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ABSTRACT. The purpose of this paper is to study the extendibility and the stable
extendibility of the square of the normal bundle associated to an immersion of the real
projective space and the extendibility of its complexification.

1. Introduction

Let X be a space and A be its subspace. A r-dimensional F-vector bundle
{ over A is called extendible (respectively stably extendible) to X, if there is a
t-dimensional F-vector bundle over X whose restriction to A4 is equivalent
(respectively stably equivalent) to { as F-vector bundles, where F is the real
number field R, the complex number field C or the quaternion number field H
(cf. [10] and [3]). Let R" be the n-dimensional Euclidean space and RP" be
the n-dimensional real projective space.

We study the question: Determine the dimension n for which a vector
bundle over RP" is extendible (or stably extendible) to RP™ for every m > n.
The answers have been obtained for the tangent bundle of RP" (cf. [5] and [7]),
for the square of the tangent bundle of RP" (cf. [4]) and for the normal bundle
associated to an immersion of RP" in R"** (cf. [8] and [9)).

Denote by ¢(n) the number of integers s such that 0 < s <nand s =0,1,2
or 4 mod 8. For the square of the normal bundle associated to an immersion
of RP" in R"™, we have

THEOREM 1. Let v? be the square of the normal bundle v associated to an
immersion of RP" in R"™, where k > 0.

(1) Assume that there is an integer a such that
2+ 1)*+2k(n+1) <a2/™ <2(n+1)* 4 2k(n + 1) + k2.

Then v? is stably extendible to RP™ for every m > n, and if n < k? in addition to
the above condition, v* is extendible to RP™ for every m > n.
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(2) Assume that there is an integer a such that
2+ 1)*+2k(n+1) + k% < a2’ < 2(n+ 1) + 2k(n+ 1) 4290,
Then v is not stably extendible to RP™ for m = a2%® —2(n + 1)* — 2k(n + 1).

THEOREM 2. Let v? be the square of the normal bundle v associated to an
immersion of RP" in R, Then v? is extendible to RP™ for every m > n if
and only if 1 <n <17 or n=20,21.

Denote by |x| the integral part of a positive real number x. For the
complexification of the square of the normal bundle associated to an immersion
of RP" in R"*k  we have

TuEOREM 3. Let cv? be the complexification of the square of the normal
bundle v associated to an immersion of RP" in R"*, where k > 0.
(1) Assume that there is an integer b such that

2+ 1)2+2k(n+1) < b2 < 2(n+ 1)> 4+ 2k(n+ 1) + k2.

Then cv? is stably extendible to RP™ for every m > n, and if n < 2k? in addition
to the above condition, cv? is extendible to RP" for every m > n.
(2) Assume that there is an integer b such that

2n+1)* +2k(n+1) + k> < b2 < 2(n+ 1) 4 2k(n + 1) + 272,

Then ¢v* is not stably extendible to RP™ for m = b2+ — 4(n+1)* — 4k -
(n+1).

THEOREM 4. Let cv? be the complexification of the square of the normal
bundle v associated to an immersion of RP" in R*"*'.  Then c¢v? is extendible to
RP™ for every m > n if and only if 1 <n <18 or n=20,21.

This note is arranged as follows. Theorem 1 is proved in Section 2. In
Section 3 we study the Whitney sum decomposition of the square of the normal
bundle associated to an immersion of RP" in R>'*! and prove Theorem 2.
Theorem 3 is proved in Section 4. In Section 5 we study the Whitney sum
decomposition of the complexification of the square of the normal bundle
associated to an immersion of RP" in R**! and prove Theorem 4.

2. Proof of Theorem 1

Let &, be the canonical R-line bundle over RP". The ring structure of
KO(RP") is determined in [1]. We recall the results that are necessary for
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our proofs. We use the same letter for a vector bundle and its isomorphism
class.

(2.1) [1, Theorem 7.4]. (1) The reduced KO-group KO(RP") is isomorphic
to the cyclic group Z /29", generated by &, — 1.
2) @)?=1

Lemma 2.2.  Let v = v(f) ® v(f) be the square of the normal bundle v(f)
associated to an immersion f of RP™ in R"™ . Then the equality

V= {2 —2(n+1)* = 2k(n+ 1)}, +2(n+ 1)* + 2k(n + 1) + k* — a2?™
holds in KO(RP"), where a is any integer.

Proor. Let 7 =7(RP") be the tangent bundle of RP" and let @ denote
the Whitney sum. Sincet® 1 =(n+ 1), andt@v=n+k,v=—n+1)¢,+
n+k+1. Hence we have, by (2.1),

V= (n+DXE) =2+ D)n+k+1)E, + (n+k+1)>
={a2?™ —2(n+ )(n+k+ 1)}, + (n+1)°+ (n+k +1)* — a29®
= {2 —2(n+ 1) = 2k(n+ 1)}, +2(n+1)* + 2k(n + 1) + k* — a2/®
in KO(RP") for any integer a. q.e.d.

Let d denote dimg F, where F = R, C or H. For a real number x, let [x]
denote the smallest integer n with x <n. The following fact is well-known
(cf. [2, Theorem 1.5, p. 100]).

