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AsstrACcT. This paper is concerned with minimax estimation of variance when n
samples y,...,y, are independently normally distributed with common variance.
Here it is assumed that (E(y,),...,E(y,)) is known to lie in an ellipsoid. A new class
of estimators which are quadratic in y,,...,y, are introduced and the minimax
estimators are explicitly given. The case of i.i.d. sample with N(0,42) is discussed as a
special case where the ellipsoid degenerates to the origin. In this case our minimax
estimator provides the minimum mean squared error estimator of o2.

1. Introduction

This paper is concerned with minimax estimation of variance in a model
which is closely related to a nonparametric regression. We consider a sim-
plified model. Let y; (i=1,...,n) be independently distributed as N(y;,0o?),

where both the mean vector (y;,...,4,) and the variance ¢* are unknown. The
mean vector is assumed to lie in an ellipsoid
n
S b < 7 0
i=1

with fixed constants 0 < A} < --- < 4, and a fixed value r > 0. Speckman [21]
introduced such a model by considering a simplified formulation of spline
smoothing in nonparametric regression. Let the observation y; be taken at a
design point ¢ €[a,b]. Suppose that y, = f(¢)+ ¢, where f is a smooth
function, and ¢; is distributed with mean 0 and unknown variance 2. It is
assumed that f has a bounded square integrable gth derivative, and a squared
norm for f is defined by |f?|? = fab IfD()|dr. Let &7 be the space of
natural polynomial splines of degree 2q—1 with knots {¢#,...,t,}, and
{¢1,...,9,} be the basis introduced by Demmler-Reinsch [6]. If f =" B0, €
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&4, then IF9)? = S MpBE, where 4 is the norm for ¢, for 1 <k <n. Note
that 0 = 4y = -+ = 43 < Ag41 < -+- < Ay, and that {g,,...,¢,} spans the space
of polynomials of degree g. Thus a restriction such as 7 ., My < ra?
implies that a tradeoff between residual variance and deviation of residuals
derived from removing polynomial trend is governed by r. Estimating the
function fis referred to as curve estimation. Cubic spline smoothing approach
was also discussed by Reinsch [18], Wahba [23], and an excellent survey was
given by Silverman [20]. The minimax approach for curve estimation was
introduced by Speckman [21]. A study of comparing these two approaches
was made by Carter-Eagleson [3]. The estimation problems of the mean when
it is assumed to lie in a hyperrectangle or more generally a quadratically
convex set were discussed by Donoho-Liu-MacGibbon [7]. One-dimensional
problems are referred to as a bounded mean, which were discussed by Casella-
Strawderman [4] and Bickel [1].

In a usual regression analysis, researcher’s attention is paid mostly on the
estimation of the mean, and the variance is usually estimated in terms of
the sum of squares of the residuals. On the contrary, if a well-performing
estimator of variance is available in advance, we can expect that it often
provides more reliable inference on the mean. Actually ¢? is required to
explore smoothing parameter choice for curve estimation; see Craven-Wahba
[5], Silverman [20], and Hall-Titterington [13]. In nonparametric regression,
difference-based estimators were proposed by Rice [19], Gasser-Sroka-Jennue-
Steimmetz [11]. Also the asymptotically minimum mean squared error and
optimal convergence rate of estimators were discussed by Buckley-Eagleson-
Silverman [2], Hall-Marron [14] and Hall-Kay-Titterington [12]. Ohtaki [17]
provided a multivariate extension of the estimators proposed by Gasser-Sroka-
Jennue-Steimmetz [11] and Ohtaki [16].

The present paper deals with minimax estimation among various methods
of estimating the variance in advance to the estimation of the mean. Minimax
estimators are defined by choosing an estimator for which the maximum of
expected loss over a given parameter space is as small as possible. We will
restrict our consideration on a class of properly selected estimators which
satisfies a particular criterion. Nevertheless, such a class may occasionally
contain the best estimator over wider class of estimators. Minimax estimators
of variance was discussed first by Buckley-Eagleson-Silverman [2] and Fujioka
[9, 10] followed them up. In their discussion estimators of g% are assumed to
be quadratic in y,,..., y, and to satisfy a bias condition E{6?} — ¢* = 0 for all
62>0 at p=(y,...,4,) =0. The resultant estimator takes the form

6'2 - Zjn=l q]yjz
Z;;I qj
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with ¢; > 0 for 1 < j <n. Estimators of the above form often appear in a
nonparametric regression. For example, the kernel-type estimators by Hall-
Marron [14] and the difference-based estimators by Hall-Kay-Titterington [12]
take the above form. These estimators have asymptotically optimal properties.
However, as is shown in §2, an estimator of the form

Z;:l q]yj2

52
o (x;q1,...,qn) = 2
it 0) = S e T <75 @
is superior to 4%(0;q,...,q,) over all ueR” and 6> >0 in view of the

quadratic loss function.

The choice (2) is also reasonable in both Bayesian and non-Bayesian
frameworks. Assume that a prior distribution on u is N(0,xa247!), where 4
is diagonal with diagonal components 0 < A4; < --- < 4,. Then it holds that
E{6%(x;q1,...,qn,)} = a* for all 6> >0 which is a property of unbiased-
ness. Further, the underlying assumption of smoothness (1) may be expressed
in terms of the prior distribution on g; see Lindley-Smith [15], and Efron-
Morris [8]. On the other hand, in non-Bayesian frame-work, such a form
(2) will remove the bias E{6%(x;q1,...,qn)} — 0% = 3, ¢;(u} — x0%/4;)/
(1 gi(1 +x/4)) for all 6 >0 at p= (+/x02/4,..., /x02/2n).

In our study, an explicit expression of the minimax estimator of o2 based
on the form (2) is obtained, and its risk properties are derived. The present
paper is organized in the following way. In §2, the notion of minimaxity is
presented, and the superiority of our estimators is demonstrated. In §3, an
alternative proof for x = 0 is presented. The argument is also valid for x > 0.
In §4, the minimax solution for 0 < x <2/(3_ 4;') is obtained, and it is shown
that the minimax risk of minimax estimators is a simple function of minimax
solutions. In §5, five special cases are described in details. Especially in the
case r = +0, the best minimax estimator among 0 < x < 2/(3 4;") is obtained
when x =2/(3247!), and the resultant estimator 62 =3 y?/(n+2) is the
minimum mean squared error estimator. The minimax estimator when the
mean is known to lie in a sphere is also discussed. In this case, the minimax
solution is obtained for any x, and the best minimax estimator over 0 < x < oo
is shown to be 6> =3 y?/(n+2+7r/2).

