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ABsTrACT. We consider a quasi-linear second order elliptic differential equation on a
euclidean domain, and for a compactification of the domain we define the harmonic
boundary relative to the structure condition of the equation. Properties of harmonic
boundary known in the classical potential theory are extended to our nonlinear case.
We show that the comparison principle with respect to harmonic boundary holds for
our equation, and give relations between Dirichlet-regular points and the harmonic
boundary points.

Introduction

In an ideal boundary theory for Riemann surfaces, the notion of harmonic
boundary has been introduced as a potential theoretically essential part of the
given ideal boundary (cf. [CC]). Among others, the minimum principle with
respect to harmonic boundary (cf. [CC; Satz 8.4 and Folgesatz 8.1]) and the
fact that the harmonic boundary on the Royden boundary coincides with the
set of all regular points with respect to .the Dirichlet problem (cf. [CC;
Folgesatz 9.2]) are typical results showing the importance of this notion. Such
results have been also considered on Riemannian manifolds (cf. e.g., [GN]) and
behavior of solutions of the equation du — Pu =0 at the harmonic boundary
have been studied (cf. [GKa] and [GN]). Further, these results are extended to
the p-Royden boundary of a Riemannian manifold 2, for which the minimum
principle (or, rather the comparison principle) and the Dirichlet problem are
considered with respect to the p-Laplacian ([T1] and [T2]) or more generally,
with respect to the quasi-linear elliptic equation

—div .o/ (x,Vu(x)) =0,

where o/(x,&) : 2 x RY — RY satisfies structure conditions of p-th order with
1l <p< oo (see [N]).
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On the other hand, the authors discussed Dirichlet problems with respect
to ideal boundaries for the equation

(E) —div o/ (x, Vu(x)) + B(x,u(x)) = 0

on a euclidean domain Q, where &/ (x, £) satisfies weighted structure conditions
of p-th order with a weight x4 and %(x,t): 2 x R — R is nondecreasing in ¢
(see [MaO] or §1 below for more details).

In this paper, we consider the Q-compactification of Q for a family Q of
bounded continuous functions with finite (p,u)-Dirichlet integrals and the
associated harmonic boundary. We show that comparison principle with
respect to this harmonic boundary still holds for the equation (E) and that
the set of regular points for the Dirichlet problem with respect to the Q-
compactification and the equation (E) coincides with the harmonic boundary,
under an additional condition on Q. To obtain these results, we first discuss in
§2 harmonizability of bounded continuous functions with finite (p, x)-Dirichlet
integrals with respect to (E).

§1. Preliminaries

In this section, we recall definitions and results in [MaO] which will be
used in our later discussions. Throughout this paper, let 2 be a fixed domain
in RY and we consider a quasi-linear elliptic differential equation
(E) —div o/ (x,Vu(x)) + B(x,u(x)) =0
on Q. Here, «/:Q2xRY - RY and #:Q xR — R satisfy the following
conditions for 1 < p < oo and a weight w which is p-admissible in the sense of
[HKM]:

(A.1) x> o/(x,&) is measurable on Q for every £ e RY and ¢ — #(x,¢) is

continuous for a.e. x € ;
(A2) A(x,&)- &= ow(x)|E[P for all £eRY and a.e. x e Q with a constant

o > 0;

(A3) |(x,&)] < apw(x)|E[P™" for all EeRY and ae. x e @ with a constant
o > 0;

(Ad) (H(x,&)) — H(x,&)) - (&1 — &) > 0 whenever ¢),¢; € RY, & # &, for
a.e. x €,

(B.1) xm— %B(x,t) is measurable on Q for every teR and ¢+ %B(x,t) is
continuous for a.e. x € Q;
(B.2) For any open set D€, there is a constant a3(D) >0 such that
|B(x,1)| < a3(D)w(x)(Jf)"' +1) for all reR and ae. x e D;
(B.3) t+— %(x,t) is nondecreasing on R for ae. xe Q.
We remark that if .o/ and # satisfy the above conditions, then .o/ and %
which are defined by
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oA (x,E) = —of (x,=&) and  B(x,1) = —RB(x,—1)
also satisfy these conditions with the same constants oy, a; and o3(D).

