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ABSTRACT. Stationary measures for discrete-time interacting particle systems on the
one-dimensional lattice are considered. In our systems infinitely many particles can
change their states simultaneousiy, and the change of each particle state is affected by
particles on the surrounding sites. We extensively improve the relative entropy method
and make it applicable to such discrete-time particle systems generally. We prove that
the stationary measures for Ising models are given by a unique Gibbs state and those for
exclusion processes are given by canonical Gibbs states.

1. Introduction

In this paper we aim to establish a general way of analyzing stationary
measures for discrete-time interacting particle systems on the one-dimensional
lattice. In our systems the particles on sites of Z change their states at each
time according to a given probabilistic rule which satisfies the local equilibrium
condition. The number of sites at which changes occur simultaneously is
infinite, and the probability of changing a state at each site is affected by
the particles in the range of distance R from the focused particle. As such
processes we treat discrete-time stochastic Ising models and interactive
exclusion processes on the one-dimensional lattice Z. Applying the relative
entropy method carefully, we generally discuss a wide class of discrete-time
interacting particle systems satisfying the local equilibrium condition. We then
determine the structure of stationary measures for the Ising models and the
exclusion processes.

Many results have been obtained concerning time evolutions of interacting
particle systems (see [6] and the bibliography in [7]). However, in most cases,
their time parameters are continuous. We are interested in discrete-time inter-
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acting particle systems which allow states of particles to change at infinitely
many sites simultaneously. This setting is extremely different from the con-
tinuous-time cases which allow the change of state at only one site (or finitely
many sites) at an instant. This means that, for any interval [i, j] in Z, the
particles outside of [, j] contribute to every term of the equilibrium equation
for the particles in [i, j/]. Hence, differently from the continuous-time cases, we
can not isolate the terms which are affected by the particles outside of [i, j].
This makes the analysis difficult. Furthermore it unfortunately prevents us
from extending the present results to higher dimensional cases.

The well-known tools for the analysis of stationary measures for inter-
acting particle systems are the coupled Markov method ([5, 10]), the relative
entropy method ([3, 4, 11]) and recent technologies concerning the entropy of
probability density (see, e.g., [8, 9]). The relative entropy method is very
useful when one wants to assert that, if a stationary measure for the process is
once known, then every stationary measure has the same property as that of
the known measure. In this paper we improve and extend the relative entropy
method employed in [12], and make it applicable to general finite-range
interacting particle systems satisfying the natural conditions (FD1)-(FD5) in
the next section. This improved method provides us with parallel treatment of
stationary measures for the Ising models and the exclusion processes on the
one-dimensional lattice.

In the main body of this paper we restrict our argument to the stochastic
Ising models because the notations are rather simple, and in order to avoid
confusion with the exclusion processes. We will treat the exclusion processes
at the end.

In §2 we first give some notations and definitions, and introduce discrete-
time stochastic Ising models on Z satisfying the local equilibrium condition
together with a simple example. We then state Theorem 1 which determines
the structure of stationary measures for the Ising models. The proof of
Theorem 1 is given in §3 by applying a series of lemmas whose proofs are in
§4. In §5 we give an example of such Ising model. These arguments also
work for exclusion processes. An application of our method to discrete-time
interactive exclusion processes is discussed in §6.

2. Definitions and results for stochastic Ising models

Let & = {+1,—1}* be the space of spin-configurations on Z. For a
given n=(...q_inon; ...) € X, we consider that the spin-orientation at site
ie€Z is up [resp. down] if #; = +1 [resp. —1]. We endow Z with the product
topology of the discrete topology on {+1,—1}. For i< j, i,j€Z, the set of
all basic cylinders [a;a;y; . ‘.aj_laj]j ={neZ:m=a,i<l<j}, a..aq¢€
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{+1,-1}/7"! "is denoted by %.;. Weput%={}U {U1</ %:,}. As Borel
structures on & we adopt %;; = (%, ;) and # = o(¥), where o(%; ;) [resp.
o(%)] is the o-field generated by %;; [resp. ¢|. Given a = ;[a;ai;1 .. aj_la]]j
we define b{a) e %, 1 <i,j<J, to be an element of ¥;,, which is rep-
resented such as ;[b;...b;_1a;...abj41...bs];. A nested notation d{c(b{a)))
is sometimes abbreviated like dcba. For an arbitrarily fixed a € %; ;, which will
be clear in each context, we use a notation Z;@e%,, in order to indicate a
summation over all elements b{a) in €;; with a fixed.

Now let us introduce a random flip of spin-configuration on Z starting
from 5. Let {P, = P(n,-)|n € Z} be a set of probability measures on . We
consider that P(n,a), a € %, is the probability that a configuration # at time
¢t jumps into a set a = & at time ¢+ 1. Hence if we assume P(-,a) is %-
measurable for every a € #, we have a set of transition probabilities {P(#,a)}
and can define a discrete-time Markov process on Z under which each spin on
Z undergoes a random change of spin-orientations. Before describing more
precise properties of P(y,a), it seems to be useful to give here an example of

such {P(n,a)}.

ExXaMPLE. Suppose 0 < ap,0,6; <1 and set 6. = ooy, 0-1 = apf.
For n=(...n_ynon, --.) let us write 7, = —n,. Then it is easy to check that
the relation

_ j+1
(21) P(”H[”t”z-}-l ‘ j/ = IH 'Ik 1"k and
(2.2) P(n, ANAN...04) =[], P(n, 4)
for As=; [, ... 7], with i —js>2

determines a probability measure P(n,-) on % (see (5.1)). This system
{P(n,-)} is a special case of the example given in Section 5 with R=1, Jo =0

(By = ) and J; = —log< 5 ) In this process the change of spin-orientations
1
on the sites i and j with |i — j| > 2 is mutually independent from (2.2).

Below we describe the precise properties of P(n,a) which we require for
our discrete-time Ising models. We will call the corresponding Markov process
(DI) for short.

We introduce a Hamiltonian #(a) as follows: Let R be a positive integer
and {Jo,J1,...,Jr} € R. For a=a;...q]; € €;; we define

PEES SITEED 30 Sap

i<x<y<j,y-x<R

which is the energy on the sites {i,...,j} for a=[a;...q]; wr.t. the self-
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potential Jy and the pair potentials J,, r=1,...,R. We assume that our
transition rules P,, n e %, satisfy the following natural conditions (FDI)-
(FDS):

(FD1) P(n,a) = Py(a) >0 for every # and a€ ¥, ;

(FD2) Given a€%,;, P(n,a) is %i_g j+r-measurable as a function of 7.
(Hence we can use a notation P(b,a), b€ 6;_g j+r, in the below.)

