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AssTracT. We study the limiting behavior as ¢ tends to zero of the solution of a
Cauchy problem for an advection-reaction-diffusion equation; this equation arises in
a model for a chemotaxis growth process in biology. We consider the case of an
arbitrary time interval and prove the convergence of the solution of this problem to the
unique viscosity solution of a limit free boundary problem.

1. Introduction

In this paper, we study the limiting behavior as ¢ tends to zero of
the solution ¢° of an advection-reaction-diffusion equation arising from a
chemotaxis-growth model proposed by Mimura and Tsujikawa [10]. We
suppose that the density of the chemotactic substance is a known function
v(x,t). More precisely, we consider two Cauchy problems. The first one is
given by

4= 26 ~V.(FVL0) + 5 [(#,6x) in R x (0,7]
¢°(x,0) = ¢5(x) xeRY,

(PY)

where f(s,&) =s(1 —s)(s—1/2+ &), and where « is a fixed constant. The
functions ¢° and v are respectively the population density and the concentration
of chemotactic substance. Here, y and v are supposed to be smooth functions.
The population is subjected to three competitive effects: diffusion, growth
induced by the nonlinear term ¢°(1 — ¢°)(¢° —1/2+ &) and a tendency of
migrating towards higher gradients of the chemotactic substance induced by the
advection term.

The second problem, that we consider has a slighly different scaling,
namely
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o 98 = edg —V (VL) 2 £(#5,2) in RN x (0,T)
(P) :
#°(x,0) = 4i(x) xeRV.

We study Problem (Pj) in the case that o€ [0,0.4]. We remark that if 0 <
#°(.,0) < 1, the standard maximum principle implies that the function ¢°

satisfies
0<g¢°<l in RY x[0,T]. (1.1)

In the case of a more realistic coupled system describing the chemotaxis
phenomenon, Mimura and Tsujikawa formally derive [10] the free boundary
problem corresponding to taking the limit ¢ — 0 in Problem (P5). As for
Problem (P§) rigorous results are proved by Bonami, Hilhorst, Logak, and
Mimura [2] in the case of a corresponding Neumann problem on a bounded
domain. In order to state their results in a clear way, we now give hypotheses
which will not be needed further on in this paper. We suppose that Iy is a
closed and smooth hypersurface without boundary. As ¢ tends to zero, ¢°
converges to a limit function
;e {1 Qf
0 Q°

for 1€[0,7] and the equation of motion for the boundary I = {| )7,
te[0,T]} where I separates Q, Q7 is given by

(Ll){ V, = —K+a)gf1”) — (&' (0)x on I}, te[0,T)
Ftlt:O =T,

in the case of Problem (P{) and by

_ox(v) _ -
(Lz){ Vi = n é(a) on I}, te[0,T)
Elt:O =1

in the case of Problem (P5). The time 7T is the existence time of a smooth
solution of either Problem (L;) or Problem (L;). Here n denotes the outward
unit normal vector to I; which points from Q; to Q7 ¥, is the normal velocity
of I and K is the mean curvature of I;. The function ¢é(a) is the velocity of
the one-dimensional travelling wave w(x, t) = g(x — ¢t,a) of a related equation;
the pair ((r,«),é(x)), where C(x) = —v/2a, satisfies the problem

G+ 8@, +3(1 - DG~ 1/2+2) =0

(TW){q<—oo,a>=o, G(+o0,0) = 1.

In this article, we prove convergence properties of the function ¢° on an
arbitrary time interval [0, T]. In general a classical solution of the limiting free
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Fig. 1. A possible configuration in the limiting free boundary problem

boundary problems does not exist on such a time interval, which leads us to
introduce viscosity solutions of these problems.

In what follows we transform the free boundary problems (L;) and (L)
by introducing a new unknown function u such that the free boundary I; is a
level set of u. We suppose that I'y is a compact set in R", such that RN\ Iy =
OoU I where Oy and I, are two open disjoint subsets of RV\I'y. We define
for each t >0

I = {xeR"u(.,1t) = 0}. (1.2)
Furthermore we set

I ={xeR" u(.,1t)>0} (1.3)
and

0, = {xe R u(.,1) <0}, (1.4)

and denote by d(x,?) the signed distance function to I,

d(x, ) = dist(x,I;)  for xel,
"\ —dist(x, ;) for xe O,
for all (x,f) in RN x [0, 7).
A standard computation gives

U Vu

Vn=__7 = To.1
27

. [ Vu
and K = div(n) = div (W) on I;.

This leads us to consider Problem (P!) in the case of the first scaling,

B (D*uVu.Vu)
(P) Vu)?
u(x,0) = Up(x) := max(—1,min(1, d(x,0))), xe RV,

+ (VuVy(v)) — V2uVu| =0 in RV x (0,7)
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and Problem (P)) in the case of the second scaling,

(P’){ u + (VuVy(v)) — V2a|Vu| =0, in RV x (0,7)
2L u(x,0) = Up(x) xeRV.

As it is done by Barles, Soner and Souganidis [1] and by Elliott and Schétzle
(5] we consider viscosity solutions of both the problems (P!) and (P}). For
studies about viscosity solutions of partial differential equations we refer to
Giga, Goto, Ishii, and Sato [8] and to Crandall, Ishii and Lions [4]. We recall
below the definition of a viscosity solution of a second order parabolic
equation. In the sequel, we denote by LSC(.) and USC(.) the sets of lower
semicontinuous and upper semicontinuous functions, and by K, (K* resp.) the
lower (upper resp.) semicontinuous envelope of K. For instance we recall that
K.(p,X) =liminf, ,0{K(q, Y),|p — q| <& |X — Y| <&}, and K* = —(—K),.

DeFINITION 1.1. Let F e C(RN x (0,T) x R x (R¥\{0}) x S(N)), where
S(N) is the set of symmetric N x N matrices such that

F is elliptic, i.e. F(x,t,8,p,X) < F(x,t,5,p,Y) if X>Y.

A function u: RN x (0,T) — R is called a viscosity subsolution (resp. super-
solution) of

u, + F(x,t,u, Du, Dzu) =0, (x,1) e RN x (0,T) (1.5)
which we formally write as u, + F(x, t,u, Du, D*u) <0, (x,t) € RN x (0, T) (resp.
>0) if u is USC(RN x [0,T]) (resp. LSC(RN x[0,T]) and if

é,(x0, o) + F.(x0, to, u(xo, 1)), Dé(x0, o), D*$(x0, 19)) < 0
(resp. $,(xo0, to) + F*(xo, to, u(x0, to), D (x0, to), D*¢(x0, 1)) = 0)

for all ¢ in C>'(RN x [0, T]) and all local maxima (resp. local minima) (xo, to)
of the function (u-¢).

The function v is a viscosity solution of (1.5) if it is both a sub- and a
supersolution.

The paper is organised as follows:

We prove in Section 2 the existence and uniqueness of the viscosity
solution of both the limiting free boundary problems (P!) and (P}).

We show in Section 3 that as ¢ tends to zero, the solution ¢° of Problem
(P%) tends to the characteristic function of the moving domain I, = R¥. More
precisely we prove the following result.

THEOREM 1.2. Let ¢° be the solution of Problem (P%) with ¢°(x,0) =
q(er(x) ,0) in RN and let u be the viscosity solution of Problem (P}). Then
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#5(x,t) =0 if (x,1)eO
{¢E(X,f)—>l if (x,0)el

as ¢ tends to 0, where O:= {(x,t) e RVNx [0,T],u(x,t) <0} and I := {(x,1) €
RN x [0, T),u(x,t) > 0}. Moreover this convergence is uniform on compact sets
of O and I.

The main steps of the proof are the following: one constructs approx-
imate solutions u%¢ for a class of problems related to Problem (P!), one
introduces an approximate distance to O which is the key ingredient for
constructing viscosity supersolutions of Problem (P}); one finally proves the
uniform convergence of the sequence u*? to the solution u of Problem (P!) on
compact sets of RV x [0, T'] and concludes that ¢° converges uniformly to zero
on compact sets of O as ¢ | 0. The proof that ¢° converges uniformly to one
on compact sets of I as ¢ | 0 is very similar.

In Section 4 we show how one can adapt the proof given in Section 3 to
prove the convergence of the solution of Problem (P%). More precisely we
prove the following result.

THEOREM 1.3. Let ¢° be the solution of Problem (P5) with ¢°(x,0) =
_(Uo(x)
(%

,O) in RN and let u be the viscosity solution of Problem (P}). Then

#°(x,t) =0 if (x,1)eO
{q}‘(x,t)—»] if (x,t)el

as ¢ tends to 0. Moreover this convergence is uniform on compact sets of O
and 1.

Properties of travelling wave solutions § are described in the Appendix.
U
We remark that Q( os(x) ,a) = q(UOT(x),O)

Our methods of proof are closely related to those of Barles, Soner and
Souganidis [1]. However the problems which we consider involve convection
as well as reaction so that many proofs are much more technical. In particular
[1] hardly consider the case of the scaling of Problem P§ for which we use
new perturbations of both the travelling wave equation and the limiting free
boundary problem in order to be able to construct super- and subsolutions.

