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Abstract. For a line bundle over a finite volume quotient of the complex hyperbolic

space, we write down an explicit trace formula for an admissible function lying in the

Harish-Chandra p-Schwartz space CpðGÞ, 0 < p < 1, we apply it to a suitable ad-

missible function in order to discuss the analytic continuation of the associated Selberg

zeta function.

1. Introduction

Let Y be a finite volume non compact locally symmetric space of negative

curvature, that is Y ¼ GnG=K where G is a real semi-simple Lie group of R-

rank one, K is a maximal compact subgroup of G, G HG a cofinite discrete

subgroup of G.

In 1956, for G ¼ SLð2;RÞ, G=K ¼ H the upper half plane and G a discrete

subgroup of G, Atle Selberg in his famous paper [10] introduced a function

ZGðsÞ of one complex variable, so called Selberg zeta function and showed that

the location and the order of the zeros of this function gives information on the

topology of the manifold Y ¼ GnH as well as on the spectrum of the

associated Laplace-Beltrami operator.

In 1977, R. Gangolli [7] extended the result of Selberg to a general G of

rank one and Y ¼ GnG=K compact by constructing Selberg type Zeta function

for this general case. Two years after, the same author jointly with G. Warner

[6] treated analogously the case where GnG is not compact but of finite volume

for a general G of rank one. However, for technical reasons, they avoided the

case where G ¼ SUð2n; 1Þ. Their work was based on the explicit Selberg trace

formula written down by G. Warner for G ¼ SUð2nþ 1; 1Þ in his survey paper

[15]. This zeta function provides some topological data on the manifold

GnG=K as well as some spectral information. That is, the class one spectrum

induced from the trivial representation of K contained in L2
discðGnGÞ.
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For t an irreducible non trivial representation of M ðM ¼ Uð1ÞÞ, D. Scott

[11] constructed for GLð2;CÞ and G cocompact, a zeta function Zt;G associated

to the data ðt;G;GÞ which gives information about the representations induced

from t and appearing in L2ðGnGÞ.
Later, in 1984 in the same context, for t non trivial representation of M,

M. Wakayama [13] considered the case where G ¼ SUðn; 1Þ and G a discrete

cocompact subgroup of G and studied the Zeta function Zt;G associated with t,

a one dimensional representation of K ¼ Uðnþ 1ÞVG.

In [3], more generally, for locally homogeneous vector bundles over

compact locally symmetric spaces, U. Bunke and M. Olbrich have developed

a new approach in the theory of Theta and Zeta functions which is dif-

ferent from the approach of Gangolli and uses operator theory and index

theory.

For t an irreducible one dimensional representation of Uð1Þ and

G ¼ SUðn; 1Þ, the main purpose of the present paper is the extension of

the result of M. Wakayama to the finite volume case, i.e. the study of

the associated zeta function of Selberg type ZG
t for G a cofinite discrete

subgroup of SUðn; 1Þ. This will be accomplished firstly by writing an ex-

plicit trace formula for this case and secondly by applying it to some suitably

chosen test function as developed by R. Gangolli [7]. For t ¼ 1, we recover

the result in [7] and at the same time we treat the case of G ¼ SUð2n; 1Þ
omitted there.

This function ZG
t will allow us to give some information about the ½t�-class

spectrum induced from the representation t contained in L2
disðGnGÞ as well as

some topological information.

This paper is organized as follows: in the section 1, for G a non uniform

lattice in SUðn; 1Þ, we recall the general setting of the Selberg trace formula

at its second stage as exposed by G. Warner in [15] for a K-finite function.

This in order to explicit it further for the special case of a t-function (t an

irreducible representation of Uð1Þ) that we will use later. In section 2, we

expose some general facts about the spherical Fourier analysis on homogeneous

vector bundles associated with t over G=K and write it explicitly in the form we

will use later.

In Theorem 3.2 in section 3, we write down an explicit form for both sides

of the Selberg trace formula for a t-function belonging to the functional space

CpðGÞ, 0 < p < 1, t A ÛUð1Þ, where CpðGÞ stands for the Harish-Chandra Lp-

Schwartz space. While in the forth section we apply the explicit trace formula

to the study of the analytic continuation of the attached zeta function to the

whole s-plane, we give for it a functional equation and a product representation

taken over the set of primitive elements of conjugacy class of G , plus in-

formation on the location and orders of zeros and poles (see Theorem 4.2).
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2. Preliminaries and Selberg trace formula

Let G ¼ SUðn; 1Þ be the non compact connected semi-simple Lie

group with finite center preserving the complex quadratic form
Pn

i¼1 jZij2 �
jZnþ1j2 ¼ 1. Let K ¼ SðUðnÞ �Uð1ÞÞ be its maximal compact subgroup.

Then the symmetric space of rank one G=K is the complex hyperbolic space

HnðCÞ.
Also, let G be a discrete subgroup of G such that volðGnGÞ < y and GnG

is not compact, let P ¼ NAM be the Langlands decomposition of a minimal

parabolic subgroup P of G.

r denotes the number of G inequivalent cusps, then there exists fkigri¼1 A K

such that Pi ¼ kiP ¼ kiPk
�1
i form a complete set of representatives of G-

cuspidal parabolic subgroups of G mod G . Further, throughout this paper, we

make the following assumptions on G:
� G VPi ¼ ZG � ðG VN iÞ, 1a ia r, where ZG is the center of G .
� G has no finite order element other than those in ZG .

