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Abstract. Using the unimodular Pisot substitution of the free monoid on d letters,

the existence of graph-directed self-similar sets fXigi¼1; 2;...; d satisfying the set equation

(0.0.1) with the positive measure on the A-invariant contracting plane P is well-known,

where A is the incidence matrix of the substitution. Moreover, under some conditions,

the set fXigi¼1; 2;...; d is the prototile of the quasi-periodic tiling of P (see Figure 1). In

this paper, even in the case of non-Pisot matrix A, the generating method of graph-

directed self-similar sets and quasi-periodic tilings is proposed under the ‘‘blocking

condition’’.

0. Introduction

The following fact is well-known: using the unimodular Pisot substitution

s of the free monoid on d letters, we obtain the prototiles fXigi¼1;2;...;d with

fractal boundary of the A-invariant contracting plane P, satisfying the set

equation:

A�1Xi ¼ 6
li

j¼1

ðvðiÞj þ XjÞ ðnon-overlappingÞ ð0:0:1Þ

where the transformation A is the incidence matrix of the substitution s and

vectors v
ðiÞ
j A P, 1a ja li are some translations. Moreover, under the super

coincidence condition in [14], we see that the prototiles fXigi¼1;2;...;d give us a

graph directed self-similar tiling of P (see Figure 1). The prototiles from the

substitution have been studied first by Rauzy in [20]. Since Rauzy (see Figure

1), several properties of prototiles have been studied by many authors. For

example, basic properties of fXigi¼1;2;...;d have been studied in [16], [4], [10], [21]

and [2], the estimation of the Hausdor¤ dimention of qXi in [10], topological

properties of Xi in [22], [1], the relation with the Markov partition generated

by fXigi¼1;2;...;d in [4], [18], the relation with the algebraic b-expansion in [15],

[14], Diophantine approximation in [13], quasi-periodic tiling in [14], [17], etc.

In fact, we know that to study the structure of fXigi¼1;2;...;d is useful and
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important to research of fractal geometry, number theory, tiling theory, ergodic

theory and dynamical systems. However, the study of the case that the matrix

A is unimodular and non-Pisot is very few (see [11]). The purpose of this

paper is to give a su‰cient condition of the existence of prototiles fXigi¼1;2;...;K

which satisfies the set equation (0.0.1) and generates a quasi-periodic tiling of

the contracting eigenspace P, starting from the 4� 4 non-Pisot unimodular

hyperbolic integer matrix A.

1. Definition and notations

1.1. non-Pisot matrix

In this paper, we consider that the integer matrix A satisfies the following

conditions.

Assumption 1.1. Let us assume that

(1) the eigenvalues li, i ¼ 1; 2; 3; 4 of the matrix A satisfy

jl1jb jl2j > 1 > jl3jb jl4j ðhyperbolic non-Pisot conditionÞ;

(2) det A ¼G1 (unimodular condition);

(3) the matrix A has the standard position property which is mentioned later.

For eigenvalues li, i ¼ 1; 2; 3; 4 of the matrix A, let fv1; v2; v3; v4g be the

corresponding basis of R4 generated by eigenvectors, that is, we consider that

the 2-dimensional contracting eigenspace Pc of the linear transformation A

is spanned by fv3; v4g and that the 2-dimesional expanding eigenspace Pe

is spanned by fv1; v2g. And let pcðxv1 þ yv2 þ zv3 þ wv4Þ ¼ zv3 þ wv4 and

Fig. 1. Rauzy fractal tiling.

290 Maki Furukado



peðxv1 þ yv2 þ zv3 þ wv4Þ ¼ xv1 þ yv2 be the projections to Pc and Pe respec-

tively. Then, following relations Pc � A ¼ A � Pc and Pe � A ¼ A � Pe hold.

Using the representation by

½e1; e2; e3; e4� ¼ ½v1; v2; v3; v4�

x11 x12 x13 x14

x21 x22 x23 x24

x31 x32 x33 x34

x41 x42 x43 x44

2
6664

3
7775;

the projected vectors pcei A Pc and peei A Pe of the canonical basis fei j i ¼ 1; 2;

3; 4g are given by

pcei ¼ x3iv3 þ x4iv4 F ½x3i; x4i� t;

peei ¼ x1iv1 þ x2iv2 F ½x1i; x2i� t

respectively.

We say that pcei and pcej are in standard position for i, j ði0 jÞ if pcei is

not parallel to pcej. And we say that the matrix A has the standard position

property if any pair of pcei, i ¼ 1; 2; 3; 4 are in standard position.

For easy undrstanding of several definitions and properties, we introduce

an example at the end of each section.

Example. Let us consider the following matrix A ¼

1 0 0 1

0 0 1 1

0 1 1 0

1 0 1 1

2
6664

3
7775. The

characteristic polynomial of A is given by FAðxÞ ¼ x4 � 3x3 þ x2 þ xþ 1 and it

is irreducible, moreover li , 1a ia 4 of A satisfy l1 > l2 > 1 > jl3j ¼ jl4j. The

basis fv1; v2; v3; v4g is chosen as v1 :¼ u1, v2 :¼ u2, v3 :¼ u3þu4
2 , v4 :¼ u3�u4

2i where

uj is the eigenvector of lj , 1a ja 4. In this example, vectors pcei, i ¼ 1; 2; 3; 4

are represented by the following figure (see Figure 2):

It is clear that the matrix A in Example satisfies Assumption 1.1 (1) (2) (3).

Fig. 2. Vectors pcei ði ¼ 1; 2; 3; 4Þ in Example.
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1.2. Parallelograms and segments

From now on, we denote p instead of the projection pc and P instead of

the plane Pc for simplicity.

For i; j A f1; 2; 3; 4g; let i5 j be the symbolic parallelogram generated by

vectors pei and pej where i5 j ði0 jÞ is chosen if the counterclockwise angle a

between pei and pej satisfies 0 < a < p. We write the set of symbolic par-

allelograms as

V2 :¼ i5 j

���� i; j A f1; 2; 3; 4g; i0 j;

the angle a between pei and pej is chosen by 0 < a < p

� �
:

It is clear that the cardinality of V2 is equal to 6ð¼4 C2Þ from the standard

position property.

For i A f1; 2; 3; 4g; let i be the symbolic segment generated by pei. We

write the set of symbolic segments as

V1 :¼ fi j i A f1; 2; 3; 4gg:

A pair ðx; i5 jÞ A pZ4 � V2 means geometrically the positive oriented

parallelogram i5 j with the base-point x of P, that is,

ðx; i5 jÞ :¼ fxþ mpei þ npej j 0a m; na 1g

(see Figure 3).