(FD3) (i) For every a, ac%;; and b<{*) € €i_r j+R,
(2.3) exp{—#'(b<a))} P(b<a), @) = exp{—# (b<a))} P(b<a), a),

(i) For every w, we%iirj-r alxy,a{xye%;; and b{x)e
(gi—R,j-FR’ J —i> 2R5

(24) exp{—# (b<aiw)>)} P(b{alw),alw))
= exp{—# (b<aiw)>) }P(baiw)), al{w)).
(FD4) There exists a positive integer K; (>R) such that values

P(d{c{b<a))>, <b{a)))
P(d{c{b{a))), &b<a)))’

a,ae€biyrj-R, b{*)€bGirr-K-L j-R+Ki+L

c(x,6(*),&*) € Ci_k,—L j+Ki+L>
d{*) € €i_R—K\~L,j+R+Ki+L>

L=0 or R,
are independent of a and a.

(FD5) There exists a constant M; > 0 such that

P(c, b{a))
P(c, b<a))

for any ae %, b<{*), b{xye Ci-Lj+L, €€ Gi—R—L j+R+L>
0<L<K;+3R.

Let us give some comments on the above conditions. The condition
(FD2) means that the change of states on the sites {i,..., j} is affected by the
spins at most on the sites {i — R,...,j+ R}. The condition (2.3) in (FD3) is
the usual local equilibrium condition, which plays an essential role in our proof.
The (FD4) states that changes of spin-orientations near the boundaries of each
interval are not affected by spins far from the boundaries. The last (FDS)
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requires some kind of uniformity of the rate of change of spin-orientations near
the boundaries.
We remark that the condition (FD4) is equivalent to the condition

P(d{c<b<ay;), i<b<ay))
P(c(b<ay), b<ay)

(FD4") is independent of a and 4,

because

P(dcba,cba) « P(dcba,éba)) ™
Plcha,ba) {Zé@ P(dcba, cba) and

P(dcba,cba)  P(dcba,cha)/P(cba, ba)
P(dcha, ¢ba@) ~ P(dcba,cba)/P(cha, ba)

We will use (2.4) together with (FD4) and (FD5) for proving the necessity part
of Theorem 1. We also remark that if we put w=w = J formally in (2.4)
then it reduces to (2.3) (see Concluding Remark 2). We will call the condition
(2.4) the “Finite-range Dynamic local equilibrium”.

A probability measure v on & is called a Gibbs state associated with the
self-potential Jy and the pair potentials J,, r=1,..., R, if its conditional
probability v{a|%B; }(n) of a€ €, ; given B, = {1/l <J <ior j<I<J}
is equal to

- -1
Zj(m) " exp[=H (i—ri_g---Mi1ai .. <Ay - "7j+R]j+R)]v

where Z; (1) is the normalizing factor which depends on i, j and 7 (see, e.g., [2,
6]). It is obvious that the above definition is equivalent to the following one:
v is called a Gibbs state if it satisfies

(2.5) v(b<a) exp{ - (b<@»)} = v(b<@)) exp{~# (b<a))}
for every a,ac%;; and b{x) e Ci_rj+r-

The set of Gibbs states is written by 4. In the one-dimensional case it is
known that ¢ # (, and, moreover, §4 = 1. We remark that if P, satisfies
(2.3), then the condition ve %, namely (2.5), is equivalent to the following
equation:

(2.6) v(B<{a)) P(B<a), ) = v(b<a))P(b<a),a)
for every a,ae%;; and b{x)€ G Rz

A probability measure v on & is said to be stationary for the Markov
process defined by the transition probabilities P(7,-), # € &, if it satisfies

L» 1) = | v [ Por.ae)r @
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for all bounded %-measurable functions f. Let # be the set of stationary
measures for our process (DI).
Now we can state our theorem as follows.

THEOREM 1. Assume the conditions (FD1)-(FDS). Then # = ¥, that is, a
probability measure v on X is stationary for the discrete-time stochastic Ising
model (DI) if and only if it is a Gibbs state associated with the potentials J,,
r=0,1,...,R.

Thus stationary measures for (DI) is unique and coincides with a unique Gibbs
state with potentials J,. As a corollary we have

COROLLARY 1. The stationary measure for the discrete-time stochastic Ising
model (DI) is reversible, that is,

2.7) j v(dn)ﬂmj P(n,d&)g(&) = j v(dn)g(n)j Pn,d&) £ (8)
x X X x

for all continuous functions f and g.

The analogous results also hold for discrete-time exclusion processes. We
describe them, Theorem 2 and its corollaries, in §6.

3. Proof of Theorem 1

We divide the proof into two parts, that is, a sufficiency part and a
necessity part. Most of this paper will be devoted to the proof of the necessity
part.

PROOF OF THE SUFFICIENCY PART. The sufficiency is almost obvious.
Indeed for a € %, ;, by (2.6),

[IRGLCTES SR O

(3.1) =D et e Diei,, "B@)P(B<E), a)
=D e Da V(B@)P(b<a), d)
= 5 V6@ =v@). O

PROOF OF COROLLARY 1. For the proof it is sufficient to check (2.7) for the
case f =y, and g = y;, a, b € ¥, under the condition (2.6). But this is easy.
In fact, if a€%;;, be €, i<I< j<J, then
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L{ v(dn)xa(n) Lf P(n,dn)xp(n’)
= | vanrab)
SIS SNPEN C OGO
=Y oD e D omse,, YUY PoCucady, wib))
=Y D S H(rCW<BYY) P(o(W b)Y, uCa)

=j dv(n)P(n, a) = [ vy | Pondn'yr). D
b X X

In the rest of the section we prove the necessity part. In the following
discussion by x4 we represent the unique Gibbs state with potentials J,,
r=20,...,R, and by v an arbitrary probability measure on . We remark that
for u it holds that

(3.2)  u(b<ay)P(b{a),a) = u(b<ay)P(b<{ay,a), a,ac%;;, b<a)€ G rjir

from (2.6). We use the notation ¥(x) for the function xlogx, x >0, with
¥(0)=0 as usual. The relative entropy of v with respect to u on
{-N,-N+1,...,N—1,N}, NeN, is defined by

_ v(a)
(3.3) Hy(v) = Zaeh” ﬂ(a)?’(ﬂ (a)).

Suppose that the initial dlstrlbutlon of (D ) at t=0 is v. Then the
distribution of (DI) at ¢ =1 is given by ¥(-) = [ v(d. ), and hence by (3.1)
for aeé_yn
(3.4) @)= X@w),
where

(3.5  X@aw =Y. Setnn > et nmen (BEWI))P(B(E(W)), a).

Therefore concerning the relative entropy of ¥ we have an inequality

Hv() = Zau(a)yf(M)

u(a)
X(a,w)
<2LH@) ., Pla W)W<P(a,W)#(a))

=Iy(v)
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by the convexity of ¥. The difference is denoted by Ay:
(3.6) Ay(v) = Iy(v) — Hy(¥) = 0, N=R+1,R+2,....