(2.3). If o and p are two t-dimensional F-vector bundles over an n-
dimensional CW-complex X such that [(n+2)/d—1] <t and a @k =Dk
for some k-dimensional trivial F-bundle k over X, then o = f.

ProOF OF THEOREM 1(1). By Lemma 2.2, we have v? = A&, + B, where
A=a2'" —2(n+1)* —2k(n+1) and B =2(n+ 1)* + 2k(n+ 1) + k* — a2¢",
By the assumption 4 >0 and B>0. For every m>n, i*(4¢, ®B) =
A¢, ® B, where i:RP" — RP™ is the standard inclusion. Hence v> is
stably extendible to RP™ for every m > n, since v?> is stably equivalent to
A4S, @ B.

If n<k? in addition, dim RP"=n<k>=dimv>* =4+ B, and so
we obtain v = A&, @ B by (2.3). Thus v? is extendible to RP™ for every
m > n. q.e.d.

The following result is Theorem 4.1 in [7] which is the stable extendible
version of Theorem 6.2 in [5].
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(2.4). Let { be a t-dimensional R-vector bundle over RP". Assume that
there is a positive integer ¢ such that { is stably equivalent to (t+ /)¢, and
t+¢ <29 Then n < t+ ¢ and { is not stably extendible to RP™ for any m
with m > t+/.

PROOF OF THEOREM 1(2). Put { =v2 r=k? and / = a2?™ —2(n+1)* —
2k(n+1) —k?. Then ( is stably equivalent to (¢+ /)&, by Lemma 2.2, and
t+¢ <2 and />0 by the assumption. Hence, by (2.4), v? is not stably
extendible to RP™ for m = a2%® —2(n+ 1)* = 2k(n + 1). q.e.d.

3. Proof of Theorem 2

In this section we discuss the square v’ =v(f) ® v(f) of the normal
bundle v(f) associated to an immersion f of RP" in R*"*! in detail.

TueoreM 3.1. Let v(f,)? =v(f,) @ v(f;) be the square of the normal
bundle v(f,) associated to an immersion f, of RP" in R**'. Then we
have

V(i) = V() = v(fa)? =

v(fa)? =48 @21, v(f5)? = 36, v(fs)® = 4% ® 45,
v(f7)? = 64, v(fs)? = 125 @ 69, v(fo)? =16 @ 84,
v(fio)® =288, @93, v(fin)® = 128¢ @ 16, v(fi2)® =928 @77,
v(fi3)? = 1128, @ 84, v(fia)® = 124¢1, @ 101, v(fis)? = 256,

v(fi6)? = 12416 ® 165,  v(fi7)* = 240¢); @ 84, v(fis)? = 604&,5 — 243,
V(fio)? = 448519 — 48, v(fa)® = 284&5 @ 157 and v(fa)? = 112&, @ 372.

ProoF. In Lemma 2.2, let k =n+ 1 and put a as in the following table
for 1 <n<2I:

Then the equalities above follow from Lemma 2.2, (2.1) and (2.3). q.e.d.
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LemMmA 3.2.  Define

/() = 20000 _ 50+ 1), if n=18,19,22 or 23,
2000 — 5(n 4 1)?, otherwise.

Then (n+1)* +/(n) <29 if n> 18, and /(n) >0 if n=18,19 or n > 22.

PrOOF. If n=18,19,22 or 23, the inequality (n+ 1)+ /(n) < 24 and
/(n) >0 are easily verified. Otherwise, (n+ 1)% +/(n) = 29" —4(n+1)* <
26(n)

As is easily seen, the inequality /(n) > 0 holds for 24 <n =8s+i < 31.
For larger values of n, we have the inequality /(n) > 0 by induction on s.

q.e.d.

THEOREM 3.3. Let v(f,)> = v(f;) @ v(f;) be the square of the normal
bundle v(f,) associated to an immersion f, of RP" in R***'.  Then, if n = 18,19
or n>22, v2 is not stably extendible to RP™ for any m with m > a2?") —
4(n+1)%, where a=2 if n=18,19,22 or 23, or a =1 otherwise.

PROOF. Put { =v(f,)?, t=(n+1)* and / = a2%") —5(n+1)>. Then ¢
is stably equivalent to (¢4 /)&, by Lemma 2.2, and ¢+ / < 20 and / > 0 by
Lemma 3.2. Hence the result follows from (2.4). q.e.d.

PrOOF OF THEOREM 2. ¢, and the trivial bundles over RP" are extendible
to RP™ for every m > n. Hence the if part follows from Theorem 3.1.
The only if part is a consequence of Theorem 3.3. g.e.d.

4. Proof of Theorem 3
We recall the ring structure of K(RP") determined in [1].

(4.1) [1, Theorem 7.3]. The reduced K-group K(RP") is isomorphic to the
cyclic group Z /2", generated by c&, — 1.

LemMA 4.2.  Let ov* = c(v(f) ® v(f)) be the complexification of the square
of the normal bundle v(f) associated to an immersion f of RP" in R"**. Then
the equality

ev? = {022 —2(n 4 1) = 2k(n+ 1)}e&, + 2(n+ 1)* + 2k(n + 1) 4+ k* — p217/2]
holds in K(RP"), where b is any integer.