Let us define the set of all of the finite formal sum of the parallelogram

with the base-point l A pZ4 � V2 as follows:

G2 :¼
X

l A pZ4�V2

mll jml A Z;afl jml 0 0g < þy

8<
:

9=
;:

We call an element of G2 a patch. For patches g and d such that g ¼P
l A pZ4�V2

mll, d ¼
P

l A pZ4�V2
nll, we define the sum by

Fig. 3. ðx; i5jÞ.
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gþ d ¼
X

l A pZ4�V2

mllþ
X

l A pZ4�V2

nll :¼
X

l A pZ4�V2

ðml þ nlÞl:

Then we know that G2 is a free Z-module. On the notation L
ðþÞ
d ¼

fnll j nl 0 0; nl A Ng and L
ð�Þ
d ¼ fnll j nl 0 0; nl A �Ng for the pach d ¼P

l AZ4�V2
nll, we say that d is the subpatch of g if LðþÞ

g IL
ðþÞ
d , Lð�Þ

g IL
ð�Þ
d ,

and denote g � d. (see Figure 4).

We continue to define the symbolic segment and the set of all of the finite

formal sum of the segments analogously.

A pair ðx; iÞ A pZ4 � V1 means geometrically the positive segment i with

the base-point x of P, that is,

ðx; iÞ :¼ fxþ mpei j 0a ma 1g:

Let us define the set of all of the finite formal sum of the segment with the

base-point l A pZ4 � V1 as follows:

G1 :¼
X

l A pZ4�V1

mll jml A Z;afl jml 0 0g < y

8<
:

9=
;:

Then, G1 is the Z-module analogously.

In Example, the set of symbolic parallelograms V2 is chosen as

V2 ¼ f251; 153; 154; 253; 452; 354g
(see Figure 2).

1.3. The maps E2ðyÞ and E1ðyÞ generated by an automorphism y of the

free group Fh1; 2; 3; 4i

In this section, we consider the covering of P by parallelograms with base-

points. The map EiðyÞ ð0a ia d Þ is defined in [7] and has led many results

in the Pisot case. From this fact, we introduce maps E2ðyÞ : G2 ! G2 and

E1ðyÞ : G1 ! G1 for making the covering rule of P by parallelograms with base-

points in the non-Pisot case.

Fig. 4. Patch d is the subpach of g.
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Let Fh1; 2; 3; 4i be the free group on the alphabet f1; 2; 3; 4g and let s be

an automorphism of Fh1; 2; 3; 4i.
For an automorphism s, we define the automorphism y as the mirror

image of s�1 and we denote

yðiÞ :¼ w
ðiÞ
1 w

ðiÞ
2 . . .w

ðiÞ
k�1w

ðiÞ
k w

ðiÞ
kþ1 . . .w

ðiÞ
li

¼ P
ðiÞ
k w

ðiÞ
k S

ðiÞ
k

where li is the length of yðiÞ, P
ðiÞ
1 ¼ e (the empty word) and S

ðiÞ
li

¼ e for any

i A f1; 2; 3; 4g. We call P
ðiÞ
k the k-prefix and S

ðiÞ
k the k-su‰x of the element yðiÞ

of the free group Fh1; 2; 3; 4i respectively (see [7]).

Remark. y is the mirror image of s�1, that is,

yðiÞ ¼ w
ðiÞ
1 w

ðiÞ
2 . . .w

ðiÞ
li�1w

ðiÞ
li

is given by s�1ðiÞ ¼ w
ðiÞ
li
w
ðiÞ
li�1 . . .w

ðiÞ
2 w

ðiÞ
1 :

The natural homomorphism f : Fh1; 2; 3; 4i ! Z4 is defined by f ði aÞ ¼ aei
for a A Z and f ðw1w2Þ ¼ f ðw1Þ þ f ðw1Þ.

For an automorphism s, the corresponding linear representation (or in-

cidence matrix) of s is given by

Ls :¼ ½ f ðsð1ÞÞ; f ðsð2ÞÞ; f ðsð3ÞÞ; f ðsð4ÞÞ�:

Then, the commutative relation

Ls � f ¼ f � s

holds.

From now on, we assume that the incidence matrix Ls of s coincides

with A.

Remark. For any unimodular matrix A, there exists an automorphism s

of the free group Fh1; 2; 3; 4i such that Ls ¼ A by Theorem 7.3.4 in [12].

Let us define the map E2ðyÞ on G2 as follows:

E2ðyÞð0; i5 jÞ :¼ ð0; yðiÞ5yð jÞÞ

¼
X

1akali
1alalj

ð f ðPðiÞ
k Þ þ f ðPð jÞ

l Þ;wðiÞ
k 5w

ð jÞ
l Þ ðmod V2Þ

E2ðyÞðx; i5 jÞ :¼ A�1xþ E2ðyÞð0; i5 jÞ

E2ðyÞ
X

l A pZ4�V2

mll :¼
X

l A pZ4�V2

mlE2ðyÞl:

ð1:3:2Þ
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Remark. For two oriented parallelograms ðx; p5qÞ and ðy; r5sÞ,
p; q; r; s A f1G1; 2G1; 3G1; 4G1g, we say

ðx; p5qÞ1 ðy; r5sÞ ðmod V2Þ

if two oriented parallelograms coincide each other including the orientation.

The formula (1.3.2) means that the elements of ð0; yðiÞ5yð jÞÞ are rewritten by

Gðx; k5lÞ, k5l A V2. For example,

ð0; i5 jÞ1 ð0; i5 jÞ ðmod V2Þ

ð0; i�15 jÞ1�ð�ei; i5 jÞ ðmod V2Þ

ð0; i5 j�1Þ1�ð�ej; i5 jÞ ðmod V2Þ

ð0; i�15 j�1Þ1 ð�ei � ej; i5 jÞ ðmod V2Þ
(see Figure 5).

By the way, for the positive oriented parallelogram ð0; i5 jÞ, in most cases,

the patch E2ðyÞð0; i5 jÞ includes the negative oriented parallelograms. To

clarify this fact, we introduce the concept of the matrix A� as follows.

Fig. 5.
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Let us denote A�1 ¼ ½aij �1ai; ja4 and define the matrix A� :¼
½a�

i5j;k5l �i5j;k5l AV2
by

a�
i5j;k5l :¼ det

aik ail

ajk ajl

� �

:¼ “the number of the positive parallelogram i5 j”� “the number

of the negative parallelogram j5i” in the patch E2ðyÞð0; k5lÞ

(see [11]). Then we know that A� is not always A� bO and that A� must be

positive if all elements of E2ðyÞð0; i5 jÞ are positive.