2. Existence and uniqueness of viscosity solutions of the Problems P,[ and
Py

In this section we recall a result due to Giga, Goto, Ishii, and Sato [§]
about the existence and the uniqueness of the viscosity solution of a general
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evolution problem. We apply their result to prove the existence and
uniqueness of viscosity solutions of the problems (P{) and (P}). We consider
the evolution problem

w4+ F(x,t,u,Du,D*u) =0  (x,t) e RV x (0,7T) (2.1)
u(x,0) = up(x) xeRY, (2.2)

where F satisfies for all (x,t,s,p,X) e RV x (0,T] x R x RV\{0} x S(N) the
hypotheses

(H1)  F(x,t,5,up,uX +npp') = uF(x, 1,5, p, X) for ue R", neR,
(H2) F is elliptic, i.e. F(x,t,5p,X)<F(x,t,5p,Y) if X>Y,

as well as the following technical hypotheses

bounded (p,X), and continuous for (x,t,s) € RY x (0,T] x R,

The mapping (x,t,s,p,X) — F(x,t,s, p,X) is bounded for
(H3)
p € B(0,r)\{0}, and ||X|| <r for all r> 0,

for all (x,1,5) € RN x (0,T] x R,p < |pl,lg] < R, |X],|¥| < R,

For every R > p > 0 there exists a modulus ¢ = gg, such that
(H4) {
IF(X, tasvva) - F(xa t,s,49, Y)I < JRP(’p _ql + IX_ Yl)a

There exists p, >0 and a modulus ¢; such that
for all (x,¢,5) € RN x (0,T] x R, and |p|,|X| < py
F*(x,t,5,p,X) — F*(x,,5,0,0) < a1(|p| + | X])
F.(x,t,5,p,X) — F(x,1,50,0) > —o1(|p| + |X]),

(H5)

for all (x,z,5) e RY x (0,T] x R, p e RV\{0}, X € S(N)
IF(XJ,S,PaX) —F(yat»S,va)l SO’z(IX— yl(lp' + 1))7

{There exists a constant ¢y such that

There exists a modulus ¢, such that
(H6) {

for all (x,t,5,p,X)eRY x (0,T] x R x RN x S(N)
the map s — F(x,t,s, p,X) + cos is nondecreasing.

(H7)

Finally we suppose that for all (x,¢) in RY x (0, T]
(H8) F is elliptic, ie. F(x,t,s,p,X) < F(x,t,s,p,Y) if X>VY,

and

There exists a function c¢(q) € C'([0, o)) such that c¢(q) > co >0
(H9) ¢ and such that for all (x,z,p) e RN x (0,T] x RV,

Fi(x,t,p,=I) < c(lp), F*(x,t,p,1) 2 —c(|p|).
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We recall that F* and F, denote the upper- and lower-semicontinuous
envelopes of F, respectively.
Giga, Goto, Ishii, and Sato [8] show the following result

THEOREM 2.1. Assume that the function F is independent of s, and satisfies
the hypotheses (H1)-(H3), (H6), (H8), and (H9). Let ug € C(R") be such that
uo(x) = a for large values of |x|, where a is some fixed real constant. Then
there exists a unique viscosity solution u e C(RN x [0, T)) of Problem (2.1)-(2.2)
such that u is equal to a for large values of |x|.

We remark that the evolution of the front I; only depends on F and
on the sets Ij = {xe R, u(x,0) >0}, Oj={xe R, u(x,0) <0} and Ij =
{x e RN u(x,0) = 0}.

In both the cases of the problems (P!) and (P)) the limiting equations are
of the form (2.1) with respectively

Fu(x,t,p, X) = —tr(X) + (—“L’j—z”) T (pV(v)) - v2alp| 2.3)

Fy(x,t,p) = (p.Vx(v)) — V2apl. (2.4)

Giga and Goto [7] check that the hypotheses of Theorem 2.1 are satisfied for
a large class of geometric equations containing the equations in the prob-
lems (P!) and (P)). However for the sake of completeness, we check below
that the function F; satisfies the asumptions (H1)—(H3), (H6), (HS8), and (H9).
As a trivial consequence F, will satisfy these hypotheses as well so that we will
be able to apply Theorem 2.1 to both the problems (P{) and (P}).

We first check that F) satisfies (H1). We have that

®pp.
Fi(x,t,up, uX +np ® p) = uF2(x,t,p, X) +1n —tr(p®p)+(£l;|’fpp) :

.....

satisfies (HI1).

Let X be an arbitrary symmetric matrix. We denote by (4i(X)),_;
eigenvalues and suppose that 4;(X) < --- < Ay(X). In what follows, we
suppose that all the symmetric matrices which we consider are written in
the basis of their eigenvectors. Next we check the hypotheses (H2), and
(H3). Let Z=X—-Y. We prove below that Z >0 implies —r(Z)+
(Zp-p)

Ik
(Zp.p) = 0 for all pe RY). Since Z is symmetric, we present our computation

<0, for all pe RY. (We say that a symmetric matrix Z is positive if
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in its basis of eigenvectors,

n(2) + (ZI;’I'Z” ) _ Zipz (—ZpZM(Z) + Zh(2)P?)

1 2
= Z_p;(_zi;éj M(Z)p; ).

1

. . . . Zp.
Since Z =0, its eigenvalues are nonnegative so that —tr(Z) +( pzp ) <0.

This completes the proof of (H2). Furthermore we have for all f\’eS(N)
2
(Xp'zp) _ Z/Ii];i < in(X).
4 2p;
over p € B(0,r)\{0}, the quantities (p.Vx(v)) and «|p| are also bounded, so
that F; satisfies (H3).
Since D?(x(v)) is bounded we deduce that

Fi(x,t,p, X) = Fi(y, 1, p, X) = (p-(Vx(0)(x,1) = Vx(0)(1, 1)) < K|x — yl|p|
so that (H6) is satisfied.

NA(X) <trX < Niy(X), and 0 < Since more-

Xp.
In order to prove (H8) and (H9) we define G(p,X) = —trX—i—@.
: . P
First we note that G.(p,X)=—-X=71(X), and G*(p,X) = —-Z=r"11(X),
so that in particular (Fy),(x,1,0,0) = G.(0,0) =0 and also (F1)*(x,t,0,0) =
G*(0,0) = 0. This implies (F8).
Finally we check that (H9) is satisfied. We have that

(F])*(X, L, D, _I) = G*(pa —-I) + (pVX(D)) - \/Ealpl
=N~ 1+ (p.Vx(v)) — V2op|

< N +1pl(IVx(v)lleo + V2e)

and
(F)*(x,t,p, 1) = G*(p, 1) + (p-Vx(v)) — V2| p|

= —(N + [pl(IV2(©) |, + V20)).

Therefore we have shown that (F;) satisfies all the assumptions of Theorem 2.1,
and trivially (F,) satisfies the same assumptions. Thus we conclude that there
exists a unique viscosity solution of the problems (P{) and (P}). Next we
recall the comparison theorem given in [8], and we check that we can apply this
result to the viscosity sub- and super-solutions of Problems (P}) and (P}), and
to the solutions of Problems (P§) and (P%) involving variants of the Allen-Cahn
equation.
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THEOREM 2.2. Suppose that F satisfies (H2)—(H8). Let u and v be re-
spectively viscosity sub- and supersolutions of equation (2.1) in R" x (0, T)].
Assume that u and v satisfy the following assumptions

There exists a positive constant K such that for all (x,t) e RN x (0, 7]

u(x,t) < K(|x| + 1),v(x,1) = —K(|x| + 1);

there exists a modulus mr such that for all (x,y)e RY x RV

u*(x,0) = v.(y,0) < mr(|x — y|);

there exists a constant K >0 such that for all (x,y)e RY x RV
\u*(x,0) — 0,(y,0) < K(Jx— y| +1).

Then there exists a modulus m such that
w (x,0) —v.(p,0) <m(lx—y))  on R x(0,T].

We check below that we can apply this comparison principle to the viscosity
sub- and supersolution of the problems (P!) and (P}). Since we have already
checked the conditions (H2), (H3), (H6), (H8), we only have to prove that
(H4) and (HS5) are satisfied. Moreover we only write the proof for (P!). By
definition, we have that

Fixt,p, X) = Fi(x,1,q, ¥) = —tr(X) + () + S22 _ (Y.4)

> el
+((p = 9)-Vx(v)) = V2u(|p| - lq]).
. N . . . (Xp.p) .
Since the map X — #r X is Lipschitz continuous, and since (p, X) —» ~——— is

2
|pl
continuously differentiable on the compact set

{peRY,p < |p| < R x [X € S(N),|X| < R},
it follows that
|F1(x, 2, p, X) = Fi(x, 8,4, Y)| < K(IX = Y|+ |p — q).
Next we check (HS5):
F{(x,t,5,p,X) = F{'(x,1,5,0,0) = G*(p, X) + (p.Vx(v)) — V2ap|
= —Z5" 7 4(X) + (pV2(v) = V2ulp|
< [or(X)] + |pl(1Vx(v)] o — V220)

< K|X| + |pl(IVx(0)] + V20).
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Similarly we have that

(F])*()C, Ls,p, X) - (F])*(X,I,S,O, 0) = G*(va) + (pV)((v)) - \/Q_alpl
—|tr(X)| = |pl(IVx(0)] o0 + V20)

Y

—K|X| = pl(IVx(0)l,, + V22).

%

Next we check that we can apply this comparison principle to the problems
(P!) and (Pl). We define

Hi(x,1,¢°,V4*,D*¢%) = —tr(D*§°) + (V4*.Vx(v)) + 'V x(v)

=)@ 12 e)

and

Hy(x,1,4°,V§*, D*¢%) = —e1r(D*¢°) + (V4°.Vx(v)) + ¢V x(v)
- )~ 1/2 4 )

We have to check that s#; and #, satisfy (H2)-(H8). We only write the
proof for . Since #(x,t,s,p,X)— #i(x,t,5,p,Y)=—tr(X = Y), (F2) is
satisfied.

Moreover the mapping (x,t,s, p,X) — #2(x,t,s, p, X) is continuous on
RY x (0,T] x Rx RN x S(N), so that the hypotheses (H3)-(H6), (H8) are
trivially satisfied. Next we check (H7).

