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Abstract. The history of problems of evaluation of series associated with the

Riemann Zeta function can be traced back to Christian Goldbach (1690–1764) and

Leonhard Euler (1707–1783). Many di¤erent techniques to evaluate various series

involving the Zeta and related functions have since then been developed. The authors

show how elegantly certain families of series involving the Zeta function can be

evaluated by starting with a single known identity for the generalized (or Hurwitz)

Zeta function. Some special cases and their connections with already developed series

involving the Zeta and related functions are also considered.

1. Introduction, definitions, and the main result

The Riemann Zeta function zðsÞ defined by

zðsÞ :¼

Xy
n¼1

1

ns
¼ 1

1� 2�s

Xy
n¼1

1

ð2n� 1Þs ðRðsÞ > 1Þ

ð1� 21�sÞ�1
Xy
n¼1

ð�1Þnþ1

ns
ðRðsÞ > 0; s0 1Þ

8>>>><
>>>>:

ð1:1Þ

satisfies the functional equation (see [24, p. 269]):

zðsÞ ¼ 2sps�1Gð1� sÞzð1� sÞ sin ps

2

� �
ð1:2Þ

and takes on the following special or limit values (see [24, p. 271]):

zð�1Þ ¼ � 1

12
; zð0Þ ¼ � 1

2
; and z 0ð0Þ ¼ � 1

2
logð2pÞ;ð1:3Þ
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and

lim
s!1

zðsÞ � 1

s� 1

� �
¼ gð1:4Þ

in terms of the Euler-Mascheroni constant g given by

g :¼ lim
n!y

Xn
k¼1

1

k
� log n

 !
G 0:577 215 664 901 532 860 606 512 . . . :

The generalized (or Hurwitz) Zeta function zðs; aÞ is defined by

zðs; aÞ :¼
Xy
n¼0

1

ðnþ aÞs ðRðsÞ > 1; a0 0;�1;�2; . . .Þ;ð1:5Þ

which, just as zðsÞ, can be continued meromorphically everywhere in the

complex s-plane except for a simple pole at s ¼ 1 (with residue 1). It is not

di‰cult to see from the definitions (1.1) and (1.5) that

zðs; aþ nÞ ¼ zðs; aÞ �
Xn�1

k¼0

1

ðk þ aÞs ðn A N :¼ f1; 2; 3; . . .gÞð1:6Þ

and

zðs; 1Þ ¼ zðsÞ ¼ ð2 s � 1Þ�1
z s;

1

2

� �
:ð1:7Þ

The subject of evaluations of series involving the Zeta and related

functions has a long history which can be traced back to Christian Goldbach

(1690–1764) and Leonhard Euler (1707–1783) (see, for details, [19] and [20]).

Many di¤erent techniques to evaluate various families of series involving the

Zeta and related functions have since then been developed (cf., e.g., [2], [5], [8]

to [12], [13], [19], and [20]). The main object of this paper is to show how

nicely certain families of series involving the Zeta and related functions can be

evaluated by starting with the following known identity for zðs; aÞ [19, p. 18,

Eq. (6.13)]:

Xy
k¼0

ðsÞk
k!

zðsþ k; aÞtk ¼ zðs; a� tÞ ðjtj < jajÞ:ð1:8Þ

where ðlÞn denotes the Pochhammer symbol defined, in terms of the familiar

Gamma function, by

ðlÞn :¼
Gðlþ nÞ
GðlÞ ¼ 1 ðn ¼ 0; l0 0Þ

lðlþ 1Þ . . . ðlþ n� 1Þ ðn A N; l A CÞ:

�
ð1:9Þ
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The general series identity, which is to be proved in this paper, is con-

tained in the following

Theorem. For every nonnegative integer n,

Xy
k¼2

zðk; aÞ
ðkÞnþ1

tnþk ¼ ð�1Þn

n!
½z 0ð�n; a� tÞ � z 0ð�n; aÞ�ð1:10Þ

þ
Xn
k¼1

ð�1Þnþk

n!

n

k

� �
½ðHn �Hn�kÞzðk � n; aÞ

� z 0ðk � n; aÞ�tk

þ ½Hn þ cðaÞ� tnþ1

ðnþ 1Þ! ðjtj < jaj; n A N0Þ;

where Hn denotes the harmonic numbers defined by

Hn :¼
Xn
j¼1

1

j
ð1:11Þ

and it is understood (as elsewhere in this paper) that an empty sum is nil.