Let us define the map E1ðyÞ on G1 analogously,

E1ðyÞð0; iÞ :¼ ð0; yðiÞÞ ¼
X

1akali

ð f ðPðiÞ
k Þ;wðiÞ

k Þ ðmod V1Þ

E1ðyÞðx; iÞ :¼ A�1pxþ E1ðyÞð0; iÞ

E1ðyÞ
X

l A pZ4�V1

mll

0
@

1
A :¼

X
l A pZ4�V1

mlE1ðyÞl:

For two oriented segments ðx; pÞ and ðy; rÞ, p; r A f1G1; 2G1; 3G1; 4G1g, we

say

ðx; pÞ1 ðy; rÞ ðmod V1Þ

analogously.

Let us define the boundary map q : G2 ! G1

qð0; i5 jÞ :¼ ð0; iÞ þ ðei; jÞ � ðej ; iÞ � ð0; jÞ

qðx; i5 jÞ :¼ pxþ qð0; i5 jÞ:

Then, we know the following lemma.

Lemma 1.1 ([7]). The commutative diagram holds:

q

G2 ���!E2ðyÞ
G2???y
???y

G1 ���!E1ðyÞ
G1

q:

296 Maki Furukado



In Example, from the matrix A ¼

1 0 0 1

0 0 1 1

0 1 1 0

1 0 1 1

2
6664

3
7775 let us choose the

automorphism s :

1 ! 14

2 ! 3

3 ! 423

4 ! 142

8>>><
>>>: , then the mirror image y of s�1 is determined by

s�1 :

1 ! 423�1

2 ! 1�14

3 ! 2

4 ! 32�14�11

8>>><
>>>: ; y :

1 ! 3�124

2 ! 41�1

3 ! 2

4 ! 14�12�13

8>>><
>>>: :

Then, the map E2ðyÞ is given by

E2ðyÞð0; 251Þ ¼ ð0; yð2Þ5yð1ÞÞ ¼ ð0; 41�153�124Þ

¼ ð0; 453�1Þ þ ð f ð3�1Þ; 452Þ þ ð f ð3�12Þ; 454Þ

þ ð f ð4Þ; 1�153�1Þ þ ð f ð4Þ þ f ð3�1Þ; 1�152Þ

þ ð f ð4Þ þ f ð3�12Þ; 1�154Þ ðmod V2Þ

¼ ð�e3; 354Þ þ ð�e3; 452Þ þ ðe4 � e1 � e3; 153Þ

þ ðe4 � e3 � e1; 251Þ � ðe4 � e3 þ e2 � e1; 154Þ:

Analogously, we obtain

E2ðyÞð0; 153Þ ¼ ð�e3; 253Þ þ ðe2 � e3; 452Þ

E2ðyÞð0; 154Þ ¼ ð�e3; 153Þ þ ð�e3; 251Þ � ðe2 � e3; 154Þ

E2ðyÞð0; 253Þ ¼ ð0; 452Þ þ ð�e1 þ e4; 251Þ

E2ðyÞð0; 452Þ ¼ ðe1 � e2 � e4; 452Þ þ ð�e2; 251Þ þ ðe1 � e2 � e4; 354Þ

þ ð�e2; 153Þ

E2ðyÞð0; 354Þ ¼ ð0; 251Þ þ ðe1 � e4; 452Þ þ ðe1 � e2 � e4; 253Þ

(see Figure 6).

The colors of the positive and negative oriented parallelograms are gray

and black respectively in this paper.

From the previous calculation for E2ðyÞð0; i5 jÞ, i5 j A V2, A� is given

by
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Fig. 6. ð0; i5 jÞ and E2ðyÞð0; i5 jÞ, i5 j A V2 in Example.
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A� ¼

1 0 1 1 1 1

1 0 1 0 1 0

�1 0 �1 0 0 0

0 1 0 0 0 1

1 1 0 1 1 1

1 0 0 0 1 0

2
666666664

3
777777775
:

Moreover, the map E1ðyÞ is given by

E1ðyÞð0; 1Þ ¼ ð0; yð1ÞÞ ¼ ð0; 3�124Þ

¼ ð0; 3�1Þ þ ð f ð3�1Þ; 2Þ þ ð f ð3�12Þ; 4Þ ðmod V1Þ

¼ �ð�e3; 3Þ þ ð�e3; 2Þ þ ð�e3 þ e2; 4Þ:

Analogously, we obtain

E1ðyÞð0; 2Þ ¼ ð0; 4Þ � ðe4 � e1; 1Þ

E1ðyÞð0; 3Þ ¼ ð0; 2Þ

E1ðyÞð0; 4Þ ¼ ð0; 1Þ � ðe1 � e4; 4Þ � ðe1 � e4 � e2; 2Þ þ ðe1 � e4 � e2; 3Þ

(see Figure 7).

2. The seed U of E2ðyÞ and the covering substitution

The patch g ¼
PL

k¼1 mkðxk; dkÞ A G2, mk 0 0, that is, the formal finite

sum of oriented parallelograms, can be considered as the compact set g ¼
6L

k¼1
ðxk; dkÞHP. We should take care that

the boundary of the patch g0 the boundary of the compact set g

(see Figure 8).

In this section, we consider the topological property of compact sets

Xi5j :¼ lim
n!y

AnEn
2 ðyÞð0; i5 jÞ; i5 j A V2:

Definition 2.1. If we can find the patch U :¼
PM

k¼1 mkðxk; dkÞ A G2,

mk ¼G1 which satisfies the following conditions, we say that U is the seed of

E2ðyÞ and that E2ðyÞ is a covering substitution of P:

(a) U� C 0, where U� means the interior of the compact set U ¼
6M

k¼1
mkðxk; dkÞ;

(b) there exists N A N such that EN
2 ðyÞU � U;

(c) dðqðEn
2 ðyÞUÞ; 0Þ ! y ðn ! yÞ.
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Remark.

(1) Even if there exists a seed U of E2ðyÞ such that EN
2 ðyÞU � U, we can

not say that EnN
2 ðyÞU � E

ðn�1ÞN
2 ðyÞU for all n, because of the influence

that E2ðyÞnNU has often negative parallelograms which bring about

cancellations.

(2) Our conjecture is that there exists a fixed point F̂F , which is the infinite

sum of parallelograms, that is, bF̂F : F̂F ¼ E2ðyÞF̂F and F̂F might be given by

Fig. 7. ð0; iÞ and E1ðyÞð0; iÞ, i A V1 in Example.
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limn!y En
2 ðyÞU. But we leave it at the moment and we claim that we

can set up the fractal tiling in this paper.

Lemma 2.1. The limit set Xi5j :¼ limn!y AnEn
2 ðyÞð0; i5 jÞ, i5 j A V2

exists in the sense of the Hausdor¤ metric on P.