The key to the necessity part is to show that Ay(v) =0 if v is stationary
for (DI). We divide the argument into a series of lemmas, whose proofs are
given in the next section. The first step is to show that Ay’s are monotonically
increasing w.r.t. N:

LeMMA 1. Suppose v(a) > 0 for every nonempty ac¥. Then we have
AN(V) = AN_l(v).
The next step is to state that if v is stationary, then Ay (v)’s are bounded

above.

LEMMA 2. Suppose v is stationary for ( DI) and v(a) > 0 for all nonempty
ac%. Then there exists a positive constant ¢ such that 0 < Ay(v) < c for all
N(>R).

From Lemmas 1 and 2 we can show that

LeEMMA 3. Suppose v is stationary for (DI) and v(a) > 0 for all nonempty
ae€ ¥ Define

y * X(e,y<v))  X(c,y,<{v)) P(c,y<v))
) = 1 * ~ : ° o
gleyw) =loe (Zw Treo X (€503 X(e,y<0)) P(c,y<v>>)
_ Z* X(C,J’<v>) lo (X(C,j}<v>) . P(GJ’(”»)
v 3 i X (6, 3<v)) X(c,y<v)) P(c,y<{v))
where ¢ € €_N_2r—k, N+2R+K,, VE C_Ni2rRN-2R and Y{v) € €_N_R_K, N+R+K;-

Let 6 >0 and y > 0. Then for an arbitrarily fixed y{->, if N is sufficiently
large, it holds that

(3.7) 0< Z > A>T Xeyn} <y

gle,pv)y) =0

Here .5, s the summation over ¢ and v satisfying g(c,y{v)) >9.
9(e,j{v)) 20
This lemma states that if v is stationary then the sum of X (¢, y<v))’s over
¢, y and v which satisfy g(c, p{(v)) > § becomes very small as N goes to infinity.
(Note that the function g is nonnegative.)
The following lemma reflects the strict concavity of the function log.

LeMMA 4. Suppose v(a) > 0 for all nonempty ae€ €. Define g(c,y<{v)) as
in Lemma 3. Then for each sufficiently small y >0 we can choose 6 > 0 such
that
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N _ X(e, 7)) Ple,yo))
(3.8) if gle,y{v)) <o then |1 X(e,y<05) Ple,j<o>) <y

for every y{v) with v fixed. Further we can take o to be independent of ¢, v and N.

Using Lemmas 3 and 4 we can prove the next essential lemma:

LemMma 5. Suppose v is stationary for (DI) and v(a) > 0 for all nonempty
ac%. Then limy_ Ay(v) =0, and hence Ax(v) =0 for all N(>R).

We finally verify the assumption in the previous lemmas.
LemMA 6. If v is stationary, then v(a) > 0 for every nonempty a€®.

PROOF OF THE NECESSITY PART OF THEOREM 1. By Lemma 6 we have
v(a) > 0 for a # &, and hence Ay =0 for all N by Lemma 5. Since ¥ is
X(a,w)
P(a,w)u(a)
that is, they are independent of we ¥ _yirn-gr From this and (3.4) and
X(a,w)
P(a,w)
b_N+2R+Ki,N-2R-K;» V{*) €G_NyaRN-2R, W ¥)€G _nirN-r and a{x)e€

%_n,n. Then

strictly convex, this means that the values are the same for all w,

the stationarity of v we see that v(a)= for any w. Let wae

X (awvu, woir)
P(awvu, woit)

P P(awvii, wou) +  P(bawvii,awvu) .. .
P(awvu, woir) Zb<*>e‘€ N-RN+R Zd@ P(awvit, wou) v(bawvi)

(3.9)  v(awvu) =

by (3.5). Especially if we take w = # in the above, we have

«  P(bawvi, awvit) ..
v(awoi) Zb@ Za@m v(bawoi).

Therefore applying the equalities

P(awvii, wou)  exp{—#(awvu)}  exp{—(vu)}

P(awvu, woit)  exp{—#(awvit)}  exp{—# (vi1)} and

P(bawv{a), awv<u>)
P(awvity, wou))

P(bawv{ity, awviu))/P(awv{ity, wolu))

Plawv{ity, wolu))/P(wvii, v{u))
% P(awv{ity, wou)) [/ P(woir, v{u})

B P(bawvii, awv{it))
~ P(awvit, wolay) '
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which follow from (2.3) and (FD4'), to (3.9), we obtain

exp{—# (vu) }
exp{— (vi)}
This yields v(vu) exp{—# (vit)} = v(vit) exp{—s#(vu)}. Hence (2.5) is proved.
a

v(awou) = v(awvir).

4. Proofs of lemmas

In this section we give the proofs of lemmas which are used in the
preceding section. We frequently use notations such as @y, aw, Y .,

D owire s instead of €_y n, alwd, Yoo, Dome dsey .-, Tespectively for
brevity.

ProoF oF LEMMA 1. From (3.6) we have

X b
Z Zve%v R-1 Zwefg,\, R X(a’ wv) log%
_Za (Zw X((l, W)) log(Zg, X(a? l‘{’)) .

Then by the concavity

4.1 a-log(b/a) + c -log(d/c)
<(a+c)log((b+d)/(a+c)] (a,b,c,d>0)

of log-function, it holds that

4.2) Z Z Z (a, wo) log P((a wv))
> Za Zv (Z: X (a, wv)) IOg%’

w

*

and hence
S5 X (a, wo)
(4.3) ZZ(Z Xawv)logZXaw)
- Za Z,, (Z:. X(a, W”)) log P(_n1la]y_;,0),

where _ni1laly_; = -n+1{@-n41...an—1]y_,. Rewriting the sum ), into the
form 37 4. >ace, and applying (4.1) again to >_;, we finally get
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Ly 55 ) X(ae, w0
V) chzv(za ZWX(ac, wv)) log S e
_ Zc Zv (Z: Z: X (ac, wv)) log P(c,v)
_Z Z cvlogz Xcv Z Z X (c,v)log P(c,v)

= An-1(v),
here we have used > .Y . X(ac,wv)=X(c,v) and > ;Y ,X(ac,w)=
ZE Za‘ Zﬂ’ X(acv wv) Zv X(C, ) O

PrOOF OF LEMMA 2. From the stationarity of v and ) ;P(b,a) =1 we
have

Hy(¥) = Hy(v)

- Z“ Z;E%N+R Zde%’N V(ba)P(ba, a) lOg/%
=D .2 a2, Vba)P(ba,a) log% .