It is known that for G cofinite, the Hilbert space L2ðGnGÞ has the following

decomposition (the continuous part and the discrete part) with respect to the

action of the left regular representation L of G:

L2ðGnGÞ ¼ L2
discðGnGÞlL2

contðGnGÞ:

Now, for 0 < p < 1 let us consider the following Schwartz space CpðGÞ which

generalizes the well known Harish-Chandra space CðGÞ ¼ C2ðGÞ. The space

CpðGÞ consists of smooth functions f of G such that

n
p
D;nð f Þ ¼ sup

x AG
fð1þ sðxÞÞnY�2=pðxÞjðD1 f D2ÞðxÞjg < y

for every n A Z and D1;D2 A UðgÞ;

where sðxÞ is the hyperbolic distance between K and x:K , YðxÞ ¼Ð
K
e�r logðaðxkÞÞ dk the elementary spherical function and UðgÞ is the universal

enveloping algebra of G. CpðGÞ is a Frechet space with n
p
D;n as semi-norms
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and for 0 < p < 1 we have the following inclusions with dense ranges

Cy
0 ðGÞHCpðGÞHC1ðGÞHCyðGÞ.

Then, for a A CpðGÞ we denote by pGðaÞ the convolution operator

associated to a acting on L2ðGnGÞ and defined as an integral operator as

follows. For f A L2ðGnGÞ,

½pGðaÞ f �ðxÞ ¼
ð
G nG

K G
a ðx; yÞ f ðyÞdGðyÞ;

where dGðyÞ denotes the Haar measure on G and the kernel K G
a ðx; yÞ has the

following expression

K G
a ðx; yÞ ¼

X
g AG

aðx�1gyÞ; x; y A G and g A G :

The kernel K G
a ðx; yÞ converges uniformly on compact subsets of G � G.

Because of the continuous part L2
contðGnGÞ, the operator pGðaÞ need not be

compact but for a right K-finite its restriction to L2
disðGnGÞ that we will denote

by pd
G is of trace class.

A function a A CyðGÞ is said to be right K-finite if there exists a finite set

F in the unitary dual K̂K of K such that a � wF ¼ a, wF ¼
P

t AF wt.

Then for a right K-finite in CpðGÞ, the operator pd
GðaÞ is of trace class

and we have the following theorem (cf [15, page 85]) giving its Selberg trace

formula

Theorem 2.1.

Tr pd
GðaÞ ¼ volðGnGÞ

X
z AZG

aðzÞ
� �

þ
X

fgg AGs

volðGgnGgÞ
ð
GgnG

aðx�1gxÞdðGgnGÞðxÞ

þ lim
s 7! 0

d

ds
ðsjaðsÞÞ þ

1

4p

X
v A F̂F

�ð
<ðSÞ¼0

tr Mvð�sÞ d

ds
MvðsÞ

� �
:U v; sðaÞ

� �
ds

� 1

4

X
v

trðMvð0ÞU v;0ðaÞÞ
�
:

Here, Gs HG is the set of semi simple elements, Gg the centralizer of g in G,

MvðsÞ is the intertwining operator of G and U v; s is the principal series rep-

resentation of G induced from ðs; vÞ A C� F .

All the integrals in the above formula are absolutely convergent and

jaðsÞ ¼
Ðþy
�y

Ð
NVG nNð

P
h AGVN;h01 aKðaðtÞn�1hnaðtÞ�1ÞÞe2jrjtð1þsÞdNðnÞdt;

aK ¼
Ð
K
aðkxk�1Þdk;

(
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where there is a strip SP of C containing the imaginary axis such that the

integral defining ja is absolutely convergent for s A SP as a meromorphic function

whose only possible singularity is a simple pole at s ¼ 0.

In particular, lims!0
d
ds
ðsjaðsÞÞ exists and it is just the constant term in the

Laurent expansion of jaðsÞ. More precisely (cf G. Warner [15]), it is the sum

of some tempered distributions, i.e. we have

lim
s!0

d

ds
ðsjaðsÞÞ ¼

1

jlj volðN VGnNÞ½cGl
TlðaÞ þ RGl

T 0
lðaÞ þ cG2lT2lðaÞ�;

where

� TlðaÞ ¼ c1
Ð
N
aKðnÞdn.

� T 0
lðaÞ ¼ c2

Ð
Nl

Ð
N2l

aKðnln2lÞ logðknlkÞdNl
ðnlÞdN2l

ðn2lÞ; N ¼ NlN2l.

� T2lðaÞ ¼ 1
2 jlj½

Ð
G=Gn0

aKðxn0x�1ÞdG=Gn0
ðxÞ�

þ 1
2 jlj½

Ð
G=G�1

n0

aKðxn�1
0 x�1ÞdG=Gn�1

0
ðxÞ�,

where n0 is a fixed element in N2l such that kexp�1ðn0Þk ¼ 1.

For some interesting applications of the trace formula, for instance the

investigation of the attached Selberg zeta function, it is essential to go further

in the computations, i.e. to give the Fourier transform in the sense of Harish-

Chandra of the distributions a ! TlðaÞ, a ! T 0
lðaÞ and a ! T2lðaÞ involved in

the expression of lims!0
d
ds
ðsjaðsÞÞ.

In their investigation of the meromorphic continuation of the logarithmic

derivative of the Selberg Zeta function for G ¼ SUð2nþ 1; 1Þ, R. Gangolli and

G. Warner ([6]) studied separately each term figuring in the trace formula when

applied to a certain function hsðtÞ and prove that it can be continued mero-

morphically to the complex line C with simple poles and integer residues.