Proor. Complexifying the equality in Lemma 2.2 and using (4.1), we
have the equality above, since |[n/2]| < ¢(n). g.e.d.

PrROOF OF THEOREM 3(1). By Lemma 4.2, we have ¢v? = Acé, + B, where
A=p2"22(n+1)% = 2k(n+1) and B =2(n+ 1)*+2k(n+1) + k? — b217/2
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By the assumption 4 >0 and B>0. For every m>n, i*(4cé, @ B) =
Acé, ® B, where i: RP" — RP" is the standard inclusion. Hence cv? is
stably extendible to RP™ for every m > n, since cv> is stably equivalent to
Ac, @ B.

If n<2k? in addition, [(dim RP"+2)/2—1] = [n/2] <k? =dim > =
A+ B, and so we obtain ¢v? = Acé, ® B by (2.3). Thus ¢v? is extendible to
RP™ for every m > n. q.e.d.

The following result is Theorem 2.1 in [7] which is the stably extendible
version of Theorem 4.2 for d =1 in [6].

(4.3). Let { be a t-dimensional C-vector bundle over RP". Assume that
there is a positive integer { such that { is stably equivalent to (t+ ()c&, and
t+¢ <221 Then |nj2) < t+¢ and { is not stably extendible to RP™ for
any m with m > 2t + 2/.

PROOF OF THEOREM 3(2). Put { = ¢v2, 1 = k? and / = b21"/2 —2(n 4+ 1)* —
2k(n+1) —k*. Then { is stably equivalent to (¢+ /)cé, by Lemma 4.2, and
t+¢ <22 and / > 0 by the assumption. Hence, by (4.3), ¢v? is not stably
extendible to RP™ for m = b2lW2+ —4(n+1)* — 4k(n + 1). g.e.d.

5. Proof of Theorem 4

In this section we discuss the complexification ¢v? = c(v(f) ® v(f)) of the
square of the normal bundle v(f) associated to an immersion f of RP" in
R>1 in detail.

THEOREM 5.1.  Let ev(f;)* = c(v(f,) ® () be the complexification of the
square of the normal bundle v(f,) associated to an immersion f, of RP" in R*"*!,
Then we have

=16, ov(fy)? =25,
fo)? = 4cés @45, ov(f7)? = 64,
v(fs)? = 12¢85 @ 69, cv(fg) 100, v(fi0)? = 28¢&10 @ 93,

(ﬁ) =4, o(h)? =9, o
(
( )
(i) =128¢8, @16,  ev(fin)® =92¢E1, ®TT,  ov(fiz)? = 112¢¢1; @ 84,
( ) =
( )
(

cv

~—~~
=5
=

cv

—

) = (

v(fig)? = 124¢81, D 101, ev(fis)? = 256, ev(fi6)? = 124¢16 @ 165,
)
)

—~

v(fi7)? =240cE1, D84, ov(fig)? = 92¢E15 B 269, v(fio)? = 448¢E g — 48,
ov(fa)? = 284c¢E2 D157 and  cv(for)* = 112¢&5; @ 372.

Proor. Complexifying the equalities in Theorem 3.1, we have the
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equalities above except for n=4,9 and 18. Using relations 4c¢&y, =4 for
n=4, 16¢£g =16 for n=9 and 512¢f ;3 =512 for n =18, we have the
equalities above from those in Theorem 3.1 by (2.3). q.e.d.

LEMMA 5.2.  Define

2242 _5(n 1), if n=19,
((n) = Q 22141 _ 50 4 1)27 if 20 <n <23, and
2ln/2) _ 5(n+ 1)27 otherwise.

Then (n+1)* +/(n) <22 if n>19, and £(n) >0 if n=19 or n > 22.

PROOF. If n = 19,22 or 23, the inequality (n+ 1)+ /(n) < 217/2! is easily
verified. Otherwise, (n+ 1)+ £(n) = 21"/2 —4(n + 1)* < 2172,

As is easily seen, the inequality /(n) >0 holds for n=19,22 and 23.
For larger values of n, we have the inequality /(n) > 0 by induction. q.e.d.

THEOREM 5.3. Let ev(f;)* = c(v(f,) ® () be the complexification of the
square of the normal bundle associated to an immersion of RP" in R*"*'.  Then,
if n=19 or n > 22, cv(f,,)2 is not stably extendible to RP™ for any m with
m > b2 _8(n+1)%, where b=4 if n=19, b=2 if n=22 or 23, and
b =1 otherwise.

PrOOF. Put { = ev(f,)?, t=(n+1)? and £ = b21"/2) — 5(n +1)*. Then ¢
is stably equivalent to (¢ + /)c&, by Lemma 4.2, and t+/ < 2"/? and />0
by Lemma 5.2. Hence the result follows from (4.3). g.e.d.

PrOOF OF THEOREM 4. ¢, and the trivial bundles over RP" are extendible
to RP™ for every m >n. Hence the if part follows from Theorem 5.1.
The only if part is a consequence of Theorem 5.3. q.e.d.
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