.

3. ^-separated <Mrees

In this section, let us reconsider the equivalence among the statements (1),
(7), (8), (9) and (10) in Theorem A by the effective use of a ^-valued weak*-
measurable function h guaranteed by Proposition 1 and the notion of A-
separated <5-trees defined as follows. It is a simple generalization of the notion
of separated J-trees introduced in [5].

DEFINITION 3. A system {x(n, i) : n = 0,1,... / = 0,..., 2n - 1} in X is
called a tree if x(n,i) = {x(n+ 1,2/) + x(n+ 1,2/+ l)}/2 for « = 0,1,. . . ;
i = 0 , . . . , 2 Λ - l .

Let A be a nonempty bounded subset of X*. A tree {*(«,/) : Λ = 0,
1,... / = 0,..., 2n — 1} in X is called an A-separated δ-tree if there exists a
sequence {xl)n>\ in A such that for n = 1,2,... and / = 0,..., 2""1 — 1

In this case, we say that the tree is separated by {Xn}n>\
If A = B(X*), then this tree is simply called a separated δ-tree.

Note that a tree in X* is a separated ί-tree if and only if it is a B{X)-
separated 5-tree, since B(X) is dense in B(X**) with respect to the weak*
topology σ(X**,X*).

Now, consider the following statement (*) about a bounded subset A of X
and a weak*-compact subset K of A"*, which may be regarded as the starting
point for our argument in §2. Lemma 3 mentioned below concerns (*).

(*) For every weak*-measurable function / : / —»K, the tree
{2"α/(/(«, /)) : Λ = 0,1,... / = 0,..., 2n - 1} is not an ^-separated ί-tree.

In the sequel, the tree {2/Iα/(/(«, /)) : n = 0,1,... / = 0,..., 2" - 1} is
called a tree associated with / .

The cornerstone for our argument in this section is the following Lemmas
1, 2 and 3. Lemma 1 is a very simple fact, which is suggested by Girardi [5]
and can be proved by a straightforward calculation. It is useful for us.
Lemma 2 is essentially the same as the implication (i) => (ii) of Proposition 2 in
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[1]. So its proof is omitted. Lemma 3 has been obtained implicitly in the
proof of Theorem in [9]. But we here wish to state its proof in an explicit
form.

LEMMA 1. Let f : I —> X* be a bounded weak*-measurable function. Then
it holds that for every n ̂  1,

sup
xe A

x, £{ a /(/(«, 20)-«/(/(«, 2/+1))}
i=0

= sup |(*. T/{rH))\(= sup \(Tf(x),rH)\)
xεA \ XEA /

^ sup||Λ:o/n+1 -xofn\\v
xe A

PROOF. For every xeX, we have that

||*°/π+1 -X°fn\\χ =^\(x,fn+l(t)-fn(t))\dλ(t)

2-»-l f

iΞo J/(»,2i)

+ Σ ί \{xjn+l{t)-fn{t))\dλ{t)

2«-i_!

i=0

/ / ) ) ^ M ( ί ) (cf. [5]).

On the other hand, for every xeX, we have that

(x,τ;(rn))(=(Tf(x),rn))

I /=o )
2n-\ 2"-ι-\

i=0 i=0

(cf. [9]). Hence Lemma 1 follows.
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LEMMA 2. Let f : / —» X* be a bounded weak*-measurable function and A

a bounded subset of X. If the set T/(A) is relatively norm compact, we have

that

j sup \\χofn - XO/H+IIII \ = 0.inf j sup \\χofn -

LEMMA 3. Let A be a bounded subset of X and K a weak*-compact subset

ofX*. If A is not K-weakly precompact, then there exists a weak*-measurable

function h : I —> K such that the tree associated with h is an A-separated η-tree

for an appropriate positive number η.

PROOF. Let h be the function assured by Proposition 1. In order to

prove that the tree associated with h is an ^-separated ^-tree, take a sequence

{χn}n>\ m A and a positive number δ obtained in Proposition 1. Let η be a

positive number with η < δ/2. Then we have by the remark after Proposition

1 that

(xni2
n{ah(I(n,2i)) - αΛ(/(n,2i + 1))})

= 2" { [ (xmh(ή)dλ(ή- f {xn,h{t))dλ{t)\
[ J / ( Λ , 2 0 J/(Λ,2/+1) J

= 2". j f {xn,x*)dy{x*)- f (xn,x*)dγ(x*)
[Jφι (τ-i (7(11,20)) Jφ~l (τ-1 (7(/i,2ι+l)))

which implies that the tree {2noch(I(n, ή) : n = 0,1, . . . / = 0, . . . , 2n - 1} is an

^-separated /7-tree separated by {xn}n>\> Hence the proof is completed.