2. A minimax approach

In this section, a minimax approach to the estimation problem of o2 is
introduced. Unknown parameters (o2, u) are assumed to be contained in the
following subset of R, x R”",
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0= {(az,ﬂ) eR, xR"

Z/li,uiz <roto® > 0}. 3)

Our interest is to estimate g when the mean is known to lie in an ellipsoid.
We consider a quadratic loss function defined by

PN
L(6%,6%) = <p— 1) .

The risk function is denoted as RL(6%;02,u) = E{L(6?%,02%)|0?%,u}.

The quantity 6*RL(6%; 02, u) is the mean squared error of 42, and can be
decomposed into the sum of the squared bias and the variance of 62. The
estimator 62(x;q1,...,qs) is quadratic in in the sample y,. Therefore, its bias
and variance are straightforward. The risk function can be explicitly written
as

(S aud/o® — xS g/ AJ +4 5 giut/o* +25 ¢}

RL(6%(x;q1,. .-, qn); 0% 1) =

(X g1+ x/4:))?
(4)
The following proposition shows that the estimator 6%(x;q,...,q,) has
smaller risk than the estimator 62(0;qi,...,qx).

ProposiTioN 1. (i) If (X ¢:)* —23¢? <0, it holds that

RL(6%(x;41,--.,qn); 0%, 1) <RL(6*(0;41,...,qn); 0%, 1)

on the whole space of u and * for any x > 0.
(i) If (X q:)* =23 ¢2 > 0, there exists an upper bound x*(qi,...,qn) >0
such that

RL(&Z(X, qi,- .. ’qn);az)ﬂ) < RL(aZ(O,qlv v 7qn);0-2a”)
Sor 0 < x < x*(q1,--.,qn)

on the whole space of u and o?.
(ili) The above upper bound x*(qi,...,qn) can be chosen as 4l /(n —2)
uniformly in (q1,...,q) € R}.

Proor. (i) From the expression (4), we can express the risk difference as
RL(%(0;q1, ... ,qn); 0%, 1) — RL(8%(x; q1,. .., qn); 0, 1)

_ (3" gi/Ai)x(4 + Bx)
(S a1 +x/4)}*




Minimax estimation of variance 65

where

A= 2<Zq,~) { (Zqiﬂ?/az)z +4) qiuf/o’
+ (Z%’) (Zqiﬂ?/az) +2Zq,~2}a
B= (Zqi/li>{(quﬂ?/oz)z+4Zq,-2#,-2/02+2243— <qu>2}-

Since both 4 and B are minimized at u = 0, it holds that 4 + xB > Ay + xBy
on the whole space of u and o2, where Ay = 4(3" ¢,)(3 ¢?) and By = (3 qi/A)
CY - (X)) If (Xg)*—2X¢><0, then 4o >0 and By >0. Thus
it holds that 4 + xB > 0 for any x > 0.

G If (Cg)*— 25°¢>>0, then Ap>0 and By<O0. Letting

x*(q1,...,qs) = —Ao/Bo, we have the assertion.
(ili) The above upper bound x*(q,...,qs) is expressed as
4 ; 2
x*(QI,-u,Qn)— (Z%)(Z%)

B (> 4i/4) ((Z gf-23 qf) .

The two inequalities A1 qi/A < Y .qi <And.qi/2% and Y. q¢?> < (3 q,-)2 <
ny q? for any (qi,...,9.) €eR} lead to x*(q1,...,qn) =4A1/(n—2). This
completes the proof.

Next, we will discuss the maximum of risk function of 6%(x;q,...,q»)
over the parameter space @

M(x;q1,...,4n) == max RL(%(x,q1,...,qn); 0% p).

(o2, m)e®
An adequate estimator will be expected to have smaller risk uniformly on
the whole parameter space ®. We introduce an approach of choosing an

estimator for which the maximum of its risk function is as small as possible.

DeFINITION 1. The estimator 6%(x;§y,...,qg,) is said to be minimax if
(4, ---,q,) achieves the minimum of M(x;qi,...,q,) among all estimators of
the form 62(x;qi,...,q,). We call the value of M(x;§,,...,d,) the minimax
risk of 6%*(x;qy,.-.,q,). In addition, we will call (g,,...,G,) the minimax
solution.

For any given o2, the parameter space (3) can be regarded as a polyhedron
in the space of u2,...,u2. Let p® :=(0,...,0), and u):=(0,...,0,u"
0,...,0), where yii)=\/raz/li for 1 <i<n These points lie on the
coordinate axes of R”", and correspond to extreme points of the above
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polyhedron. Since the risk function (4) is a convex function of /412, e ,u,f, it is
maximized at one of the extreme points of the convex polyhedron. Thus we
can rewrite

M(x;q1,...,4,) = max RL(%(x,q1,...,qn); 0%, u)). (5)
0<i<n
For x = 0, the maximum of the risk function of 62(x;q,...,q,) over @ will be

achieved at one of n points #() for 1 <i<n. In fact, Buckley-Eagleson-
Silverman [2] discussed a minimax approach based on

M(0;q1,...,q,) = max RL(6%(0,q1,...,qn); 0%, u). (6)
Moreover, from (4) it is seen that RL(6%(x,q1,...,q,); 02, u) is a continuous

function of x. We will restrict our attention on x for which we can express
M(x;q1,- . n) as

M(x;q1,--.,9,) = max (rqi/ 4 = x 31 1‘1’/'11)2’*'4”1,2/'1 +230 1411 )

I<i<n a1+ x/)vl))

Actually, this requires that 0 < x <2/(304;"), which will be assumed in our
results.

Next, following Buckley-Eagleson-Silverman [2], the problem of mini-
mizing M(x;qi,.-.,q,) will be reduced to that of minimizing a quadratic form
of q1,...,qn, in terms of the Lagrange multiplier. Define a function

2
L rqi i 4r
L"‘;ql’-'qu):=f2?z:((%-x i)w"‘-)
== 1 ]

n n x
+2) ¢ - (1 +—>
[};qz n;qz py
with a Lagrange mutiplier #. Note that the problem of minimizing

M(x;q1,...,qs) is invariant under multiplying ¢;,...,q, by a constant.
Replacing g; by 7g;/(40*) and multiplying L by 165*/5?, we obtain

(166* /n*)L(x;1q1/(40*), ..., nga/ (45*))
2 n
=1IB?<X,,(< qu) 4rq,) +2;q,2—4lz=1:q1(1+%>.