For the nonnegative measure u:du(x) = w(x)dx and an open subset D
of 2, we consider the weighted Sobolev spaces H''?(D;pu), HOI"’ (D; ) and
H)?(D;p) (see [HKM] for details). ue Hb7(D;u) is said to be a (weak)
solution of (E) in D if

J o (x,Vu) -V(pdx+J B(x,u)pdx =0
D D

for all ¢ e C°(D). ueHIL’C” (D;u) is said to be a supersolution (resp. sub-
solution) of (E) in D if

J o (x,Vu) -Vodx + J B(x,u)pdx =0 (resp. <0)
D D

for all nonnegative ¢ € C§°(D).

A continuous solution of (E) in an open set D = Q is called («,%)-
harmonic in D. Note that if & is (7, %)-harmonic in D, then —h is (<, %#)-
harmonic in D.

ProposiTION 1.1. (Harnack principle) [MaO; Theorem 1.6] If {h,} is a
nondecreasing or nonincreasing sequence of (/,%)-harmonic functions in a
domain D and if {h,(x0)} is bounded for some xo€ D, then h:=lim,_q hy is
(4, B)-harmonic in D.

We say that an open set D in Q is (o, B)-regular, if D € 2 and for any
fe HIL’C” (£2; 1) which is continuous at each point of 0D, there exists a unique

he C(D)NH"“?(D;p) such that A =6 on 0D and h is (7, #)-harmonic in D.

ProposiTiON 1.2. [MaO; Corollary 1.2] For any compact set K and an
open set D such that K < D < Q, there exists an (/ , B)-regular open set G such
that K = G < D.

A function u: D — RU {0} is said to be (o/, B)-superharmonic in D if it
is lower semicontinuous, finite on a dense set in D and, for each open set
G €D and for h e C(G) which is (o7, %)-harmonic in G, u > h on G implies
u>hin G. (oA, B)-subharmonic functions are similarly defined. A function v
is («/,#)-subharmonic in D if and only if —v is (., %)-superharmonic in D.

THeEOREM 1.1. (Comparison principle) [MaO; Theorem 2.1] Let u be
(of , B)-superharmonic in D and let v be (of,B)-subharmonic in D. If

lir)cn_éélf{u(x) —v(x)} =0
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for all £ € 0°D, then u > v in D, where 0°D is the boundary of D in the one point
compactification of RV,

The following two propositions are given in [MaO; Propositions 2.1, 2.3
and Remark 2.1].

PROPOSITION 1.3. If u and v are (o, RB)-superharmonic in D, then so is
min(u, v).

PRrOPOSITION 1.4. Let D be an open set in 2 and let G € D be an (A, B)-
regular open set. For an (f,%B)-superharmonic function u on D, we define

ug =sup{he C(G) : h<u on 0G and h is (£, B)-harmonic in G}.
Then

u in D\G
ug in G

P(u,G) := {
is (o, B)-superharmonic in D and (o, B)-harmonic in G, and P(u,G) < u in D.
If ue HLP(D;p), then ulg — ug € Hy P (G; p).

Next we consider the following spaces:
2°(Q;u):={f € HIL’CP(.Q;/A) :|Vf| e LP(2;u), f is bounded continuous},

d CP(Q) st. 9, — f ae., {p,} is
28(Q: ) == P (Qip): €0 " P .
0(424) {fe (%) uniformly bounded, Vg, — Vf in L?(2;p)
We say that Q is (p,u)-hyperbolic if 1¢ 25(Q;p).

PROPOSITION 1.5. Let hy, hye 2°(Q2;u) be (s/,%B)-harmonic functions
in Q. If hy —hy e 2{(Q;u) and [, |B(x,h(x)) — B(x,hy(x))|dx < o0, then
hy — hy = constant.  If, in addition, Q is (p, p)-hyperbolic, then h; = h;.