Proof. We put

d :¼ max
i5j AV2

max
g:

g0E2ðyÞð0; i5jÞ

fDðA�1ð0; i5 jÞ; gÞg

8<
:

9=
;

where D is the Hausdor¤ metric on P. On the notation En
2 ðyÞð0; i5 jÞ ¼PLðnÞ

k¼1 ðx
ðnÞ
k ; d

ðnÞ
k Þ and the fundamental property of the Hausdor¤ metric such

that DðA1 UA2;B1 UB2ÞamaxfDðA1;B1Þ;DðA2;B2Þg (see [5]), we see that

DðA�1En
2 ðyÞð0; i5 jÞ;Enþ1

2 ðyÞð0; i5 jÞÞ

¼ D A�1 6
LðnÞ

k¼1

ðxðnÞk ; d
ðnÞ
k Þ;E2ðyÞ

XLðnÞ
k¼1

ðxðnÞk ; d
ðnÞ
k Þ

 ! !

¼ D 6
LðnÞ

k¼1

A�1ðxðnÞk ; d
ðnÞ
k Þ; 6

LðnÞ

k¼1

ðE2ðyÞðxðnÞk ; d
ðnÞ
k ÞVEnþ1

2 ð0; i5 jÞÞ
 !

a max
1akaLðnÞ

fDðA�1ðxðnÞk ; d
ðnÞ
k Þ;E2ðyÞðxðnÞk ; d

ðnÞ
k ÞVEnþ1

2 ðyÞð0; i5 jÞÞga d

where gV d ¼ fðx; i5 jÞ j ðx; i5 jÞ A g and ðx; i5 jÞ A dg. By the operation of

Anþ1, we have

Fig. 8.
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DðAnEn
2 ðyÞð0; i5 jÞ;Anþ1Enþ1

2 ðyÞð0; i5 jÞÞa lnþ1d

where l ¼ maxfjl3j; jl4jg < 1. Therefore, the limit set Xi5j exists. r

Corollary 2.1. Let U ¼
PM

k¼1 mkðxk; dkÞ be a seed of E2ðyÞ, then the

limit set X as

X :¼ lim
n!y

AnEn
2 ðyÞU

exists and

X ¼ 6
M

k¼1

mkðxk þ Xdk Þ

where Xdk ¼ limn!y AnEn
2 ðyÞð0; dkÞ.

The proof is obtained analogously with Lemma 2.1.

Lemma 2.2. The compact set X satisfies X � 0q.

Proof. We put Ci the ‘fractal’ curve generated by E1ðyÞ from the

segment ð0; iÞ, ri the Hausdor¤ metric D between Ci and ð0; iÞ, and Ei the ri-

neighbors of the segment of ð0; iÞ, that is,

Ci :¼ lim
n!y

AnEn
1 ðyÞð0; iÞ;

ri :¼ DðCi; ð0; iÞÞ;

Ei :¼ fz j dðz; ð0; iÞÞa rig;

and moreover we put r :¼ max1aia4frig. Then, it is clear that Ci HEi. Let

C :¼ limn!y AnEn
1 ðyÞqU, then from the fact that A is continuous, we know

A�mC ¼ lim
n!y

An�mEn�m
1 ðyÞEm

1 ðyÞqU for any m: ð2:0:3Þ

On the notation

Em
1 ðyÞqU ¼

XRðmÞ

k¼1

ðxðmÞ
k ; i

ðmÞ
k Þ;

we can write the relation (2.0.3) by

A�mCH 6
RðmÞ

k¼1

lim
n!y

An�mðEn�m
1 ðyÞðxðmÞ

k ; i
ðmÞ
k ÞÞ:

Therefore, we have
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A�mCH 6
ðxðmÞ

k
; i
ðmÞ
k

Þ AEm
1
ðyÞqU

ðxðmÞ
k þ E

i
ðmÞ
k

Þ

and

dðA�mC; 0Þb d 6
ðxðmÞ

k
; i
ðmÞ
k

Þ AEm
1
ðyÞqU

ðxðmÞ
k þ E

i
ðmÞ
k

Þ; 0

0
@

1
Ab dðEm

1 ðyÞqU; 0Þ � r:

From the assumption of Definition 2.1 (c), if we take m satisfying

dðEm
1 ðyÞqU; 0Þb 2r;

then

dðA�mC; 0Þb r:

Therefore, there exists N such that nbN implies

dðA�mþnE n
1 ðyÞqU; 0Þ > r

2
:

This means that the compact set A�mAnEn
2 ðyÞU satisfies A�mAnEn

2 ðyÞUI
B 0; r2
� �

for all nbN, where B 0; r2
� �

is a ball of the center 0 and the radius r
2 .

Therefore, we have A�mX IB 0; r2
� �

and X IAmB 0; r2
� �

. r

In Example, let us choose the patch U on the plane P by

U :¼ ðe1 � e2 � 2e3 þ e4; 251Þ þ ðe1 � e2 � 2e3 þ e4; 153Þ

� ðe1 � e2 � e3; 154Þ þ ð2e1 � e2 � 2e3; 253Þ þ ð2e1 � e2 � 2e3; 452Þ

þ ð2e1 � e2 � 2e3; 354Þ þ ðe1 � 2e2 � e3; 251Þ:

Then, we can see that the patch U satisfies the seed condition of E2ðyÞ in

Definition 2.1 (a), (b) as N ¼ 1, (c) (see Figure 9).

3. Blocking

3.1. Blocking patch

To treat the map E2ðyÞ which generates not only positive orientated

parallelograms but also negative ones from the positive parallelogram, we use

the new idea ‘‘blocking’’ in this section.

Definition 3.1. Let B be the family of the finite number of patches

gp,

B :¼ fgp j 1a paK; gp A G2g:
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If B satisfies the following conditions, we call B a family of blocking patches

associated with s and we say s satisfies the blocking condition.

(1) For each p, there exist a translation vectors x
ð pÞ
k A pZ4 and the patch

g
V

ð pÞ
k

A B such that

E2ðyÞgp ¼
XLp

k¼1

ðxðpÞk þ g
V

ð pÞ
k

ÞHP;

Fig. 9. qðEn
2 ðyÞUÞ and En

2 ðyÞU, n ¼ 0; 1; 2; 3 in Example.
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that is, the patch E2ðyÞgp can be decomposed by the translation of patches

fg
V

ð pÞ
k

g1akaLp
, g

V
ð pÞ
k

A B;

(2) Let M̂M ¼ ½m̂mpq�1ap;qaK be a K�K non-negative integer matrix given by

m̂mpq :¼a k j g
V

ðqÞ
k

¼ gp;E2ðyÞgq ¼
XLq

k¼1

ðxðqÞk þ g
V

ðqÞ
k

Þ
( )

:

We assume that M̂M is primitive, i.e., bM1 : M̂M
M1 > O and that the maximal

eigenvalue of M̂M coincides with jl1j � jl2j where jl1j and jl2j are the absolute

values of the eingevalues of A satisfying jl1jb jl2j > 1 > jl3jb jl4j. We

call M̂M the incidence matrix of E2ðyÞ in the sense of blocking;