For the sake of ready reference, we recall here the following identities

and relationships which will be required in our proof of the above Theorem.

First of all, there exists a relationship between the generalized Zeta

function zðs; aÞ and the Bernoulli polynomials BnðaÞ in the form (see [3, p. 264,

Theorem 12.13]):

zð�n; aÞ ¼ �Bnþ1ðaÞ
nþ 1

ðn A N0 :¼ NU f0gÞ;ð1:12Þ

which can be applied in order to evaluate zð�n; aÞ for special values of n A N0.

The following identity involving the Bernoulli polynomials:

Bnþ1ðaþ tÞ
nþ 1

¼
Xn
k¼0

n

k

� �
Bkþ1ðaÞ
k þ 1

tn�k þ tnþ1

nþ 1
ðn A N0Þð1:13Þ

results from the known formula (see [3, p. 275]):

Bnðaþ tÞ ¼
Xn
k¼0

n

k

� �
BkðaÞtn�k ðn A N0Þð1:14Þ

when we replace n in (1.14) by nþ 1 and divide both sides of the resulting

equation by nþ 1.
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We also recall here the following Laurent series expansion of zðs; aÞ at

s ¼ 1 (see [24, p. 271]):

zðs; aÞ ¼ 1

s� 1
� cðaÞ þ

Xy
n¼1

cnðs� 1Þn;ð1:15Þ

where the coe‰cients cn are constants to be determined and the Psi (or

Digamma) function cðzÞ defined by

cðzÞ :¼ G 0ðzÞ
GðzÞ or log GðzÞ ¼

ð z
1

cðtÞdtð1:16Þ

is meromorphic in the complex z-plane with simple poles at z ¼ 0;�1;�2; . . .

(with residue �1). In fact, we have (see, e.g., [21, pp. 24–25]):

cðzþ nÞ ¼ cðzÞ þ
Xn
j¼1

1

zþ j � 1
ðn A NÞð1:17Þ

and

d

dz
fðzÞng ¼ ðzÞn½cðzþ nÞ � cðzÞ�;ð1:18Þ

which follows easily from the definitions (1.9) and (1.16).

2. Proof of the Theorem

Upon transposing the first nþ 2 terms from k ¼ 0 to k ¼ nþ 1 in (1.8) to

the right-hand side, if we divide both sides of the resulting equation by sþ n,

we get

Xy
k¼nþ2

ðsÞnðsþ nþ 1Þk�n�1zðsþ k; aÞ t
k

k!
¼ gnðs; t; aÞ

sþ n
ðjtj < jaj; n A N0Þ;ð2:1Þ

where, for convenience,

gnðs; t; aÞ :¼ zðs; a� tÞ �
Xnþ1

k¼0

ðsÞk
k!

zðsþ k; aÞtk:ð2:2Þ

Now we shall show that

lim
s!�n

gnðs; t; aÞ ¼ 0:ð2:3Þ
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Since zðsþ nþ 1; aÞ has a simple pole at s ¼ �n with its residue 1, we find that

lim
s!�n

ðsþ nÞzðsþ nþ 1; aÞ ¼ 1:ð2:4Þ

By rewriting (2.2) in the form:

gnðs; t; aÞ ¼ zðs; a� tÞ �
Xn
k¼0

ðsÞk
k!

zðsþ k; aÞtk � ðsÞnðsþ nÞzðsþ nþ 1; aÞ tnþ1

ðnþ 1Þ! ;

if we take the limit as s ! �n with the aid of (2.4) and make use of the

elementary identity:

l

n

� �
¼ ð�1Þnð�lÞn

n!
ðn A N0; l A CÞ;

we obtain

lim
s!�n

gnðs; t; aÞ ¼ zð�n; a� tÞ �
Xn
k¼0

ð�1Þn�k n

k

� �
zð�k; aÞtn�k þ ð�1Þnþ1

nþ 1
tnþ1;

which, in view of the relationship (1.12), can be put in its equivalent form:

lim
s!�n

gnðs; t; aÞ ¼ �Bnþ1ða� tÞ
nþ 1

þ
Xn
k¼0

ð�1Þn�k n

k

� �
Bkþ1ðaÞ
k þ 1

tn�k þ ð�1Þnþ1

nþ 1
tnþ1;

from which our assertion (2.3) follows easily by applying (1.13). Thus, by

l’Hôpital’s rule, we have

lim
s!�n

gnðs; t; aÞ
sþ n

¼ lim
s!�n

q

qs
fgnðs; t; aÞg:ð2:5Þ

Next, by appealing to (2.2) and (1.18), we observe that

q

qs
fgnðs; t; aÞg ¼ z 0ðs; a� tÞ � z 0ðs; aÞð2:6Þ

�
Xn
k¼1

hðs; a; kÞ t
k

k!
� hðs; a; nþ 1Þ tnþ1

ðnþ 1Þ! ;

where, for convenience,

hðs; a; kÞ :¼ ðsÞk½fcðsþ kÞ � cðsÞgzðsþ k; aÞ þ z 0ðsþ k; aÞ�:ð2:7Þ

In view of (1.17), (2.7) yields

lim
s!�n

hðs; a; kÞ ¼ �ð�nÞk½ðHn �Hn�kÞzðk � n; aÞ � z 0ðk � n; aÞ�ð2:8Þ

ðk ¼ 1; . . . ; nÞ
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and

lim
s!�n

hðs; a; nþ 1Þð2:9Þ

¼ lim
s!�n

Xn
j¼0

ðsÞn
sþ j

 !
ðsþ nÞzðsþ nþ 1; aÞ þ ðsÞnþ1z

0ðsþ nþ 1; aÞ
" #

;

which, upon writing

Xn
j¼0

ðsÞn
sþ j

¼
Xn�1

j¼0

ðsÞn
sþ j

þ ðsÞn
sþ n

;

reduces to the form:

lim
s!�n

hðs; a; nþ 1Þ ¼ �
Xn�1

j¼0

ð�nÞn
n� j

þ lim
s!�n

fðs; a; nÞ;ð2:10Þ

where, for convenience,

fðs; a; nÞ :¼ ðsÞnzðsþ nþ 1; aÞ þ ðsÞnþ1z
0ðsþ nþ 1; aÞ:ð2:11Þ

Now, by virtue of (1.15), we readily have

lim
s!�n

fðs; a; nÞ ¼ lim
s!�n

ðsÞn �cðaÞ þ
Xy
j¼1

ð j þ 1Þcjðsþ nÞ j
" #

ð2:12Þ

¼ �ð�nÞncðaÞ

¼ ð�1Þnþ1
n!cðaÞ:

It follows from (2.10) and (2.12) that

lim
s!�n

hðs; a; nþ 1Þ ¼ ð�1Þnþ1
n!½Hn þ cðaÞ�;ð2:13Þ

where Hn denotes the harmonic numbers defined by (1.11).

Making use of (2.8) and (2.13), we find from (2.6) that

lim
s!�n

q

qs
fgnðs; t; aÞg ¼ z 0ð�n; a� tÞ � z 0ð�n; aÞð2:14Þ

þ
Xn
k¼1

ð�1Þk n

k

� �
½ðHn �Hn�kÞzðk � n; aÞ

� z 0ðk � n; aÞ�tk

þ ð�1Þn

nþ 1
½Hn þ cðaÞ�tnþ1:
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Finally, since

lim
s!�n

Xy
k¼nþ2

ðsÞnðsþ nþ 1Þk�n�1zðsþ k; aÞ t
k

k!
¼ ð�1Þnn!

Xy
k¼2

zðk; aÞ
ðkÞnþ1

tkþn;ð2:15Þ

by equating the second members of (2.14) and (2.15), we are led immediately

to the desired series identity (1.10). This evidently completes our proof of the

Theorem.

Infinite sums of the type occurring in (1.10) can also be evaluated, in a

markedly di¤erent manner, in terms of such higher transcendental functions as

the multiple Gamma functions (see, for details, [16, p. 10, Theorem 1]).