We have that

A3, X) = H1(5, 17,9, X) = (5 = ) 4(0) = 5 (f(5,63) = £ ()

2 (s = - N42(0) ], — 5 /(& e2)

where ¢ is the maximum of f’ on R. If we choose

1,
G0 > A7)l + 5 1'(E ),

then the function s — J#(x,t,s, p, X) + cos is nondecreasing. Therefore (H7)
is satisfied and we can apply the comparison principle to solutions of the
problems (Pj) and (P3); to that purpose we remark that the unique classical
solutions of the problems (P;) and (P%) are also viscosity solutions in the sense
of Definition 1.1.
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3. Proof of the convergence Theorem 1.2

The convergence proof is organized as follows. In Section 3.1 we prove
the convergence of the function ¢° to zero in the subdomain O. The key idea
of the proof is to construct sub- and super-viscosity solutions of Problem (P!);
to that purpose we make use of travelling wave solutions of a related one-
dimensional parabolic problem and of a modified distance function. In
Section 3.2 we prove the convergence of ¢° to 1 in the subdomain I.

3.1. Convergence of the solution ¢° of Problem (P}) in the set where u < 0
3.1.1. First definitions and preliminary lemmas

First we denote by h_(ex,ea) < ho(ea,ea) < hy(ex,ea) the three solutions
of the equation f(s,ex)=s(1 —s)(s—1/2+ex) = —¢ea. Note that h_(ea,0)
=0, ho(ex,0) =1/2 — e, and h,(ex,0) = 1.

We define by (q(r,en,ea),c(ex,ea)) the travelling wave solution of the
equation u, = u, + f(u,ex) + ea. Then (q,c) satisfies the problem

7y 9 e 41— a)(g ~ 1/2+ ) = ~ca
q(—o0,en,ea) = h_(ex,ea), q(+o0,en, ea) = h,(eo,ea),
and ¢ is unique up to translation in r by constants. Finally, we set C(a,a) :=

c(en, &)

lim ,_ For more precise information about the travelling wave ¢ and

the computation of C(a,a) we refer to the appendix. Next we introduce a
sequence of problems related to Problem (P!), namely

(D*uVu.Vu)
Vul®
u(x,0) = Up(x) + 20,

where Up(x) = max(—1,min(1,d(x,0))), and J is a small enough positive
constant. We set

u — Au+ + (VuVy(v)) + C(a,a)|Vu| =0

(PY)

Xp.p
Fi(otp,X) = =) + SED 4 (p7e) + ol
One can check just as in Section 2 that F|* satisfies the asumptions of both the
theorems 2.2 and 2.1. Therefore Problem (P‘f‘“) has a unique viscosity so-
lution u%¢ wich satisfies a comparison principle.
We define the distance function

d%(x,1) = inf X — 3.1
(x,1) {y,ua:u(y,,)s()}' M (3.1)

and give some properties of d®?.
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LemMa 3.1. d%%(x,0) > u®9(x,0), for all xe R".

PrROOF. If u%9(x,0) < 0 this inequality is obvious. Next we consider the
case that u®%(x,0) >0. There exists y such that d%?(x,0) =|x— y| and
u%(y,0) < 0. Since Uy has Lipschitz constant one, we have

|Uo(x) = Us(y)] = [u”(x,0) = u>(y,0)| < |x — y| = d>(x,0),

which in turn implies that u%%(x,0) — u®%(y,0) < d®%(x,0). Since u*%(y,0)
<0 we deduce that d*“(x,0) > u®%(x,0). This completes the proof of
Lemma 3.1.

Next we state three lemmas, which are proved in [5].

LEMMA 3.2. d%? is lower-semicontinuous, that is if (x;,t;) — (xo, 1), then
dé’a(.X(), l()) < lim iIlfj_H.oo d‘s’“(xj, tj)

LemMMA 3.3. d%¢ is continuous in time from below, that is if (x;,1;) —
(x0,t0) and t; < ty, then d*?(xo, to) = limj_ ;e d‘sv"(xj,t/-).

LEMMA 3.4. There exists a positive constant K such that d** satisfies the
inequality

d> + (Ff)*(x,1,Vd*®, D*d*%) > —K|Vd®>“|d*® (3.2)
in RN x (0,T) in the sense of viscosity. Moreover d*¢ satisfies
[Vd®e| > 1 (3.3)
~[Vd>| = —1 (3.4)
—(D*d*Vd** Vd®>®) =0
in {(x,1),d**(x,t) > 0} in the sense of viscosity.

We remark that in the case where d%¢ is continuous and differentiable the
inequalities (3.3) and (3.4) imply that [Vd®? = 1. Next we prove the fol-
lowing result

LemMMA 3.5. We have that
Vd>e| > 1,
—|Vd®4| > —1,
d>e — Ad%% + (Vd>* Vy(v)) + C(a,a)|Vd>“| = —K|Vd>|d*?,

in {(x,t),d*?(x,t) > 0} in the sense of viscosity.
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ProoF. Let p e C>!(RN x (0,T)), we assume that d®¢ — ¢ has a strict
minimum at point (xo,%) € RY x (0,7). According to Lemma 3.4 we have
that

0.+ (F{)"(x,1,Vp,D*p) > —K|Vp|d** (3.5)
Vol =1 (3:6)
—(D*pVp.Vp) >0 (3.7)

at the point (xo,%). Since V(xo, 1) # 0, we have that (F{)"(xo, f0, Vo(xo, to),
D2¢(x0,t0))=Fl“(xo,to,V(p(xo,to),Dz(p(xo,to)). In view of (3.7) we deduce
from (3.5) that at the point (xo, %)

9. — dp + (Vo.Vy(v)) + C(e,a)|Vo| = —K|Vold>“.
This complete the proof of lemma 3.5.
Following the proof of Theorem 9.1 in [1], we define
whe(x, 1) = ns(d>(x, 1)), (3.8)
where, as in [1], #; is a smooth function satisfying

n5(z) = =6 if z<d/4
ns(z)=z—-0 if z>6/2
ns(z) < —0/2 if z<6/2
0<n}<C and |p}|<C5"' on R

(Defy)

We remark that this definition implies that for all ze R
n5(z+20) 2 z (3.9)

LEMMA 3.6. There exists positive constants K and C such that for § small
enough we have that

—|vw?4| > —C, (3.10)
and
wha — AwSe 4 (Vw2 Vy(v)) + C(a,a)| Vw9
> — Ko —K|vwPe||wPe| (3.11)

in the sense of viscosity in RN x (0,T).
Moreover we have that

Vwoe| > 1, (3.12)

—|Vwhe| > —1, (3.13)
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and
d,a J,a J,a 1 J,a d,a| jo,a
w) e — Aw®? + (Vw>9.Vx(v)) + C(a, a)lVw®4| + K|Vw>“|d>* > 0 (3.14)

in the sense of viscosity in {(x,t),d>*(x,t) > J/2}.

Proor. Let gpe C>!(RN x (0,T)); we suppose that w®?—¢ has a
local minimum at the point (xo, f) € RY x (0, T). Subtracting if necessary a
constant from ¢ we may assume that ¢(xo,%) = w®%(xo,%), and moreover
modifying ¢ we may also suppose that (xp,#) is a strict minimum. (For
instance we may replace ¢ by ¢+ |x — xo|* + |t — to|* — ¢(x0, %), which does
not modify the values of the first and second derivatives of ¢ at the point
(x0,10).) Using the notation B,(xo,%) := {(x,1),|x — xo| + |t — to] < p} we
deduce that

we(x,1) > p(x,1)  for all (x,1) in By, (xo, f0)\{ (o, 0)}, (3.15)

with equality at the point (xp, ).
(i) We first consider the case where d®“(x,#) > 0.

Let e > 0; we set #°(z) =#;(z) + ez for ze R and p¢ = (5°) Next we
prove the following result, which will be useful to complete the proof of
Lemma 3.6.

-1

LeMMA 3.7. The function n°(d*®) — ¢ attains its minimum in B, (xo,t)
at a point (x¢,t¢). Moreover for e small enough we have that (x¢,t¢) is in
B, (x0, ), and that lim,_o(x¢,t°) = (xo0,%). Furthermore

lim oo 75 (d®9(x€, 1)) = n5(d**(x0, t0))- (3.16)

PrOOF. Since #¢(d%%) — ¢ is lower-semicontinuous on the compact set
B, (x0,10), there exists (x¢,7°) such that 7¢(d®“) — ¢ attains its minimum in
(x¢,¢¢) in B, (xo,%). We now prove that (x¢,r°) is in B, (xo,%), and
moreover we show that for e small enough (x¢,1¢) tends to (xo,%). For all
p < py we set

by =" inf (ns(d%?) — ¢).
Byy (x0,0)\{B,(x0,0)}

Since 7¢(d%“) — ¢ attains its minimum at (x¢¢¢) in B, (xo,f) we have
(7°(d*%) = 9)(x*, 1) < (°(d>*) — 9) (x0, fo)
< (15(d**) — 9)(x0, t0) + €d®*(x0, 1) = ed®“(xo, t9). (3.17)

Moreover since (xg, %) is a strict minimum of #;(d®“) — ¢ we have that 1, >
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(n;(d®%) — @)(x0,2) = 0. Thus we deduce from (3.17) that if we define

e(p) = ﬁ

>0
X0, o) '

then

(75(d*%) = 9)(x°, 1) < (n°(d*?) — 9)(x0, 10) < 4p,

for all 0 < e <e(p). This implies that (x¢,¢) is not in B, (xo, fo)\B,(xo, to)-
Thus we conclude that (x¢2°) is in B,(xg,%). More precisely we have
shown that for all p < p,, there exists e(p) such that for all ee (0,e(p)),
(x¢,t¢) € B,(xo, o), which implies that lim,_o(x¢,¢) = (xo, to).