Consequently, our problem can be reduced to that of minimizing

H(X;qla . ’qn)—lmlaan(x qi1, - '->qn)
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with respect to (q1,...,4,) € R}, where

2
Hi(x; q1y.- -, ‘In = (rql Z ql) 4rql - Z%‘ +2 Z(ql 26]1
I=

l

3. Minimax solution for x =0

The minimax estimator of the form &2(0;qi,...,q,) is obtained by
minimizing
n

H(O;q1,...,q,) =r? lrglasxn(q,-/ii(r))2 + 2;(%2 —2q1)

with 4;(r) = Ai(1 —1-4,1,~/r)"1/2 for i=1,...,n and r>0. Buckley-Eagleson-
Silverman [2] at first minimized H(0;qi,...,q,) over the space {(q1,---,qn)|
maxj<i<n(qi/Ai(r)) = a} for fixed o >0 and then proposed using numerical
computations for the remaining minimization over o > 0. Thus their
expression of minimax estimators involves a redundant quantity «. Fujioka [9]
followed up this work, and gave an explicit expression of the minimax
estimator. However, the minimax problem for x > 0 is so complicated that
their technique is no longer applicable.

We give an alternative argument valid for obtaining the minimax solution
for x > 0. We begin with summarizing the result for x = 0.

TueOREM 1. Let r¥) be a unique solution of an equation r* =25"_, A(r)
(Ai(r) = Ai(r)) for 2 <i<n, and put ¥V =0 and r"*V) = 0. Then the min-
imax solution for r) < r < ri*1) (1 <i < n) is expressed as

250, 4
) i M0 orj<i
Gi(r) = r2+2% ., Ar)
1 for j > i.
PrROOF. Rewrite the function H(0;qi,...,q,) as

E(O;ql,...,q,,)=r2(max ——) +ZZ —2q)).

I<i<nA,

We consider the problem of minimizing H(0;qi,...,q,) Wwith respect to
(q1,--.,9,) eRY. Note that H;(0;q1,...,9,) = Hi(0;q1,...,q,) is equivalent
to gi/Ai(r) = qj/4;(r) for i # j. Define subsets of R by

Si:={(q1,---,qn) eRY|H(0;q1,...,4n) = Hi(0;41,...,4n)}
={(q1,..-,9n) €eRY | qi/Ai(r) = qi/Ai(r) for 1 <1 < n}.
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From the fact that R} = U;;]Si together with the definition of S;, the problem
of minimizing H(0;qi,...,4,) on R’ can be reduced to that of seeking for
(q1,---,9,) which attains

min min H(0:q,...
1<i<n(q1,...qn) €S; (Oiq1,-4n)

or equivalently,

min  min _ H;(0;q1,...,4q,).
1<i<n(qi,....qn) €Si

It is easily seen that the function H;(0;qx,...,q,) is minimized over R’} when
¢ =4, (r) with
24i(r)?
0 _ 24" 5 forj=i
q;'(r) = r2+2A(r)
1 for j #1i

forl<i<n 1If (qgi)(r), e ,qf,')( )) belongs to S;, the function H;(0;qi,...,qn)

is minimized over S; at that point. Unless (q(li)(r),...,qs,i)(r)) belongs to S;,
the function H;(0;q,...,q,) is minimized over S; at one of the boundary
points of S;. Since the contours of H;(0;q,.. ,q,,) are ellipsoid surfaces with
its center at (qgi)(r), e ,qn)(r)) the location of (g )(r), gy ( )) is substantial
for the problems of minimizing H;(0; ql,...,q,,). It is straightforward that
a2 (/A2 () > g2 (/47 (1) or equivalently,

Hi1(0,40(r),...,d9() > Hi(0;4(r),...,q" () for2<i<n (8)

Therefore, (¢\"(r),...,q (r)) ¢ S; for 2 <i<n. This implies that the mini-
mum of H;(0;q1,...,q,) over S; is achieved at a point on the boundary of S;.
By the definition of S; for 1 <i < n, S; is the intersection of n — 1 half-spaces
in R}, and can be expressed as

Si = 01#{(‘11»---,%) ER:- |Hi(0;q1)"-’qn) > Hl(o;ql,-~~7¢1n)}~

The boundary of S; is a union of hypersurfaces {(q1,...,4x) €eR}|
H;(0;q1,...,9n) = Hp(0;91,...,q9,) = Hi(0;q1,. .,q,,) for | #k, i} for k#i.

Moreover, ‘(q(li)(r),...,q,, (r)) satlsﬁes inequalities q1 (r)/ll( ) > > q,(')l( )/
A1 (r) > ¢ (/A1 (r) > -+ > ¢ (1) /an(r) or equivalently,

H(0;¢7(r), ..., g0 (1) > -+ > Hi1(0;4"(r),...,qP(r))
> His1(0,47(r), ..., qD(1)) > - > Hy(0;,4°(r), ..., (r).  (9)

From the inequalities (8) and (9), it follows that (qli)(r),...,qﬁ,i)(r)) € S for
2<i<n. Since the contours of H; (0;q,...,q,) are ellipsoid surfaces with
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center (q(')( ),...,qf,')( r)) in S), the minimum of H; (0;q,...,qn) over the
hypersurface

{(q1,---,9n) e R | Hi(0; 41, ..., qn) = Hi(0; 41, - ., )
> Hi(0;q1,...,qn) for I #k, i}

is achieved at a point within S; for 2 <i <n. Therefore, the minimum of
H;(0;q1,...,9,) over S; is achieved at a point on the boundary of S; for
2<i<n. Note that values of two functions H;(0;q1,...,9,) and
H{(0;q,...,9,) coincide with each other on the boundary S;NS;. Con-
sequently, we have only to seek for (qi,...,q,) which attains the minimum of
Hi(0;q1,...,qs) over S;. Again, note that the location of (¢\"(r),...,q%"(r))
is substantial for minimizing H;(0;q,...,q,). Since (qél)(r),...,qf,l)(r))
satisfies

Hy(0;0" (), ...,q" (1) > - > Ha(0;4"(r), ..., g (),

1t follows that (q(”( )y g (r) lies in S, US,. If r<r(2), it holds that

W)/ a(r) = ¢ (1) 22(r). Therefore, (¢\"(r),...,q"(r)) lies in S, and
mlmmlzes Hi(0;q1,...,qn) over Si. If ¥ <r, the point (¢i"(r),...,q\" (r))
satisfies

Hy(0;6(r),...,aM () > Hi(0;6" (), ...,a" (),

and lies outside of S;. Thus the minimum of H;(0;qi,...,q,) over S is
achieved at a point on S;NS;. We can obtain the point achieving
the minimum of H1(0;q1,...,q,) over the hypersurface {(qi,...,9x) €R}|
Hi(0;q1,...,9:) = H2(0;91,...,4x)} as

~(2) 240) ~|;222(r) 5 4i(r) forj<2
q'(r) = r2 + 241 (r)° + 242(r)

1 for j > 2.