Combining Lemmas 1, 2 and 3, we easily have:

PROPOSITION 3. Let A be a bounded subset of X and K a weak*-compact

subset of X*. Then the following statements about A and K are equivalent.

(1) The set A is K-weakly precompact.

(2) For every weak*-measurable function f : I —> K, the set Tf(A) is

relatively norm compact.

(3) For every weak*-measurable function f : I —> K, it holds that

irf]sup||xo/n-χo/Λ+1 | |1 I =0.

(4) For every weak*-measurable function f : I —• K, it holds that

inf/supK*, 77(^)1} =0.
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(5) For every weak*-measurable function f : / —> K, the tree associated

with f is not an A-δ-Rademacher tree.

(6) For every weak*-measurable function f : / —> K, the set Tf(A(I))

contains no A-δ-Rademacher tree.

(7) For every weak*-measurable function f : / —> K, the tree associated

with f is not an A-separated δ-tree.

(8) For every weak*-measurable function f : I —» K, the set Tί(A(I))

contains no A-separated δ-tree.

PROOF. (1) => (2). This follows immediately from the bounded con-

vergence theorem.

(2) =Φ (3). This follows from Lemma 2.

(3) => (4) => (5). This follows from Lemma 1.

(5) => (6). This has already been shown in the proof of the part (viii) of

Theorem in [9].

(6) => (8). This follows from the fact that every ^-separated 5-tree is an

^4-<5-Rademacher tree. Its proof is very easy and it has essentially been given

in [5].

(8)=* (7). This follows from the fact that T/(A(I)) => {2 l lα/(/(π,i)) :

Λ = 0 , 1 , . . . ; I = 0 , . . . , 2 » - 1 } .

(7) => (1). This follows from Lemma 3. Hence the proof is completed.

These observations indicate that this notion of ^4-separated <5-trees is one

of fundamental and important tools to analyze the property of AΓ-weakly

precompact sets A, when it is combined with ^Γ-valued weak*-measurable

functions.

4. Λ-midpoint-Bocce-dentability

Our main result in this section clarifies the relation between yl-separated

(5-trees and bounded subsets without a geometric property (called the A-

midpoint-Bocce-dentability). Applying this, we get characterizations of K-

weakly precompact sets A in terms of ^l-midpoint-Bocce-dentability. Now let

us define the notion of ^l-midpoint-Bocce-dentability of bounded sets in X as

follows. This is a simple generalization of the notion of midpoint-Bocce-

dentability of such sets introduced by Girardi [5].

DEFINITION 4. Let D and A be nonempty bounded subsets of X and X*,

respectively. We say that the set D is A-midpoint-Bocce-dentable if for every

positive number ε there exists a finite subset C of D that satisfies the following

property (**).
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(**) For every x* e A there is an element x of C such that if x =

( z 1 + z 2 ) / 2 (zi,z2e/>), then |(**,x - zx)\ = |(x*,x - z 2) | |< β.
If A = S(X*), then the set D is simply said to be midpoint-Bocce-dentable.

Then, concerning the relation between bounded yl-separated 5-trees and
bounded subsets without the v4-midpoint-Bocce-dentability in X, we have the
following Proposition 4. Its main part is the latter statement, and the point to
be emphasized is how to make up a non-^4-midpoint-Bocce-dentable bounded
set from a given bounded Λ-separated <5-tree, which is significant. The former
one has essentially been shown by Girardi [5]. Hence we omit its proof.

PROPOSITION 4. Non A-midpoint-Bocce-dentable bounded set contains an

A-separated δ-tree for an appropriate positive number δ. Conversely, every

bounded A-separated δ-tree can be contained in a non-A-midpoint-Bocce-dentable

bounded subset.