Since
= N y(baw aw, a ___X(a, »)
- Za Zw Zﬁ Zb (b )P(b ’ ) lOg P(a, W)/l(a)

by (3.5), (3.6) is reduced to
P(a,w)u(a) v(aw)
Z Z Z Z (baw)P(baw,a) log( X(aw) .,u(dw))
B «v(baw) u(aw)  P(ba,aw)
B _Z Z Z Zb v(aw) = u(baw) X P(a,w)

u(ba) Pa, wu(a) v(aw)
<L x Y (TR o)

[by P(ba,a) = P(ba,a)(u(ba)/u(ba)) from (3.2)]

= Zazwzz Z; Ty x Ty x T3 x Ty x X(a,w) x (=Ts).

Then the lemma follows from the facts (i) 0 < T}, T3, T4 <1 (because each
measurable set in the numerators is a subset of the corresponding denomi-
nator’s), (ii) 7, is bounded above uniformly (because u is a Gibbs state), (iii)
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~Ts<e! (by —Pu)<e), (iv) 53,1 =24 and (v) 3,5, X(a,w) =
Y qv(a) =1 (since v is stationary). [

ProOF OF LEMMA 3. Just as (4.2) and the following in the proof of
Lemma 1 we have

* X(c?yv)
AN+2R+K1 = Zc Zv Zy X(c,yv) log P(C,yv)

- Zc (Zy X(c, y)) log(zj X(c,j)))
: X(c’yv)

>33 (30 x ”")1"% TP(e.v
- (X, X)) tog(3, X (e )

> ANyr.

Therefore

AN+2r+K — AN+R

> XX, X Keom g o)

Z X(c,pv)

-2 (0 X ch”)bgg “P(e,v)

S S S e g
- ZchZyX(c’y)IOg ( u)/JY(C;’U)
)/X(Cyv)>

# 3250, (5 e o 5, ¥e) S e
-3 X(5 o) o (3, (e 0)

=3 (ZTX(c,ﬁv))g(c,y“v)

> 3. 3 {3 X(e.gogle. )}

g(e,jv) 20

> 35 {50 ey}

g(c,jv) 26

for arbitrarily fixed y<->. On the other hand, from Lemmas 1 and 2 it holds
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that
0 < Ani2rik, — AN+rR < Y0

for all sufficiently large N. Hence the lemma follows. [J
Let G be a constant defined by G = 22G3R+Ki),

ProOOF OF LEMMA 4. Step 1. Let {y,v,y,v,...,ysv} be the set of all y{v)
for a given ». For simplicity we use a notation Xy [resp. Py] instead of
X(c,y,v) [resp. P(c,y,v)], and assume that X7 = X(¢,yv). For given ¢ and v
we put £, = min{X;/X,|k=1,...,G} and L., = max{Xy/X; |k =1,...,G}.
We first show that if 6 < 2-'log(1 + M (1 4+ GM;)™") (M is the one given in
(FD5)) then 0 < inf{Z. ,|g(c,v) < 0} < sup{L. ,|g(c,yv) <} < 00, that is, for
all ¢ and v satisfying g(c,yv) <J (Xx/X1)’s are bounded below and above
uniformly by some positive constants If inf{/,, ,,|g ¢,jv) <6} =0, then we
can choose a sequence /ﬁ") = X /Xl(", n=1,2,..., such that lim,_,, "

Cny Up
= 0. By renumbering the indices 1f necessary we can assume that lim,_, XZ(") /
x" =o. In the following we omit the superfix (n) in Xk and P, and put
X Se XM X=X - X() Then we have

o X] G X]Pk) G Xk (X]Pk>
Cn, yv,) = log| — + — lo
g(em Jon) g(x 2 XP, =1X B\ XP,
_ P2 G Pk -1 X’
= log(l + (P1) (1 +Zk=3 P1> ) +log(§>
X X1 G Xk X1Pk
+:X— [10g<7- 1 +Zk=37'XkP1)
_ _10 G Xk X]Pk
el % 8\ %P,
X Xi ¢ X1 Py X, X1 P,
1-=]log|—="1 = -—1
+( X) Og(X e XP]) X Og<X2P1
1 1 X
Zlog(1+ﬁl(1+GM1) ) +log<i>

X2 GX]Pk Xz X1P2
(e X5 x (e

=L +2+2Z3+ 24

and
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. . X5
n— oo =1 n— 1- - 0
lim Zy =lim, 4 log< X)
_ . X (X L
llmn—>ooZ3=llmn—>oc{le—qu<X)+_l ( Zk 3Pl)}

X X, P
lim,_, Z4 = hm,,_,oo{X1 W<X2> +—1 (PD} =0,

which lead to a contradiction such as g(e,,pv,) >0 for sufficiently
large n. So inf{Z..|g(c,yv) <} =0 does not happen. Now suppose that
sup{L. ,|g(c,yv) < 0} = oo does happen, and that we can choose a sequence

LY, =x"/x "), n=1,2,..., such that lim, o, X\”/X{" = co. Then, put-
ting X=X-X ) ),

g(en, yon) = (1 +Zfz£]:) ( 1?:2%) +log<f‘,—2>
(S5 5 - S e ()
o153 55
>log| 1+ < kG=2 %{>—1> +1lo g(X> (ch 2?5,):()

oo () K, 52

=Zs+ Zs+ Zq

and

. . X1
n— = n— oo l-— | = 3
lim,_, . Zg = lim log ( X) 0

X (X G P
hmn-»ooZ7‘—hmn—boo{Xg,(‘Xl>+’_1 < k=2FI:)} :Oa

which lead to a contradiction such as g(c,,Jv,) >0 for sufficiently large n.
Hence sup{L. ,|g(c,jv) < d} = o also does not happen.

Step 2. The rest of proof is easy. Let (J;) be a sequence satisfying d; >
0y >0d3 >---— 0. To complete the proof it is sufficient to show that



Application of entropy analysis to discrete-time interacting particle systems 151

X1 Py

r k=1,2,...,G} -0

1-—

Supe,v max
g(¢,Jv)<0;

as i — oo. Suppose it is not true, and so, there exist ¢; and v;, i=1,2

such that

Xl P(’) ;
glei, yv)) <6; and maxy |1 — X,E)Pgl) k=1,2,...,G} — 3y, >0.
. . . X\1P,
Without loss of generality we can assume that lim; |1 — Pl = o-
2P

However this implies that
o Xi X, XiPp X XiPg
g(ci, yvi) = log(X I+ "oE Tt Y XGPI)

X X X P X XiP
) {_l log() + 5 1°g(X;Pf) X l°g<XIGPf)}

does not converge to zero because of the strict concavity of log-function and
This is a contradiction. [

the boundedness of (Xj/Xi)’s.