Next we prove (3.16). It follows from the definition of (xo,?) that

(n°(d>®) = @) (x°,1°) > (15(d>?) — g)(x0, t0) + ed®*(x*,1)  (3.18)

> (15(d*>) — 9)(xo, 10)- (3.19)
Letting e tend to zero in (3.17), and (3.19) we deduce that
lim .o (7°(d%?) — p)(x°, 1°) = (n5(d*?) = ) (x0, 10). (3.20)

Using (3.20), and letting e tend to zero in (3.18) we deduce that
lim ,_0ed®?(x¢,t¢) = 0. In view of (3.20) and the fact that ¢(x¢,¢¢) tends
to ¢(xo, %) it follows that lim ,_#7s(d%9(x¢,1°)) = n5(d**(x0,%)). This com-
pletes the proof of Lemma 3.7.

We now return to the proof of Lemma 3.6. From Lemma 3.7 we deduce
that for all (x,7) in a neighborhood B, (xo,%) of (xo,%) we have that
(7¢(d>%) — p)(x, 1) = (n¢(d>?) — ¢)(x¢, t¢), which in turn implies that

d%%(x, 1) = p[(n(d>?) — @)(x¢,1°) + o(x, 1)] =: Y¢(x, 1), (3.21)

where we have used the strict monotonicity of the function p¢. Note that the
definition of ¢ in (3.21) implies that °(x¢, t¢) = d®%(x¢,¢¢). Moreover since
d%?(xy,t9) > 0 and since by Lemma 3.3 d%¢ is lower semicontinuous we have
that d%4(x¢,t¢) >0 for e small enough. Using (3.21) and Lemma 3.5 we
deduce that at the point (x¢,2°)

Vye(xé, %) =1 (3.22
(W), — 4y + (VY .Vx(v) + Clon, @) V| + KIVy<ld®?)(x¢,1€) 2 0. (3.23
We now show (3.10). We deduce from (3.21) and (3.22) that

Vo(xe, 1) 1(p®)' (n(d>*(x°, 1)) = 1. (3.24
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Moreover we note that (p€)'(7¢(d%%(x¢,1¢))).(n°)'(d%4(x¢,t¢)) = 1, which we
substitute in (3.24) to obtain

Vo(x<, 1) = |(n°)'(d%“(x¢, 1)) (3.25)

Finally using that e < (7°)' <e+ C and letting e tend to zero in (3.25), we
obtain

—|Vo(xo,t0)| = - C (3.26)

which proves (3.10). Next we show (3.11). In view of (3.23) and the de-
finition of ¥° in (3.21) we obtain

(p%) (n°(d**(x*,1)))[p, — 49 + (Vo.Vx(v)) + C(x, ) |Vy|
+ K|Vold>)(x, 1) = Vol (p°)" (n°(d>%(x*,1))) 2 0. (3.27)
Futhermore differentiating #¢[p¢(s)] = s we obtain
(p®)" (n°(d>*(x4, 1))
(pe)' (ne(d%2(x2, 1))
which we substitute in (3.27) to deduce that
J(9)(x,1) := (9, — 49 + (V.Vi(v)) + C(x,a)[Ve)(x, £°)
> —K(Vold®*)(x*, 1)
—[Vo(x, 1) (n) "W (xS N[(p) (xS N (3.29)

Moreover since |(7¢)"| = |n}| < C6™' and in view of (3.24) we obtain

= —(n°)" (W (x,1)[(p) (n°(@>*(x<, 1)), (3.28)

J(9)(x¢,t°) = —K|Vo(x¢,1°)|d**(x¢,1¢) — Co~". (3.30)
Furthermore we deduce from (3.8), and (3.9) that w®® > d%¢ — 26, which we
substitute in (3.30) to obtain
J(p)(x,1°) = —K|Vo(x*, 1) [w>*(x%, 1°)| — 2KS|Vp(x*, 1)| — C&".

Finally letting e tend to zero in the inequality above we conclude from the
continuity of w%“ in (xo, ) (see (3.16)), (3.26), and the definition of J(p) that
for 0 small enough

J(9)(x0, t0) = —K|Vo(xo, t0)| |w*?(x0, t0)| — 2K5~".

This completes the proof of (3.11). Next we show (3.12) and (3.13). We
assume that d®%(xo,t) > /2, which implies, since d%“ is lower semicon-
tinuous, that d%9(x¢ °)) >J/2 and thus that (5°)'(d%%(x¢,t¢)) =1 +e.
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Substituting this in (3.25) and letting e tend to zero yields
IVo(xo, 20)| =1, (3.31)

which completes the proof of (3.12) and (3.13). We finally show (3.14). We
first note that d%9(x¢,t¢)) >dJ/2 implies that (1°)"(d%®%(x¢,t¢)) =0, which
we substitute into (3.29) to obtain

T(0)(x, 1) = —K|Vp(x*, 1€)]d%(x*, 1), (3.32)
Using again that d®¢ >§/2 at the points (xo,%) and (x¢,¢¢) we have that
at these two points w>? = d%% —§ and thus we deduce from the continuity of
w4 at the point (xo,%) and from (3.16) that lim .o d®%(x¢, 1) = d%9(xo, to).
Finally letting e tend to zero in (3.32) we conclude that

J((o) (X(), t()) 2 —K|V(P(X0, tO)ldJ,a(an tO)»
which coincides with (3.14).
(i) We now consider the case where d%9(xo, tp) = 0, which in view of (Def,)
implies that w?%(xo, ) = —6. Set By(xo) := {x € RV, |x — xo| < h}. It follows
from Lemma 3.3 that for 4 small enough,

d®%(x,t) < /4  for all (x,1) e By(xo) X [to — h, to),

which in turn implies that w>4(x,¢) = —6. Furthermore since the point (xo, o)
is a local minimum of the function w*“ — ¢, we conclude that for 4 small
enough,

o(x, 1) < o(xo, ) for all (x,t) € Bu(xo) x [to — h, to).
This implies that
V(0(X(), to) =0,
(D?p(x0,t0)p.p) <0  for all pe RV,

o(x0,t0 — h) — p(xo, to)
—h

We conclude that inequality (3.10) is satisfied and that

and lim h—0

= (p(x0,10)), 2 0.

(9, — tr(D*0) + (Vo.Vx(0)) + Clo, @)|Ve| + KIVp| [w*]) (x0, 10) > 0,
which gives (3.11). This completes the proof of Lemma 3.6.

3.1.2. A supersolution for Problem (Py)

We suppose that a € [0, 1] and define

¢ (x,1) == q(w,sa, sa) for all (x,t)e RN x [0, T]. (3.33)
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LEMMA 3.8. For all a > 0,e <6°, and & small enough q?g is a viscosity
supersolution of the parabolic equation in Problem (P}).

PROOF. Let pe C>'(RYN x (0,T)). We assume that ¢ — ¢ has a local
minimum at the point (xo,%) € RN x (0,T). Subtracting, if necessary, a
constant from ¢ we may assume that there exists a neighborhood N(xy, )
of (xo,2) such that

@ —0)(x, 1) = (8" — 9)(x0,2) =0  for all (x,7) € N(xo, o).

Next we prove that

Litp(ra,0) = (9, = dp + (P02(0) + 07(6) = 5 /(0,5 ) 30 0) 2 0,
(3.34)

which is the result of Lemma 3.8. In view of the strict monotonicity of the
travelling wave g we have that h_(ex,ea) < gb—s(xo, to) = @(xo, 1) < hy(ea,ea).
This implies that for all (x,¢) in a neighborhood Nj(xo,f) of (xo, %) we have
that h_(ex,ea) < ¢(x,t) < hy(ex,ea). Using that g, is strictly positive we
deduce that there exists a function y = y(x,t) € C>!(Ny(xo,%)) such that for
all (x,?) in Nj(xo,%) we have that

o(x, 1) = q(@,sa,ea) (3.39)

<¢'(x,0) = q(ﬁ(@,ea,ea), (3.36)

with equality at the point (xo,%). Substituting (3.35) into (3.34) we deduce
that

oL, 10)) = S (L emea) (1 = P51 v )

c(ea, ea)

+ g (%,aoc,ea) [y, =4y + (VyVx(v) + (%0, 70)

+a+8q(y?,soc, aa) Ax(v)(xo, to)- (3.37)

It follows from computations performed in the appendix (cf. (A.12) Lemma
A.3) that

lim c(ea, ea)

e—0

= C(a,a) = —V2a — 6V 2a. (3.38)
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We also recall that by Lemma A.2

(Igrl + |g: 1) (r, 62, 80) < Ky~ %o (3.39)

for all r in R. Furthermore since ¢ is strictly increasing we deduce from (3.36)
that

y(x,t) <w>i(x,1)  for all (x,?) € Ni(xo, 1), (3.40)

with equality at the point (xp,%). This implies in view of Lemma 3.6 that

=V y(xo,t0)| = =C (3.41)
(. =4y + (Vy.Vx(v)) + C(a,a) |V y[)(x0, to)
> —Ko~' — K|V y| [w9|(x0, to) (3.42)

and moreover when d%%(xo, ) > 6/2 the function y satisfies
IV y(x0,20)| = 1 (3.43)
(ye = 4y + (Vy.Vx(v)) + C(2,a)|V y|)(x0, t0) = =K |V yld**(x0,10).  (3.44)

(i) We first consider the case where d®%(xo,ty) > &/2. Substituting (3.43)
and (3.44) in (3.37) we obtain

eL{(p(x0, %)) = gqr <£(~x*%’—@,€a, €a> [@ - C(,a) — Kd**(xo, to)]

+a+eq (y? , €0, sa) Ax(v)(xo, t9)- (3.45)

Moreover using that by (Def,)y(xo, ) = w?%(xo, tp) = d®4(xo,t) —J, and
(3.39) we obtain,

clea, ea
eLi(p(x0,10)) = — KK16 — K| c(ex, 2a)

- C(a,a)

X0, [
—qu (ZEZ—O),sa,ea> |y(X0, t0)|

+a —|—eq(y?,soc,ea)dx(v)(xo,zo). (3.46)

Using again (3.39), and the inequality se™* < 1, we deduce that

f K
ar (2521 a0 (50 0)] < Kl )l 000 < B
2
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Thus we deduce from (3.46) that

K ~
— C(a,a) —Kéa— Ce,

eLi(4)(x0, %) = a — KK10 — K c(ea, ea)

where C is an upper bound for the term g(.,éa,ea)dy(v). Finally we deduc
from (3.38) that for all 0 <a <1 there exist dp and g such that for al
0€(0,00) and e€ (0,6) we have that eL{(p(xo, %)) >a/2 > 0.