For technical reasons they avoid the case when G ¼ SUð2n; 1Þ because for that

case the function JðnÞ, appearing in the expression of a certain weighted

integral, is no longer polynomial (JðnÞ is a polynomial for G ¼ SUð2nþ 1; 1Þ).
Therefore the meromorphic extension of the corresponding term needs more

detailed analysis.

Let G ¼ SUðn; 1Þ. One of the objects of this work is to write down an

explicit formula of the Selberg trace formula for the convolution operator

associated to a tl-radial function ftl where tl is a one dimensional irreducible

representation of K ¼ SðUðnÞ �Uð1ÞÞ.
In this case the functions ftl generalize to the line bundles Etl associated to

tl the notion of radial functions.

So, in the next section, we will discuss harmonic analysis on such bundles

(see [4]).
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3. Spherical Fourier transform on the vector bundle Et

Let ðt;VtÞ be a unitary finite dimensional irreducible representation of K

of degree dt and wt its character. Let Et be the homogeneous vector bundle

over G=K associated to t. Then, a cross section of Et may be identified with a

vector valued function f : G ! Vt which is right K-equivariant of type t, i.e.

f ðgkÞ ¼ tðk�1Þ f ðgÞ; Eg A G and k A K

We denote by CpðG; tÞ and L2ðG; tÞ the following spaces of cross-sections of

Et.

CpðG; tÞ ¼ f f A CpðGÞnVt and the components fi of f are right

K-equivariant of type tg;

L2ðG; tÞ ¼
�
f : G ! Vt j the components fi are right K-invariant of type t

and

ð
G

j fij2 < y

�
:

Also, let denote by CpðG; t; tÞ the related convolution algebra of radial systems

of sections of Et defined as follows

CpðG; t; tÞ ¼ F : G ! EndðVtÞ
����Fðk1gk2Þ ¼ tðk1ÞF ðgÞtðk2Þ Ek1; k2 A K; g A G

and tr F A CpðGÞ

� �
:

Remark 3.1. The algebra above generalizes to the bundle case Et the

convolution algebra CpðKnG=KÞ of K bi-invariant functions on G.

An interesting feature of this algebra is that tjM is multiplicity free (every

s A M̂M occurs at most once in tjM ), it is commutative and can be identified with

a certain subalgebra Ip; tðGÞ of CpðGÞ defined by

Ip; tðGÞ ¼
�
f A CpðGÞ such that

iÞ f ðkxk�1Þ ¼ f ðxÞ Ex A G; k A K ði:e: f is K-centralÞ
iiÞ dtwt � f ¼ f ¼ ð f � dtwtÞ; the convolution is over K

�
:

The following map

CpðG; t; tÞ ! Ip; tðGÞ

F 7! fF ðxÞ ¼ dt tr FðxÞ;

where dt is the formal degree of t gives a linear bijection between the two

convolution algebras and its inverse is given by
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Ip; tðGÞ ! CpðG; t; tÞ

f 7! Ff ðxÞ ¼
1

dt

ð
K

f ðkxÞtðkÞ�1
dk;

also

Ff1� f2 ¼ Ff1 � Ff2 for every f1; f2 A Ip; tðGÞ:

Now, let P ¼ MAN be the Langlands decomposition of the parabolic subgroup

P of G. Before defining the Spherical Fourier transform acting on the algebra

CpðG; t; tÞ, we assume that tjM is still irreducible and we keep denoting it

by t. So, for l A iR, let U t;l be the representation of G induced from the

following representation of P: man 7! tðmÞarP�l1N ðAFRþÞ and we denote

by H t;l the space of the representation U t;l defined by

H t;l ¼ f f : G 7! Vt; f ðmanxÞ ¼ al�rPt�1ðmÞ f ðxÞ and f jK A L2ðKÞg:

For f A H t;l, we have ½U t;lðgÞ f �ðxÞ ¼ f ðg�1:xÞ, g; x A G.

Then take F A CpðG; t; tÞ, F̂FðU t;lÞ :¼ U t;lðF Þ is called the spherical

Fourier transform of F (Gelfand Fourier transform) and it is defined as follows.

F̂FðU t;lÞ ¼ 1

dt

ð
G

Tr½ut;lðxÞFðxÞ�dx;

while for f A Ip; tðGÞ, f̂f ðU t;lÞ :¼ U t;lð f Þ is called the spherical trace Fourier

transform of f and it is defined by

f̂f ðU t;lÞ ¼ 1

dt

ð
G

f ðxÞ Trðut;lðxÞÞdx;

where Trðut;lÞ is called the spherical trace function of type t and ut;lðgÞ ¼
PtU

t;lðgÞPt is the operator valued spherical function. Pt is the projection

operator from H t;l onto Vt given by Pt ¼ dt
Ð
K
U t;lðkÞwtðk�1Þdk.

Furthermore, we have the following important relation F̂FðU t;lÞ ¼
f̂fF ðU t;lÞ.

In the case we are concerned with in this paper, that is G ¼ SUðn; 1Þ, we
suppose that

t ðB 0

0 z
Þ

� �
¼ tl ðB 0

0 z
Þ

� �
¼ zl ;

where B A UðnÞ, z A Uð1Þ, detðB 0

0 z
ÞÞ ¼ z det B ¼ 1 and l A Z.

Let g ¼ kl p be the Cartan decomposition of the Lie algebra g of G.

