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Abstract. By using the continuation theorem of coincidence degree theory, the ex-

istence of a positive periodic solution for the Lotka-Volterra population model, con-

sidered by Song-Chen. [1], is established.

1. Introduction

X. Song and L. Chen [1] considered the following Lotka-Volterra pop-

ulation model:

dx1ðtÞ
dt

¼ x1ðtÞða1ðtÞ � b1ðtÞx1ðtÞ � cðtÞyðtÞÞ þD1ðtÞðx2ðtÞ � x1ðtÞÞ;

dx2ðtÞ
dt

¼ x2ðtÞða2ðtÞ � b2ðtÞx2ðtÞÞ þD2ðtÞðx1ðtÞ � x2ðtÞÞ;

dyðtÞ
dt

¼ yðtÞ
 

� dðtÞ þ pðtÞx1ðtÞ � qðtÞyðtÞ � bðtÞ
ð0
�t

kðsÞyðtþ sÞds
!
;

8>>>>>>>>><
>>>>>>>>>:

ð1:1Þ

where x1 and y are the population density of prey species x and predator

species y in patch 1, and x2 is the density of species x in patch 2. Predator

species y is confined to patch 1, while the prey species x can di¤use between

two patches. DiðtÞ ði ¼ 1; 2Þ are di¤usion coe‰cients of species x.

In [1], they proved that system (1.1) is uniformly persistent under ap-

propriate conditions and obtained su‰cient conditions for global stability of the

system (1.1). Our purpose in this paper is, by using the continuation theorem

which was proposed in [2] by Gaines and Mawhin, to establish the existence of

at least one positive w-periodic solution of system (1.1).

First, consider an abstract equation in a Banach space X,

Lx ¼ lNx; l A ð0; 1Þ; ð1:2Þ
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where L : Dom LVX ! X is a linear operator and l is a parameter. Let P

and Q denote two projectors,

P : X VDom L! Ker L and Q : X ! XnIm L:

For convenience we introduce a continuation theorem [2, p. 40] as follows.

Lemma 1.1. Let X be a Banach space and L a Fredholm mapping of index

zero. Assume that N : W ! X is L-compact on W with W open bounded in X.

Furthermore assume:

(a) for each l A ð0; 1Þ; x A qWVDom L,

Lx0 lNx;

(b) for each x A qWVKer L,

QNx0 0;

(c) degfQNx;WVKer L; 0g0 0.

Then Lx ¼ Nx has at least one solution in W.

2. Main result

In what follows, we use the following notation:

f ¼ 1

w

ðw
0

f ðtÞdt; f l ¼ min
t A ½0;w�

j f ðtÞj; f u ¼ max
t A ½0;w�

j f ðtÞj;

where f is a periodic continuous function with period w > 0.

In system (1.1), we always assume the following.

Assumption ðH1Þ. aiðtÞ, biðtÞ, DiðtÞ ði ¼ 1; 2Þ, cðtÞ, dðtÞ, pðtÞ, qðtÞ and

bðtÞ are positive periodic continuous functions with period w > 0.

Assumption ðH2Þ. kðsÞ is a continuous and nonnegative function on

½�t; 0�, 0a t < y.

Now we state our fundamental theorem about the existence of a positive

w-periodic solution of system (1.1).

Theorem 2.1. In addition to Assumption ðH1Þ and ðH2Þ, we assume the
following:

(i) plða1 �D1Þ l > bu1d u;
(ii) a2ðtÞ > D2ðtÞ, for Et A R.
Then system (1.1) has at least one positive w-periodic solution.

Proof. Consider the system
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dy1

dt
¼ a1ðtÞ �D1ðtÞ � b1ðtÞey1ðtÞ � cðtÞey3ðtÞ þD1ðtÞey2ðtÞ�y1ðtÞ;

dy2

dt
¼ a2ðtÞ �D2ðtÞ � b2ðtÞey2ðtÞ þD2ðtÞey1ðtÞ�y2ðtÞ;

dy3

dt
¼ �dðtÞ þ pðtÞey1ðtÞ � qðtÞey3ðtÞ � bðtÞ

ð0
�t

kðsÞey3ðtþsÞ ds;

8>>>>>>>><
>>>>>>>>:

ð2:1Þ

where aiðtÞ, biðtÞ, DiðtÞ ði ¼ 1; 2Þ, cðtÞ, dðtÞ, pðtÞ, qðtÞ and bðtÞ are the same

as those in Assumption ðH1Þ, and t and kðsÞ are the same as those in Assump-

tion ðH2Þ, it is easy to see that if system (2.1) has an w-periodic solution

ðy1 ðtÞ; y2 ðtÞ; y3 ðtÞÞ, then ðey 1 ðtÞ; ey 2 ðtÞ; ey3 ðtÞÞ is a positive w-periodic solution of

system (1.1). Therefore, for (1.1) to have at least one positive w-periodic

solution it is su‰cient that (2.1) has at least one w-periodic solution. In order

to apply Lemma 1.1 to system (2.1), we take

X ¼ fðy1ðtÞ; y2ðtÞ; y3ðtÞÞ
T A CðR;R3Þ : yiðtþ wÞ ¼ yiðtÞ; i ¼ 1; 2; 3g

and

kðy1ðtÞ; y2ðtÞ; y3ðtÞÞ
Tk ¼ max

t A ½0;w�
jy1ðtÞj þ max

t A ½0;w�
jy2ðtÞj þ max

t A ½0;w�
jy3ðtÞj:

With this norm, X is a Banach space. Let

N

y1

y2

y3

2
64

3
75 ¼

a1ðtÞ �D1ðtÞ � b1ðtÞey1ðtÞ � cðtÞey3ðtÞ þD1ðtÞey2ðtÞ�y1ðtÞ

a2ðtÞ �D2ðtÞ � b2ðtÞey2ðtÞ þD2ðtÞey1ðtÞ�y2ðtÞ

�dðtÞ þ pðtÞey1ðtÞ � qðtÞey3ðtÞ � bðtÞ
ð0
�t

kðsÞey3ðtþsÞ ds

2
666664

3
777775;

L

y1

y2

y3

2
64

3
75 ¼

y 01
y 02
y 03

2
64

3
75; P

y1

y2

y3

2
64

3
75 ¼ Q

y1

y2

y3

2
64

3
75 ¼

2
666666664

1

w

ðw
0

y1ðtÞdt

1

w

ðw
0

y2ðtÞdt

1

w

ðw
0

y3ðtÞdt

3
777777775
;

y1

y2

y3

2
64

3
75 A X :

Since Ker L ¼ R3 and Im L is closed in X ;L is a Fredholm mapping of index

zero. Furthermore, we have that N is L-compact on W [2]; here W is any open

bounded set in X. Corresponding to equation (1.2), we have
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dy1

dt
¼ l½a1ðtÞ �D1ðtÞ � b1ðtÞey1ðtÞ � cðtÞey3ðtÞ þD1ðtÞey2ðtÞ�y1ðtÞ�;

dy2

dt
¼ l½a2ðtÞ �D2ðtÞ � b2ðtÞey2ðtÞ þD2ðtÞey1ðtÞ�y2ðtÞ�;

dy3

dt
¼ l �dðtÞ þ pðtÞey1ðtÞ � qðtÞey3ðtÞ � bðtÞ

ð0
�t

kðsÞey3ðtþsÞ ds
� �

:

8>>>>>>>>><
>>>>>>>>>:

ð2:2Þ

Suppose that ðy1ðtÞ; y2ðtÞ; y3ðtÞÞ
T A X is a solution of system (2.2) for a certain

l A ð0; 1Þ. By integrating (2.2) over the interval ½0;w�, we obtainðw
0

D1ðtÞey2ðtÞ�y1ðtÞ dtþ
ðw
0

ða1ðtÞ �D1ðtÞÞdt ¼
ðw
0

b1ðtÞey1ðtÞ dtþ
ðw
0

cðtÞey3ðtÞ dt;

ð2:3Þðw
0

D2ðtÞey1ðtÞ�y2ðtÞ dtþ
ðw
0

ða2ðtÞ �D2ðtÞÞdt ¼
ðw
0

b2ðtÞey2ðtÞ dt ð2:4Þ

andðw
0

pðtÞey1ðtÞ dt ¼
ðw
0

dðtÞdtþ
ðw
0

qðtÞey3ðtÞ dtþ
ðw
0

bðtÞ
 ð0

�t

kðsÞey3ðtþsÞ ds
!
dt:

