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Abstract. Let r, k be integers with rb 3, kb 2. We prove that if G is a K1; r-free

graph of order at least ðk � 1Þð2r� 1Þ þ 1 with dðGÞb 2, then G contains k vertex-

disjoint copies of K1; 2. This result is motivated by the problem of characterizing a

forbidden subgraph H which satisfies the statement ‘‘every H-free graph of su‰ciently

large order with minimum degree at least t contains k vertex-disjoint copies of a star

K1; t.’’ In this paper, we also give the answer to this problem.

1. Introduction

In this paper, we consider only finite, simple, undirected graphs with no

loops and no multiple edges. For a graph G, we denote by VðGÞ, EðGÞ and

dðGÞ the vertex set, the edge set and the minimum degree of G, respectively.

For a vertex x of a graph G, the neighborhood of x in G is denoted by NGðxÞ,
and we let dGðxÞ :¼ jNGðxÞj. For a graph G and a fixed graph H, we say that

G is H-free if G does not contain H as an induced subgraph. A graph K1;3 is

called claw, and a K1;3-free graph is called a claw-free graph.

Our notation is standard except possibly for the following. Let G be a

graph. For a subset L of VðGÞ, the subgraph induced by L is denoted by

hLi. For a subset M of VðGÞ, we let G �M ¼ hVðGÞ �Mi. For subsets

L and M of VðGÞ with LVM ¼ q, we let EðL;MÞ denote the set of edges of

G joining a vertex in L and a vertex in M. A vertex x is often identified with

the set fxg. Thus if x A VðGÞ, then G � x means G � fxg, and Eðx;MÞ means

Eðfxg;MÞ for MHVðG � xÞ.
In this paper, we are concerned with the existence of vertex-disjoint copies

of K1; t and forbidden subgraphs. As for the existence of vertex-disjoint copies

of K1; t in general graphs, Ota made the following conjecture in [5].
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Conjecture 1.1 ([5]). Let k, t be integers with kb 2, tb 2. Let G be a

graph of order at least ðtþ 1Þk þ t2 � t with dðGÞb k þ t� 1. Then G contains

k vertex-disjoint copies of K1; t.

As is shown in [5], in this conjecture, the condition on the minimum degree

of G is sharp in the sense that for any fixed t and k, there exists a graph of

arbitrarily large order which has minimum degree k þ t� 2 but does not

contain k vertex-disjoint copies of K1; t and, if k is su‰ciently large compared

with t, then the condition on the order of G is also sharp in the sense that there

exists a graph G with jVðGÞj ¼ ðtþ 1Þk þ t2 � t� 1 and dðGÞb k þ t� 1 such

that G does not contain k vertex-disjoint copies of K1; t. Conjecture 1.1 is

settled a‰rmatively for t ¼ 2 in [5]. Also, in [1], Egawa and Ota proved that

Conjecture 1.1 is true for t ¼ 3. As for the case tb 4 of this conjecture, the

author obtained the following partial result in [4]:

Theorem 1.1 ([4]). Let k, t be integers with kb 2, tb 4. Let G be a

graph of order at least ðtþ 1Þk þ 2t2 � 4tþ 2 with dðGÞb k þ t� 1. Then G

contains k vertex-disjoint copies of K1; t.

In this paper, we focus on the relationship between the existence of vertex-

disjoint copies of K1; t in graphs and forbidden subgraphs. From the structure

of K1; t, the degree condition ‘‘dðGÞb t’’ seems to be natural for a graph to

contain K1; t. So, now we consider the statement ‘‘every H-free graph of suf-

ficiently large order with minimum degree at least t contains k vertex-disjoint

copies of K1; t.’’ The problem is to determine H that makes the statement true.

Our result is the following:

Theorem 1.2. Let kb 3, tb 2, and let H be a connected graph with

jVðHÞjb 3. If there exists a positive integer n0 such that every H-free graph

G with jVðGÞjb n0 and dðGÞb t contains k vertex-disjoint copies of K1; t, then

H A fK1; r j rb 2g.

We see from Theorem 1.2 that a star K1; r is important as a forbidden

subgraph for a graph with minimum degree at least t to have k vertex-disjoint

copies of K1; t. Along this line, we propose the following conjecture:

Conjecture 1.2. Let r, k, t be integers with rb 3, kb 2 and tb 2. If G

is a K1; r-free graph of order at least ðk � 1Þftðr� 1Þ þ 1g þ 1 with dðGÞb t,

then G contains k vertex-disjoint copies of K1; t.