If @ <r<r®, (qu)( )y .,@2(r)) lies in Sy, and minimizes Hi(0;qi, ..., qn)
over S;. On the other hand, if r® < r, it holds that

H(0;37(r), ..., () = H2(0;30(r), ..., a2 () < H3(0;37(r),-...d2 ().

Thus the point (q (r) ..,q,, ( )) lies outside of S; N S,, and the minimum of
H,(0;q,...,9,) over S) is achieved at a point on S; NS, NS;. This procedure
can be repeated as follows. Let

| 2 Z[i=1_ Ai(r)
@) =4 P12y, w()?
) for j > i

Ai(r) forj<i
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for 2<i<n If ) <r<ri+) we have

@ ),...,q0) =arg  min _ Hi(0;q1,...,qn)-
(91+-19n) €S

In fact, if r') <r <r@*D, then the minimum of H; over {(q1,...,qx) € R" |
Hi(0541,...,4n) = - = Hi(0;q1,...,qn)} is achieved at (G’ (r),...,g5 (r)), and
@ m,... ,q,,)(r)) lies in (),_,S. Now let Sy; be

{(q1,---,qn) eRE | H1(05q1,...,qn) = -+ = Hi(0;q1,...,4n)
= ZHn(O;qla---,qn)}

for 1 <i<n. It is concluded that if r® < r < rl*D we have

arg min _ H(0;q,...,q,) =arg min _H(0;q1,...,4qn)
(91,-9n) eRY (91,-9n) €St

=arg min H(0;q1,...,9n)
(q15-+Gn) € Si

= @), ,a ()
for 1 <i<n. The minimax solutions c}j(' D(r) and q(')(r) are calculated in
adjacent intervals of r, and also they coincide with each other at r=r®. Thus
r) can be obtained as a solution of the equation q1 (r) ”(')( r). This
completes the proof.

The way of obtaining the minimax solution for x = 0 is summarized as the
following three stages.
Stage 1: To compute the quantities

@),...,q"()) =arg  min _ H0;q1,...,qn)
(q »qn) R

for 1 <i<n.
Stage 2: To check the inequalities

H (0,40 (7, ...,q(r) > - > Hi.1 (0,4 (1), ..., 4 (r))

> Hi1(0;¢1 (1), ..,qP(r) > - > Ha(g (),...,qP(r)  (10)

and
Hii(@ (), ..., 4P (1) > Hi(0;41 (r), ..., 4{(r)) (11)

for 1 <i<n.
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Stage 3: To compute

@m),...,d" () =arg  min _ Hy(0;q1,...,4n)

(q1+-+qn) €Si
for 1<i<n
In Stage 1, we specify the centers of ellipsoid surfaces which yield contours
of functions H;(0;4qi,...,q,) for 1 <i<n. The inequalities in Stage 2 will

give us the locations of the centers obtained in Stage 1. The center
@ ), ...,G () lies in S; U Sy, and the other centers (G (r), ...,3\ (r)) lie in
Si. Thus our problem can be reduced to that of minimizing Hi(0;qi,...,qx)
-on S), more precisely, that of minimizing H;(0;4i,...,g,) on Sy; for 1 <i < n,
which is calculated in Stage 3.

4. Minimax solution for x>0

In this section the minimax solution for x > 0 is discussed. In fact our
discussion in the proof of Theorem 1 is valid for this general case. The next
assumption is required in order to apply the first two stages described in the

end of §3.
o<xs2/(z,1;‘>.
I=1

ASSUMPTION 1.

The following lemma gives us (g1,...,9,) which achieves the minimum of
Hi(x;q1,...,q,) over R} for 1 <i<n, which is the first stage for the case
x> 0.

LemMa 1. Under Assumption 1, Hi(x;q1,...,q,) is minimized over R}

when ¢; = qj(-i) (x,r) with

Ait+r xX—r

R PRy

_ ED(x,r) forj=i
g (x,r) = .
1+=EO(x,r) for j # i
Aj
where
£0(x.r) = (r2 4 541 + 22w — (W + 24w)r + 4w + A2v)x
’ (i + A7+ w)x2 = 2wrx + (r2 + 447 + 242w

with v = (Zlaei)“l—l)(zheill_z)_l and w = (El#iil_z)_l-

Proor. First, let 6 = Y7, ¢;/4; and u = (g;/4:)(3 ), 4;/4)”". Then the
quantity ¢; is expressed as g; =dud;, and the other g;’s satisfy the relation
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> j#i9;/% =0(1 —u). Further, we have
Hi(x;q1, - - - qi-1,0Uli, Qis1, - - - ,qn)

= 6%{(ru— x)* + (4rk; + 227)u?} — 40(x + Aiu) + 2 ) (g7 — 24;).
J#i

The minimum of the last term in the above expression of H;(x;qi,...,q,) with
respect to g; (j # i) under the constraint ) ;,;q;/4 = (1 —u) is attained at
g; = qj(u,0) with

qi(u,0) = 1+ (wd(1 —u) —v)i;" for j #1i,
and the minimum value is 2(wd(1 — u) — v)*w=! —2(n — 1). Then we have
Hi(x;q,(u,0),...,qi-1(u,0),0ul;, qiy1(4,0),. .., qu(u,0))
= 0% {(ru — x)* + drap® + 2217 + 2w(1 — u)*}
— 40(x + Au+v(1 —u)) +20*w = 2(n —1).