If H0 ¼
0n�1 0 0

0 0 1

0 1 0

0@ 1AA p, then RH0 ¼: a is a maximal Abelian sub-

algebra of p.
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Let Ap denote the Lie algebra of a, then Ap is identified to R as follows.

Ap :¼ exp ap ¼
In�1 0 0

0 cosh t sinh t

0 sinh t cosh t

0@ 1A; t A R

8<:
9=;:

Also, the centralizer M of Ap in K is given by

M ¼
U 0 0

0 eiy 0

0 0 eiy

0@ 1A;U A Uðn� 1Þ and e2iy det U ¼ 1

8<:
9=;:

In this case, the spherical trace function of type tl defined by xl;lðtÞ ¼Ð
K
tlðkðxÞÞ expð�ðilþ nÞ log aðxkÞÞdk is given in terms of the Jacobi functions,

more precisely we have

xl;lðtÞ :¼ xl;lðatÞ ¼ Trðutl ;lÞ ¼ ð2 cosh tÞ ljn�1; l
il ðtÞ;

where

j
a;b
l ¼ 2F1

aþ b þ 1� il

2
;
aþ b þ 1þ il

2
; aþ 1;�sinh2 t

� �
:

Hence for f A Ip; lðGÞ, its spherical trace Fourier transform is

f̂f ðU tl ;lÞ ¼ f̂flðlÞ ¼
ðþy

0

f ðatÞxl;lðtÞDðtÞdt;

where the density D is given by

DðtÞ ¼ ð2 sinh tÞ2ðn�1Þð2 cosh 2tÞ:

*Discrete series representations.

As RankðGÞ ¼ RankðKÞ, according to Harish Chandra, in addition to the

principal series, there are also discrete series representations that figure, in the

spectral decomposition of L2ðGÞ and that we will describe below.

Let T be the subgroup of K formed by diagonal matrices (i.e. a maximal

Abelian subgroup of K) and we denote its Lie algebra by t. The unitary dual

T̂T of T can be identified with a lattice LT in it�, the set of regular elements is

denoted by L 0
T . The Weyl group of G=T acts on L 0

T . Let Lþ
T denote its

fundamental domain. Then it is known that Lþ
T uniquely parameterizes the

discrete series representations ĜG 2 of G.

For every n A Lþ
T , we denote by wðnÞ its corresponding representation in

ĜG 2. Also let us denote by ĜG 2ðtlÞ the set given by ĜG 2ðtlÞ ¼ fn A Lþ
T j

½wðnÞ : tl �0 0g. Then for la n the set ĜG 2ðtlÞ is empty.
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For l > n, ĜG 2ðtlÞ ¼ fU t; nj=nj A Dlg, where

Dl :¼ fn A C j some w A ĜG 2ðtlÞ can be embedded in U t; ng

¼ nj ¼ ið2j þ n� jljÞ; 0a ja
ðl � nÞ

2

� �
:

The associated Harish-Chandra c-function clðnÞ has the expression (cf. [13])

clðnÞ ¼
ðn� 1Þ!G in

2

� �
G in

2 þ 1
2

� �
p1=221�nG nþinþl

2

� �
G nþin�l

2

� �
and zeros which lie in the set Dl .

4. Selberg trace formula for non uniform lattices acting on EG
tl

over GnG=K

4.1 tl-Eisenstein series

Let G be a cofinite discrete subgroup of G ¼ SUðn; 1Þ which is subject

to the same assumptions as in the introduction and let r be the number of

G-inequivalent cusps, Pi ¼ kiPk
�1
i ðki A KÞ a complete set of representatives of

G-cuspidal parabolic subgroups of G mod G .

The tl-Eisenstein series (with parameter fi) corresponding to Pi ¼
kiMANk�1

i is defined by the series (cf. [8])

E i
l ðl; fi; xÞ ¼

X
g AGVNinG

tlðkðgxÞÞ�1fiðmðgxÞeðl�nÞðlog aðg:xÞÞ;

where l A a�
C FC, x A G a, fi A L2ðGMi

nMi; tlÞ, GMi
¼ G VMi and

L2ðGMnM; tlÞG f : M ! Vtl

���� f ðm1m2Þ ¼ t�1
l ðm2Þ f ðm1Þ; f ðgmÞ ¼ f ðmÞ
for every m1;m2 A M; g A GM

� �
:

For example, one can take fijMi
¼ cste ¼ 1Vt

such that

E i
l ðl; fi; xÞ ¼

X
g AGVNinG

tlðkðgxÞÞ�1
eðl�nÞðlog aðg:xÞÞ:

E i
l ðl; fi; xÞ are tl functions Cy on fl;<ðlÞ < �ng � G and left invariant under

G . Also Ei
l ðl; f; xÞ is an eigenfunction of ZðgÞ

zE i
l ðl; fi; xÞ ¼ E i

l ðl; fi; xÞwMðmlðzÞÞ for z A ZðgÞ:

Here ZðgÞ denotes the center of the enveloping algebra of gC, wM is a

representation of ZðmÞ (the center of the enveloping algebra of mC) on the
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space Vl commuting with tl , then there exist an injective homomorphism m (cf.

[8]); m : ZðgÞ ! ZðmÞ such that for z A ZðgÞ we have mðzÞ ¼
P

xiqi,

qi A SðaCÞ; xi A ZðmÞ and mlðzÞ ¼
P

xiqiðlÞ.

Remark 4.1. In our case Vl ¼ C, wM is the infinitesimal character of M

determined by tl , so if we take f ¼ 1 then for C A ZðgÞ the Casimir operator we

have wMðmlðCÞÞ ¼ ðl2 þ l2 � n2Þ.