(3) There exists a seed U of E2ðyÞ given by Definition 2.1 such that

(a) U is decomposed in the sense of blocking, i.e., bi1; i2; . . . ; iL A
f1; 2; . . . ;Kg : gik A B, U ¼

PL
k¼1ðxik þ gik Þ. To distinguish U ¼PM

k¼1 mkðxk; dkÞ which is constructed by the parallelogram, we denote

U ¼
PL

k¼1ðxik þ gik Þ;
(b) there exist gp A B, N 0 A N and z A pZ4 such that

EN 0

2 ðyÞgp � zþU ðin the sense of blockingÞ:

Remark. About the condition (2), if the seed U is constructed by 6

pieces parallelograms ðxi5j ; i5 jÞ, i5 j A V2 and moreover all the elements of

E2ðyÞð0; i5 jÞ, i5 j A V2 are positive, then the matrix M̂M coincides with A� and

the maximal eigenvalue of M̂M is equal to jl1j � jl2j.
In Example, let us introduce the family of blocking patches B ¼ fgig1aia6

associated with s by

g1 :¼ ð0; 251Þ
g2 :¼ ð0; 153Þ
g3 :¼ �ð0; 154Þ þ ð�e2; 251Þ
g4 :¼ ð0; 253Þ
g5 :¼ ð0; 452Þ
g6 :¼ ð0; 354Þ

8>>>>>>>><
>>>>>>>>:

:

Then, the covering substitution E2ðyÞ for gi , 1a ia 6 is represented by the

following in the sense of blocking:

E2ðyÞg1 :¼ ð�e3 þ g6Þ þ ð�e3 þ g5Þ þ ðe4 � e1 � e3 þ g2Þ

þ ðe4 � e3 þ e2 � e1 þ g3Þ

E2ðyÞg2 :¼ ð�e3 þ g4Þ þ ðe2 � e3 þ g5Þ

E2ðyÞg3 :¼ ðe1 � e3 � e4 þ g6Þ þ ðe1 � e3 � e4 þ g5Þ ð3:1:4Þ
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E2ðyÞg4 :¼ g5 þ ð�e1 þ e4 þ g1Þ

E2ðyÞg5 :¼ ðe1 � e2 � e4 þ g5Þ þ ð�e2 þ g1Þ

þ ðe1 � e2 � e4 þ g6Þ þ ð�e2 þ g2Þ

E2ðyÞg6 :¼ g1 þ ðe1 � e4 þ g5Þ þ ðe1 � e2 � e4 þ g4Þ

(see Figure 10).

Therefore, the incidence matrix M̂M of E2ðyÞ in the sense of blocking is given

by

M̂M ¼

2
666666664

g1 0 0 0 1 1 1

g2 1 0 0 0 1 0

g3 1 0 0 0 0 0

g4 0 1 0 0 0 1

g5 1 1 1 1 1 1

g6 1 0 1 0 1 0

3
777777775

and we know the maximal eigenvalue lM̂M of M̂M coincides with lM̂M ¼ jl1j � jl2j ¼
3:18 . . . .

Let us consider the family of patches U instead of U by

U :¼ ðe1 � e2 � 2e3 þ e4 þ g1Þ; ðe1 � e2 � 2e3 þ e4 þ g2Þ; ðe1 � e2 � e3 þ g3Þ;
ð2e1 � e2 � 2e3 þ g4Þ; ð2e1 � e2 � 2e3 þ g5Þ; ð2e1 � e2 � 2e3 þ g6Þ

( )
:

Then, we can see that B satisfies Definition 3.1 (1), (2), (3) (a)(b) as N 0 ¼ 1

(see Figure 11).

3.2. Graph of the blocking

From the formula E2ðyÞgp ¼
PLp

k¼1ðx
ðpÞ
k þ g

V
ð pÞ
k

Þ, we put two finite sets V

called vertices and E called edges, and two functions i : E ! V and t : E ! V

as follows;

V :¼ fg1; g2; . . . ; gKgF f1; 2; . . . ;Kg

E :¼ p

k

	 

j 1a paK;V

ðpÞ
k A f1; 2; . . . ;Kg; 1a kaLp

� �

i
p

k

	 

:¼ p; t

p

k

	 

:¼ V

ðpÞ
k :

Then, we obtain the directed graph G :¼ fV;E; i; tg and the set of its ad-

missible sequence as
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Fig. 10. gi and E2ðyÞgi , i ¼ 1; 2; . . . ; 6 in Example.
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X
G
:¼

pj1 pj2 � � �
kj1 kj2 � � �

	 
���� pjs
kjs

	 

A E; t

pjs
kjs

	 

¼ i

pjsþ1

kjsþ1

	 
� �
:

And from the formula E2ðyÞgp ¼
PLp

k¼1ðx
ðpÞ
k þ g

V
ð pÞ
k

Þ, let us give the label

function L,

L: E ���! pZ4

A A
p

k

	 
 ���! x
ðpÞ
k ;

then, we have the labeled graph GL and its admissible labeled sequence of

GL. We put the set of the admissible labeled sequence of GL whose initial

vertex is p as

Wp :¼ L
pj1
kj1

	 

;L

pj2
kj2

	 

; . . .

	 
���� pj1 pj2 � � �
kj1 kj2 � � �

	 

A
X

G
; i

pj1

kj1

 !
¼ p

( )

and for simplicity, we write

Wp ¼ fðxj1 ; xj2 ; . . .Þ jGL-admissible and iðxj1Þ ¼ pg:

From

E2ðyÞgp ¼
XLp

k¼1

ðxð pÞk þ g
V

ð pÞ
k

Þ ¼
X

xj1 :iðxj1 Þ¼p

ðxj1 þ gtðxj1 Þ
Þ;

E2
2ðyÞgp ¼

X
xj1 :iðxj1 Þ¼p

ðA�1xj1 þ E2ðyÞgtðxj1 ÞÞ

¼
X

xj1 :iðxj1 Þ¼p

A�1xj1 þ
X

xj2 :iðxj2 Þ¼tðxj1 Þ
ðxj2 þ gtðxj2 Þ

Þ

0
@

1
A

¼
X

ðxj1 ;xj2 Þ:iðxj1 Þ¼p

ðA�1xj1 þ xj2 þ gtðxj2 Þ
Þ;

Fig. 11. U and U in Example.
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we have the following formula in the sense of blocking

En
2 ðyÞgp ¼

X
ðxj1 ;xj2 ;...;xjn Þ:iðxj1 Þ¼p

ðA�ðn�1Þxj1 þ A�ðn�2Þxj2 þ � � � þ xjn þ gtðxjn ÞÞ ð3:2:5Þ

where ðxj1 ; xj2 ; . . . ; xjnÞ is the finite length path of the GL-admissible sequence.