Next, the minimum of H;(x;q;(u,9),...,qi-1(4,0),0uli, qiv1(4,0),...,q.(u,0))
with respect to J is attained at J = d(u) with
2(A4i —v)u+2x+2v
o(u) = 2 2N 2 27
(ru — x) + (4rd; + 227 u? + 2w(1 — u)

and the minimum is given by —4G(u) 4 2v*w~! —2(n — 1) where

_ ((li~v)u+x+v)2
Glu) = (ru— x)* + (4rk; + 222)u? + 2w(l — u)*’

Let # = arg max,G(u). Then, qj(.i)(x, r) for 1 < j<n will be obtained as

. o(n)uud; for j=1i
q(l)(x, r) =
/ 1+ (wo()(1 — ) — v)A;" for j #i.

Now we will seek for # and d(%). Differentiating the logarithm of G(u) and
equating the derivative to zero, we have
Ai—v o u(r? + Ark + 227 4 2w) — (rx + 2w)
(hi=—v)u+x+v  (ru—x)*+4riu? + 242u? + 2w(1 — u)?’

(12)

Consequently, we obtain

(r+ 4 — v)x? + (rv 4 2w)x + 24w
(r2 — 1o+ Srd; + 22 + 2w)x + r2o + drdp + 20w + 2270

u=



Minimax estimation of variance 73

and

(=r = Ai + 0)x2 4 (P2 4+ 5rd; + 227 — 2r0)x + (r% + 4rd; + 200

1-a=
(r2 — ro+ 512 + 227 + 2w)x + r2v + drip + 22w + 2470

Now we must check the condition 0 < # < 1. Note that Assumption 1 can be
written as 0 < x < 2A4,w/(w + A4;v). The denominator of i, equivalently, that of
1 — & is expressed as

2liv(w+21iv)

(P2 4+-5Ar+227 4+ 2w)x+or? +
w+A;v

24
r+2,1,~w+2/1,-zv+vr<—'—w——-x).
w+Av

The numerators of # and 1 — # is expressed as

2w? 24w
N 2 . i —_—
(r+A)x"+ (rv+ . liv>x+2l,w+ vx(w+ g x)

and

; 2 3
o + <r2+3l,w+51,vr+ 245 )x

w+ Aiv w+ Aiv
47?2 ;
+vr2+—Lr+22,?v+((r+/1,-)x+2rv) 24w -x),
w4+ Aiv w+ Ajv

respectively. Hence 0 < ## < 1 by Assumption 1. The equality (12) leads us
to
i 2()., - U)

(r2 + 4rd; + 222 + 2w)it — (rx + 2w)

(@)

(r? 4+ 504+ 207 4 2w)x + 20 + Ardv + 24w + 2470
QAir + A2 + w)x? = 2wrx + (r2 + 4rd; + 241w

Similarly it can be verified that J(i) >0 under Assumption 1. Finally we
obtain an explicit expression of q](-')(x, r) in terms of ¢V (x,r). It can be seen
that

r+ A xX—r

Sy = +
(®) 2di + AL 2rdi+ A}

ED(x,7)

and
wo(i)(1 — it) — v = xED(x, r).

This proves the assertion.



74 Teruo Fuioka

REMARK 1. It can be verified that £?(x,r) > 0 under Assumption 1. Let

w(r? + 5r; + 227

M) = T 20) + 2w 4 An)

Then, it holds that &?(x,r) > 0 if and only if x < %(r). In addition, from the
inequality 2/(21,_])<5c(r), it is seen that that ¢?(x,r)>0 if 0<x<
2/(> l,"). Such a property will yield convenient inequalities in the follow-
ing Lemma 2. Taking the limit, we obtain %(+0) =2/(34;!). Thus
Assumption 1 is inevitable for Lemma 2.

ASSUMPTION 2.
n n 2 n—-1
A'> max | (4, —4)Y 472 )and Al >4 it

Assumption 2 will avoid extreme unbalance in A;’s, and exclude unrealistic
assignments of A;’s. It is not a severe restriction on A;’s unless n is small

LemMMA 2. Under Assumptions 1-2 the quantities (qgi)(x, r),... ,qf,')(x, r)
satisfy the inequalities

Hi(x¢" (6,0, ...,qP0x,r) > > Hii(x,47(x,7), .., 49 (x,7))

> Hin1 (543 (6,1, ., 4D (%,1) > -+ > Ho(x; 41 (x,7), - .., qP (x, 7))

and

Hio (%" (x,0),...,4P(x, 1) > Hi(x;4(x,7), ..., 4D (x,7)). (13)

Proor. Recall that
1
!

+x2<i%> —4x qu+z —2q).
=1

The first term is substantial to prove the assertion. Since ¢ (x,r) > 0 under
Assumption 1 by Remark 1, we have

>~

Hi(x;q1,...,qn) = f’ (( +4A)Z—_
J

g (x,r) > - >¢M&>>1+56%xw>¢&uw > ¢ (x,r) > 1

and
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1+ > ¢ (x,1). (14)

If we can prove that for 1 <j<n

ﬁ4_if<1+£

py y &0 (x, r)> —2xd(i1) > 0 (15)

then the inequalities (14) imply (13). Since the left-hand side of (15) is
decreasing in j, it is sufficient to prove (15) for j =n. Write the denominator
of £9(x,r) as V. Then V is the denominator of i, which is positive by
the proof of Lemma 1. Setting W) := (r+4x¢9(x,r))V and W,:=
(4 — 2x0(%1))V, we have

Wi = (24 + (A = 3w — 8A%0)r — 43w — 4A%0)x
+2w(r? + 1047 + 447)x + w(r® + 42r% +24]r),

Wy =2r(v — A = r)x* — (2ur® + 8(w + Aiv)r + 44w + 4A7v)x
+dw(r? + 44 + 212).

Thus it follows that

4w(A,w + A20)
_ 2 _ 132 n i
Wy + IWo = (W +24,0)rx" + (r — 4;)"rw + Twiio
QA2+ 2w (w + l,-v)z 4
+ -
(w + Aiw)? Aiw w

4wrx
w+ Aiv

2).,'W 2 2).,‘W
+2 (w+l,~v_x> +Zz(w+/liv_x)

Z, = 2),,'7'2 + /1,-21‘,

{W+ Ao + 202 = Aida)r 4+ Li(3w + Ao + A2 — Aidn)}

where

Zy = (248 + (24iAn + 4w + 82,0)r + 4wl + 421v)x
+2(w+ Ao)r? + 8An(w + Aiv)r + 44iA,w + 41,-21,,0.