PrOOF OF LEMMA 5. Step 1. Since

Hy (V) = Hy(v)
Rt . v(iaw)P(aw,w)
- Zae%v ZWE%N_R Zﬁe(f}v,k /,l(aW)P(aw, W) ql (#(aw)P(aw’ ﬁ’;)

=SS, i w (L) by (32,

where Y (aw,w) = v(aw)P(aw,w),
the difference (3.6) is reduced to
(4.4) An(v Z ZW AP (X(aw,w)) — P(Y(aw,w))}
+D 02, X @k, w) — Y (ab, W)} 1ogm
=AY () + 47 ().

Let us show first

(4.5) limy_, o Z Zw 5 | X (aw,w) = Y(aw,w)| =0.
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We have

S0 D, ek w) = ¥ (a )
= 2 Yol (30 X, 0 P ) — e P,
(46) < Z; Z‘:d Z::,W Zv,ﬁe%v_zk

|v(bawv) P(bawv, awd) — v(bawv) P(bawv, awd)|

and, using K; in (FD4),
v(bawv) = ZcE%nmxl Zye%w“(l v(cybawv)

- Zc,y Zﬁe%mmx. Zﬁe%ﬂ X (cybawv, yv) [by (3.4)]

(cybawv,yd) X (cybawv, ybawd)
N ch Z Z (cybawo, yb {P(cybéwv, yb)  P(cybawv, ybawd)

X (cybawv, ybawi)
P(
+ ch Z W, P(cybawv, ybawd)

= T(bawv) + S(bawv).

Therefore setting a{+) = a{x) and a{x) = a{x) respectively in the above

yields
(46) < zb Za,& Zw,ﬁr Zv,ﬁ
{|T (bawv)|P(bawv, awv) + |T (bawv)| P(bawv, awv)
+ |S(bawv) P(bawv, awd) — S(bawv) P(bawv, awd)|}

=Th+T +Z; Z:a Z:’w Zv,ﬁ|Sl — 52l.

Step 2. Let us show that S; = S,. Because

X (cybawv, ybaw?d)
P(cybawv, ybawbd)

B Z* Z* v(déybawd) P(déybawd, cybiawv)
T Ladebnisrix, é P(cybawv, ybawi)

B Z cvbaws (chbdwv, cybawt) exp{-# (deybiwn)}
dc’ déy P(cybawv, ybawd) — exp{—# (déybawi)}

Zd v(déybawd) x U, (d) x U,(d)
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by (2.3), we have

= P(bawv, awd) Z:y Zﬁ wo, D Z p v(déybaw?) U,(a) U, (a)

and
S, = P(bawv, awb) Z:y > POwo,8)> o v 7 ¢ V(deybawd)Uy(a) U, (a).

From

P(dcybawv), éy{bawiy)  P(dcy{bawv),éy{bawby)
P(cy{bawv),y{bawd)) ~ P(cy{bawv),y{bawd))

exp{—# (dcybawv)} _exp{—-# (dcybawv)} _exp{—# (bawv)}

exp{—# (déybawd)}  exp{—#(déybawd)} exp{—#(bawv)}’

[by (FD4')],

it holds that

exp{—# (bawv)}

Uy(a) = Up(@)  and Ue(a)=Ue(&)'exp{_%(,,am,)}-

Since

exp{—o# (ba{wv))}

P(balwo), a<#s)) = P(baCwo), alW)) o hatwon)}

by (2.4), we finally have S; = S,.
Step 3. Let us show limy_o 71 =limy_,, T = 0. We split the term T}
into three parts:

=D 0D i Doms Dy PBEw0, W) (V1 + V2 + T3},

where

V= ch Z Z X (cybawv, p{))

g(cybawv, ybaw<v> )<d
X (cybawv, ybaw{d)) ' P(cybawv, p<{v))
X (cybawv, <))  P(cybawv, ybaw{p))|’

V= Y 0D Xleybawo, 5<p)),

g(cybawv, ybaw{)) >0

P(cybawv, y{p)) N 5
Vi = ch z Zv Plcybawo, ybaw o) X (cybawv, ybaw{d)).
g(cybawv, ybaw{p)) =6

x |1 -
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As to V| we have

<D D Do Xewbawo, <))y

g(cybawv, ybaw{))<o

by (3.8), and so, by (3.4)
Z; Z:a Z:w Zv,iP (bawv, awd) V;
< Z; Z:a Z:w Zv’ﬁP(b&wv, awp) Z:y v(eybawv)y

<.

Since P(bawv,awv) < P(awv,wd) and > ;> . P(awv, wd) = 1,

Z; Z:a Z:w ZMP(b&wv, awd) V,
<D D i 2w D {Z” > . >, X(eybawo, y<v>)}

(cybawv, ybaw{d)) >d

y,b,a,w ch,bawz Z {Z X cybawv y<v>)}

g(cpbawn, ybaw()) =5
< 22(3R+K|)y

by (3.7) for sufficiently large N. Analogously, using (FDS),

Zb Za i Zw w Zv,v P(bawv, awt) V3
< Zb Z“ Z Z {ch Z Z M, X (cybawv, ybaw(v))}

g(cybawv, ybaw{®)) >5

<M12 bawz chbawz Z {Zﬁ X(cjb&ﬁw,ﬁ(i;))}
g(cpbawn, ybaw()) =5
< M, 24BREK),
by (3.7). Summing up these estimates gives us
T1 < y+22(3R+K1)Y+M124(3R+K1)y.

As we can take y arbitrarily small, it follows that limy_., 77 = 0. Similarly
we can show that limy_, 7> =0. Thus (4.5) is verified.
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Step 4. Let us complete the proof. From the definition of X'(a,w) and
Y(a,w), for each wé and v it holds that

(4.8) SN X(awt,wo) =N ¥ (awd, wo),
and so

> Z:w Y, X (@ii, wo) — Y (aws, wo)} log{u(w5) P(¥5, 0)} = 0.
Hence Aﬁ)(v) in (4.4) is equal to

* * ~ ~ o~ D P( W ~,
Za Zw,ﬁ! Zv’ﬁ{X(awv, wo) = ¥ (s, wo)} log y(ﬁf&?&’(a‘z},av) ’

whose log-part it bounded uniformly from (FDS5) and (2.5) with v=u.
Therefore limy_, Ag)(v) =0 follows from (4.5). Finally let us show that
limy_, Ag\l,)(v) = 0. If we put the value of (4.8) as k(wv,v), we have

A=Y Y X ko {w () - v (G

and each argument of ¥ is less than or equal to one. It is elementary to check
that for a given ¢ > 0 there exists a constant M, > 0 such that |¥(u) — ¥P(v)| <
&+ M u—v| for every 0 <u, v <1. Hence for any fixed ¢ > 0 we have

|A§$)| < Z: Z: ~ Z” 6(k(ﬂ:f;, v)e + M| X (awd, wv) — Y (awd, wo)|).