(ii) Next we consider the case d®%(xo,%) <d6/2. We substitute (3.42) intc
(3.37) to obtain

eLi(p(xo, 0))

1 t
= =4 (M,sa, ea)(l — |V y(xo, t0)|2) +q, (y(x(;, o) , &L, sa>

€

[c(s—“g’ %) - @@V (o, 0)] - K™~ KV y(x0,0)] (o, o) ']

+a+eq (y—(x(;;tol,soc,aa) Ay (v(xo, t)). (3.47

Moreover by (Def,) we have that y(x, to) = w>“(xy, t) < —6/2, and it follow:
from (3.9) that y(xo, %) > d%%(xo, ty) — 20 > —26; thus
<26.

/2 < |y(xo, 10)| (348
We deduce from (3.48) and (3.39) that
y(x0, %) —K(5/2¢)
(|q’r|+lq’|) T,sa,ea SK]@ 2 )
which we substitute in (3.47); also using (3.41) we obtain
eL(p)(x0, 10) = —Kye 520/%) [%(1 + )+ 48 L e, a))
+2KCo + Ké"] —Ce+a. (3.49
We choose d > /¢ in (3.49) to deduce that
¢ —(Ky2ve) 1 ) c(ea, ea) 1
eL{(p)(x0, to) = —Kje™ ™ (14 C?) + [==— + C|C(x,a)| +K—\/—E

K ~
—4KC=Le— Ce +a. (3.50
K>
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Moreover since C(a,a) is bounded, we deduce from (3.38) that the quantity

|

is bounded. Finally we conclude that for 0 < @ < 1, and ¢ small enough we
have eL{(¢)(xo,%) =a/2 > 0. This completes the proof of the Lemma 3.8.

c(ea, ea)

T ClC, a>|]

3.1.3. Uniform convergence of u%?
In this section we prove the following result.

THEOREM 3.9. u®? (resp. u=>~%) tends to u uniformly on compact sets
of RN x [0,T] as (d,a) tends to (0,0).

We first state three preliminary lemmas.

LemMa 3.10. Let (do,a0) be fixed positive real numbers. Then for all
0<0<dy and 0 < a < ay we have that

w9 (x 1) < u®(x, 1) < u%(x, 1), (3.51)
for all (x,t)e RN x [0, T].
ProorF. We note that for all 0 <a <ap (cf. Lemma A.3), we have that
C(a,a) = —V20 — 6V2a > C(a, ap),
which implies that u*¢ is a subsolution of the equation
u, + F*(x,t, Du, D*u) = 0.

Moreover for all § <dJy we have u®%(x,0) = Uy(x) + 20 < u®%(x,0), for all
xe€ RN, Thus we deduce from the comparison principle that

ub?(x, 1) <u%%(x,1),  for all (x,7) e RV x [0, T]. (3.52)

In a similar way we can prove that u%~% < y%¢ which completes the proof
of Lemma 3.10.

As it is done by Crandall, Ishii and Lions [4], we define
ut(x, 1) = lim (,_0} sup {u‘s’“(z, #), for all 0 <a<v,0<J<v, and for all
(z,0) € RN x (0, T) such that |x —z| <v, and |t — 6] <V},
and
u (x,t) = lim {,_,g) inf {u®4(z,0), for all 0 <a<v,0<Jd<v, and for all
(z,0) € RN x (0, T) such that |x —z| < v, and |t — 6| < v}.

Next we give some properties of ut and u~.
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Lemma 3.11. u(x,0) = u(x,0) = u*(x,0), for all xe R".

ProofF. Let (dp,a9) be fixed positive real numbers, v e (0, min(do,ao)),
and let (d,a) be such that 0 <6 <v and 0 <a<v; also let xe RN. We
deduce from Lemma 3.10 that

u®%(z,0) < u’%(z,0), (3.53)

for all (z,0) such that |[x—z| <v and |f] <v. Since u%% is continuous,
we deduce by letting v tend to zero in (3.53) that lim, o supu®9(z,0) <
u%®(x,0). Thus

ut(x,0) < u%®(x,0) = Up(x) + 20y,  for all xe RV,

Similarly one can check that u(x,0) > Uy(x) — 2d9. Thus we have shown
that for all dp > 0 we have

Up(x) — 250 < u™(x,0) < u™(x,0) < Up(x) + 2,
for all x in RV. Letting dy tend to zero we finally obtain that

u™(x,0) = u(x,0) = Up(x), for all xe R".
This completes the proof of Lemma 3.11.

LemMA 3.12. u't (resp. u~) is a viscosity subsolution (resp. supersolution)
of u, + Fi(x,t,Vu, D*u) = 0.

Proor. First we note that u' is upper-semicontinuous. Indeed let u
positive be arbitrary and let (x;,#) converge to a point (x,f) as j tends to
+o0. It follows from the definition of u* that there exists vy positive such that
for all v <

ut(x, 1) — sup u*%(z,0)| < . (3.54)

a,d,|z—x|,|t—6|<v
. Yo Yo
For j large enough we have that |x; — x| < > and |t; — 1| < 5 S0 that

sup u*?(z,0) < sup u®4(z,0) < u*(x,1) + p,
a,0,|z—xj|,|0—-t;|<v/2 a,0,|z—x|,|0—1] < vy
which together with the definition of u* implies that for j large enough
ut(xj,4) <u"(x,t)+u  for all 4> 0.

Letting j tend to +oo and u tend to 0 we deduce that u™ is upper-
semicontinuous.
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Let g € C>'(R" x (0, T)); we suppose that u™ — ¢ has a local maximum at
the point (xo,29) € RN x (0,T). Modifying ¢ if necessary, we may assume that
(x0,120) is a strict maximum of u* — ¢ in a neighborhood B,(xo, ). Next we
prove the following result, which will be useful in the proof of Lemma 3.12.

LeMMA 3.13.  There exists a subsequence (0;,a;) such that (9;,a;) — 0 as j
tends to +oo and such that the function u’% — ¢ attains its maximum in

By, (x0,t0) at a point (Xs,4,15,4). Moreover for (0;,a;) small enough we have
that (Xs,4;,15;,a;) € By, (X0, 10) and lim((;/’aj)_,(o,o)(x(sj,aj, ts,.q;) = (X0, to)-

PrOOF. Since the function (u%“ — @) is continuous, it admits a maximum
at a point (xj54,%,4) In B,,O(xo,to). Moreover by the definition of u™ there
exists a subsequence (J;,4;, x;, t;) such that (d;,a;, x;,¢;) tends to (0,0, xo, %) as j
tends to +oo and

ut(x0, 1) = lim u% % (x;, t;). (3.55)
Jj— o

Since the sequence (x,;j,,,,,t(sj,a,) is in the compact set Bpo (xo, %) there exists a
subsequence (X, (/) a.(j)> 15:(),ax(j))» Which converges to some point (%,7) in

B, (x0,t) as j tends to +oco. Furthermore we note that for all (x,f)e

B,,(x0, %) and all sequences (J,,an, Xn,n) converging to (0,0,x,7) we have

lim sup u® % (x,, t,) < ut(x,1). (3.56)

h— o0

Applying (3.56) at the point (X,7) we deduce that

(" — p)(%,7) = Hmsup(u® "% — 9)(Xs, (31,0000 o2 iyan(i))- (3.57)

J—=o©
Using the fact that the function u%-%) — ¢ attains its maximum at the point
(X5,(),ax () tox(j),ax(j)) We obtain
Skl )+ il 7 Ski i), Ar( i
(U0 = )Xo, ), Baei)ae (i) Z (WD SO = ) (X, ()

Substituting this into (3.57) and using (3.55) we deduce that

W — )(x,F) = Hm (%0 %0 — g)(x), te() = (U™ = 9)(x0, to)-
J—
Since (xo, #o) is a strict maximum of (u™ — ¢) we conclude that (x,7) = (xo, o).
We have thus shown that the sequence (xj4,%;4) tends to (xo,%) and
consequently that for j large enough the point (Xs, 4,%;4) 1S in By, (x0, t0).
This completes the proof of Lemma 3.13.

We now return to the proof of Lemma 3.12.  Using Lemma 3.13 and the
fact that u%% is a solution of the equation u, + F”(x,t,Vu,D*u) =0, we
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deduce that
0,(Xs,,a,2 18,0,) + (FY"), (X5,,0/» 15,0, VO(X5,,0;, 15,,)» D*P(X5,,0;, 15),,)) < 0.
By definition of (F,”), this can be rewritten as
05,0, 15,0,) + (F1),(X8,,0;, 15,0, VO (X5,,0;, 15,,0,), D*0 (X5, 0, 15,,,))
— 2V2a;|V (x50, 15,,4,)| < O. (3.58)

Next we let a; and 6; tend to zero in (3.58) and we use the lower
semicontinuity of (F1), and the fact that lim, ) (0,0)(Xs,4;5 %5;,) = (x0,1%) to
deduce that

9,(x0, to) + (F1), (%0, %0, Vo (xo, t0), D*p(x0, t9)) < 0.