ð2:5Þ

From (2.2)–(2.5), it follows thatðw
0

jy 01ðtÞjdta
ðw
0

ða1ðtÞ �D1ðtÞÞdtþ
ðw
0

b1ðtÞey1ðtÞ dtþ
ðw
0

cðtÞey3ðtÞ dt

þ
ðw
0

D1ðtÞey2ðtÞ�y1ðtÞ dt; ð2:6Þ

ðw
0

jy 02ðtÞjdta
ðw
0

ða2ðtÞ �D2ðtÞÞdtþ
ðw
0

b2ðtÞey2ðtÞ dtþ
ðw
0

D2ðtÞey1ðtÞ�y2ðtÞ dt ð2:7Þ

and ðw
0

jy 03ðtÞjdta
ðw
0

dðtÞdtþ
ðw
0

pðtÞey1ðtÞ dtþ
ðw
0

qðtÞey3ðtÞ dt

þ
ðw
0

bðtÞ
 ð 0

�t

kðsÞey3ðtþsÞ ds
!
dt: ð2:8Þ

By (2.3)–(2.5) and (2.6)–(2.8), we obtainðw
0

jy 01ðtÞjdta 2

ðw
0

b1ðtÞey1ðtÞ dtþ 2

ðw
0

cðtÞey3ðtÞ dt; ð2:9Þ
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ðw
0

jy 02ðtÞjdta 2

ðw
0

b2ðtÞey2ðtÞ dt ð2:10Þ

and ðw
0

jy 03ðtÞjdta 2

ðw
0

pðtÞey1ðtÞ dt: ð2:11Þ

Choose ti A ½0;w�; i ¼ 1; 2; 3 such that

yiðti Þ ¼ max
t A ½0;w�

yiðtÞ; i ¼ 1; 2; 3:

Then it is clear that

y 0i ðti Þ ¼ 0; i ¼ 1; 2; 3:

From this and (2.2), we have

a1ðt1 Þ �D1ðt1 Þ � b1ðt1 Þey1ðt

1
Þ � cðt1 Þey3ðt


1
Þ þD1ðt1 Þey2ðt


1
Þ�y1ðt 1 Þ ¼ 0; ð2:12Þ

a2ðt2 Þ �D2ðt2 Þ � b2ðt2 Þey2ðt

2
Þ þD2ðt2 Þey1ðt


2
Þ�y2ðt 2 Þ ¼ 0 ð2:13Þ

and

�dðt3 Þ þ pðt3 Þey1ðt

3
Þ � qðt3 Þey3ðt


3
Þ � bðt3 Þ

ð0
�t

kðsÞey3ðt 3þsÞ ds ¼ 0: ð2:14Þ

(2.14) implies that

qðt3 Þey3ðt

3
Þ < pðt3 Þey1ðt


3
Þ ð2:15Þ

and

ey1ðt

3
Þ >

dðt3 Þ
pðt3 Þ

>
d l

pu
: ð2:16Þ

Combining (2.16) with (2.12), we have

bl1e
y1ðt 1 Þ < b1ðt1 Þey1ðt


1
Þ < ða1 �D1Þu þ

Du1p
u

d l
ey2ðt


2
Þ; ð2:17Þ

from which, together with (2.13), it implies that

d lbl1b
l
2e

2y2ðt 2 Þ < ðbl1d lða2 �D2Þu þDu2Du1puÞey2ðt

2
Þ þDu2d lða1 �D1Þu:

Thus

2d lbl1b
l
2e
y2ðt2 Þ < bl1d

lða2 �D2Þu þDu1Du2pu

þ fðbl1alða2 �D2Þu þDu1Du2puÞ
2 þ 4d lbl1b

l
2D

u
2d

lða1 �D1Þug1=2;

Periodic solutions for a predator-prey system 375



from which, by using inequality

ðaþ bÞ1=2 < a1=2 þ b1=2; for a > 0; b > 0; ð2:18Þ

it implies that

2d lbl1b
l
2e
y2ðt 2 Þ < 2bl1d

lða2 �D2Þu þ 2Du1D
u
2p
u þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d lbl1b

l
2D

u
2d

lða1 �D1Þu
q

:

That is

ey2ðt

2
Þ <

ða2 �D2Þu

bl2
þ
Du1D

u
2p
u þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d lbl1b

l
2D

u
2d

lða1 �D1Þu
q
d lbl1b

l
2

¼def A1; ð2:19Þ

from which, together with (2.17), it follows that

ey1ðt

1
Þ <

ða1 �D1Þu

bl1
þD

u
1p
u

bl1d
l
A1 ¼def A2: ð2:20Þ

Combining (2.15) with (2.20), we obtain

ey3ðt

3
Þ <

pu

ql
ða1 �D1Þu

bl1
þD

u
1p
u

bl1d
l
A1

� �
¼def A3: ð2:21Þ

Therefore for Et A R,

ey1ðtÞ < A2; ey2ðtÞ < A1; ey3ðtÞ < A3: ð2:22Þ

From (2.13), we have

ey2ðt

2
Þ >

a2ðt2 Þ �D2ðt2 Þ
b2ðt2 Þ

>
ða2 �D2Þ l

bu2
: ð2:23Þ

By (2.3) and (2.5), it implies that there exist two points h1; h2 A ð0;wÞ such that