Since ;> ; ,k(Wd,v) =1 and Y5 3, 1 =2%, we have the result. []

Proor orF LEmMMA 6. This is almost obviops. Let a be ir~1 %;,. Since
Zbe%_R,M v(b) =1, there exists an element b such that v(b) >0. Then
v(a) = 7(a) > 0 by (3.5) and (FDI1) with b{aiw)) =5b. O

5. An example of the discrete-time Ising model

We give here an example of the discrete-time stochastic Ising models
satisfying the conditions (FD1)—(FDS5). Its intuitive interpretation is given at
the end of this section.

Let ={(x,y)eZ?’|x<y,y—x<R}, and set é’z{o,x}y. We
endow & with the topology given by the product of the discrete topology and
consider a Borel structure on & as usual. Let o; and f§;, i=0,1,..., R, be



156 Hirotake YAGUCHI

numbers in (0,1). Suppose that the configuration of spins on Z at time ¢ is
ne . Then we attach the state O (permission) or x(prohibition) to each
(x,y) e & as follows:

i) if #, = +1, attach o [resp. X] to (x,x) with probability o [resp. 1 — o];
i) if #, = -1, attach o [resp. x] to (x,x) with probability S, [resp. 1 — f];

iii) if », =#, for x # y, attach o [resp. x] to (x,y) with probability a, .
[resp. 1 —ay_];

iv) if n, #n, for x # y, attach o [resp. x] to (x,y) with probability £, ,
[resp. 1—B,_,];

v) the random choices of 0 and x for (x,y) € & are independent.

For each 7 the above rule defines a probability measure @, on &. As a time
evolution of spin-configurations on Z as time goes to ¢ + 1, we reverse the spin-
orientation on the site i if and only if the state O is attached to all (x,y) e &
satisfying {x, y} a1, ie., to every (i— R,i),...,(i,i),...,(i,i+ R). Thus the
transition probabilities P,,n € Z, are determined through Q,. It is easy to
check that each P, satisfies (FD1)—(FDS5) except (FD3). Let us check (FD3).
By the definition of P(y,-) = P,(-), we have for a,a € %, ; and b<{*) € €i_r j+r

r=1 ’

P(b<a,a) <ao)%2k’;.-<ak—ﬁk> R <a,)%2£,-' (@0-r—Gir)
P(b(é),a) B ﬁO ﬂr
here a; and a for k < i or k > j should be read as b;. Therefore if we define

1 o
J,—Elog(?r), r=0,1,...,R,

the above equals

exp [JO{ZIi:i(ai - ék)}] X Hi | €Xp [J, Zi:(ak_,ak - sz_,&k)]

_ exp{-#(6@)
exp{ _X(b<a>) }9

which yields (2.3). Let w,w,a{x),a{xy and b<{x) be as in (FD3)—(ii).
Since the set of sites at which reversal of spins occurs in P(b{a{w)),a{w)) and
P(blaiw)),a{w)) is the same, and since the reversal of spins for w is the same,
it holds that
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P(blalw)>,aiw))
P(bLalw)), al{w))

= exp [JO{ ( ;':::—1 + Zl{:j_R_,_]) (ak - &k) }]
x H:\;I eXp |:Jr{ < :'::—] + Ii:j':—R+1+r ) (ak—rak - &k—r&k)

i+R—1+r
k=i+R

(Qp—rWk — @—yWr)

J—R+r -
+ D i rat (Whor@k = Wie—rdk)

_ exp{- A (B<am)))
exp{—# (b<a<w)>)},

which is (2.4). Therefore by Theorem 1 and the succeeding remark we know
that the stationary measure for the corresponding discrete-time stochastic Ising
model is unique and is given by the Gibbs state associated with the potentials
Jr=0,...,R.

We can interpret this example as an extended version of (2.1) and (2.2).
Indeed, letting d,(y) =1 if x = y and =0 otherwise, define

PO e - 7)) = ([T (01 (m)0 + 61 (1B}

X Hr 1[ ]+r {041 (Me—ymic)otr + 01 (- r”k)ﬂr}]

and

P, AN AN ... NA,)

= [T P40/ TLS [T 0 mds 01 mi0s|

for A; = [7; . "ﬁjs]js with i; —js_1 = 2,

here ﬁ means that the product over #,_,#, should be taken only for the pairs
(Mk—r, k) such that 7,_, and 7, belong to different 4;. Then it is elementary
to check that this inductively determines a probability measure P(n,-) on
Z, which coincides with the measure determined by Q,. In fact, denoting

ilfli - Aerliey Vit Figeser - - 7] ©Y illli - Ay * ey - - 7], we have
(5.1)  P(n,il#t; - - - ey MiAlesn - - - 75);)

= P(,ilfl; - - - ikt * Ay - - -75);) — Py ilfli - emaicliesr - - 73);),
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P(n,ilft; - - 1Ml - - - T—aMiflsy - - - 05);)
= P(,ilfl; - - Ty * it -+ - Fp—y * A - - - 5;)
- Z((k,il)#(nk,m) P, ilfl; - 1Sl -+ A1t -+ - 7;)

and so on. We remark that P(y, ;N Asr1) = P(n, As)P(n, Agy1) if i1 — J =
R+ 1.

6. Application to exclusion processes

In this section we apply the preceding argument to discrete-time interactive
exclusion processes on the one-dimensional lattice. In the processes particles
are located at most one on each site of Z, and each particle executes mutually
exclusive random walk to an unoccupied site situated within the range R.
Infinitely many particles can move simultaneously at time ¢ =0,1,.... The
movement of a particle is affected by the particles which are located within the
distance R from both of two related sites concerning the jump of particle. As
Z we take {0,1}% and consider that there exists a particle at site i iff 7, = 1 for
(.- Mi_iMiMip1---) €X. We use the notations given in the previous sections
without any comments.

Let # ={(x,y)€Z?|0< y—x<R}. Each element of Z indicates a
pair (x,y) of sites x and y at which the values #, and #, of (...7_i7m;...)
might be exchanged. We put & = {0, l}g, and let w(x, y) denote the value of
weé& at (x,y)eZ. (For convenience sake we set w(x,y) =0 if (x,y) ¢ Z.)
Because we want to exchange values 7, and 5, for all (x,y)’s satisfying
o(x,y) =1, we extract an essential part &* from & by

& ={we&:if w(x,y)=1 then w(x,7) =0 for all (X%,7)eZ
satisfying (X,7) # (x, ) and {%,3}N{x, y} # &}.

Then for n=(...n_ynon,...) €%, by exchanging the values 7, and 7, iff
w(x,y) =1, we can associate each element w of &* with a movement of
infinitely many particles starting from #. (We identify a jump of particle from
site x to y with an exchange of values #, =1 and 7, =0.) Let V,,weé”,
denote the map from Z to % defined by V,(y)=(...n"nny...) where
(memy) = (n,,m,) U w(x,y) =1, and n/ =n; otherwise.