Assumption 2 implies that w+/1,~v+il.2 — AiAn =0 for any i, and that w—
422w/ (w + Aw)? > 0. Also, Assumption 1 implies that 24;/(w + ) — x > 0.
The remaining terms are all positive. Consequently, W; + A,W, > 0. This
completes the proof.
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Stage 3 described in the end of §3 implies that we have only to minimize
Hi(x;q1,...,q,) With respect to ¢i,...,q, under the constraints

2 2
a1 g\ 4at__(re_ =g 4
I xZ Ll it Dy Rt (16)
j—l _1_1 ]

Let u; = (qi/A) (X1 g1/ A1) 1 for 1<i<n. Then, the quantities u,...,ux
satisfy relation

(ru; — x)2 + 4r,11u,2 == (ruy — x)2 + 4rlku,f.

Let c2r? 4+ x? be the common value. Then u; solves the equation (ru — x)2 +

4riu® = c*r? + x%, whose positive solution is given by

2 N2
X+ /x2+r(r+44)c for 1 <i<k.

r+4j.,‘

ui(c) =

Before describing a theorem which gives the minimax solution for x > 0
we will prepare some notations. Define sequences by vr = (3.4, Ah
e D wme= (e A for 1<k<n—1, and v, = w, =0. Let
¢®) .= argmax, Fi(c), where

(x + ok + Z,k_ (i — vk)u,-(c))z

Fk(C) = 2 k 2
2 +x2+ 25K 22ui(e)® + 2wk(1 -2 ui(C))

for 1 <k <n-—1, and let & be the solution of the equation Y I, u(c) = 1.
Note that é¥ (k =1,...,n) are functions of (x,r). Define

2x+ 25k, Jan(e) + 20 (1= K wi(e) )
c2r2 +x242 Z,_l ,u,(c) + 2wk(l Z,k=1 u,~(c))2

(5k(c) =

and tx(c) := wpdr(c)(1 — Z _ui(c)) — v for 1 <k <n. Now define functions
g (x,r) by

O ry = { HEOEDS for j <k

’ ’ 1+ Tk(ﬁ(k)))v._] for j >k
for 1 <j<n.

The following theorem gives an explicit expression of the minimax solution
for 0 <x<2/(5 A7)

THEOREM 2. Let r®)(x) be a unique solution of qg’“”( r) = qs )(x, r) for
2 <k <n, and put ¥V (x) =0, r"*V)(x) = co. Then under Assumptions 1-2 the
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minimax solution for r*)(x) < r <r®*D(x) (1 <k <n) can be expressed as
g(x,r) =4 (x,r) for 1<j<n.

Expressions of the minimax estimators obtained in Theorem 2 have distinct
forms on intervals [r*)(x),r "“)( )] of r. Two expressions corresponding
to the adjacent intervals [r*~!(x),r®(x)] and [r®)(x),rk*D(x)] coincide at
r=r®(x). Thus we have q(’“”( r®(x)) =q}k)(x, r®)(x)) for j # 1, although
) (x) is determined by G\~ 1)( 0 (x)) =g (x, r®) (x)).

Proor. Lemmas 1 and 2 complete the first two stages, respectively. We
have only to minimize H;(x;qi,...,qn) With respect to (qi,...,qn) under the
constraints (16) for 1 <k <n. First we consider the case that ] <k <n-—1.
Under the constraint (16), the quantity ¢g; for 1 < j < k is a function of ¢ and
=3 qi/A, and can be written as g; = g;(c,0), where gj(c,d) = du;(c)4;.
Thus the function H; is a function of (c,d, qk+1,9n), and we have

Hl(xv ‘11(0,5)’ .. 'aqk(cyé)vqk+|" .. ?qn)

k
=02 (czr2 +x242 Z u1(c)2112>

=1
n
—46<x+ Z w c)l;)—i—ZZ —2q1
I=k+1 I=k+1

By definitions of 6 and u;(c) the quantities g; for k + 1 < j < n satisfy a relation
Sk di/ A =06(1 - Z,’;, uj(c)). The minimum of the last term in the above
expression of Hy(x;qi,...,q,) with respect to gx.1,...,q, under the constraint
S /4 =01 = S5 ui(c)) is attained at g; = g;(c,d) with

k
gj(c,0) =1+ <wk(5<1 - Zu,(c)) - vk>lj_l fork+1<j<n,
I=1

and the minimum value is given by 2(w;d(1 — Z};l uj(c)) — vk)zw,;‘ —2(n—k).
Then, we have

H, (X; 41(0,5)7 cee »CIk(C&)aqu(C»(S)a o aqn(cvé))

X 2
(52{02r2+x +22&2u] +2wk<1 Zu,-(c))}

Jj=1 Jj=1

k
— 45{x + ZA ui(c) + v <1 — Zu,-(c)) } + 202wt —2(n — k).
=1

j-—
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Next, the function H,(x;qi(c,0),...,qx(c,0),qk+1(c,8),...,qn(c,8)) is mini-
mized with respect to 6 when J = dx(c), and the minimum is given by

H(q1(¢,01(c)), - - -, (e, 61(€)), qs1(€,0k(c)), - - -, gn(c, 6k (c)))
et T (o) + o (1- Ty w(0) )
- 2
2 4 x2 425K 22u(c)? + 2w (1 ~ vk, uj(c))

+ 202wl = 2(n — k). (17)

The above expression can be written as —4F(c) + 2v?w;! — 2(n — k). There-
fore this minimization problem reduces to the maximization of Fi(c) with
respect to ¢. Next, we consider the case that k = n. From the constraint (16)
for k = n, the g;’s can be expressed as g; = du;(¢")4; for 1 < j < n, where &
is the solution of the equation ) ' #(c) =1. Then, Hi(x;q1,...,qn) is a
function of 9, and is expressed as

Hi(x;105), ..., qn(6)) = (E("W +x242) z}u,.(an)y)

=
n
- 4(5<x +y A,u,((?("))) .

)
The function Hi(q1(6),...,qn(6)) is minimized when & =2(5n(c(")), and
the minimum value is given by —4{x—|— i1 At ))} {c™2r? 4 x24
23, A (M)2}~! Finally replacing ¢ in qj(c d(c)) by é® for corre-
spondmg 1ntervals of r, [r®), rk+1)] for 1 < k < n, we obtain (q1,...,g,) which
provides the minimax estimator of ¢2. This completes the proof.