If the conjecture is true, the bound on jVðGÞj is best possible. To see

this, let Bi ¼ Kt for each 1a ia r� 1, and consider G ¼ 6k�1

i¼1
Ai where Ai ¼

K1 þ6 r�1

j¼1
Bj for each 1a ia k � 1. Then G is a K1; r-free graph of order
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ðk � 1Þftðr� 1Þ þ 1g with dðGÞb t. It is easy to check that G does not

contain k vertex-disjoint copies of K1; t.

The author proved that Conjecture 1.2 is true for r ¼ t ¼ 3 in [3].

Theorem 1.3 ([3]). Let G be a claw-free graph of order at least 7k � 6 with

dðGÞb 3. Then G contains k vertex-disjoint claws.

Also, as for this conjecture, the following theorem is proved in [2]:

Theorem 1.4 ([2]). Let r, t be integers with rb 3, tb 2. Let G be a

K1; r-free graph of order at least ðtþ 1Þðk � 1Þftðr� 1Þ þ 1g þ 1 with dðGÞb t.

Then G contains k vertex-disjoint copies of K1; t.

In this paper, we prove that Conjecture 1.2 is true for t ¼ 2.

Theorem 1.5. Let r, k be integers with rb 3, kb 2. If G is a K1; r-free

graph of order at least ðk � 1Þð2r� 1Þ þ 1 with dðGÞb 2, then G contains k

vertex-disjoint copies of K1;2.

2. Proof of Theorem 1.2

Let k, t, n0 be fixed integers as in the assumption of Theorem 1.2. By

contradiction, we may assume that H is not isomorphic to a star (i.e., H B
fK1; r j rb 2g). For an integer i with 1a i, let Xi be a complete balanced

bipartite graph of order 2ðt� 1Þ with partite sets Yi, Zi with jYij ¼ jZij ¼ t� 1.

We define G1, G2 as follows:

(1) G1 is a graph with vertex set VðG1Þ and edge set EðG1Þ as follows:

VðG1Þ ¼ fy; zgU 6
m

j¼1

VðXjÞ
 !

;

EðG1Þ ¼ 6
m

j¼1

EðXjÞ
 !

U yp

����p A 6
m

j¼1

Yj

( )
U zq

����q A 6
m

j¼1

Zj

( )

where m is an integer with 2mðt� 1Þ þ 2b n0.

(2) G2 ¼ K1 þ nKt where n is an integer with ntþ 1b n0.

It is easy to see that dðGiÞb t and Gi does not contain k vertex-disjoint

copies of K1; t for i ¼ 1; 2. Hence by the assumption of Theorem 1.2, it follows

that both G1 and G2 contain H as an induced subgraph. Since G1 contains H

as a(n induced) subgraph, H does not contain K3. On the other hand, since

G2 contains H as an induced subgraph, this together with H B fK1; r j rb 2g
implies that H contains K3 because jVðHÞjb 3. This is a contradiction. This

completes the proof of Theorem 1.2. 9
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3. Proof of Theorem 1.5

Let G be a K1; r-free graph of order at least ðk � 1Þð2r� 1Þ þ 1 with

dðGÞb 2. Take s vertex-disjoint subgraphs C1;C2; . . . ;Cs such that Ci con-

tains K1;2 as a spanning subgraph for each i with 1a ia s. Let C ¼
hVðC1ÞU � � �UVðCsÞi and H ¼ G � C. We may assume that C1;C2; . . . ;Cs

are chosen so that

(1) s is maximum, and

(2) subject to the condition (1), jEðHÞj is maximum, and

(3) subject to the condition (2),
Ps

i¼1 jEðCiÞj is maximum.

We may assume that sa k � 1. It follows from the maximality of s that

H consists of mþ n components P1;P2; . . . ;Pm, Q1;Q2; . . . ;Qn where Pi GK2

for 1a iam and Qj GK1 for 1a ja n. (Thus VðHÞ ¼ VðP1ÞU � � �UVðPmÞ
UVðQ1ÞU � � �UVðQnÞ where mb 0, nb 0.) Note that the condition (2) is

equivalent to the statement that ‘‘m is maximum.’’ Then

jVðHÞjb ðk � 1Þð2r� 1Þ þ 1� 3s

b ðk � 1Þð2r� 1Þ þ 1� 3ðk � 1Þ ¼ 2ðk � 1Þðr� 2Þ þ 1:

For each i with 1a iam, take pi A VðPiÞ and fix it. Also, let VðQjÞ ¼ fqjg
for each j with 1a ja n. Let H 0 ¼ fp1; . . . ; pm; q1; . . . ; qng. Then jH 0j ¼
mþ nb

jVðHÞj
2

l m
b ðk � 1Þðr� 2Þ þ 1. For each i with 1a ia s, let ai be a

vertex in VðCiÞ such that jEðai;VðCi � aiÞÞj ¼ 2, and fix it.

We first prove the following claim.