A random movement of infinitely many particles starting from # is
introduced by indicating a map V,,w € &*, randomly. Let {®,|y € Z} be a
set of probability measures on & satisfying @,(6*) = 1. Suppose e,, ne€ Z, is
a random element which takes its value on & and of which distribution is ©,.
(As such e, we can take an identity map on &.) Then by considering a
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random map V,,, we have a random configuration V,, (1) € Z starting from #
whose distribution is controlled by ©,. For ne % and 4 € #, we define

6.1) P(n,A) = Prob{V, (1) € A} = O,{w e & : Vy,(n) € 4},

which is the probability that # jumps into a set 4. In this way we can define a
set of transition probabilities {P(#,A4)} and have a discrete time Markov
process on & under which each particle undergoes an interactive exclusive
random walk on Z. In the following we will refer to this process by (DX).
Let &;;,i < j,i,jeZ, be the set of all basic cylinders E — & given by

E={weé:w(x,y)=ey for (x,y)eZ,i<x<y<j}, ey=0or1l,

and endow & with the Borel structure generated by (& ;),i < j. (It is easy to
see that &* is a measurable set.) We define E(x, y) just as w(x, y) and put
E(x,y) =0 if E(x,y) is not defined. We also set

éﬂi’jj= {E€é&;;|if E(x,y)=1 then E(x,y) =0 for all (X,)eZ

satisfying (X,7)N(x,y) # & and (X,7) # (x, )}

For E € é",*j let F(E) denote an element of é",*J,I <i,j<J, such that
F{(E)(x,y) = E(x, y) for every (x,y) e Z with i<x < y < j. We also define
> Fe, analogously to 3°;... Given E€ &/, ; g let Vg : €;; — % be the map
defined by Vg(j[a:...q)];) =i [a;...qj]; where (a;,a;) = (ay,ax) iff E(x,y) =1,
and a; = a, otherwise. For ae®;;, b<aye b, ; and Ee & p; g, We set
Ve(b{a)) = b{Vg(a)). The definition of energy s#(a) for a is the same as
before except for ay =0 or 1.

We assume that our transition rule 8,, n € Z, whose example will be given

at the end, satisfy the following (FDI1)-(FD5;):
FDly) ©,(6*)=1 and O(y,E) = 6,(E) >0 for every n and E € &} ;.

FD2,) Given E€é;;, O(n,E) is Bi_gr j+r-measurable as a function of 7.
3

iJ?

(

(

(FD3x) (i) For every be ;g ;:r and E€ &,
(

2.3y) O(Ve(), E) exp{~# (Vg ())} = O(b, E) exp{~#(b)},
(i) For every be €i_g;+r and De &y ; o5, EXDY € &/,
(2.4%) O(Vicoy(b), E(D)) exp{—# (Vic0y (b))}

= O(b, E(D))exp{—#(b)},
where
0 if D(x,y)=1

EO>(x,y) =
0>(x.) {E(D}(x, ») otherwise.
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(FDA4,) There exists a positive integer K;(>2R) such that values

0(d{c<b)), GCOLE)))
6(d{c{b>>, GCOLE)))

be%:;, e{b)€Ci KL j+K+L

d{c{b)) € €i_2r—K\-L,j+2R+K\+L>
Ee g;&-R,]—R’ O<E) e gi*+R—K|—L,j~R+K1+L’
G{O(E)), GO(E)) e ¢ rek, —L,j+R+K+L>
L =0 or 2R,
are independent of b and E.
(FD5x) There exists a constant M; > 0 such that
6(b, E<D>)
6(b, E<D))

for any be Gi_p_r j+r+L, D&}

75 EXDY,E(Dye &} | ;. and 0<
L <K;+4R.

Notice that the exchange of particles on the sites {i,..., j} is influenced by the
particles on the sites at most {i — R, ..., j + R} from (FD2). Therefore if b is
in %, then P(-,b) becomes %;_r j;2r-measurable.

A probability measure v on & is called a canonical Gibbs state associated
with the potentials J,,r =1,..., R, if it satisfies

(2:50) v(b<ay) exp{—# (b{a))} = v(b<@)) exp{—# (b<a))}

for every a,ac %;; and b{x) € €i_g j+r, satisfying

) S Yl

(Notice that in (2.5) the value of Jy in #(-) has no meaning because of (6.2).)
The set of such canonical Gibbs states is written by 4.. We remark that if
O(-,-) satisfies (2.3x), then ve . is equivalent to the following equation:

(2.65) O(V(b), E)v(Ve(b)) = O(b,E)v(b), Eecé&;

iy beFirjir

The set of stationary measures for (DX) is denoted by ,#. Now we can state
the theorem as follows:

THEOREM 2. Assume the conditions (FD1y)—(FD5y). Then ¢ =%, that
is, a probability measure v on & is stationary for the exclusion process (DX) if
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and only if it is a canonical Gibbs state associated with the potentials J,,r =
1,...,R.

It is known (see, e.g., [1, 2]) that the set of extremal points of the closed
convex set %, in the topology of weak convergence is equal to the set
{u,] — 0 < p < 0}U{do,01}, where u, is the unique Gibbs state associated
with the potentials J,,r=1,..., R, with Jy = p; and Jy [resp. J;] is a Dirac
measure concentrated at 0= (...0000...) ([resp. 1=(...1111...)] e &.
Therefore we get the complete description of the stationary measures for (DX).

COROLLARY 2. ext ¢ = {u,| —o0 < p < 0} U{d,01}, where ext ¢ denotes
the totality of extremal points of #.

We can also prove that
COROLLARY 3. Every stationary measure for (DX) is reversible.

Proofs for the sufficiency part of the theorem and the corollary 3 are just
the same as for (DI) by virtue of (6.1) and (2.6x). For the proof of necessity
part we have only to set

By @)= e D besy o, "(VE(B<D)O(Vi(b<a)), E)

= E X(a,D acé_
Deé’y rn-r ( ’ )’ NN
Where

(35)  X(a,D)= Z;<*> Z;® V(VED)y(5<a)))O (Vi) (b<{a)), E{D}),

and apply the preceding argument under the assumption v({0,1}) =0. (It is
easy to see that {0,1} € #N%.) In this case Iy(v) in (3.6) becomes

(a,D)
I0) = D mla) ) 0@ D)Y ((a D)ﬂ(ﬂ))

and g(c,y<v)) in Lemmas 3 and 4 should be replaced with

X(e,F(CY)  X(e,F{CY) 6Xe, F<C>)>

g(e, F(CY) log(ZF@Z X(e,FLCY) X(¢,F(C)) O(c,F(C)

X(e,FC) | (X(e,F(C)) 6(c,F(C))
(e, FLCY) X (¢, F{C)) O(c,F(C))

F&

ZF(*) ZF(

%

where ¢ € 9_y_ap—k; N+2R+K.» C € E”y 3p y_3g and F{xye N R-Ky N+R+K-
Then the proofs given in Sections 3 and 4 go through parallelly after few
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modifications: (1) The constant G which will appear in the proof of Lemma 4
such as {F1{C),F2{C),...,FG{C>} varies depending on C, but they are
uniformly bounded from above. Hence we can apply the proof of Lemma 4
for each class of C whose G is the same. (2) In exclusion processes, differently
from stochastic Ising models, particles can not be born or disappear; and so a
configuration of particles on an interval can not change to another configuration
directly at one time. Hence the proof of Lemma 6 needs another discussion
under the assumption v({0,1}) = 0. However the proof is elementary.