However, Ei
l ðl; f; xÞ is not square integrable with respect to x, Ei

l ðl; fi; xÞ B
L2ðG; tlÞ, we denote by E

Pj

l ðPi; l; f; xÞ its constant term along P j ¼ M jA jN j;

i.e.

E
Pj

l ðPi; l; fi; xÞ ¼
ð
NjVG nNj

E i
l ðl; fi; njxÞdnj :

Then, it is known from the theory of Eisenstein series that there exists a linear

transformation Mlðs; lÞ from 0r

i¼1
L2ðGMnM; tlÞ to itself called the inter-

twining operator of G such that we have

E
Pj

l ðPi; l; f;manÞ ¼
X

s AWðAi ;AjÞ
½Mij

l ðs; lÞfi�ðmÞeðsl�nÞ log a:

WðAi;AjÞ is the set of bijections s : Ai 7! Aj, where for w the non trivial

element of W (the Weyl group), the linear transformation Mlðw; lÞ ¼
ðMij

l ðkjwk�1
i ; kilÞÞi; j that we will denote from now on simply by MlðlÞ as a

function of l is holomorphic in the region <ðlÞ < �n and it can be mero-

morphically continued to the whole complex l-plane, its poles in <ðlÞ < 0 lies

in the set fs A R;�na s < 0g and are all simple and of finite number.

Furthermore, MlðlÞ satisfies the functional equation Mlð�lÞMlðlÞ ¼ Id.

Let Elðl; xÞ be the column vector with entries Eiðl; 1; xÞ hence, as a

function of l it can be meromorphically continued to the whole l-plane,

moreover its poles are the poles of MlðlÞ and we have the following functional

relation for Elðl; xÞ:

Elðl; xÞ ¼ MlðlÞElð�l; xÞ:

Now, let p denote the left regular representation of G.

Let c A Ip; tl ðGÞ and pðcÞ the associated operator acting on L2ðGnG; tlÞ
defined by:

For f A L2ðGnG; tlÞ; ½pGðcÞ f �ðxÞ ¼
ð
G

cðx�1yÞ f ðyÞdy ¼ ðc � f ÞðxÞ:

The operator pGðcÞ acts on the L2-sections of the homogeneous vector bundle

Etl associated with tl , i.e. we have the following mapping
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pGðcÞ : L2ðGnG; tlÞ 7! L2ðGnG; tlÞ;

where for f A L2ðGnG; tlÞ we have

½pGðcÞð f Þ�ðxÞ ¼
X
g AG

ð
G nG

cðx�1gyÞ f ðyÞdy ¼
ð
G nG

X
g AG

cðx�1gyÞ
� �

f ðyÞdy:

Let us denote by K
c
G ðx; yÞ ¼

P
g AG cðxgy�1Þ the integral kernel of the integral

operator pGðcÞ when acting on L2ðGnG; tlÞ.
We have the following decomposition for L2ðGnG; tlÞ with respect to the

action of the left regular representation of G:

L2ðGnG; tlÞ ¼ L2
disðGnG; tlÞlL2

contðGnG; tlÞ;

L2
disðGnG; tlÞ ¼ L2

cuspðGnG; tlÞlL2
resðGnG; tlÞ:

Here L2
contðGnG; tlÞ;L2

cuspðGnG; tlÞ and L2
resðGnG; tlÞ are respectively the closure

of the subspaces spanned by wave packets formed with Eisenstein Series of type

tl , the cusp forms and the residues of the Eisenstein Series.

Then, for c A Ip; tl ðGÞ ð0 < p < 1Þ the operator pGðcÞ is of trace class on

L2
disðGnG; tÞ and as an integral operator its trace can be written as follows:

Tr pGðcÞ ¼
ð
G nG

ftr K c
G ðx; xÞ � tr K

c; c
G ðx; xÞgdx

¼
ð
G nG

X
g AG

cðxgx�1Þ � K
c; c
G ðx; xÞ

� �
dx;

where

K
c
G ðx; yÞ ¼

ð
=s¼0

½Elðs; xÞElðs; yÞ��ul; sðcÞds ¼
Xr
i¼1

ð
=s¼0

½E i
l ðs; xÞE i

l ðs; yÞ�u
l; sðcÞds:

Therefore, as c is in the space CpðGÞ and K-finite ðc � wtl ¼ cÞ, we can apply

the trace formula given in [6] to the operator pGðcÞ.
On the other hand, tr pGðcÞ can be written also as

P
j nGðU l;lj Þ tr U l;lj ðcÞ,

where fU l;ljgj A ĜGðtlÞ denotes the set of tl-spherical representations occurring

in L2
disðGnG; tlÞ and nl

j their multiplicities. Then, we have

tr pG
d ðcÞ ¼ tr pG

d ðcÞ ¼
X
j

nl
j ĉcðU l;lj Þ:

Also, we should mention that every function c A Ip; tl ðGÞ can be determined

from its values in the Abelian part A of G, where G ¼ KAK is the Cartan

decomposition of G, more precisely we have
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c A Ip; tl ðGÞ; cðgÞ ¼ 1

dl
wlðk1ðgÞÞcðatðgÞÞ;

where

kðgÞ ¼ k1ðgÞ 0

0 k2ðgÞ

� �
; k1ðgÞ A UðnÞ; k2ðgÞ A UðnÞ

and det k1ðgÞ � k2ðgÞ ¼ 1:

Hence, the trace formula of theorem 1.1 applied to pGðcÞ at its first stage for

c A Ip; tl ðGÞ leads to the following:

Theorem 4.1. For 0 < p < 1, let c A Ip; tl ðGÞ be a tl-radial function.