In Example, we obtain the following labeled graph from (3.1.4) (see Figure

12):

4. Main Theorem

Lemma 4.1. We assume that E2ðyÞ has the family of blocking patches B

associated with s given by Definition 3.1 and we put

Xp :¼ lim
n!y

AnEn
2 ðyÞgp; gp A B:

Then, the following set equation holds:

A�1Xp ¼ 6
Lp

k¼1

ðxðpÞk þ X
V

ð pÞ
k

Þ:

Fig. 12. Labeled graph GL in Example.
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Proof. From E2ðyÞgp ¼
PLp

k¼1ðx
ðpÞ
k þ g

V
ð pÞ
k

Þ, we get

En
2 ðyÞgp ¼

XLp

k¼1

ðA�ðn�1Þx
ðpÞ
k þ En�1

2 ðyÞg
V

ð pÞ
k

Þ:

Operate An�1 and n ! y, then we have the following set equation:

A�1Xp ¼ 6
Lp

k¼1

ðxðpÞk þ X
V

ð pÞ
k

Þ

where the existence of limit sets Xp can be discussed analogously in the proof of

Lemma 2.1. r

By analogous discussion and (3.2.5), we obtain the corollary.

Corollary 4.1. For any n A N, the following set equation holds:

A�nXp ¼ 6
ðxj1 ;xj2 ;...;xjn Þ:

iðxj1 Þ¼p

ðA�ðn�1Þxj1 þ A�ðn�2Þxj2 þ � � � þ xjn þ Xtðxjn ÞÞ

where ðxj1 ; xj2 ; . . . ; xjnÞ is the finite length path of the GL-admissible sequence.

Lemma 4.2. X �
p 0q for all p.

Proof. From Definition 3.1(3)(b) and Lemma 2.2, there exist gp A B,

N 0 A N and z A P such that

EN 0

2 ðyÞgp � zþU ðin the sense of the blockingÞ

and Corollary 4.1, we have

A�N 0
Xp ¼ 6

ðxj1 ;xj2 ;...;xjN 0 Þ:
iðxj1 Þ¼p

ðA�ðN 0�1Þxj1 þ A�ðN 0�2Þxj2 þ � � � þ xjN 0 þ Xtðxjn ÞÞ

I 6
L

k¼1

ðzþ ðxik þ Xik ÞÞ ¼ zþ X I zþ X � 0q ðby Lemma 2:2Þ:

From Corollary 4.1 and the primitivity of M̂M, we have X �
p 0q for all p.

r

Proposition 4.1. The set equations

A�1Xp ¼ 6
Lp

k¼1

ðxðpÞk þ X
V

ð pÞ
k

Þ

A�nXp ¼ 6
ðxj1 ;xj2 ;...;xjn Þ:

iðxj1 Þ¼p

ðA�ðn�1Þxj1 þ A�ðn�2Þxj2 þ � � � þ xjn þ Xtðxjn ÞÞ
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are non-overlapping. In particular,

X ¼ 6
L

k¼1

ðxik þ Xik Þ ðnon-overlappingÞ

where X ¼ limn!y AnEn
2 ðyÞU ¼ limn!y AnEn

2 ðyÞU, U ¼
PL

k¼1ðxik þ gik Þ.

Proof. From the first equation, we get for the volumes fjXij j i ¼
1; 2; . . . ;Kg,

ðjA�1X1j; jA�1X2j; . . . ; jA�1XKjÞa ðjX1j; jX2j; . . . ; jXKjÞM̂M;

ðjA�1X1j; jA�1X2j; . . . ; jA�1XKjÞ ¼ jl1j � jl2jðjX1j; jX2j; . . . ; jXKjÞ:

And from Lemma 4.2, we know X �
p 0q for all p. In particular, jXpj > 0 for

all p. Therefore by Lemma of [19] or [4], we know that ðjX1j; jX2j; . . . ; jXKjÞ
must be the eigenvector of M̂M and that the inequality must be the equality. In

particular, we know that the set equation is non-overlapping. Analogously,

we obtain that the second set equation is non-overlapping. The final non-

overlappingness is from Definition 3.1 (3)(b). r

Proposition 4.2. X and Xp satisfy

X � ¼ X and X �
p ¼ Xp:

Proof. From Proposition 4.1, we have for any n

X ¼ 6
ðxj1 ;xj2 ;...;xjn Þ:

iðxj1 Þ A fi1; i2;...; iLg

ðAxj1 þ A2xj2 þ � � � þ Anxjn þ AnXtðxjn ÞÞ

ðnon-overlappingÞ ð4:0:6Þ

where ðxj1 ; xj2 ; . . . ; xjnÞ is GL-admissible. Therefore, for any x A X and d > 0,

let BxðdÞ be the ball with the center x and the radius d on P, then by the

above set equation, there exists m and z ¼ Axj1 þ A2xj2 þ � � � þ Amxjm such that

BxðdÞIAmXtðxjn Þ � z and AmX �
tðxjn Þ 0q. This means that X ¼ X �. We see

that Xp ¼ X �
p analogously. r

The analogous discussion can be found in [10].

Lemma 4.3. Let us define the set t,

t ¼ A�ðNn�1Þxj1 þ A�ðNn�2Þxj2 þ � � � þ xjNn
þ Xtðxjn Þ

n A N;

iðxi1Þ A fi1; i2; . . . ; iKg;
ðxj1 ; xj2 ; . . . ; xjNn

Þ
is GL-admissible

���������

8>>><
>>>:

9>>>=
>>>;;

then t is a quasi-periodic tiling of P.
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Proof. From Definition 2.1 (b) EN
2 ðyÞU � U, we see that A�NX IX

ðIX � C 0Þ. By the fact that A�1 is expanding on P, we know

6
y

n¼0

A�nNX ¼ P:

Therefore, from the non-overlappingness of (4.0.6), the set t,

t ¼ A�ðNn�1Þxj1 þ A�ðNn�2Þxj2 þ � � � þ xjNn
þ Xtðxjn Þ

n A N;

iðxj1Þ A fi1; i2; . . . ; iKg;
ðxj1 ; xj2 ; . . . ; xjNn

Þ
is GL-admissible

���������

8>>><
>>>:

9>>>=
>>>;;

is a tiling of Pc. The quasi-periodicity of the tiling t can be seen from the

presentation formula of tiles

A�ðNn�1Þxj1 þ A�ðNn�2Þxj2 þ � � � þ xjNn
þ Xtðxjn Þ

by GL-admissible sequence by analogous discussion can be found in [9]. r

We call t the graph-directed self-similar tiling and for simplicity we write

GDSS tiling.

Summing up the propositions and lemmas, we obtain the following main

theorem.