Therefore u* is a viscosity subsolution of the equation u, + Fy(x,t,Vu, D*u)
= 0. Similarly we can prove that u~ is a viscosity supersolution of this same
equation, which completes the proof of Lemma 3.12.

LemMma 3.14. u=(x, 1) = u(x,t) = u*(x,1), for all (x,t)e RN x (0,T].

Proor. We deduce from the lemmas 3.11, 3.12 and from the comparison
principle that

ut(x,1) <u(x,t) <u(x,1), for all xe RN x [0, T].

Moreover, since by definition u* > u~, we conclude that u~(x,?) = u(x,1) =
u(x,t) for all xe RY x [0,T]. This completes the proof of Lemma 3.14.

We are now in a position to prove Theorem 3.10. We give a proof by
contradiction. Suppose that u*¢ does not tend to « uniformly on a compact
set K of RN x [0,T] as (J,a) tends to (0,0). This implies that there exists a
real number m >0, and a subsequence (dj,a;) such that (dj,a;) — 0 as
Jj — +o0, and a sequence (x;,t;) € K such that

u(xj, t;) — u%%(x;, ) < —m or u(x;, ) — u%%(x;, ;) > m. (3.59)

Since K is compact we may suppose that the sequence (xj,t;) converges to a
point (x,¢) € K. Moreover using (3.56) we have that

lim sup u® % (x;, ¢;) < u*(x,1). (3.60)
J—oo
Similarly we have that for all (x,7) € B, (xo0,1) and all sequences (J;,a;,x;, ;)
converging to (0,0, x, 1)

liminf %% (x;, ;) > u™(x, ). (3.61)

]— 00
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Letting j tend to +oo in (3.59) and using (3.60) and (3.61) yields
ulx,t) —ut(x,t) < —-m  or  u(x,t)—u (x,t) > m. (3.62)

Since u" =u=wu" and m is strictly positive we deduce that (3.62) is
impossible and we finally conclude that ¢ tends to # uniformly on compact
sets of RV x [0,7] as (6,a) tends to (0,0). This completes the proof of
Theorem 3.9. One can prove in a similar way that =%~ tends to u uniformly
on compact sets of RN x [0,T] as (,a) tends to (0,0).

We are now able to prove the first part of Theorem 1.2.
3.1.4. Proof of Theorem 1.2
We first prove the following Lemma.

LemMmA 3.15. Let K be a compact set of O. Then

limsup sup ¢ (x,7) <0.
e—0 (x,1)eK

PrOOF. Let K = O be a compact set. We first note that the uniform
convergence of u%¢ to u on the compact set K implies that there exists (do, ao)
such that for all § <dy and a < ap we have

ub®(x,1) <0  for all (x,7)eK. (3.63)

Moreover in view of Lemma 3.1, and the fact that #; is nondecreasing,
we deduce that #;(d%%(x,0)) > n5(Us(x) +20) for all xe RN. It follows
from (3.9) that w?%(x,0) > Up(x). Since g, >0 and g, >0 (see Lemma A.2)
we deduce that

d,a
‘I(iw ix, 0 ,6a,£a> > q(an(x) , €0, 0) for all x e RY.

Since by (A.10) the function s — ¢(r,s,0) is constant we conclude that

F°(x,0) = q(ﬂaw,m,ea) > q<U°(x> 0, o) = q(M,o) = ¢°(x,0),

& €

for all xe R¥. Moreover since by Lemma 3.8 ¢° is a viscosity supersolution
of the parabolic equation in Problem (P?) for all ae[0,1] and &< %, we
deduce by the comparison principle Theorem 2.2 that

d,a
q(w,sa, sa) > ¢°(x, 1) for all (x,¢)e RN x (0, 7). (3.64)

Furthermore using the inequality (3.63) we deduce that for all § <Jp and
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a<ay d“x,t)=0 for all (x,f) e K, which implies by the definition of
ns(Def,) that w>4(x,7) = —5. Applying (3.64) for § < & and a < ay we obtain

q<_§,£a, ,ga) > ¢%(x, 1), for all (x,?) e K. (3.65)

. . . 1)
Integrating the inequality g,(r, ex, ea) < Kje %" (cf (A.11)), on (—oo, _E> we
obtain

q(—é,sa, £a> < ﬁe‘KZ(‘S/E) + h_(ea, ea). (3.66)
&€ K2
Substituting (3.66) into (3.65) and using that d> > ¢ we obtain
K
sup ¢°(x,1) < LK1/ ve) 4 h_(ea, ea),
(x,H)eK K,
where we let ¢ tend to zero to deduce that

limsup sup ¢°(x,t) < h_(0,0) =0. (3.67)
=0  (x,1)eK

This completes the proof of Lemma 3.15.

Inequality (3.67) together with the fact that ¢° > 0 implies the uniform
convergence of ¢° to zero as ¢ tends to zero in all compact sets of O. This
concludes the first part of the Theorem 1.2.

3.2. Convergence of the solution ¢° of Problem (P{) in the set where u > 0

In a similar way we prove that ¢° tends to 1 uniformly on compact sets
of I. Since the proof is based on the same method we only give the results.
First we consider the sequence (Pl_‘s’ ~) of problems related to Problem (P}),
namely

2

N Py (D uVMQVu)
P Vul

u(x,0) = Up(x) —20.

+ (VuVx(v)) + C(a, —a)|Vu| =0

We remark that Problem (Pl_‘s’ ) has a unique viscosity solution, which we
denote by u=% =% We define the distance function

—5.—a .
A(x,f) = — f — . 3.68
a4 (x, 1) L. SO b (3.68)

As in Section 3.1 we obtain the results
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Lemma 3.16. d%7%(x,0) < u=>%(x,0), for all xe R".
and
Lemma 3.17. We have that
Va9 <1,
Va1 < —1,
d 07— Ad™0 7+ (VA7 Vy(v)) + C(a,a)[Vd >~ < —K|Vd~>%|d~% ¢,
in {(x,1),d=%7%(x,t) < 0} in the sense of viscosity.
Following the proof of Section 3.1 we define
w0 x, 1) = 5(d 04 (x, 1) (3.69)
where 7;: R — R is a a smooth function such that
fis(z) =0 if z>-6/4
fs(z)=z+0 if z<—-6/2

fs(z) =6/2  if z> —6/2
0<7,<C and |/ <C5 "' on R

(Def)

One can show that

LeMMA 3.18. There exist positive constants K and C such that for 6 small
enough

—|Vw%9 < —C, (3.70)
and
-0,—a __ A —0,—a -d,—a —d,—a
w, w + (Vw V() + C(a,a)|Vw |

< —Ko' —K|Vwo 9 jw% 9 (3.71)

in the sense of viscosity in RN x (0, T).
Moreover we have that

Vw9 <1, (3.72)
Vw4 < 1, (3.73)
and
w,“"’ 4 AW (VWO TV (v)) + Clat, @) VW% 9
+K|Vw™4d=%"9 <0 (3.74)

in the sense of viscosity in {(x,t),d %%(x,t) < —5/2}.
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As in Section 3.1.2 we define

w9 (x,1)

#50) =af

We deduce from Lemma 3.18 that

. , &L, —ea) for all (x,#)e R"x [0,T]. (3.75)

LEMMA 3.19. For all a >0 and & < 6%, ¢° is a viscosity subsolution of
the parabolic equation in Problem (P}).

Using Lemma 3.19 and the fact that #~%~¢ tends to u uniformly on
compact sets of RV x [0, T'], we obtain a result analogous to that of Lemma
3.15 namely

LemMA 3.20. Let K be a compact subset of I. Then

liminf inf ¢°(x,1) > 1.
R e 0=

Lemma 3.20 together with the fact that ¢* < 1 implies the uniform convergence
of ¢° to 1 on all compact sets of I as ¢ tends to zero. This completes the proof
of Theorem 1.2.

4. Convergence proof in the case of Problem (P5)

In what follows we prove that the solution ¢° of Problem (Pj) converges
to 0 in the set where u < 0. The proof that ¢° converges to 1 in the set where
u >0 is similar.

4.1. First definitions and preliminary lemmas

As in Section 4, we denote by h,(x,&'/%a) < ho(a,e'/*a) < h_(a,&'/%a)
the three solutions of the equation f(s,a):=s(1 —s)(s —1/2+a) = —¢!/4q,
and remark that A, (a,0) =0, Ay(2,0) =1/2 — o, h_(,0) = 1.

We define by (g,¢) = (¢q(a,&'/%a), c(x,&'/%a)) the solution of the problem

g + (2, %a)g, + q(1 — q) (g — 1/2 +a) = —¢'/*a
(Tw)

q(—o0,a,e'%a) = hy (a,e'%a), g(+ 0, a,e'/*a) = h_(a,&'/%a).

Finally, as previously we introduce a sequence of approximating problems
of (Pj), namely

.oy [ U+ (VuVy(v)) + c(a+5,0)|Vul =0
(P2 b){ u(x,0) = Up(x) + 20

where c(a+ b,0) = —v2(a+b). We define
Fy(x,1,p) = (p.Vx(v)) + c(a+5,0)| p|.
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We have checked in Section 2 that F; satisfies the hypotheses of the theorems
2.1 and 2.2; this immediately implies that the function F} satisfies them as
well. Thus there exists a unique viscosity solution u%® of Problem (Pg’b) and
we can apply the comparison principle to the equation u, + FY(x,t, Du) = 0.
Next we define a distance function, namely

d**(x,1)=  inf -y 4.1
(x,1) {y,ua,if},,)sm"‘ Y| (4.1)

As in Section 3.1 we give some properties of d%?
LemMa 4.1. d%%(x,0) > u®?(x,0), for all xe R".

The proof of Lemma 4.1 is similar to that of Lemma 3.1. As in Section
3.1 we state for the function d®? some results, which are proved in [5].