3. Applications of the Theorem

Upon setting n ¼ 0; 1; 2; 3, and 4 in (1.10), if we make use of the

appropriate identities which are readily available in the mathematical litera-

ture, we shall obtain the following known or new formulas for closed-form

evaluations of several families of series involving the generalized (or Hurwitz)

Zeta function zðs; aÞ:

Xy
k¼2

zðk; aÞ
k

tk ¼ log Gða� tÞ � log GðaÞ þ tcðaÞ ðjtj < jajÞ;ð3:1Þ

which is given (for example) in [24, p. 276], [15, p. 358, Entry (54.11.1)], and [8,

p. 107, Eq. (2.11)];

Xy
k¼2

zðk; aÞ
kðk þ 1Þ t

kþ1 ¼ z 0ð�1; aÞ � z 0ð�1; a� tÞð3:2Þ

þ 1

2
� a� log GðaÞ þ 1

2
logð2pÞ

� �
t

þ ½1þ cðaÞ� t
2

2
ðjtj < jajÞ;

Xy
k¼2

zðk; aÞ
kðk þ 1Þðk þ 2Þ t

kþ2ð3:3Þ

¼ 1

2
½z 0ð�2; a� tÞ � z 0ð�2; aÞ� þ 1

4
a2 � aþ 1

6

� �
þ z 0ð�1; aÞ

� �
t

þ 3

2
�3aþ logð2pÞ� 2 log GðaÞ

� �
t2

2
þ½3þ2cðaÞ� t

3

12
ðjtj< jajÞ;
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Xy
k¼2

zðk; aÞ
kðk þ 1Þðk þ 2Þðk þ 3Þ t

kþ3ð3:4Þ

¼ 1

6
½z 0ð�3; aÞ � z 0ð�3; a� tÞ� � 1

3
a3 � 3

2
a2 þ 1

2
a

� �
þ 3z 0ð�2; aÞ

� �
t

6

þ 5

2
a2 � aþ 1

6

� �
þ 6z 0ð�1; aÞ

� �
t2

12

þ 11

2
� 11aþ 3 logð2pÞ � 6 log GðaÞ

� �
t3

36

þ ½11þ 6cðaÞ� t4

144
ðjtj < jajÞ;

Xy
k¼2

zðk; aÞ
kðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þ t

kþ4ð3:5Þ

¼ 1

24
½z 0ð�4; a� tÞ � z 0ð�4; aÞ�

þ 1

4
a4 � 2a3 þ a2 � 1

30

� �
þ 4z 0ð�3; aÞ

� �
t

24

� 7

3
a3 � 3

2
a2 þ 1

2
a

� �
þ 12z 0ð�2; aÞ

� �
t2

48

þ 13 a2 � aþ 1

6

� �
þ 24z 0ð�1; aÞ

� �
t3

144

þ 25� 50aþ 12 logð2pÞ � 24 log GðaÞ½ � t4

576

þ ½25þ 12cðaÞ� t5

1440
ðjtj < jajÞ:

Setting a ¼ 1 in (3.5), we readily obtain

Xy
k¼2

zðkÞ
kðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þ t

kþ4ð3:6Þ

¼ 1

24
z 0ð�4; 1� tÞ � 3zð5Þ

4p4

� �
� 5

72
þ 4 log C

� �
t

24
þ zð3Þ
16p2

t2

þ 25

6
� 24 log A

� �
t3

144
þ ½12 logð2pÞ � 25� t4

576

þ ð25� 12gÞ t5

1440
ðjtj < 1Þ;
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which, for t ¼ 1
2 , yields

Xy
k¼2

zðkÞ
kðk þ 1Þðk þ 2Þðk þ 3Þðk þ 4Þ2k

ð3:7Þ

¼ 1

48
logð2pÞ � g

240
� 1

3
log A� 4

3
log C þ zð3Þ

4p2
� 31zð5Þ

32p4
;

where we have made use of such results as (for example) the relationship

(1.7) and the derivative formula (cf., e.g., [20, p. 387, Eq. (1.15)]):

z 0ð�2nÞ ¼ ð�1Þn ð2nÞ!
2ð2pÞ2n

zð2nþ 1Þ ðn A NÞ;

which follows easily from

zð�2nÞ ¼ 0 ðn A NÞ

and Riemann’s functional equation (1.2). Here, and elsewhere in this paper,

A denotes the Glaisher-Kinkelin constant defined by

log A ¼ lim
n!y

Xn
k¼1

k log k � 1

2
n2 þ 1

2
nþ 1

12

� �
log nþ 1

4
n2

( )
;

the numerical value of A being given by

AG 1:282427130 . . . ;

and C is a mathematical constant defined by

log C ¼ lim
n!y

Xn
k¼1

k3 log k � 1

4
n4 þ 1

2
n3 þ 1

4
n2 � 1

120

� �
log nþ 1

16
n4 � 1

12
n2

" #
;

the numerical value of C being given by

CG 301 393 392 412 467 84� 10�2714341:

Some of these and other mathematical constants have already occurred in

the recent revival of the multiple Gamma functions [4] in the study of the

determinants of the Laplacians on the n-dimensional unit sphere Sn (see [6],

[18], [22], and [23]).
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Similarly, we obtain

Xy
k¼2

zðkÞ
kðk þ 1Þðk þ 2Þðk þ 3Þ2k

ð3:8Þ

¼ 59

720
log 2þ 1

12
log p� g

48
� log A� 5

2
log C þ zð3Þ

2p2
;

Xy
k¼2

zðkÞ
kðk þ 1Þðk þ 2Þ2k

ð3:9Þ

¼ � 3

8
þ 1

2
logð2pÞ � g

12
� 2 log Aþ 7zð3Þ

8p2
;

Xy
k¼2

zðkÞ
kðk þ 1Þ2k

¼ � g

4
þ 7

12
log 2þ 1

2
log p� 3 log A;ð3:10Þ

which is recorded in [8, p. 109, Eq. (2.23)];

Xy
k¼2

zðkÞ
k � 2k

¼ � g

2
þ 1

2
log p;ð3:11Þ

which is also recorded in [8, p. 109, Eq. (2.21)].

We remark in passing that the various series identities presented here

are potentially useful in deriving further identities for series involving the

Zeta and related functions. For example, if we replace t in (3.2) by �t, we

get

Xy
k¼2

ð�1Þk zðk; aÞ
kðk þ 1Þ t

kþ1ð3:12Þ

¼ z 0ð�1; a� tÞ � z 0ð�1; aÞ þ 1

2
� a� log GðaÞ þ 1

2
logð2pÞ

� �
t

� ½1þ cðaÞ� t
2

2
ðjtj < jajÞ:

And since [7, p. 164, Eq. (2.8)]

G2ðaÞ ¼ A � ð2pÞð1=2Þ�ð1=2Þa � exp � 1

12
þ z 0ð�1; aÞ þ ð1� aÞz 0ð0; aÞ

� �
;ð3:13Þ

by making use of the following consequence of Hermite’s formula for zðs; aÞ
(see [24, pp. 270–271]):
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z 0ð0; aÞ ¼ q

qs
fzðs; aÞgjs¼0 ¼ log GðaÞ � 1

2
logð2pÞ;

the series identity (3.12) can be written as follows in an equivalent form

involving the double Gamma function G2:

Xy
k¼2

ð�1Þk zðk; aÞ
kðk þ 1Þ t

kþ1 ¼ ð1� aÞ log GðaÞ � log G2ðaÞð3:14Þ

þ ðtþ a� 1Þ log Gðaþ tÞ þ log G2ðaþ tÞ

þ 1

2
� aþ 1

2
logð2pÞ � log GðaÞ

� �
t

� ½cðaÞ þ 1� t
2

2
ðjtj < jajÞ;

which was proven, in a markedly di¤erent way, by Choi and Srivastava [8,

p. 108, Eq. (2.14)].

Finally, we deduce yet another interesting identity by suitably combining

the special cases of (1.10) when a ¼ 1 and a ¼ 2. By applying (1.7), (1.8), and

the familiar relationship:

cðnÞ ¼ �gþ
Xn�1

k¼1

1

k
ðn A NÞ;

we thus find that

Xy
k¼1

tnþk

ðkÞnþ1

¼ ð�1Þnþ1

n!
ð1� tÞn logð1� tÞð3:15Þ

þ
Xn
k¼1

ð�1Þnþk

n!

n

k

� �
ðHn �Hn�kÞtk ðjtj < 1; n A N0Þ;

which, in the special case when n ¼ 2, is a known result recorded (for example)

by Hansen [15, p. 37, Entry (5.7.40); p. 74, Entry (5.16.26)].
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