Main Theorem. Let s be an automorphism satisfying Assumption 1.1 (1)

non-Pisot, (2) unimodular, (3) standard position, moreover there exists a family of

blocking patches B associated with s and the seed U can be blocked U ¼ U ¼PL
k¼1ðxik þ gik Þ. Put

Xp :¼ lim
n!y

AnEn
2 ðyÞgp

Xik :¼ lim
n!y

AnEn
2 ðyÞgik

X :¼ 6
L

k¼1

ðxik þ Xik Þ;

then the sets, X , fXpg, fðxik þ Xik Þg, satisfy
(0) X � C 0

(1) X ¼ 6L

k¼1
ðxik þ Xik Þ (non-overlapping);

(2) X � ¼ X;

(3) A�1Xp ¼ 6
Lp

k¼1

ðxðpÞk þ X
V

ð pÞ
k

Þ (non-overlapping);

(4) put jXpj :¼ volume of Xp, then ðjX1j; jX2j; . . . ; jXKjÞ is an eigenvector of M̂M,

that is,

lM̂MðjX1j; jX2j; . . . ; jXKjÞ ¼ ðjX1j; jX2j; . . . ; jXKjÞM̂M
where lM̂M ¼ jl1j � jl2j;
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(5) let us define the sets t,

t ¼ A�ðNn�1Þxj1 þ A�ðNn�2Þxj2 þ � � � þ xN
jNn

þ Xtðxjn Þ

n A N;

iðxj1Þ A fi1; i2; . . . ; iKg;
ðxj1 ; xj2 ; . . . ; xjNn

Þ
is GL-admissible

���������

8>>><
>>>:

9>>>=
>>>;;

then t is a quasi-periodic GDSS tiling of P generated by fXpg1apaK, where

N is chosen as EN
2 ðyÞU � U.

Corollary 4.2. Let s be an automorphism satisfying Assumption 1.1

(1) non-Pisot, (2) unimodular, (3) standard property, moreover, (4) we can find the

special seed U ¼
P

i5j AV2
ðxi5j ; i5 jÞ A G2 and all the elements of E2ðyÞðxi5j; i5 jÞ

are positive, (5) there exist ðxi5j ; i5 jÞ A U, N A N and z A pZ4 such that

EN
2 ðyÞðxi5j; i5jÞ � zþU:

Then, the sets X :¼ limn!y AnEn
2 ðyÞU, Xi5j :¼ limn!y AnEn

2 ðyÞð0; i5 jÞ satisfies
(0) X � C 0;

(1) X ¼ 6
i5j AV2

ðxi5j þ Xi5jÞ;
(2) X � ¼ X, X �

i5j ¼ Xi5j ;

(3) from the following notation E2ðyÞð0; i5 jÞ ¼
PLði5jÞ

k¼1 ðx i5j
k ; d i5j

k Þ,

A�1Xi5j ¼ 6
Lði5jÞ

k¼1

ðxi5j
k þ Xd

i5j

k

Þ ðnon-overlappingÞ;

(4) the vector from the elements jXi5jj, i5 j A V2 is the maximal eigenvector of

A�;

(5) we obtain the quasi-periodic GDSS tiling t of P of the prototiles

fXi5jgi5j AV2
.

Proof. Let us define the family of blocking patches B associated with s,

B ¼ ðxi5j ; i5 jÞ jU ¼
X

i5j AV2

ðxi5j; i5 jÞ
( )

;

then, it is easy to see that B satisfies (1) and (3) in Definition 3.1. For (2):

from the assumption ½1�, the element a�
i5j;k5l of the matrix A� is given by

the number of ðx; k5lÞ in E2ðyÞð0; i5 jÞ and A� is the 6� 6 non-negative

integer matrix. Thereofore the Perron-Frobenius eigenvalue of A� is given

by ðjl3j; jl4jÞ�1 ¼ jl1j jl2j. Therefore B satisfies the all of the condition in

Definition 3.1. r

In Example, we know Xp ¼ Xip , p ¼ 1; 2; . . . ; 6. We show Xp, xp þ gp,

p ¼ 1; 2; . . . ; 6 as Figure 13 and the tiling t as Figure 15.
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Fig. 13.

Fig. 14. X ¼ 6L

k¼1ðxik þ Xik Þ where U ¼ 6L

k¼1ðxik þ gik Þ, L ¼ 6 in Example.

Fig. 15. Quasi-periodic GDSS tiling t in Main Theorem (5).
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5. Examples

The simple example which satisfies the assumption in Corollary 4.2 can be

found as follows:

Example 5.1. This is the example discussed in [3]. Let us consider the

following matrix A:

A ¼

1 0 0 �1

1 0 0 0

0 1 0 0

0 0 1 0

2
6664

3
7775:

Then the characteristic polynomial of A is

FAðxÞ ¼ x4 � x3 þ 1.

The set of symbolic parallelograms is chosen by

V2 :¼ f251; 153; 451; 352; 254; 453g:

We will choose the automorphism s and the mirror image y of s�1 is detemined

by

s :

1 ! 12

2 ! 3

3 ! 4

4 ! 1�1

8>>><
>>>: ; y :

1 ! 4�1

2 ! 14

3 ! 2

4 ! 3

8>>><
>>>: :

Then, the covering substitution E2ðyÞ keeps the positive orientation (see Figure

16).

In this example, the seed U is chosen by

U :¼ ð�e1 � e2 � e4; 251Þ þ ð�e1 � e3 � e4; 153Þ þ ð�e1 � e3 � e4; 451Þ

þ ð�e2 � e3; 352Þ þ ð�e2 � e4; 254Þ þ ð�e3 � e4; 453Þ

(see Figure 17).

Then, U satisfies E2ðyÞU � U and dðqE2ðyÞnU; 0Þ ! y (see Figure 18).

We obtain the quasi-periodic GDSS tiling t (see Figure 20).
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Fig. 16. ð0; i5 jÞ and E2ðyÞð0; i5 jÞ, i5 j A V2 in Example 5.1.
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Fig. 17. The seed U in Example 5.1.

Fig. 18. En
2 ðyÞU, n ¼ 0; 1; . . . ; 8 in Example 5.1.

Fig. 19. fxi5j þ Xi5j j i5 j A V2g in Example 5.1.
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The cardinality of the family of blocking patches B associated with s is

usually di¤erent from the cardinality of the parallelograms constructing the

seed U of E2ðyÞ. We propose such an example as Example 5.2.

Example 5.2. Let us consider the following matrix A:

A ¼

1 2 0 1

1 0 0 0

0 1 0 0

0 0 1 0

2
6664

3
7775:

Then the characteristic polynomial of A is

FAðxÞ ¼ x4 � x3 � 2x2 � 1.