PROOF. We give a proof of the latter statement. Let {x(n,i) :n = 0,
1,... i = 0, . . . ,2 n — 1} be a bounded ^-separated <5-tree separated by {*„}„>\
in A. For every n ^ 0, define a subset Dn by

Here \\E\\ denotes the number of elements of E. Then the set D = ( J w > 0 A* is

a non-^4-midpoint-Bocce-dentable bounded subset containing this tree, which

can be shown in the following. Since it is clear that the set D contains this

tree, let us show the non-yl-midpoint-Bocce-dentability of D. For this purpose,

take any finite subset C = {zi,... ,zp} of D. Then there exists a finite set

{H(1), .. ,n(p)} of non-negative integers such that z, €/),,(,•) for every i with
1 ^ / ^ / 7 . Without loss of generality we may assume that max(w(l),. . . ,
«(/?)) = n(p). In order to complete the proof, we have only to show that the
element Xn{P)+ι *n A ^ a s ^ e following property (Pi).

(Pi) For every i with 1 ̂ i^p, there exist two elements MZ, VJ in D
such that Zi = (ui + ty)/2 and ( X * - + 1 , M / — t;, ) ^ 2δ.

Indeed, it easily follows from (Pi) that the following property (P2) holds, and

so the set D is non-^l-midpoint-Bocce dentable.

(P2) For every i with 1 ^ ί g /?, there exist two elements ιι, , Vj in D such

that zt = (ut + Vi)/2 and |(

Now let us show the property (Pi). Since ZiSDn^ there exists a set

{0,l, . . , 2 Λ ( / ) - l } such that
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Let q(i) = n(p) + 1 - «(/). Then we have by the tree property that for every
j e Et,

x(n(i),j) = {x(n(i) + l,2j) + x(n(ί) + l,2/

= {x(n(i) + q{ΐ),2q{ί) j) + *(«(0 + q{ΐ),

+ x(n(i)+q(i),2giή • (j+l)-

Hence we have that

z, = (l/2«« | | ^ | | ) Σ ( X ; W » ( p ) + I,*) : 2«« .j£k< 2^ • (j + 1) - 1}).

So, putting

u, =

α+i)- i } )

and

Vi =

«-i .j ^ k ^ 2q{ί)~ι (7 + 1) - 1}),

we then have by a simple calculation that z, = (MZ + ^i)/25 and further we have
that Uj and t;z are in Dn(p)+χ(cz D). Indeed, let

At = U ί2fc : 2 ^ V 1 7 ^ k ^ 2qiή~l ' U + 1) - 1}

and

Λ/ = U {2A: + 1 : 2^ ) " 1 y ^ A: ̂  2q{i)~ι (7 + 1) - 1}.
jeEt

Then it holds that Au Bt c {0,1,...,2"^)+1 - 1} and
\\Et\\. Hence we have that
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a, = (Σ *(»(/») + U ) J /\\A,\\ and υ, = + h

and so they are in Z)ΠQ,)+1. Finally, we have that for every i with I

- 1})

= 23,

as desired. Hence the proof is completed.

This result combined with Lemma 3 and Proposition 3 yields charac-

terizations of ^-weakly precompact sets A in terms of yl-midpoint-Bocce-

dentability.

COROLLARY 1. Let A be a bounded subset of X and K a weak*-compact

subset of X*. Then the following statements about A and K are equivalent.

(1) The set A is K-weakly precompact.

(2) For every weak*-measurable function f : / —• K, the set D(f) =

(J w > 0 2) Λ (/) is A-midpoint-Bocce-dentable.

'{Here, for every n ^ 0, Dn{f) = {T/(χB/λ(B)) : Be An+uλ(B) > 0}).

(3) For every weak*-measurable function f : I —> K, the set Tβ(J(ί)) is A-

midpoint-Bocce-dentable.

PROOF. (1) => (3). This follows from Propositions 3 and 4.

(3) => (2). Since T/(A(I)) => Z>(/), this also follows from Propositions 3

and 4.

(2) => (1). This part is crucial. Suppose that (1) fails, and let h : / -• K

be the weak*-measurable function mentioned in Lemma 3. Then let us show

that the set D(h) is non-^-midpoint-Bocce-dentable. To this end, let {x*(n, ί) :

n = 0,1,. . . i = 0, . . . , 2n - 1} be the ^-separated ^-tree obtained in Lemma 3

and take any set B e An+\ with λ(B) > 0. Then there exists a nonempty set

E cz {0,1, . . . , 2n - 1} such that B = (J /(«, i). Hence we have that
ieE
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So, A,(A) = ( ( £ * * ( M j / l l ^ l l :Ec{0,l,...,2n-l},Eϊφ\. Thus, in
I \ieE ) I )

virtue of Proposition 4, the set D(h) is non-^-midpoint-Bocce-dentable, whence

(2) fails. This completes the proof.