b1ðh1Þ
ðw
0

ey1ðtÞ dtþ
ðw
0

cðtÞey3ðtÞ dt ¼
ðw
0

D1ðtÞey2ðtÞ�y1ðtÞ dtþ
ðw
0

ða1ðtÞ �D1ðtÞÞdt

ð2:24Þ

and

pðh2Þ
ðw
0

ey1ðtÞ dt ¼
ðw
0

dðtÞdtþ
ðw
0

qðtÞey3ðtÞ dtþ
ðw
0

bðtÞ
 ð0

�t

kðsÞey3ðtþsÞ ds
!
dt:

ð2:25Þ

Substituting (2.25) into (2.24) gives
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b1ðh1Þ
ðw
0

qðtÞey3ðtÞ dtþ pðh2Þ
ðw
0

cðtÞey3ðtÞ dtþ b1ðh1Þ
ðw
0

bðtÞ
 ð0

�t

kðsÞey3ðtþsÞ ds
!
dt

¼ pðh2Þ
ðw
0

D1ðtÞey2ðtÞ�y1ðtÞ dtþ pðh2Þ
ðw
0

ða1ðtÞ �D1ðtÞÞdt� b1ðh1Þ
ðw
0

dðtÞdt

> plwða1 �D1Þ l � bu1wd u: ð2:26Þ

In view of

b1ðh1Þ
ðw
0

qðtÞey3ðtÞ dtþ pðh2Þ
ðw
0

cðtÞey3ðtÞ dtþ b1ðh1Þ
ðw
0

bðtÞ
 ð0

�t

kðsÞey3ðtþsÞ ds
!
dt

<

 
bu1q

u þ pucu þ bu1b
u

ð0
�t

kðsÞds
!
wey3ðt


3
Þ;

from this and (2.26), we have

ey3ðt

3
Þ >

plða1 �D1Þ l � bu1d u

bu1q
u þ pucu þ bu1b

u
Ð 0
�t
kðsÞds

¼def A4: ð2:27Þ

By (2.9)–(2.11) and (2.22), we can getðw
0

jy 01ðtÞjdta 2wbu1A2 þ 2wcuA3 ¼def d1; ð2:28Þ

ðw
0

jy 02ðtÞjdta 2wbu2A1 ¼def d2 ð2:29Þ

and ðw
0

jy 03ðtÞjdta 2puwA2 ¼def d3 ð2:30Þ

From (2.16), (2.23) and (2.27), it follows that there exist three constants r1, r2
and r3 such that

y1ðt3 Þ > �r1; y2ðt2 Þ > �r2; y3ðt3 Þ > �r3: ð2:31Þ

Since for Et A ½0;w�,

y1ðtÞ ¼ y1ðt3 Þ �
ð t
t 
3

y 01ðsÞds

y2ðtÞ ¼ y2ðt2 Þ �
ð t
t 
2

y 02ðsÞds
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and

y3ðtÞ ¼ y3ðt3 Þ �
ð t
t 
3

y 03ðsÞds;

from (2.31) and (2.28)–(2.30), it implies that for i ¼ 1; 2; 3,

yiðtÞ > �ri �
ðw
0

jy 0i ðsÞjds > �ri � di: ð2:32Þ

From (2.22) and (2.32), we can obtain

jy1ðtÞjamaxfjln A2j; r1 þ d1g ¼def R1;

jy2ðtÞjamaxfjln A1j; r2 þ d2g ¼def R2

and

jy3ðtÞjamaxfjln A3j; r3 þ d3g ¼def R3:

Clearly, Ri ði ¼ 1; 2; 3Þ are independent of l. Denote M ¼ R1 þ R2 þ R3 þ R0;

here R0 is taken su‰ciently large such that each solution ða; b; gÞ of the

following system:

a1 �D1 � b1ea � ceg þD1e
b�a ¼ 0;

a2 �D2 � b2eb þD2e
a�b ¼ 0;

�d þ pea �
 
qþ b

ð0
�t

kðsÞds
!
eg ¼ 0;

8>>>>>><
>>>>>>:

ð2:33Þ

satisfies kða; b ; gÞk ¼ jaj þ jb j þ jgj <M, provided that system (2.33) has

a solution or a number of solution. Now we take W ¼ fðy1ðtÞ; y2ðtÞ; y3ðtÞÞ
T A

X : kðy1; y2; y3Þ
Tk <Mg. This satisfies condition (a) of Lemma 1.1. When

ðy1; y2; y3Þ
T A qWVKer L ¼ qWVR3, ðy1; y2; y3Þ

T is a constant vector in R3

with jy1j þ jy2j þ jy3j ¼M. If system (2.33) has a solution or a number of

solutions, then

QN

y1

y2

y3

2
64

3
75 ¼

a1 �D1 � b1ey1 � cey3 þD1e
y2�y1

a2 �D2 � b2ey2 þD2e
y1�y2

�d þ pey1 �
 
qþ b

ð0
�t

kðsÞds
!
ey3

2
666664

3
7777750

2
64 00
0

3
75:
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If system (2.33) does not have a solution, then naturally

QN

y1

y2

y3

2
64

3
750

2
64 00
0

3
75:

This prove that condition (b) of Lemma 1.1 is satisfied. Finally we will prove

that condition (c) of Lemma 1.1 is satisfied. To this end, we define f : Dom L�
½0; 1� ! X by

fðy1; y2; y3; mÞ ¼

a1 �D1 � b1ey1 � cey3

a2 �D2 � b2ey2

�d þ pey1 �
 
qþ b

ð0
�t

kðsÞds
!
ey3

2
666664

3
777775þ m

D1e
y2�y1

D2e
y1�y2

0

2
64

3
75;

where m A ½0; 1� is a parameter. When ðy1; y2; y3Þ
T A qWVKer L ¼ qWVR3,

ðy1; y2; y3Þ
T is a constant vector in R3 with jy1j þ jy2j þ jy3j ¼M. We will

show that when ðy1; y2; y3Þ
T A qWVKer L; fðy1; y2; y3; mÞ0 0. If the conclu-

sion is not true, a.e., constant vector ðy1; y2; y3Þ
T with jy1j þ jy2j þ jy3j ¼M

satisfies fðy1; y2; y3; mÞ ¼ 0, then from

a1 �D1 � b1ey1 � cey3 þ mD1e
y2�y1 ¼ 0;

a2 �D2 � b2ey2 þ mD2e
y1�y2 ¼ 0;

�d þ pey1 �
 
qþ b

ð 0
�t

kðsÞds
!
ey3 ¼ 0;

8>>>>>><
>>>>>>:

following the argument of (2.22) and (2.31) gives

jy1j < maxfjln A2j; r1g;

jy2j < maxfjln A1j; r2g

and

jy3j < maxfjln A3j; r3g:

Thus

jy1j þ jy2j þ jy3j < maxfjln A2j; r1g þmaxfjln A1j; r2g þmaxfjln A3j; r3g <M;

which contradicts the fact that jy1j þ jy2j þ jy3j ¼M. Therefore
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degðQNðy1; y2; y3Þ
T ;WVKer L; ð0; 0; 0ÞTÞ

¼ degðfðy1; y2; y3; 1Þ;WVKer L; ð0; 0; 0ÞTÞ

¼ degðfðy1; y2; y3; 0Þ;WVKer L; ð0; 0; 0ÞTÞ

¼ deg
  

a1 �D1 � b1ey1 � cey3 ; a2 �D2 � b2ey2 ;�d þ pey1

�
 
qþ b

ð0
�t

kðsÞds
!
ey3

!T
;WVKer L; ð0; 0; 0ÞT

!
:

Because of (i) of Theorem 2.1, then the system of algebraic equations

a1 �D1 � b1u� cz ¼ 0;

a2 �D2 � b2v ¼ 0;

�d þ pu� qz�
 
qþ b

ð0
�t

kðsÞds
!
z ¼ 0

8>>>>>><
>>>>>>:

has a unique solution ðu; v; zÞ which satisfies u > 0, v > 0 and z > 0, thus

deg

  
a1 �D1 � b1ey1 � cey3 ; a2 �D2 � b2ey2 ;�d þ pey1

�
 
qþ b

ð0
�t

kðsÞds
!
ey3

!T
;WVKer L; ð0; 0; 0ÞT

!

¼ sign

�������������

�b1u 0 �cz

0 �b2v 0

pu 0 �
 
qþ b

ð0
�t

kðsÞds
!
z

�������������
¼ �sign

 
b1b2

 
qþ b

ð0
�t

kðsÞds
!

þ pb2c
!
uvz

" #
¼ �1:

Consequently

degðQNðy1; y2; y3Þ
T ; WVKer L; ð0; 0; 0ÞTÞ0 0:
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This completes the proof of condition (c) of Lemma 1.1. By now we have

known that W verifies all the requirements of Lemma 1.1 and then system (2.1)

has at least one w-periodic solution. This completes the proof.
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