Proor oF LEMMA 6 FoR (DX) UNDER v({0,1}) = 0. It is easy to see that if
ae®;; is of the form a=; [Vg,VE,, ... Vg, (b)]; for some be %,,v(b) >0,
and {Ex};_, &1.rs_p» then v(a) > 0. This implies that if v(a) =0, then
v(e) =0 for every ce® satisfying fi(a) <fli(c) and fo(a) <fo(c), where
f1(a) = > ak, to(a) =3 7_,(1 —ax) and so on.

Now suppose v(a) =0 for some a # . From the above fact we have
v({ne XX re_o ik = thi(a ) and Y2 (1 —n) =to(a)}) =0. This implies
v({ne Z| il o me < f1(a) or 3¢ (1 —m) <to(a)}) =1, and hence

(6.3) SOz, + S D Zog) = 1,

q:

where Zy g = {ne X132~ _,m =q} and Zog={ne | 3, _,(1—m)=q}
(Note that v(Zy,9) = v(Zy,0) =0 from the assumption v({0,1}) = 0).
It is straightforward to show that if v(Z; 444) =0 for d=1,...,R, then

v(Z1,4) =0. Indeed for each ne Z;, choose N, sufficiently large so that
Zk_—fv +rMc =g and put :n:=_y, [1_y,...7y,]y,- Then define

Mg = max{v(:7:) eXP{Jf(: n:)}neZgl,

which is well-defined since v(%) = 1. Suppose v(: 7 :)exp{H#(:7:)} = My ,.
Taking a to be : 7 :=_y, [fi_n, ---7n,],, in (3.4x) we have

V)= e e Dop O (e 7 0), EWVi(eC 1)
= Z:@ ZE O(c(:7:),E) O(V(<C ﬁ ), )v(VE(c< 1h:))

O(c{:1:),E)
= Z:(*) ZE @(C<

exp{—#(c{:n:))}
= Z;eé“in.m,;v._n O(:n:D) exp{—#(: 1 A)} W(Vol: 7 2))

: ), E)

v(Ve(e: 1))

<>

exp{—# (Ve(e(:n:)))}
exp{—#'(Vp(: 7 :))}
by (2.3x) and v(Zj 44q) =0, that is,

Mg =3, 00 i D)Vl i) exp{A(Vn(: 7))},
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which implies v(Vp(: 7 :))exp{#(Vp(:7:))} = My, for every D since
> pO(:7:D)=1. Thus we know that v(:  :)exp{#(:n:)} = My 4 if : 5 : is
related to : % : by : #:= Vp(: 4 :) for some D. By repeating this argument we
have v(: 5 :)exp{#(:n:)} = My, for all ne Z;,. But this is impossible if
M, 4, >0 since v(Z)=1; and so M;, must be zero. Hence v(Z;,) =0 if
V(Zl,q+d) =0 for d = 1,. N ,R.

This argument gives us v(Z;,) =0 for g=4#(a)—1,...,2,1 because
V(Zi,4+a) =0 for g=tHi(a)-1,d=1,...,R by (6.3). So we have
Z”' (a)-1 v(Z1,4) =0 in (6.3). Analogously we can show that Z v(Zqu)
= 0 by choosing N, sufficiently large so that Zk N RI=m)=q and putting
My, = max{v(: n )exp{]f( 1) = # (_y,[Un,)} 1€ Zo g} Consequently the
Lh.s. of (6.3) reduces to zero, a contradiction. Therefore v(a) > 0 for any
a# & if v is stationary and v({0,1})=0. O

Finally we give an example of (DX) by defining {@(y,)|n € £}, of which
idea and interpretation are essentially the same as in §5 (see also (2.1) and
(2.2)). Let o’s and B;’s, i=1,..., R, be numbers in (0,1). Suppose that the
configuration of particles on Z at time ¢ is 7 € £. Then we attach the state
O (permission) or X(prohibition) to each (x,y) e % as follows:

i) if #n,#n,, attach o [resp. x] to (x,y) with probability a, , [resp.
1 —oay_x];

ii) if #,=n, attach o [resp. x] to (x,y) with probability B, . [resp.
1 - ﬁ y—x];
ili) The random choices of O and x are independent.

This rule defines a probability measure Q,, on {0, x}g which depends on
n. As time goes to 7+ 1, we exchange the state #, and 7, if the state O is
attached to (x,y) and the state x is attached to all (%,7) e & satisfying
{%,7}N{x, y} # & and (X,7) # (x,y). This defines a probability measure &,
on & satisfying ©,(6*) =1. If we define

J—210g(1 ﬂ’), r=1,...,R,

—a,
we can show just as in § 5 that @, satisfies (FD1,)—(FDS,). Thus, by Theorem
2, we know that the set ¢ of stationary measures for the corresponding (DX)
is equal to the set 4. of canonical Gibbs states with pair potentials J,,r =
I,...,R. Especially an extremal point of ¢ which is different from dy and J;
is a Gibbs state with some self-potential Jj.

ConcLUDING REMARKS. 1. The proof of our theorem is making use of
the one-dimensionality of the configuration space % in the sense that the
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number of sites within the distance R from the boundary of each interval is
bounded uniformly. (This is used in the proofs of Lemmas 2, 4 and 5 as
estimates f{+1,—1}%(= 2R)’s.) So our argument here does not go through
directly in higher dimensional cases.

2. We think that the conditions (2.3) and (2.4) in (FD3) should be
grasped as a special case of the following general “dynamic local equilibrium:
Let a,ac %;; and b{*) € 6;_g j+r. Then for every A c {i,i+1,...,}

exp{—#(b<al, - a|7)} P(b<al, - a|7),al4 - a|3)
= exp{—#'(b<al, - a| 7>} P(b<al - a| 3>, , - a|3)
(= exp{—#'(b<{a)} P(b<a),a)),

where a|, - a|; is the element of %;; such that spin-orientations on A are the
same as @ and on 4 = {i,..., j}\A the same as @, and soon. If 4 = {i,...,}
[resp. ={i,...,i+ R}U{j—R,...,j}], the above condition reduces to (2.3)
[resp. (2.4)].
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