Note that if {xn}n>\ is a B(X*)-separated <5-tree separated by {Xn}n>\>

then it is an 5(Ar*)-separated J-tree separated by {^/ | |^ | | } Λ >i Con-

sequently, setting A = S(X*) in Proposition 4, we have:

COROLLARY 2. Non-midpoint-Bocce-dentable bounded set contains sepa-

rated δ-tree for an appropriate positive number δ. Conversely, every bounded

separated δ-tree can be contained in a non-midpoint-Bocce-dentable bounded set.

5. ^-strong regularity and Λ-weak*-strong regularity

In this section we give characterizations of ^Γ-weakly precompact sets in

terms of certain kinds of strong regularity of bounded convex sets. For that,

let us give the following Definition 6, which are simple generalizations of strong

regularity and weak*-strong regularity of bounded convex subsets of X*

introduced in [4]. Before giving Definition 6, we need the

DEFINITION 5. Let D be a bounded subset of X*. An open (resp. weak*-

opeή) slice of D is a set of the form:

S(x**,oc,D) = \x*eD: (***,**) > sup (x**,y*) - A

ί resp.S(x,α,Z)) = j x* e D : (x,x*) > s - Λ

where x** e X** (resp. xe X) and α > 0.

DEFINITION 6. Let ^ be a bounded convex subsets of X* and A a

bounded subset of X**. Then the set H is said to be A-strongly regular (resp.

A-weak*-strongly regular) if for every nonempty convex subset D of H and any

positive number ε, there exist positive numbers α i , . . . , αΛ whose sum is one and

open (resp. weak*-open) slices S\,...,Sn of D such that

sup Olx*
x** eA

<nO(xr*\Si) I < e.

If A = B(X), then this set is simply called strongly regular (resp. weak*-

strongly regular).
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In order to characterize A -̂weakly precompact sets A in terms of ^-strong

regularity and yl-weak*-strong regularity, we need the following notion, which

acts as intermediary in our consideration.

DEFINITION 7 ([4]). A subset M of L^ is said to be a set of small

oscillation with respect to λ if for every positive number ε there exists a positive

measurable partition (= {E\,... ,En}) of / such that

for every f e M.

Now we are able to prove an extension of some parts of Theorem VI. 16

in [4]. This is the main result of our paper.

PROPOSITION 5. Let A be a bounded subset of X and K a weak*-compact

subset of X*. Then the following statements about A and K are equivalent.

(1) The set cό*(K) is A-strongly regular.

(2) For every weak*-measurable function f: I —> cδ*(K), the set

{x of: x E A} is a set of small oscillation with respect to λ.

(3) For every weak*-measurable function f : / —• K, the set {x of : x e A}

is a set of small oscillation with respect to λ.

(4) The set A is K-weakly precompact.

(5) For every weak*-measurable function f : I —> K, it holds that

inf{sup|(x,r;(rπ))|}=0.

(6) For every weak*-measurable function f : / —• cδ*(K), it holds that

inf{sup|(x,Γ;(rw))|}=0.

(7) The set co*(Ar) is A-weak*-strongly regular.

PROOF. We note first that the equivalence among the statements (4), (5)

and (6) follows in virtue of Proposition 3, since the set A is A'-weakly pre-

compact if and only if A is co*(A')-weakly precompact. So, in order to

complete the proof, we are going to show that (1) =^ (2) => (3) =»- (4) and

(6) =• (7) =* (1).

(i) (1) => (2). In order to prove this, we follow the ideas of Girardi and

Uhl [6]. That is, we first have the following fact: Let AT be a weak*-compact

subset of X* and / : / —> co*(J£) be a weak*-measurable function. Suppose
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that cδ*(K) is Λ-strongly regular. Then, for every positive number ε and

BGΛ+, there exist positive numbers αi,. . . ,α Λ whose sum is one and subsets

B\,..., Bn of B, all of positive Λ-measure, such that

sup O\
xeA '

< ε.