Then, the Selberg trace formula for the corresponding operator pGðcÞ on

L2
disðGnG; tlÞ reads as follows.X

jb0

nl
j ĉcðljÞ ¼ volðGnGÞ

X
z AZG

cðzÞ þ
X

fgg ACGs

volðGgnGgÞ
ð
GgnG

cðxgx�1ÞdðGgnGÞðxÞ

þ k1cGl
TlðcÞ þ k2rGl

T 0
lðcÞ þ k3cG2lT2lðcÞ

þ 1

4p

ð
<s¼0

tr Mlð�sÞ � d

ds
MlðsÞ

� �
:ĉclðsÞds�

1

4
trðMlð0ÞÞĉclð0Þ:

where k1cGl
; k2rGl

; k3cG2l are constants depending on G and G (for their explicit

expression see [15]) and the distributions Tl;T
0
l and T2l have respectively the

following integral representations

TlðcÞ ¼
1

dl

ð
N

wlðk1ðnÞÞcðatðnÞÞdn;

T 0
lðcÞ ¼

ð
Nl

ð
N2l

wlðk1ðnln2lÞÞcðatðnln2lÞÞdN2l

� 	
logknlkdNl

;

T2lðcÞ ¼
ð
Gn0

nG
wlðk1ðxn0x�1ÞÞcðatðxn0x�1ÞÞdGn0

nGðxÞ

þ
ð
G

n�1
0
nG

wlðk1ðxn�1
0 x�1ÞÞcðatðxn�1

0 x�1ÞÞdG
n�1
0

nGðxÞ:

In order to investigate the meromorphic extension of the Selberg zeta

function for the vector bundle El associated with tl , we need to give an explicit

formula for the integrals TlðcÞ;T 0
lðcÞ and T2lðcÞ in terms of the tl-spherical

Fourier transform of c.

For this, we will need first to give an explicit inverse for the tl-Abel

transform defined on the algebra Ip; tl ðGÞ.
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4.2 tl-Abel transform acting on Ip; tl ðGÞ

For every function f in Ip; tl ðGÞ, its tl-Abel transform is given by the

following integral transform

½Al f �ðtÞ ¼ ent
ð
N

dnf ðatnÞ;

and we have the following well-known formula

f̂flðlÞ ¼
ðþy

�y
dteþilt½Al f �ðtÞ ¼ cAl fAl f ðtÞ;

which means that the tl-spherical Fourier transform of f is the Euclidean

Fourier transform on R of its tl-Abel transform.

Hence

f̂flð0Þ ¼
ðþy

�y
dt½Al f �ðtÞ;

i.e.

Al f ðtÞ ¼
ðþy

�y
e�iltf̂flðlÞdt:

Then, we have the proposition.

Proposition 4.1. Let Al denotes tl-Abel transform defined on the algebra

Ip; tl ðGÞ, then its inverse is given by the following integral transform

½½A�1
l � f �ðtÞ ¼ 2�2l�3n�5=2

ffiffiffi
p

p 1

ðn� 1Þ! ðcosh tÞ�l 1

G l � 1
2

� �
�
ðy
t

dðcosh 2sÞðcosh 2s� cosh 2tÞ l�3=2 �d

dðcosh sÞ

� �lþn�1

f ðsÞds:

Proof. Our method of giving the inverse of the Abel transform is torelate

it to the Abel-Jacobi transform Aa;b investigated by T. H. Koornwinder ([9]),

by choosing suitable parameters a; b.

For f A Cy
0 ðRÞ, its Jacobi transform is defined as follows

½Ja;b f �ðxÞ ¼
ðy
0

f ðtÞja;b
il Da;bðtÞdt; Da;bðtÞ ¼ ð2 sinh tÞ2aþ1ð2 cosh tÞ2bþ1;

where j
a;b
il is the usual Jacobi function.

The Abel-Jacobi transform considered in [9] is defined as follows

Aa;bð f ÞðsÞ :¼
ðy
s

f ðtÞAa;bðs; tÞdt for f A CyðRÞ;
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where

Aa;bðs; tÞ ¼
23aþ2bþ1Gðaþ 1Þ
G aþ 1

2

� �
G 1

2

� � sinhð2tÞðcosh tÞb�1=2ðcosh t� cosh sÞa�1=2

� F
1

2
þ b;

1

2
� b; aþ 1

2
;
cosh t� cosh s

2 cosh t

� �
:

We have also

Ja;b f ¼ dAa;b fAa;b f :

Hence one can write

f̂flðlÞ ¼ Jn�1;�lf22l cosh tl f ðtÞg ¼
ð
R

eiltðAn�1; lgÞðtÞdt;

where gðtÞ ¼ 22l cosh tlf ðtÞ. Then we have

f ðtÞ ¼ A�1
l Al f ðtÞ ¼ 2�2lðcosh tÞ�l

gðtÞ ¼ 2�2lðcosh tÞ�l
A�1

n�1;�lAn�1;�lgðtÞ;

and as An�1;�lgðtÞ ¼ Al f ðtÞ we write

f ðtÞ ¼ 2�2lðcosh tÞ�l
A�1

n�1;�l ½Al f ðtÞ�:

The inverse of the Abel-Jacobi transform was given explicitly in [9] in terms

of fractional Weyl’s transform as A�1
n�1;�lðgÞ ¼ 2�3ðn�1Þ�1=2p1=2 1

GðnÞW
2

l�1=2 �
W1

�l�nþ1ðgÞ where for m > 0, the fractional Weyl’s transform Wt
m is defined as

follows (for <m > 0, t > 0)

Wt
m f ðtÞ ¼ 1

GðmÞ
Ðy
t

f ðsÞðcoshðtsÞ � coshðttÞd coshð2sÞ;
Wt

m �Wt
s ¼ Wmþs

m ;

Wt
o ¼ Id;

8><>:
Also Wt

�n f ðtÞ ¼ �1
dðcosh ttÞ

� �n
f ðtÞ.