Proor. There exist ¢, € C°(R2) such that {¢,} is uniformly bounded and
@, — hy —hy ae., Vo, — V(hy — hy) in LP(2;u) as n — co. Since both A; and
hy are (7, 4%)-harmonic in 2, we have

J M(x,VhQ-Vw,,dx—f—J B(x,h)p,dx =0,
Q Q

J A (x,Vhy) - Vo, dx + J B(x,hy)p,dx = 0.
Q Q

Subtracting these two equations and letting » — oo, we have
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J [&i(x, Vh]) - .Qi(x, th)] . (Vh1 - th)dx
Q

+wawn—ﬁummwrwga=o
Q

It follows from (A.4) and (B.3) that VA =Vh, ae., so that hy =hy+c¢c. 1If Q
is (p,u)-hyperbolic, we see that ¢ = 0, namely h; = hy.

In order to prove a resolutivity result, we prepared the following two
lemmas in [MaO; Lemmas 5.1, 5.2], which we will use in this paper, too.

LemMA 1.1. Let {u,} be a uniformly bounded sequence of functions in
HOI”’(Q;/t) such that { ], |Vu,|” du} is bounded and u, — u a.e. in Q as n — oo.
If u is continuous, then u e 2§(Q;p).

LemMmAa 1.2. Let fe 2°(Q;u) and suppose that there is a bounded
supersolution g of (E) in Q such that g > f in Q and suppose

(L.1) L%&JY&<@.

Then there exists an (sf , B)-superharmonic function u in Q such that u > f in Q
and u — f € 25(Q; ).

§2. (<, %)-harmonizable functions

Let f be a real function in £ and, let

wr =1y (o, #B)-superharmonic in Q and
S 717" u>f outside a compact set in 2
and

@ =1y, (<7, %)-subharmonic in 2 and
f- " v <f outside a compact set in 2 |’

THEOREM 2.1. If both U; and ¥ are nonempty, then
1 —(J{,ﬂ) . * B *
hy = hf = 1nf411f and hy = h(f’” %) = sup £
are (sf,B)-harmonic in Q and h, < hy.

Proor. The comparison principle (Theorem 1.1) implies 4, < hr. The
rest of the assertion follows from Propositions 1.3, 1.4 and 1.1 in the same way
as in [HKM; Theorem 9.2].

We say that f is (o/,%)-harmonizable if both %; and %;" are nonempty
and h, = hy. In this case we write by = h}d’ﬁ) for hy = hy.
The following proposition is clear.
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PRrROPOSITION 2.1. If fand g are (o ,%B)-harmonizable and f < g outside a
compact set, then hy <h,.

We recall the following conditions, which have been given in [MaO] for
the discussion of resolutivity (see Theorem 2.3).
(C1) There exist a bounded supersolution of (E) in £ and a bounded
subsolution of (E) in Q.
(B.5) [, |#(x,t)|ldx < oo for any zeR.

THEOREM 2.2. Suppose that Q is (p,u)-hyperbolic and suppose that con-
ditions (C,) and (B.5) are satisfied. If fe2F(Q;u), then [ is (A,B)-
harmonizable and hy — f € D§(2; p).

ProoF. Let f € 27(Q;u) and let v; (resp. v;) be a bounded supersolution
(resp. subsolution) of (E) in 2. By the boundedness of f and v, there is a
constant ¢; > 0 such that vy +c¢; >f in Q. Then g :=v, + ¢ is a super-
solution of (E) and g; > f. Also, by condition (B.5), (1.1) is satisfied. Hence,
by Lemma 1.2, there is an (&/,%)-superharmonic function u# in € such that
u>f and u—fe2f(2;u). Let {D,} be an exhaustion of Q by («,%)-
regular open sets and let u, = P(u,D,) in the notation in Proposition 1.4.
Then since D, €R and u, =u in Q\D,, u, edllf*. By the boundedness of f
and vy, there is a constant ¢; such that g, :=v; —c; <f in Q. We may
assume that g, is (o/, %)-subharmonic in Q ((MaO; Corollary 4.1]). Hence
&7 #0, so that hy exists and u, > hy for each n. On the other hand, we
obtain from the comparison principle that u > u, > u,.;. Thus, by Propo-
sition 1.1, @ :=lim,_ o u, is (2/,%)-harmonic in Q and u > > 7zf.