REMARK 2. Assumption 1 is a sufficient condition for (7). Let

Ho(x,q1,- .., qn) = X° (Z"’) 4xd T +23 (4 ~2a).
=1 =1

Then, it follows that H(x;qi,...,q,) — Ho(x;q1,...,qn) = max|<;<n(rqi/Ai)
(rqi/Ai — 2x5 qi/ ;) is a decreasing function of x. We have only to show that

for x=2/(Z4")
max RL(6%(x;4; (x,7), - - - Gu(x,7)); 0%, p)

1<i<n
> RL(6*(%q1 (%, 7), - - Gn(x,7)); 6%, ). (18)
The above inequality will be demonstrated in §5.4.

To illustrate the form of minimax solutions given in Theorem 2, we present
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1.25

1.15
33)
1.1
[ 2(3)
1.05 _ 1 3)
[ — " L L — " " " 1 1 " 1 r
0 0.05 0.1 0.15 0.2

Fig. 1. The components of the minimax solution on the r-interval (0,0.2] for x = 1/(3A4;!) =
0.364 in the case n=3. We set (d;,42,43) = (1,1.1,1.2). The values of r)(x) are given by
r@(x) = 0.0307, ¥ =0.0924. The graphs of qj(i) (x,r) are described with labels “j(i)” at the right,
respectively. Three thick curves yield components of the resultant minimax solution.

simple figures of g;(x,r) as functions of r in the case n=3. We set
(A1, 42,43) = (1, 1.1, 1 2). Three values of x are chosen as one of representative
value x=1/(}_ /l,'l), and two boundary values of Assumption 1. Note that
the cases of the latter two value of x will be described in the next section.
The minimax risk of our minimax estimator is rather simple as we see in
the following Proposition 2, despite of complicated expression for minimax
solutions in Theorem 2. This simple form of the minimax risk was also
obtained by Fujioka [9], and its properties were discussed by Fujioka [10].

PROPOSITION 2. The minimax risk of 62(x;q,(x,r),...,q,(x,r)) is given by
2
o) (1 + x/4)

Proor. It can be shown by Theorem 2 that if r*)(x) < r < rk+1(x)

Z (k) dk(c(k))Zuj N+ (n—k)

+ <Wk5k(5(k)) <1 - Xk: u,(E(k))) — vk> vkw,:1

I=1

M(X;QI(xvr)v"WQn(xvr)) =




80 Teruo Fusioka
for 1 <k <n. Recalling that 7 lc}j(k (x,7)/ A = 0 (¢®), we have
. k
Z 7 (x,r)(1 + x/4;) = 8 (¢™)) (x + v + Z(Aj - vk)uj(c))
j=1
+ 202wt = 2(n — k).
On the other hand, from (17), it can be seen that

k
H(xq (x,7),...,d0 (x,r) = =20 (W) <x ot (- vk)u,(c))

=
+ 202wt = 2(n — k).

Hence, we obtain
= (k
A, d)en) = -2 gPn( +x/4).  (19)
j=1

A relation
M(x,3{ (x,7),... g0 (x,7))
Hxa (xr), -0 (%) +42,_1q,"°) (x,r)(1 +x/4)
(S e+ x/4))

together with (19) proves the assertion.

We will fully examine five special cases in the last section, and will give
illustrative figures of components of minimax solutions.

5. Special cases

In this section we consider five special cases; (a) r < r®(x), (b) r — o0, (c)
x=0, x=2/3 l, , (€) 4y =---=1,. Among these five cases, the case
(a) 1is very important from a v1ew-point of practical applications. The
minimax estimator treated in the present paper was originally introduced for
the spline smoothing method in nonparametric regression. Thus the mean
function is required to change slowly. This requirement indicates implicitly the
assumption that r is small. In the case (b) we will concentrate on sufficiently
large r. Then the mean vector is no longer restricted. This situation is
somewhat theoretically interesting, even though it may be unrealistic. Note
that both cases (c) and (d) are the boundary cases allowed under Assumption
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1. In the case (e) the mean is restricted in a sphere. ~Minimax solutions can
be obtained for any x > 0.

5.1. The case (a): r < r@(x)

The quantity q}l)(x, r) given in Lemma 1 itself provides us with the
minimax solution, and its explicit form is given by
A+ X=r . .
—_— forj=1
~(1) Al +2r+11 +2r6 (x, r) forj
q; (x,r) = x
1 +A—é(1)(x,r) for j # 1
J

where

(r + SAir + 220wy — (w1 + 24100)r + Jywy + A2oy)x
(211r+ 112 + Wl)x2 — Zerx + (r2 + 411’,_*_ 21]2)W1

&Wx,r) =

An interesting special case is r = +0. Taking the limit of the above
expression, we have

-1
~(1) x 2— xz /11 .
Wix,40)=14+4=-"—"=" _ forl<j<n.
q] ( ) )'j 2 + X2 Z 11—2 J
Thus we obtain a variety of minimax estimators 62(x;g, (x, +0),...,§,(x, +0))

for 0 <x <2/(X4"). The minimax risk of the minimax estimator is given
by

22+ X207
n+2)2+x2 47 - 2-xT A4

M(XQ‘?I(x’ +0),. .., G,(x,+0)) =

and is minimized over 0 < x <2/(3_4;') when x =2/(30A7"). The resultant
estimator of o2 is ¢>=3Y y?/(n+2), and its minimax risk is given by

2/(n+2).
The case r = +0 implies that the mean g vanishes. In other words, the
sample y,,...,y, is assumed to be independent and identically distributed as

N(0,62). This case is very similar to the standard theory of statistics. Our
result shows that the estimator 62 =Y y?/(n+2) is the best minimax esti-
mator. The counterpart of the standard theory of statistics is that this
estimator is the minimum mean squared error estimator of 2. Thus we can
expect that the restriction (2) on the form of estimators may not exclude good
estimators in a wider class. :
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5.2. The case (b): r — o©