Claim 3.1. Let i be an integer with 1a ia s. Let x, y be distinct vertices

in Ci, and let H1, H2 be distinct components of H with jVðH1Þjb jVðH2Þj.
Suppose that Eðx;VðH1ÞÞ0q and Eðy;VðH2ÞÞ0q. Then x ¼ ai, H1 A
fP1;P2; . . . ;Pmg and H2 A fQ1;Q2; . . . ;Qng. Furthermore, Ci GK1;2 and

EðVðCi � yÞ;VðH2ÞÞ ¼ q.

Proof. If H1;H2 A fP1;P2; . . . ;Pmg, then we can find two vertex-disjoint

copies of K1;2 in hVðH1ÞUVðH2ÞUVðCiÞi, which contradicts the maximality

of s. Thus H2 A fQ1;Q2; . . . ;Qng holds. Suppose that H1 A Q1;Q2; . . . ;Qn.

Then by the symmetry of the roles of H1 and H2, we may assume that

y0 ai. Then by replacing Ci by hVðCi � yÞUVðH1Þi, we get a contradiction

to the maximality of m. Thus we have H1 A fP1;P2; . . . ;Pmg. Next suppose

that x0 ai. Then we can find two vertex-disjoint copies of K1;2 in hVðH1ÞU
VðH2ÞUVðCiÞi, which contradicts the maximality of s. Thus x ¼ ai, and it is

easy to see that this forces Ci GK1;2. Now, if EðVðCiÞ � fx; yg;VðH2ÞÞ0q,

then hVðH1ÞU fxgiIK1;2 and hVðH2ÞUVðCi � xÞiIK1;2, a contradiction.

Also, if Eðai;VðH2ÞÞ0q, then by replacing Ci by hfai; ygUVðH2Þi, we get

400 Shinya Fujita



a contradiction to the maximality of
Ps

i¼1 jEðCiÞj. Thus Eðai;VðH2ÞÞ ¼ q.

Hence EðVðCi � yÞ;VðH2ÞÞ ¼ q. 9

We define a family F of vertex subsets as follows:

F :¼ ffx1; x2; . . . ; xsg j xi A VðCiÞ for each i with 1a ia sg

Claim 3.2. There exists F A F such that 6
x AF NGðxÞIH 0.

Proof. Choose F AF so that jð6
x AF NGðxÞÞVH 0j is maximum, and sub-

ject to the condition, jF V fa1; . . . ; asgj is maximum. Put F ¼ fx1; x2; . . . ; xsg.
We may assume that there exists v A H 0 such that v B ð6

x AF NGðxÞÞVH 0.

Since dðGÞb 2, Eðv;VðCÞÞ0q. Hence there exists Ci such that xiv B EðGÞ
and Eðv;VðCi � xiÞÞ0q. Let yi be a vertex in Ci such that yiv A EðGÞ.
If Eðxi;H 0Þ ¼ q, then by replacing F by ðF � xiÞU fyig, we get a contradic-

tion to the maximality of jð6
x AF NGðxÞÞVH 0j. Hence there exists u A H 0 � v

such that xiu A EðGÞ. Then by Claim 3.1, Ci GK1;2, ai A fxi; yig and we may

assume that fu; vg ¼ fp1; q1g. Suppose that yi ¼ ai. Then it is easy to see

that Eðxi;H 0 � uÞ ¼ q. Then by replacing F by ðF � xiÞU fyig, we get a

contradiction to the maximality of jF V fa1; . . . ; asgj. Thus xi ¼ ai. Then by

Claim 3.1, u ¼ p1, v ¼ q1 and EðVðCi � yiÞ; q1Þ ¼ q. Since dðGÞb 2, there

exists Cj with j0 i such that Eðq1;VðCjÞÞ0q. Let yj be a vertex in Cj such

that q1 yj A EðGÞ. Since v B ð6
x AF NGðxÞÞVH 0, yj B F . By the choice of F ,

we have Eðxj;H 0 � q1Þ0q. Then by Claim 3.1, xj ¼ aj. If there exists

v 0 A H 0 � fp1; q1g such that ajv
0 A EðGÞ, then by Claim 3.1, we may assume

v 0 A VðP2Þ, and then by replacing Ci, Cj by hVðP1ÞU faigi, hVðP2ÞU fajgi,
hfyi; q1; yjgi, we get a contradiction to the maximality of s. Thus we have

Eðxj;H 0Þ ¼ fp1xjg by Claim 3.1. Then by replacing F by ðF � fxjgÞU fyjg,
we get a contradiction to the maximality of jð6

x AF NGðxÞÞVH 0j. 9

By Claim 3.2, we choose F A F such that 6
x AF NGðxÞIH 0 and fix

it. Since jH 0jb ðk � 1Þðr� 2Þ þ 1, there exists xi A F such that jEðxi;H 0Þjb
r� 1 because jF j ¼ sa k � 1. Let NGðxiÞVH 0 ¼ fv1; v2; . . . ; vlg where lb

r� 1. Since G is K1; r-free, it follows that l ¼ r� 1 because H 0 is independent.