Since u, is (/,%)-harmonic in Q, u,=u in Q\D, and u,—ue
Hy'"(Dy; ), we have

j A (x, V) - (Vu, — Vu)dx + J B(x, uy)(Uy — u)dx =0,
Q Q

so that, by (A.2) and (A.3), we have

21) o J Viunl? dp < a2 J VP~ Vadlde + J \B(x, )| (4 — )
Q Q Q

(p-1)/p 1/p
Saz(J qu,,|pd,u) (j |Vu|pd,u>
Q Q

+ J | B(x, uy)|(u — u,)dx,
Q

where in the last inequality we have used Holder’s inequality. The com-
parison principle implies that g, <u,. Since u, <u and u is bounded,
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we see that {u—u,} is uniformly bounded. Hence, by condition (B.5),
{[o #(x,un)(u — uy,)dx} is bounded. Also u € 27 (£2; ) implies [, |Vul? du < 0.
It follows from (2.1) that {J,|Vu,|” du} is bounded. Hence, since u —uy, €
HOI”’ (2; ), {u—u,} is uniformly bounded and u, — u, Lemma 1.1 yields
u—ie D), so that i — f e D5(Q; p).

Similarly, applying the above arguments to («/, %) and —f, we can find a
bounded (o/,%)-harmonic function u in € such that u<h, and f—ue
Z5(2;u). Therefore, the linearity of 2§ (Q;u) implies i —ue 25(2;p). It
follows from Proposition 1.5 that & = u, and hence hy = h,.

Given a compactification Q* of £ and a bounded function Y on
0°Q = Q"\Q, let

P b (o, #B)-superharmonic in  and
v liminf,_¢ u(x) > (&) for all £ed*Q

and

@ -1, (7, %)-subharmonic in £ and
Y717 lim sup,_ v(x) < y(¢) for all £e€0*Q [°

If both %y and %, are nonempty, then

_(ﬂ(v'@)(

H(y;Q*)=H Y; Q%) :=inf %,

and
H; Q%)= H? (y; Q") :== sup &,

are (o/,%)-harmonic in Q and H(y;Q*) < H(y;Q2*) (MaO; Theorm 3.1)).
We say that  is (o, %)-resolutive if both %, and ¥, are nonempty and
H(y; Q%) = H(Y; 2%). In this case we write H(;Q*) = H % (y; Q*) for
H(y; Q%) = H(y;Q%). Q% is called an (o, B)-resolutive compactification, if all
Y e C(0*Q) are (<, %)-resolutive.

ProposITION 2.2. Let fe C(Q") and let Y :=flzo. V¥ is (A,B)-
resolutive if and only if f|, is (o, %B)-harmonizable, and then H(y; Q%) = hy.

Proor. If wue;, then wued,. Hence H(Y;Q%)<u, so that
H(y; Q%) < hy. Similarly, we have h, < H(y;Q2*). Therefore, y is (o, %)-
resolutive if f is (7, %)-harmonizable, and H(y; Q") = hy.

To show tlle converse, we suppose u € Uy. Then, because u+eeOZlf*
for any ¢>0, hy <u+e, so that hy < H(yY;Q2%) +e. Since ¢ is arbitrary,
hy < H(y;Q*). Similarly, we have h, > H(y;Q2*). Therefore, [ is (o, %)-
harmonizable if ¥ is (of, %#)-resolutive.

The following resolutivity result, which is the main theorem in [MaO}, can
be also shown by using Theorem 2.2 and Proposition 2.2.
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THEOREM 2.1. [MaO; Theorem 3.2] Suppose that Q is (p,un)-hyperbolic
and suppose that conditions (Cy) and (B.S) are satisfied. If Q < 27(Q;u),
then the Q-compactification Qp of Q (see [CC|) is an (s/,%B)-resolutive
compactification.