When r > r"(x), the minimax solution is expressed as
g (x,r) = 6a(EM)u(@)4; for1<j<n

where ¢™ is the solution of 3" u;(c) = 1. For sufficiently large r, the functions

uj(c)’s can be approximated by ¢ commonly in j. Thus we have ¢® = 1/n
approximately. ~ The common factor in the form of g )(x r) can be
neglected. When r tends to infinity, the limit of the minimax estimator is given
by

so TV
YA+ nx

for 0 < x <2/(34"). The minimax risk is obviously infinite. Actually, we
have

2

lim M (68" (x,1),, 40 (x,1)) /r? = —————.
r—oo 1 (Z ).j + nx)2

5.3. The case (c): x=10

We substitute x =0 formally for the minimax solution in Theorem
2. Note that u(c) = c(1+44/r)™"* = ci;(r)/4. We can evaluate &*) =
argmax, Fi(c) explicitly as

a0 _ 2w Yy Aa(r)
uk(r2+2z,’;1 Ai(r) )+2wk(z, () //1,) (2, A )

Also, we obtain

Uk(’z +23°8, 1/(’)2) + 2wy (Z: p Ai(r) //11) (Zz p Au(r )
2wy (I‘2 + 221:1 Ai(r) )

8(EW) =

and 7;(¢®)) =0. These calculations yields an explicit expression of the
minimax solution for x = 0. The resultant expression of §;(0,r) coincides with
that given by Fujioka [9] which is summarized in Theorem 1 in the present
paper. A graph of each component of the minimax solution g;(0, ) is given in
Figure 2. The case n=3 is one of the simplest, but it is sufficient to
comprehends fundamental features of minimax solutions for a general n.
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Fig. 2. The components of the minimax solution for x = 0. The values of r)(x) are given by
r®(x) = 0.0248, r®(x) = 0.0734.

By Proposition 2, the minimax risk is given by

— ; P2 +45K ur)?
M©0;390,7),...,40(0,7) = 2rH4) .
A A+ - b + 25k 407

Fundamental properties of the minimax risk for x =0 were discussed by
Fujioka [10].

5.4. The case (d): x =2/ ).,'l)

First we will show that /)(x) = ... =" (x) =0. From the argument in
the case (a), we have qj(-l)(x, +0) =1for 1 <j<n. By the definition of r™(x)
it suffices to prove that q](.") (x,40) =1 for 1 <j<n. The quantity is

determined by S #;(¢™) = 1. Approaching r to zero, we have

n x4+ \/x2 4+ lim,_, 4o r(r + 44;) 2
4); -

=1
In the case x = 2/(34;"), it holds that lim,_, o r(r + 44)é®2 =0 for 1 < j <

n. Thus it is verified that lim,_,ou;(é™)=1/(4347"), and also that
lim,,106,(é™) = " A7, Therefore, we obtain c}j(-") (x,+0) =1 for 1 <j<n,
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1.06

1.04 3

1.02

3(3)
2(3)
13

0.98

0.96

094 0.05 0.1 0.15 0.2

Fig. 3. The components of the minimax solution for x = 2/(3 A;!) = 0.729. . The values of r)(x)
are given by r?(x) = r®(x) = 0.

which implies that r™(x) =0. By Theorem 2, the minimax solution is given
by
3" (x,1) = 6a(E)uy(@)4; forl<j<n

for any r > 0. The resultant estimator is given by
o Duw(E)ky?
S @k +x

Thus the minimax solution has a single piece of form. Figure 3 is depicted on
the same setup as that of Figures 1 and 2 for their comparisons.
By Proposition 2, its minimax risk is given by

F 0 (6, 0 ) = o LR
(X wi(em)4; + x)
On the other hand, the risk at = u© is given by
=ﬁ+zwwwg
(X w(@)i; +x)°
By Remark 2, the inequality (18) is valid for 0 < x <2/(34").

RL(2 (%3 (x,7), - ..,3" (x,7)); 0%, u®)
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5.5. The case (e): 4j=---=4,=1

Let A; approach to 1 for 1 <i <n simultaneously. The mean will be
restricted within the sphere 3~ u? <rg?. Assumption 1 implies that 0 < x <
2/n. Note that wuj(c)=---=uy(c). By the definition of &é", we have
u(é™) =1/n for 1 <j<n. It is straightforward that §,(¢™) = 2n%(x+1)/

{n?x? — 2nrx +r? + 4r + 2n}. Hence, we have

2n(x + 1)
n?x2 = 2nrx +r? 4+ 4r+2n

3" (x,r) = forl<j<n

On the other hand, from the case (a) we have

1+r x-r
iV = 1+2r 142
1+ xEW(x,r) for j # 1

WD(x,r) forj=1

where

(r? 4 5r 4+ 2)wy — ((w1 + 201)r + wy + v1)x
2r+ 14 wy)x2 =2wirx + (r2 +4r + 2)w;

EW(x,r) =

Taking the limit in the above minimax solutions, we have qj( (x,+0) =
q](")(x, +0) = 2(x + 1)/ (nx? -|-2) for 1<j<n By Theorem 2 the above
equality 1mp11es that ) = ... = =0, and the minimax solution is given
by ;(x,r) = q] )(x,r) = 6(c ) (E(")) for any r > 0. The resultant estimator is
6% =3 y?/n(1 4+ x), and its minimax risk is given by

2
lim RL(6% 0, u) = (r—nx)"+4r+2n
1<i<n ’ n2(1+x)2

for 0 <x<2/n. By Remark 2, the minimax estimator for 2/n < x may
not be obtained based on (7). Fortunately, the minimax estimator 62 =
S »?/n(1 + x) achieves simultaneously the minimum of the risk at u= pu©.
Note that its risk at g = 4© is given by (nx?+2)/{n(1 +x)*}. Therefore,
the minimax risk is given by

0<i<n

— nx)? 2
max RL(6% 0%, ) = max (r—nx)" + 4r2+ 2n, nx* + 22
n%(1+ x) n(l + x)

for x > 0. The best minimax estimator over x >0 is obtained when x =
(r+4)/2n, and the resultant estimator is 6> =Y y?/(n+2+7r/2).

Finally we discuss requirements imposed on 4;’s in the present study. The
requirement that 1;’s are all distinct is assumed for mathematical convenience,
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similar to their ordering condition, 0 < 4; < --- < 1,. As is seen in §5.5, by
taking the limit, we can assure that Theorem 2 is valid for general case that
some of J,’s are the same. On the other hand, Assumption 2 can be replaced
in a different way by modifying of the present proof of Lemma 2, or by finding
alternative proofs.
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