LemMa 4.2. (i) d%? is lower semicontinuous, that is if (x;,t;) — (xo,to),
then dé’b(xO, [0) < lim infj_w.oo dé‘b(xj‘, [j).

(i) d%® is continuous in time from below, that is if (x;j,t;) — (xo,t) and
tj < to, then d%b(xo,t) = lim;_ o d%®(x;, 1,).

LEMMA 4.3. There exists a positive constant K such that d®? satisfies the
inequality

d®® + Fl(x,1,vd®t) > —K|Vd®b|d>® (4.2)
in RN x (0,T) in the sense of viscosity. Moreover we have that
Vd®?| > 1
—|vad®?| = -1
in RN x (0,T) in the sense of viscosity.
Next we prove a lower bound on —4d%? which is useful in this scaling.

LEMMA 4.4. We have that

N -1
d4o.b

—4d%? > —

in {(x,1),d>*(x,t) > 0} in the sense of viscosity.

ProOF. Let p e C>'(RN x (0,T)); we assume that d*® —¢ has a strict
minimum at the point (xo,%) € RY x (0,T). Since u%? is continuous, there
exists y € R" such that

d(s’b(XO, t) = |X() - y|, and u‘s*b(y, 1) <0. (4.3)
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Moreover in view of (4.1) and (4.3) we have that
Ix — y| — 0(x, t0) = d*b(x, 1) — p(x, to), for all xe RV.

Using the fact that (xo, ) is a minimum of the function d®? — ¢ we deduce
that

|x = y| = o(x,t0) = dé’b(xo, to) — ¢(xo0, %) = |x0 — ¥| — @(x0, %)

for all x e R", which implies that x, is a minimum of the function |x — y| —
@(x,t). Thus we deduce that

N-1
—dg(xo, o) = —A(|x0 — y|) = R
. . -1 .
Finally using (4.3) we conclude that —A4g(xo, %) > —g(sjzf(x—,)‘ This com-
’ 0, L0
pletes the proof of Lemma 4.4.
As in Section 3.1.1 we define
wé’b(xv t) = Wa(d(s’b(X, t)) (44)

where #; is the function defined by (Def,) in Section 3.1.1.

LEMMA 4.5. There exists positive constants K and C such that for 6 small
enough we have that

—|vw?t| > —C, (4.5)
and
wil 4 (VWP Vy(v)) + c(a + b,0)|Vw?| > —Kd~' — K|Vw?b| |w?t|  (4.6)

in the sense of viscosity in RN x (0,T).
Moreover we have that

Vwo| > 1, (4.7)
—|VwPt| > —1, (4.8)
and
whb 4 (VWP Vy(v)) + c(a + b,0)|Vw>?| + K|Vw*b|d%® > 0 (4.9)
in the sense of viscosity in {(x,t),d%®(x,t) >6/2}.

PROOF. One can prove that Lemma 4.5 follows from Lemma 4.3 in the
same way as we have deduced the result of Lemma 3.6 from that of Lemma
3.5. Next we deduce from Lemma 4.4 the following result.
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LEMMA 4.6. There exists a positive constant L such that

A > _g (4.10)

in the sense of viscosity in {(x,1),d%b(x,t) > 5/4}.
Moreover we have that

—Aw®? >0 (4.11)
in the sense of viscosity in {(x,1),d%?(x,t) < &/4}.

Proor. Let pe C>1(RN x (0,T)); we suppose that w?® — ¢ has a strict
minimum at the point (xg,%). This implies that there exists p, > 0 such that

WP —)(x,1) > (WP — 9)(x0,80)  for all (x,) € By, (xo, o). (4.12)
Next we prove (4.11); we suppose that d%®(xo,ty) < J/4. First we note that
d%(x,10) —d®®(xo,10) < |x —xo|  for all xe RV, (4.13)

Let p be such that 0 < p < min(py,d/4 — d%®(xo,2)). Using (4.13) we deduce
that d%°(x, ty) < J/4 for all x € B,(xo). This implies by (4.4) and (Def,) that
wob(x,t9) = —6. Substituting this in (4.12) gives

o(x,t0) < o(x0, ), for all x € B,(xo).

Therefore xo is a maximum of the function ¢(., %) in B,(xo). Thus
—A4p(x0, %) = 0, which implies (4.11).

Next we prove (4.10); we suppose that d®®(xo,t9) >6/4. As in the
proof of Lemma 3.6 we introduce the functions #¢(z) = #s(z) + ez for z€e R
and p¢ = (7¢)”'. Applying Lemma 3.7 we have that #°(d*?) — ¢ attains its
minimum in B, (Xo, %) at a point (x¢¢¢) and that moreover lim,_o(x¢,#¢) =
(x0,20). By the definition of (x¢,2¢) we have that

(7°(d>") = 9)(x, 1) = (n°(d*") = p)(x*, %), for all (x,1) € By,(x0, o),

which in turn implies that

d*%(x,1) 2 p°l(n°(d**) — 9)(x%, 1) + o(x, 0)] =: Y*(x,1). (4.14)

Note that the definition of y° in (4.14) implies that y¢(x¢,2¢) = d%b(x®, t¢).
Moreover since d%®(xp,%) >0 and since by Lemma 3.2 d%® is lower-
semicontinuous we have that d%®(x¢,¢¢) > 0 for e small enough. Using (4.14)
and Lemma 4.3 we deduce that

Vye(x, 1) = 1. (4.15)
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In view of Lemma 4.4 ¢ also satisfies the inequality

N-1

—AYe(x,1%) = — W .

(4.16)

Following the computation of the proof of Lemma 3.6 we have also using
(3.28)

AYe(x°, 1) = (p°) (n°(d>P(x°, 1)) {dp(x*, 1) + Voo (x¢, 1)
(=) "W NP (@ (x4, )Y (417)
Moreover we deduce from (4.14), and (4.15) that
Vo(xe, )] 1(p°)' (n°(d%* (x%,2%)))| = 1. (4.18)
Substituting (4.18) in (4.17) we obtain

AP (x4, 1) = (p°) {m(d>(x°, 1)) [Ap(x®, 1) — ()" (¥* (x%, )]}

Substituting this in (4.16) and using the fact that (p¢)'(n°(z)) = ( )1 T )> 0
ne) (z
we obtain that
e e e/ (el 36,b( e .e N-1 e/ el e se
—dp(x*, 1) = —(n°) (n°(d*>"(x*, 1 )))m—(’? ) (e (x4, 2%)). (4.19)

Moreover since 0 < (7¢)' < C+e and |(°)"| < C6~' we deduce that

N-1

oy -1
d&,b(xe,te) Co.

—dp(x*,1) > —(C +e)

Letting e tend to zero in the inequality above we deduce from the lower
semicontinuity of d%? that

N -1
iy > ~C Gy~
9(xo, o) 2 Cd‘f»b(xw t) @

Finally since in this case d%?(xo,#) > d/4 we conclude that —Aep(xo, ) =

~§. This completes the proof of Lemma 4.6.

4.2. A supersolution for Problem (P5)

We suppose that a € [0,1] and define

8,b
¢ (x,1) := q(%)ﬁ,oc,al/“a) for all (x,7) e RN x[0,T) (4.20)
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LeMMA 4.7. For all a>0, '3 >8> ¢'/2, b > ¢'/® and ¢ small enough,
¢° is a viscosity supersolution of the parabolic equation in Problem (P%).

Proor. Let pe C>'(RN x (0,T)). We assume that ¢  — ¢ has a local
minimum at the point (xo, %) € RY x (0, T) and that (§° — ¢)(xo,7) =0. We
proceed in a similar way as in the proof of Lemma 3.8. There exist a
neighborhood Nj(xp,%) and a function y= y(x,t) e C>!(Ni(xo,)) such
that

o(x,1) = q(@,a,e‘/“a), for all (x,?) € Ny(xo,%). (4.21)

Moreover the function y satisfies
y(x,1) <w>(x,1)  for all (x,) e Ny(xo, 1), (4.22)
with equality at the point (xg,%). This implies in view of Lemma 4.5 that
—|Vy(xo,t0)| = - C (4.23)
(re+ (Vy.Vx(v)) + c(ox+ b,0)|Vy])(xo0, o)
> —Ko™' — K|V y| |w*|(x0, to) (4.24)
and in the case that d®®(xo,t) > 6/2 that the function y satisfies
|Vy(xo,t0)| =1 (425)
(e + (Vy.Vx(v) + c(x+b,0)[Vy|)(x0, 00) = —K|Vy|d*®(x0,0).  (4.26)
Moreover in view of Lemma 4.6 we also have
L
—Ay(xo, t0) = -5 (4.27)
in the case that d%®(xo, ) =J/4, and

—Ay(x0,8) =0 (4.28)

in the case that d%®(xg,t) < d/4. Next we prove that

Litp(ra,0) = (00~ o + (Vo Vo) + 040) = -1 (0.2) )G, 10) 2 0,
(4.29)

which is the result of Lemma 4.7. Substituting (4.21) into (4.29) we deduce
that
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oL, 1)) = (2 /%) (1= 95 0)
+ 4 <y; e 4a) [y — edy + (Vy.Vx(v)) + c(2,&/*a)](x0, o)

+ella +eq (y?,a,sl/"a) Ay (v)(x0, to). (4.30)

(i) We first consider the case that d®®(xg,#) > /2. Substituting (4.25)
and (4.26) in (4.30) we obtain

eL5(p(x0, %)) = g (M,a,e”“a) [—edy + c(a,e'/*a) — c(a + b,0)

— Kd%b(x0,10)] + £/*a + ¢q (y? a, al/“a) Ax(v)(x0,10).  (4.31)

Next we use that by (Def,)y(xo, %) = w>?(xo, t) = d®®(xo,t) — 9,
inequality (3.39) and the fact that se™ <1 to obtain

qr (y?,ot,el/"a)Kd‘s’b (x0, fo) < KKy e R0 /e (| y(xo, 10)| +6)

KK
< 2l e L KKy6. (4.32)
K>

In view of (4.27) we deduce that
q,(y?,a,81/4a>(—£Ay(xo,to)) > —Kng

> — KLV, (4.33)

for all 6> > ¢ Furthermore we have that

c(a,e'*a) — c(a +b,0) = V2b + a”"a-a—c(oc,O) + O('?).