The set of symbolic parallelograms is chosen by

V2 :¼ f152; 351; 451; 253; 254; 354g:

Let us choose the automorphism s (invertible substitution) and the mirror image

y of s�1 is determined by

s :

1 ! 12

2 ! 113

3 ! 4

4 ! 1

8>>><
>>>: ; y :

1 ! 4

2 ! 14�1

3 ! 24�14�1

4 ! 3

8>>><
>>>: :

In this example, the covering substitution E2ðyÞ sometimes produce the

negative orientated parallelograms from the positive one (see Figure 21).

Fig. 20. Quasi-periodic GDSS tiling t in Example 5.1.
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Fig. 21. ð0; i5 jÞ and E2ðyÞð0; i5 jÞ, i5 j A V2 in Example 5.2.
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If U is chosen as

U :¼ ð0; 152Þ þ ð0; 351Þ þ ðe2 � e4; 451Þ þ ð0; 253Þ

þ ðe1 � e4; 254Þ þ ðe2 � e4; 354Þ;

then we see that

(1) E 4
2ðyÞU � U;

(2) dðqE4n
2 ðyÞU; 0Þ ! y ðn ! yÞ

(see Figure 22).

Let us define the family of blocking patches B associated with s by

g1 :¼ �ð0; 351Þ þ ðe1 � e4; 354Þ
g2 :¼ �ð0; 254Þ þ ðe2 � e3; 354Þ
g3 :¼ ð0; 152Þ
g4 :¼ ð0; 351Þ
g5 :¼ ð0; 451Þ
g6 :¼ ð0; 253Þ
g7 :¼ ð0; 254Þ
g8 :¼ ð0; 354Þ

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

(see Figure 23). Then, we see that the incidence matrix M̂M of E2ðyÞ can be

given by

M̂M ¼

2
6666666666664

g1 0 0 0 0 0 0 1 0

g2 1 0 0 0 0 0 0 0

g3 0 0 0 0 0 1 0 0

g4 0 1 0 0 0 0 0 0

g5 0 0 1 0 0 2 0 0

g6 1 1 0 0 0 0 0 1

g7 0 0 0 1 0 1 0 0

g8 1 1 0 0 1 0 0 2

3
7777777777775

and we know it’s maximal eigenvalue lM̂M of M̂M coincides with jl1j � jl2j where l1,

l2 are eigenvalues of A where jl1j > jl2j > 1 > jl3j ¼ jl4j. (c.f. The char-

acteristic polynomial of M̂M is given by ðx6 � 2x5 þ x4 � 5x3 � x2 � 2x� 1Þ �
ðxþ 1Þðx� 1Þ and the first polynomial coincides with the characteristic poly-

nomial of A�). Let us consider the family of patches U instead of the seed U

by

U :¼ fg3; g4; e2 � e4 þ g5; g6; e1 � e4 þ g7; e2 � e4 þ g8g:

Then, we can see that B satisfies Definition 3.1 (1), (2), (3) (a)(b) as N 0 ¼ 4.

We show the figures of the quasi-periodic GDSS tiling t (see Figure 25).
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Fig. 22. qðE 4n
2 ðyÞUÞ and E 4n

2 ðyÞU, n ¼ 0; 1; 2 in Example 5.2.
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As an example of unimodular non-Pisot and the characteristic polynomial

with non-irreducible, we propose the following.

Example 5.3 ([11]). Let us consider the following matrix A:

A ¼

1 1 �1 1

1 1 0 �1

0 1 0 �1

1 0 �1 0

2
6664

3
7775:

Fig. 23. Elements of the family of blocking patches B associated with s in Example 5.2.

Fig. 24. X ¼ 6L

k¼1ðxik þ Xik Þ where U ¼ 6L

k¼1ðxik þ gik Þ, L ¼ 6 in Example 5.2.
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Then the characteristic polynomial of A is

FAðxÞ ¼ ðx2 � x� 1Þ2.

The set of symbolic parallelograms is chosen by

V2 :¼ f152; 351; 451; 253; 254; 453g:
Let us choose the automorphism s (invertible substitution) and the mirror

image y of s�1 is determined by

s :

1 ! 142

2 ! 321

3 ! 4�11�1

4 ! 2�13�1

8>>><
>>>: ; y :

1 ! 24

2 ! 13

3 ! 3�11�14�1

4 ! 3�14�12�1

8>>><
>>>: :

In this example, the covering substitution E2ðyÞ sometimes produce the

negative orientated prallelograms from the positive one (see Figure 26).

If U is chosen as

U :¼ �ðe1 � e3 þ e4; 152Þ þ ðe1 þ e2 � e3 þ 2e4; 351Þ

þ ðe1 þ e2 � e3 þ e4; 451Þ þ ð2e1 � e3 þ e4; 253Þ

þ ðe1 � e3; 254Þ þ ð2e1 þ e2 � e3 þ e4; 453Þ þ ðe2 � e3 þ e4; 451Þ;

then U satisfies the seed condition:

(1) E2ðyÞU � U;

(2) dðqEn
2 ðyÞU; 0Þ ! 0 ðn ! yÞ

(see Figure 27).

Fig. 25. Quasi-periodic GDSS tiling t in Example 5.2.
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Fig. 26. ð0; i5 jÞ and E2ðyÞð0; i5 jÞ, i5 j A V2 in Example 5.3.
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Let us define the family of blocking patches B associated with s by

g1 :¼ �ð0; 152Þ þ ðe2; 451Þ þ ð�e4; 254Þ
g2 :¼ ð0; 351Þ
g3 :¼ ð0; 253Þ þ ðe2; 453Þ
g4 :¼ ð0; 451Þ

8>>><
>>>:

Fig. 27. qðEn
2 ðyÞUÞ and En

2 ðyÞU, n ¼ 0; 1; 2; 3 in Example 5.3.
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(see Figure 28). Then, we see that the incidence matrix M̂M of E2ðyÞ is given

by

M̂M ¼

2
6664

g1 0 1 1 0

g2 1 0 1 0

g3 1 1 1 1

g4 0 0 1 0

3
7775

and we know it’s maximal eigenvalue lM̂M of M̂M coincides with jl1j � jl2j where l1,

l2 are eigenvalues of A where jl1j ¼ jl2j > 1 > jl3j ¼ jl4j (c.f. The characteristic

polynomial of M̂M is given by ðx2 � 3xþ 1Þðxþ 1Þ2 and the first polynomial

coincides with the characteristic polynomial of A�). Let us consider the family

of patches U instead of the seed U by

U :¼ fe1 � e3 þ e4 þ g1; e1 þ e2 � e3 þ 2e4 þ g2;

2e1 � e3 þ e4 þ g3; e2 � e3 þ e4 þ g4g:

Then, we can see that B satisfies Definition 3.1 (1), (2), (3) (a)(b) as

N 0 ¼ 1.

Finally, we know the quasi-periodic GDSS tiling t can be found as t-lattice

in the crystal geometory (see [8]).

Fig. 28. Elements of the family of blocking patches B associated with s in Example 5.3.
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