This fact immediately follows from the yl-strong regularity of co*{K) and

Lemma 1 in §1 of [6]. Now let us show that (1) => (2). Assume (1). Take

a positive number ε. Then, in virtue of this fact, we can use the same

argument as in [6] to get a positive measurable partition {E\,... ,En} of / such

that

sup 0\
xeA \

Since 0{x \ T/(A(E))) = ess-0(x of \ E) for every E e A+, this inequality means

that the set {x of : x e A} is a set of small oscillation with respect to λ. Hence

(2) holds.

(ii) (2) => (3). This is trivial.

(iii) (3) => (4). Suppose that (4) fails. Then we have a sequence {xn}n>\

in A and real numbers r and δ with δ > 0 such that putting An =

{x* E K : (xn,x*) ύ r} and Bn = {x* e K : {xn,x*) ^ r + <5}, then (^4M,.βw)π>1 is

an independent sequence of closed subsets of K. So, by Proposition 1, there

exists a weak*-measurable function h : I —• K such that

\(x,h(t))dλ(t)=\ (x,x*)dy(x*) .•(***)

for every E e A and every xe X.

Now we are going to show that the set {x o h : x e A} is not a set of small

oscillation with respect to λ. To this end, take a positive measurable partition

{E\,...,Em} of 7. Then, in virtue of Lemma 2 in [8], there exist a natural

number p and a finite collection {/i,...,/m} of non-negative integers such

that

and

(β) Ejni(p,2ij), EjΠI(p,2ij-\-l)eA+ for every j with \<.j^m.

Hence, setting Cj = EjΠI(p,2ij) and /), f= ̂ >Π/(/>,2i)' + 1) for every y with

1 < / < m, we have that
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ess-O (xp o h\Ej) ( = sup I (gι - g2)xp ohdλ:gug2e A(Ej) > )

^ f (xp,h(ή)dλ(ή/λ(Cj)-\ (x,9h(t))dλ(t)/λ(Dj)
JCj JDJ

={Ww**'**^7^} /λ{Cj)

'{lφ-Hr-HDfrXηdγ{Xη}/λ{Dj)

(by the equality (* * *) above)

for every j with 1 ̂ j'^ m, in virtue of the remark preceding Proposition 1.
Thus we get that

m m

sup Σλ(Ej) ess-O (JC o h\Ej) ^ ^λ{Ej) ess-O (xp o
^ =i 7=1

7=1

which is the desired conclusion, and so it is contradictory to (3). Hence the
proof of this part is completed.

(iv) (6) => (7). Our proof of this part is influenced by the argument of
Ghoussoub, Godfroy, Maurey, and Schachermayer ([4], Proof of Theorem
VI. 16). Suppose that (6) holds. In order to get the statement (7), we have
only to show that for any convex subset D of cδ*(K) and any positive
number ε, there exist nonempty weak*-open sets U\,...,Un in D such that

sup O ( x
XEA \

Indeed, in virtue of Lemma II. 1 in [4], this implies that there exist positive
numbers α i , . . . , αn whose sum is one and weak*-open slices S\,...,Sn of D
such that

/ .« \
sup OI x
xeA \

That is, we know that (7) holds. So let us suppose that there exist a convex
subset D of cδ*(K) and a positive number δ such that for any nonempty
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weak*-open sets U\,..., Un in D,

sup OI x
xeA \

Then we can construct by induction a sequence {xn}n>\ m A and a system

{ U(n, i) : n — 0 , 1 , . . . / = 0,. . . , 2n — 1} of nonempty convex weak*-open sets

in D such that

(a) U(n 4-1,2/) U U(n 4-1,2/4-1) cz U(n, i) and V(n 4-1,2/) Π V(n 4-1,

2/4-1) is empty for every n ^ 0 and every / with 0 ^ / ̂  2n — 1, and

(b)
/=0

>δ

for every n ^ 0. (Here V(n,i) denotes the weak*-closure of U(n.ί)).