§3. Properties of harmonic boundary

Let Q" be a compactification of  and 9*Q = Q*\Q. Setting
APH) = {é €0*Q: limi?f |f(x)| =0 for any f € gg(g;u)},

we call AP#) the (p,u)-harmonic boundary of Q*. Tt is a compact subset of
Q.

PrOPOSITION 3.1.  AP¥ %0 if and only if Q is (p,u)-hyperbolic.

Proor. If Q is not (p,u)-hyperbolic, 1 € 2§ (€2; ), and hence APH = ¢,

To show the converse, we suppose 47# =@. It follows from the def-
inition of 44 that, for each e d*Q, there is Je € D8(2; 1) such that
liminf,_¢|fz(x)| > 0. Since 2}(82;u) is closed under max-operation, we may
assume that f; > 0. Thus since 0"Q is compact, we can choose Jepoo fe,
such that

lirpj?f{j%l(x) +o A S (X)) > >0

for any ¢ € 0"Q. Then we can find g e C () such that

Jo=Q/)(fe, + -+ fr)+g=1
on . The linearity of 25(£2;u) implies f, e 2§(2;u). Hence there exist
gn € C°(82) such that {g,} is uniformly bounded and g, — fy a.e., Vg, =V f
in LP(Q;u) as n— . Set g¢,:=min{g,,1}. Thus {¢,} is uniformly
bounded and ¢,—1 ae, Vg,—0 in LP(Q;u) as n— oo. Since
0, € Hy'?(2; ), it follows that 1 € 2%(82; u), so that Q is not (p, u)-hyperbolic.

Let Q be a family of bounded continuous functions on Q. Denote by
A(Qp”‘ ) the (p, #)-harmonic boundary of Q. Also denote by [Q] the smallest
linear space containing QU Ci°(£2) and constant functions, and closed under
max- and min-operations and the uniform convergence. Note that Q[*Q] = Qé
and [Q] = C(Qp)lg. If 2§(2;u) < [Q], then we can write the definition of
A(Qp’” ) as

A<QP>#> = {ée@é!) : )l(i_qgf(x) =0 for any fegg(g;ﬂ)},

where 0,2 = Q4\Q.
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THEOREM 3.1. (Comparison principle with respect to (p,u)-harmonic
boundary) Suppose that Q is (p, u)-hyperbolic and suppose that conditions (C)
and (B.5) are satisfied. Let Q — 2°(Q;u). If u is an (A, B)-superharmonic
Jfunction in € which is bounded below and v is an (o, B)-subharmonic function in
Q which is bounded above, and

lim sup v(x) < liminf u(x)
x—¢& x—¢

for any éeA(Q‘"”), then v <u in Q.

Proor. Set #(¢) = liminfy_; u(x) and 5(¢) = limsup,_,; v(x) for & € 0,92
Then # (resp. ») is lower (resp. upper) semicontinuous and bounded below
(resp. above) on 0,2 and # > on Ag”” ). Let £¢>0. Then we can choose
pe C(0yR2) such that D —e¢< ¢ <u+e on Ag’”). Since 27(Q;u) is a linear
space containing constant functions and closed under max- and min-operations,
[QIN2P(Q; u) is dense in [Q] with respect to the uniform convergence by the
Stone-Weierstrass theorem. Hence, there is /'€ C(25) N 27(2;4) such that