Oa
Since @(oc 0) = 31 (cf. Lemma A.3) we have that for all 0 <a <1
da"" " 2 ar—1/4" '
and b > ¢!/
) ) = \/5_0(2— 1/4 y .

which is positive for ¢ small enough. Substituting (4.32), (4.33), (4.34) in (4.31)
we obtain



Convergence to a viscosity solution 625

KK )
eL5(p(x0, 1)) = — ——¢ — KK — KiLVe - Ce + ',
2

where C is an upper bound for the term g(.,ea,ea)dy(v). Finally we deduce
that for all 0 <a<1, e/ >8>¢'/2 and b > ¢!/ and & small enough, the
inequality L5(¢(xo, %)) = 0.

(ii) Next we consider the case that d%®(xo,t) <6/2. We deduce from
(4.24) and (4.30) that

eL3(9(xo, to))
) & ,
e (_y(xg 0) ,»oc,e”“a) (1 = |V y(xo, t0)|2) +q, (M,d’gl/%)

[—edy + c(a,e/4a) — c(a+ b,0)|V y(x0, 10)] — K6~
~ KIV 3G, 0)] 350, 0]+ 20+ g%, 6140 (o) ). (439)

Moreover by (Def,) we have that y(xo,%) = w?(xo,t) < —3/2, and also
use (3.9) to deduce that y(xo, %) = d%?(xg,t) — 26 > —26; thus

8/2 < |y(x0,10)| < 26. (4.36)

We deduce from (4.36) and (3.39) that
)1 -
(lgr| + |qr|) (y(x(; 0) ,“781/4‘1) < Kie K2(6/25)>

which we substitute in (4.35); also using (4.23) and (4.27) or (4.28) we obtain
eL5(p)(x0, to) = —Kye X0/ [1 +C2 4 L(ES + Ko7' + KC2

He(z,e4a) — e(a+ b,0)|V y(xo, )] — Ce+&'a.  (437)

Moreover using (4.23) and the fact that c(&,a) is bounded we obtain
that |c(a,&'/%a) — c(a + b,0)|Vy(x0,%)|| < C,. Substituting this in (4.37) and
choosing J > /¢ we deduce that

1
eL(9)(x0, 10) = —Kie” 8/ (1 + C?) + LV + €y +2KC + Kﬁ]

—Ce +&'/%a. (4.38)

Thus we have that L{(¢)(xo,%) = 0. This completes the proof of Lemma 4.7.
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4.3. Uniform convergence of u%?
In this section we prove the following result.

THEOREM 4.8. u®?, (resp. u=>~?) tends to u uniformly on compact sets of
RY x[0,T] as (6,b) tends to (0,0).

The proof of Theorem 4.8 is very similar to that of Theorem 3.9. As in
Section 3.1.3 we first give three preliminary lemmas.

LEmMa 4.9. Let (o, bo) be fixed. Then for all 0 <& <8 and 0 < b < by
we have that
w b (x 1) <ud(x,1) < u¥ob(x,1), (4.39)

for all (x,t)e RN x [0,T).
Proor. For all 0 <b < by we deduce from Lemma A.l and (A.4) that
c(a+b,0) = —V2(a+ b) > c(a + by, 0),
which implies that u%? is a subsolution of the equation
u+ sz0 (x,t,Du) = 0.

Moreover for all 6 <dp we have u®®(x,0) = Uy(x) + 20 < u®b(x,0), for
all xe RY. As previously we deduce from the comparison principle that

ud?(x, 1) < u%b(x, 1), for all (x,¢) e RY x [0, T). (4.40)

In a similar way we can prove that u% ~% < %% which together with (4.40)
completes the proof of Lemma 4.9.

As we have done in Section 3.1.3 we define
ut(x, 1) = limyg, g sup {u*?(z,0), for all 0 <b <v,0 <5 <v, and for all
(z,6) e RY x (0, T) such that |x —z| <v, and |t — 6] < v},
and
u™(x,t) = limg,_oy inf {u”?(z,0), for all 0 <b<v,0<I<v, and for all
(z,0) € RY x (0, T) such that |x —z| <v, and |t — 6] <v}.

The proof of Theorem 4.8 then exactly follows as that of Theorem 3.9. We
are now able to prove the first part of Theorem 1.3.

4.4. Proof of Theorem 1.3

We prove below the following result.
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Lemma 4.10. For all K compact set of O, we have that

limsup sup ¢°(x,t) <0.
e—=0 (x,nNek

ProoF. Let K < O be a compact set. We first note that the uniform
convergence of u%® to u on the compact set K implies that there exists
(00, b9) such that for all d <dy and b < by we have

ubb(x,1) <0 for all (x,¢) e K. (4.41)

Moreover in view of Lemma 3.1 and the fact that #; is nondecreasing,
we deduce that 7;(d%?(x,0)) = n;(Us(x) +20) for all x e R, which together
with (3.9) implies that w?®(x,0) > Uy(x). Since by Lemma A.2 ¢, >0 and
4o =0 for a €[0,0.4], we deduce that

J,b 0
q(W E:xa ),a,81/4a> > q(Uoéx),a,O) for all xe RV,

Since by (A.10) the function s — ¢(r,s,0) is constant we conclude that

¢°(x,0) = q(wé’b%o—),a,s‘/“a > q(U"g(x) 0, 0) - q(U"(") ,o) = ¢°(x,0),

€

for all xe RY. Moreover choosing § such that ¢'/3 > 4§ > ¢!/2 we have by
Lemma 4.7 that q?e is a viscosity supersolution of the parabolic equation in
Problem (P5) for all @ > 0, b > ¢!/%, and ¢ small enough. This implies by the
comparison principle Theorem 2.2 that

d,b
q(w ix, r),a,e‘/“a) > ¢%(x,1),  for all (x,)e RV x (0,7).  (4.42)

Furthermore using the inequality (4.41) we have for all § <Jy and b < by
that d%%(x,t) = 0 for all (x,7) € K, which implies by the definition of #;(Def,)
that w??(x,f) = —6. Applying (4.42) for 6 <y and b < by we obtain

q(‘%fx,e‘/“a) > ¢%(x,1),  for all (x,1)€K. (4.43)

Integrating the inequality g,(r,ex, ea) < Kje %I (cf. (A.11)) on (—oo,—é)

we obtain

q(—g,a,al/“a) < —Ilge’KZ(‘s/s) + h_(a,e"%a). (4.44)
2

Substituting (4.44) into (4.43) and using that 6> > ¢ we obtain
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K
sup ¢°(x, 1) < Lo k(/Ve) 4 h_(a,e"%a),
(x,0) ek K;
where we let ¢ tend to zero to deduce that

limsup sup ¢°(x,?) < h_(2,0)=0. (4.45)
e—=0 (x,0)ekK

This completes the proof of Lemma 4.10.

Inequality (4.45) together with the fact that ¢° > 0 implies the uniform
convergence of ¢° to zero as ¢ tends to zero in all compact sets of O. This
concludes the first part of the Theorem 1.3.

The proof that ¢° converges uniformly to 1 as ¢ tends to zero on compact
subsets of I is similar (see Section 3.2).

A Appendix. Travelling wave solutions

In this appendix we describe the main properties of travelling wave
solutions of the equation

U=ty +u(l —u)(u—1/2+a)+a. (A.1)

We will use the results of this appendix with & = ea, and @ = +ea in the case
of Problem (P{) and with & =a, and @= +¢!/%a in the case of Problem
(P5). First we note that if a € [0,1/2) is a fixed constant and if a is a small
enough positive constant, then the equation

f(s,0) :=s(1—5)(s—1/24 &) =—-a (A.2)
has three solutions
h_(a,a) < ho(a,a) < hy (&, a); (A.3)
in the case that a =0, they are explicitely given by
h_(&,0) =0, ho(&,0) =1/2 — a, hy(&0)=1. (A4)
Next we compute a travelling wave solution (g,c) of the equation
u = uy + f(u,a) + a, (A.5)
that is the solution of the problem

g +c(@,a)gr+q(1 —q)(g—1/2+d) = -a
q(—o0,8,a) = h_(8,a),q(+o0,&,a) = hy(d,a).

rm{

One can show the following result.
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LemMMA A.l.
The pair
. _ . V2Ma,a)
q(r,a,a) = h_(a,a) +W
(¢,¢) {
c(x,a) = %(Zho —h_ —hy)(a,a)
where
A68) = 5 (b~ h-)(3) (A.6)

is the unique solution of the system (TW) up to a translation constant.

Next we describe some qualitative properties of the travelling wave so-
lution, which are proved for instance in [9].

LEMMA A.2. There exist K, K, positive constants such that, for all r € R,
4 €[0,0.4] and a small enough, we have that

h_(& @) = 0(a@), hy (& a) = 1 + 0(a) (A7)
qr(r,a,a) > 0, (A.8)

qa(r,a,a) 20, (A.9)

qa(r,,0) =0, (A.10)

(Igrl + lgnl)(r, & @) < Kye 5. (A.11)

In order to be able to evaluate the coefficient of o in the equations for
the moving boundaries in the problems (P{) and (Pj), one uses the
following results.

LEMMA A.3.

C(x,a) = 1im"—(£°‘8’—w) — V20— 6V2a (A.12)

e—0

oc 3 1
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