Indeed, assume that { £/(«, /) : n = 0, . . . , k\ i = 0 , . . . , 2k - 1} and

{χn}\<n<k have already been constructed. Take {£/(&,/) : / = 0,. . . ,2* - 1}

as a finite collection of nonempty convex weak*-open sets in D. Then, since

sup OI x
xeA V

there exists an element Xk+ι of v4 such that

O
V ί=0

that is, it holds that

ι=0

2 l

(= (1/2*) ]Γ[sup{(
i=0

6 U(k,ή}

So, use an argument in [4] with a slight modification to get nonempty convex

weak*-open sets U(k+ 1,2/) and I7(fc+ 1,2/4-1) both contained in l7(Jfc,i) for

every i with 0 ^ i ^ 2k - 1 such that K(Jfc 4-1,2/) and V(k+ 1,2/4-1)

(0 ^ / ̂  2fc — 1) are disjoint and

(1/2*) : x* e
i = 0

- sup{(xfc+1, x*) : x* e V{k + 1 , 2 / + 1)}] > «J.
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Now, for every n ̂  1, let An = \J{V(n,2i+l) : 0 ̂  i ̂  2n~ι - 1} and Bn =
\J{V(n,2i) : 0 ̂  i ̂  2""1 - 1}. Then it easily follows from (a) that
(An,Bn)n>1 is an independent sequence of pairs of closed subsets of cδ*(K).
Hence Γ= - [\n^χ{An\iBn) is a nonempty compact subset of cδ*(K). Let
g : / —• Γ (c= co*(AT)) be a weak*-measurable function assured by Proposition
2 and take the sequence {xn}n>\ in ̂ 4 obtained above. Then, since for every
n^ 1

rn(ή=Σ(-iyχIM(ή,

i=0

we have by the remark after Proposition 2 that

{xn,T*g(rn)){={Tg{xn),rn))

= \{xn,9{t))'rn{t)dλ{t)

= Σ i ί (^g(ή)dλ(ή - f (^,ff(0)Λ(/) 1
fco lJ/(i,2i) J/(n,2i+l) J

= Σ

J * ) - f
JΓΠK(/I,2/

= ΣJί ( ) ( ) f
,2i) JΓΠK(/I,2/+1)

( l / 2 n - ι ) [ i π £ { ( x H , x * ) : x * e Γ Π
*=0

'(n,2ι+l)}]

- sup{(xπ,x*) : x* e V(n,2i + 1)}] > δ,

(by (b)) for every n ̂  1. Hence we have that

which is contradictory to (6). Thus the proof of this part is completed.
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(v) (7) => (1). This immediately follows from definitions of y4-weak*-

strong regularity and ^-strong regularity, since every weak*-open slice is an

open slice.

Consequently, all proofs of Proposition 5 are completed.

We conclude our paper with the following summary about AΓ-weakly

precompact sets, which is obtained by combining the results established in [9],

[10] and this paper.

THEOREM. Let A be a bounded subset of X and K a weak*-compact subset

of X*. Then the following statements about A and K are equivalent.

(1) The set A is K-weakly precompact.

(2) The set cδ*(K) has the T-PCP.

(3) For every weak*-measurable function f : / —> K and every Be A+, the

set cδ*(Tf(J(B))) is weak*-A*-deniable.

(4) Every weak*-measurable function f : I —> K is A*-Pettis decomposable.

(5) Every weak*-measurable function f : / —• K is weak*-equivalent to a

A*-measurable function g : / —> cδ*(K).

(6) For every weak*-measurable function f : / —• Ky the set {xofn : xe A,

n ^ 1} has the Bourgain property.

(7) For every weak*-measurable function f : I —> K, the set {x o θ(f) :

x e A} has the Bourgain property.

(8) For every weak*-measurable function f : / —> K, the set T/(A) is

relatively norm compact.

(9) For every weak*-measurable function f : I —• K, it holds that

M< supllxo/a-xo/^ll! I =0.

(10) For every weak*-measurable function f : / —• K, it holds that

inf{sup|(x,Γ;(rπ))|l=0.

(11) For every weak*-measurable function f : I —• K, the tree associated

with f is not an A-δ-Rademacher tree.

(12) For every weak*-measurable function f : I —> K, the tree associated

with f is not an A-separated δ-tree.

(13) For every weak*-measurable function f : I —• K, the set Tβ(A(I))

contains no A-δ-Rademacher tree.

(14) For every weak*-measurable function f : / —• K, the set Tjϊ(A(I))

contains no A-separated δ-tree.

(15) For every weak*-measurable function f : / —• K, the set Tβ(A(I)) is

A -m idpo in t-Bocce-den table.
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(16) The set cδ*(K) is Astrongly regular.

(17) For every weak*-measurable function f : I —> K, the set {x of : x e A}

is a set of small oscillation with respect to λ.

(18) The set co*(Ar) is A-weak*-strongly regular.
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