P_2e<f <ii+2e
on A(Qp’”). Put

A:={€0pR:u(l)+2e<f(¢) or (&) —2e=>f(E)}

Since A is a compact subset of aaQ\A(Q’”” ), as in the proof of Proposition 3.1
we can find g € 2§ (2; u) such that g > 0 on Q and liminf,_¢g(x) >J > 0 for
any £ € A. Since fis bounded and # is bounded below, there exists ¢; > 0 such
that #(&) + ¢; liminf,_¢ g(x) > f(&) for any £ € A. Thus

lirglj?f{u(x) +cg(x)}+3e>f(&) +¢
for any CedpQ. Hence u+3ee; ., so that hr_.g,<u+3e Also
hi_cg — (f — c19) € 25(2; 1) by Theorem 2.2. Similarly there exists ¢; >0
such that v — 3e < hpyc,y and hyie,g — (f + c29) € 2§(2;1). The linearity of
D§(Q2; 1) and g e DY(2; 1) yield hy_cig — hpie,g € D5(2;1). By (Cy), we see
that As_c 4, hyic,q are bounded. Hence, by (B.5), we can apply Proposition 1.5
and obtain Ay_. 4 = hryc,y. Thus we have

v—=3e<hricg=hrcg<u+3e

in Q. Since ¢ > 0 is arbitrary, v <u in Q.

In case 2" is an (o, #)-resolutive compactification, a point & € 0" is said
to be (o, B)-regular if

lim H(y;2") = (&)

for any ¢ € C(0*Q).
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THEOREM 3.2. Suppose that Q is (p,u)-hyperbolic and suppose that con-
ditions (Cy) and (B.5) are satisfied. Let Q = 27(Q;u). Then any (,%B)-
regular point ¢ € 0, belongs to A(Qp’” ).

ProOF. Let & ¢ A(Q’””). Then there is g € 25(£2; 1) such that g >0 on Q
and liminfy_zg(x) > 0. We can find f € C(22;) such that 0<f <g on Q
and f(¢) >0. Let y =f o502 By Proposition 2.2, the comparison principle
(Theorem 1.1) and Proposition 2.1,

ho = H(0;Qp) < H(W; Qp) = hy < hy,

where the subscript 0 in Ay signifies the constant function 0 in . Since
g€ D5(2;p), hy—ho € D5(2;u) by Theorem 2.2. Thus by Proposition 1.5,
hy = hy. Hence the above inequalities imply H(0;2,) = H(y;25). Thus, if
& is (<, %)-regular, then

0. < W(®) = lim H(Y:; 2p)(x) = lim H(0; 25)(x) = 0,

which is impossible. Thus we obtain the conclusion of the theorem.
The converse of the above theorem is valid under an additional condition.

THEOREM 3.3. Suppose that Q is (p,u)-hyperbolic and suppose that con-
ditions (Cy) and (B.5) are satisfied. If Q = 97(Q;u) satisfies D§(2; u) < (0],
then any éeA(QP’”) is an (s, RB)-regular point.

Proor. Let &€ A(é”” ) and Y € C(0pQ2). By the Stone-Weierstrass theo-
rem, for any ¢ > 0 there is f € C(25) N 97 (2;u) such that f —e <y < f +¢eon
05Q (cf. the proof of Theorem 3.1). By Lemma 1.2 there exists an (<7, %)-
superharmonic function u in © such that u>f in Q and u— f € 25(Q; ).
Then u+ee%,, so that H(l/l;.Qé) <u+e¢ in . Since éeA(Q‘"”) and
PD§(2; 1) = [Q], we have lim,_:u(x) =f(¢). Thus we obtain

(3.1) lims?pH(tp;Qé)(x) <f(&)+e<y(&)+ 2.

Similarily we have

(3.2) V(&) 26 < liminf H(J; ) (x).

Since ¢ is arbitrary, (3.1) and (3.2) yield the regularity of ¢ e d,Q.

REMARK 3.1.  Condition 2§(£2; 1) < [Q] cannot be suppressed in Theorem
3.3 even in the linear case. For example, let 4 = {xeR":1<|x| <2},
xo€ A and Q = A\{xo}. Let f e C*(Q2) be equal to 1 near {|x| =1}U{xo}
and equal to 0 near {|x|=2}. For Q= {f}, Q5 =QU{{,&}, where ¢
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corresponds to {|x| =1}U{xo} and &, corresponds to {|x| =2}. Then
A(Qz‘dx) = {¢&},&,}, while & is not regular with respect to the Laplacian, i.e., not
(4, B)-regular for o/(x,n) =n and B(x,t) =0.
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