Also, we see from Claim 3.1 that xi 0 ai. Hence Ci GK1;2 and we may

assume that v1ai A EðGÞ because G is K1; r-free. If rb 4, then by replacing Ci

by hVðCi � xiÞU fv1gi, hfv2; v3; xigi, we get a contradiction to the maximality

of s. Thus we have r ¼ 3 and l ¼ 2.

Claim 3.3. Let i be an integer with 1a ia s, and let w1, w2 be distinct

vertices in H 0. Suppose that Eðw1;VðCiÞÞ0q and Eðw2;VðCiÞÞ0q. Then

there exists Cj with j0 i such that Eðfw1;w2g;VðCjÞÞ0q and EðVðCjÞ;H 0Þ ¼
EðVðCjÞ; fw1;w2gÞ. Further, EðVðCiÞ;H 0Þ ¼ EðVðCiÞ; fw1;w2gÞ holds.
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Proof. Since now G is claw-free, EðVðCiÞ; fw1;w2gÞ has two inde-

pendent edges. Let VðCiÞ ¼ fai; bi; cig. Then in view of Claim 3.1, we may

assume that Ci GK1;2, w1 A fp1; p2; . . . ; pmg, w2 A fq1; q2; . . . ; qng and EðVðCiÞ;
fw1;w2gÞ ¼ faiw1; biw1; biw2g. Then by the maximality of s, it is easy to see

that EðVðCiÞ;H 0Þ ¼ EðVðCiÞ; fw1;w2gÞ. Also, since dðGÞb 2, there exists Cj

with j0 i such that Eðw2;VðCjÞÞ0q. If Cj GK1;2, then since G is claw-

free, we have Eðw2;VðCj � ajÞÞ0q. Also, if Cj GK3, then by symmetry, we

may assume that Eðw2;VðCj � ajÞÞ0q. Thus, in any case, we may assume

that there exists bj A VðCj � ajÞ such that bjw2 A EðGÞ. Suppose that there

exists w 0 A H 0 � fw1;w2g such that Eðw 0;VðCjÞÞ0q. Then by Claim 3.1,

w 0aj A EðGÞ. Then hfw 0gUVðCj � bjÞiIK1;2, hfbj ;w2; bigiIK1;2, hfw1gU
VðCi � biÞiIK1;2, a contradiction. This implies that EðVðCjÞ;H 0Þ ¼
EðVðCjÞ; fw1;w2gÞ. Thus the claim holds. 9

We choose F 0 HF with 6
x AF 0 NGðxÞIH 0 so that jF 0j is minimum. Let

Fi :¼ fx A F 0 j jEðx;VðH 0ÞÞj ¼ ig for i ¼ 1; 2. Since G is claw-free, this to-

gether with the minimality of jF 0j implies that F 0 ¼ F1 UF2.

Claim 3.4. If F2 0q, then there exists a one-to-one mapping f : F2 !
F � F 0.

Proof. Let x A F2, and let NGðxÞVH 0 ¼ fw1;w2g. We may assume

that x A VðCiÞ. Then by Claim 3.3, there exists Cj with j0 i such that

EðVðCjÞ; fw1;w2gÞ0q and EðVðCjÞ;H 0Þ ¼ EðVðCjÞ; fw1;w2gÞ, and also

EðVðCiÞ;H 0Þ ¼ EðVðCiÞ; fw1;w2gÞ holds. Then by the minimality of jF 0j,
VðCjÞVF 0 ¼ q, i.e., VðCjÞV ðF � F 0Þ0q. This together with

EðVðCiÞ;H 0Þ ¼ EðVðCiÞ; fw1;w2gÞ; EðVðCjÞ; fw1;w2gÞ0q

and EðVðCjÞ;H 0Þ ¼ EðVðCjÞ; fw1;w2gÞ implies that there exists a one-to-one

mapping f : F2 ! F � F 0. 9

By Claim 3.4, jF 0j þ jF2ja jF j. Consequently, jH 0ja jF1j þ 2jF2j ¼
jF 0j þ jF2ja jF j ¼ sa k � 1, and hence jVðHÞj ¼ jVðHÞj

2

l m
þ jVðHÞj

2

j k
a 2jH 0ja

2ðk � 1Þ.
On the other hand, since jVðHÞjb 2ðk � 1Þðr� 2Þ þ 1 ¼ 2ðk � 1Þ þ 1, this

is a contradiction. This completes the proof of Theorem 1.5. 9
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