Hence we obtain

f ðtÞ ¼ 2�lðcosh t�lÞ2�3ðn�1Þ�1=2p1=2 1

GðnÞW
2

l�1=2 �W1
�l�nþ1ðAf Þ:

By replacing the Weyl transformations by their integral expressions we get the

desired result.

4.3 Computation of the distributions Tl;T
0
l and T2l and the trace formula.

In this subsection we will proceed to give the spherical Fourier transform

for the distributions Tl;T
0
l and T2l
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1) Tl(c)

TlðcÞ ¼
1

dl

ð
N

cðnÞdn ¼ e�rt

2pdl

ð
R

ĉclðnÞdn

2) T Ol (c).

As we consider the case G ¼ SUðn; 1Þ, we have

T 0
lðcÞ ¼

ð
Nl

ð
N2l

wlðk1ðnln2lÞÞcðatðnln2lÞÞdN2l

� 	
logðknlkÞdNl

;

where for g ¼ ðgijÞij A SUðn; 1Þ, g ¼ k1ðgÞk2ðgÞatðgÞk 0, we have k1ðgÞ ¼ ðgÞ00
jðgÞ00j

and coshðtÞ ¼ jðgÞ00j.
Hence

k1ðns;xÞ ¼
1þisþ1

2jxj
2

1þisþ1
2jxj

2j j
coshðtðns;xÞÞ ¼ 1þ isþ 1

2 jxj
2

��� ���
8><>:

If we write cðtÞ :¼ cðatÞ ¼ ~ccðcosh tÞ, we get

T 0
lðcÞ ¼

ð
Cn�1

ð
R

wl
1þ isþ 1

2 jxj
2

1þ isþ 1
2 jxj

2
��� ���

0B@
1CA ~cc 1þ isþ 1

2
jxj2

���� ����� �
ds

264
375 logjxjdx:

Next, by using successively polar coordinates in Cn�1 i.e., x ¼ rw, w A S2n�3,

dx ¼ r2n�3 drdw and afterwards by setting x ¼ r2, we obtain

T 0
lðcÞ ¼

volðS2n�3Þ
4

ðy
0

ðþy

�y

1þ isþ 1
2 jxj

2

1þ isþ 1
2 jxj

2
��� ���

0B@
1CA
l

� ~cc 1þ isþ 1

2
jxj2

���� ����� �
logjxjxn�1 dsdx;

and by using the Inverse of the tl-Abel transform applied to the function c we

have

cðtÞ ¼ const

ðy
t

dðcosh 2sÞðcosh 2s� cosh 2tÞ l�3=2 �d

dðcosh sÞ

� �lþn�1

ðAlcÞðsÞds:

As cðtÞ ¼ ~ccðcosh tÞ where ~cc : ½1;þy½ 7! R and by setting t ¼ cosh s, dt ¼
sinh s ds, we obtain

~ccðtÞ ¼ 2�2l�3n�5=2
ffiffiffi
p

p 1

ðn� 1Þ! ðcosh tÞ�l 1

G l � 1
2

� � l � 1

2

� ��1=2

� t�l

ðy
t

ðt2 � t2Þ l�1=2 d

dt

� �lþn

ðAl
~ccÞðtÞdt:
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Hence, by substituting it into the integral formula giving T 0
lðcÞ we get

T 0
lðcÞ ¼ c

ðy
0

ðþy

�y

1þ isþ 1
2 jxj

2

1þ isþ 1
2 jxj

2
��� ���

0B@
1CA
l

xn�1 logðxÞ s2 þ 1þ x

2

� �2 !�l=2

�
ð
ðs2þð1þx=2ÞÞ1=2

t2 � s2 � 1þ x

2

� �2 !l�1=2
d

dt

� �lþn

ðAl
~ccÞðtÞdt

24 35dsdx:
Now by using Fubini’s Theorem, we get

T 0
lðcÞ ¼

ðy
0

xn�2 log x

ðy
1þx=2

d

dt

� �lþn

ðAl
~ccÞðtÞ

�
ð½t2�ð1þx=2Þ2�1=2

�½t2�ð1þx=2Þ2�1=2
1� isþ x

2

� ��l

t2 � 1þ x

2

� �2" #l�1=2

dsdtdx:

If we denote by Aðt; xÞ the inner integral in the expression of T 0
lðcÞ and

we set s ¼ t2 � 1þ x
2

� �2h i1=2
t, ds ¼ t2 � 1þ x

2

� �2h i1=2
dt, i.e.,

Aðt; xÞ ¼
ð½t2�ð1þx=2Þ2�1=2

�½t2�ð1þx=2Þ2�1=2
1� isþ x

2

� ��l

t2 � 1þ x

2

� �2" #l�1=2

ds

¼ t2 � 1þ x

2

� �2" #lð1
�1

1þ x

2
� it t2 � 1þ x

2

� �2 !1=224 35�l

ð1� t2Þ l�1=2
dt;

we put y ¼ 1þt
2 to obtain

Aðt; xÞ ¼ 2 l t2 � 1þ x

2

� �2" #l
1þ x

2
þ i t2 � 1þ x

2

� �2 !1=224 35

�
ð1
0

1�
2i t2 � 1þ x

2

� �2� �1=2
1þ x

2 þ i t2 � 1þ x
2

� �2� �1=2
264

375
�l

yl�1=2ð1� yÞ l�1=2
dy:

By using the integral representation for the hypergeometric function of Gauss

([5], page 59):

2F1ða; b; c; zÞ ¼
GðcÞ

GðbÞGðc� bÞ

ð1
0

tb�1ð1� tÞc�b�1ð1� tzÞ�a
dt;
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we get as expression for Aðt; xÞ:

Aðt; xÞ ¼ 2 l t2 � 1þ x

2

� �2" #l
1þ x

2
þ i t2 � 1þ x

2

� �2 !1=224 35G l þ 1
2

� �
G l þ 1

2

� �
Gð2l þ 1Þ

� 2F1 l; l þ 1

2
; 2l þ 1;

2i t2 � 1þ x
2

� �2� �1=2
1þ x

2 þ i t2 � 1þ x
2

� �2� �1=2
0B@

1CA:

Next, by applying successively the following transformation formulas

2F1ða; b; 2b; zÞ ¼ 1� 1

2
z

� ��a

2F1
a

2
;
aþ 1

2
; bþ 1

2
;

z

2� z

� �2 !
ð1Þ

2F1 a� 1

2
; a; 2a; z

� �
¼ 22a�1ð1þ ð1� zÞ1=2Þ1�2a ð2Þ

we get the following simple expression for Aðt; xÞ.

Aðt; xÞ ¼
G l þ 1

2

� �
G l þ 1

2

� �
Gð2l þ 1Þ t� 1þ x

2

� �� �l
:

Hence, by substituting it in the integral defining the distribution T 0
lðcÞ we get

T 0
lðcÞ ¼ c 0ðl; nÞ

ðy
0

xn�2 log x

ðy
1þx=2

d

dt

� �lþn

ðAl
~ccÞðtÞ t� 1þ x

2

� �� �l
dtdx:

Also, as limt 7!y
d
dt

� �nðAl
~ccÞðtÞ 7! 0, we have:ðy

1þx=2

d

dt

� �lþn

ðAl
~ccÞðtÞ t� 1þ x

2

� �� �l
dt ¼ ð�1Þ�1

l!

ðy
1þx=2

d

dt

� �n
ðAl

~ccÞðtÞdt:

Therefore

T 0
lðcÞ ¼ c 0ðl; nÞð�1Þ lþ1

l!

ðy
0

xn�2 log x
d

dt

� �n�1

ðAl
~ccÞ 1þ x

2

� �

¼ c 0ðl; nÞð�1Þ l l!2n�2

ðy
0

ðAl
~ccÞ0 1þ x

2

� � d

dt

� �n�2

½xn�2 log x�:

As

d

dt

� �n�2

½xn�2 log x� ¼ ðn� 2Þ! log xþ 1þ 1

2
þ 1

3
þ � � � þ 1

n� 2

� �

¼ ðn� 2Þ! log xþ G 0ðn� 2Þ
Gðn� 2Þ þ g;

ðg is the Euler constantÞ
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we get

T 0
lðcÞ ¼ 2n�1ðn� 2Þ!c 0ðl; nÞ � G 0ðn� 2Þ

Gðn� 2Þ þ g

� �
Alcð0Þ

� 2n�2ðn� 2Þ!c 0ðl; nÞ
ðy
0

ðAl
~ccÞ0 1þ x

2

� �
log x dx:

Now, by using the sublemma in ([15], page 121) we get the following final

expression for T 0
lðcÞ:

T 0
lðcÞ ¼ const

�
1

p

G 0ðn� 2Þ
Gðn� 2Þ þ g

� �ðþy

�y
ĉclðnÞdnþ ĉclð0Þ

� 2

p

ðþy

�y
ĉclðnÞ

G 0ð1þ inÞ
Gð1þ inÞ dn

	
:

3) T2l(c)

We have cG2lT2lðcÞ ¼ lims 7! 0
d
ds
sL�

cðsÞ
� �

, where the function L�
cðsÞ is

defined as follows.

L�
cðsÞ ¼

ðþy

�y

X
h AG2l;h01

wlðk1ðatha�tÞÞcðaðatha�tÞÞe2ntð1þsÞ dt:
�

We have for h ¼ nðv; 0Þ A G2l HN2l:

k1ðatha�tÞ ¼
1þ e2t ivþ 1

2 jxj
2

� �
1þ e2t ivþ 1

2 jxj
2

� ���� ��� and aðatha�tÞ ¼ 1þ e2t ivþ 1

2
jxj2

� ����� ����:
Hence

L�
cðsÞ ¼

X
h¼nðv;0Þ AG2l; v00

ðþy

�y

1þ e2tiv

j1þ e2tivj

� �l
~ccðð1þ v2e4tÞ1=2Þe2ntð1þsÞ dt

¼
X

h¼nðv;0Þ AG2l; v>0

ðþy

�y

1þ e2tijvj
j1þ e2tivj

� �l
~ccðð1þ v2e4tÞ1=2Þe2ntð1þsÞ dt

þ
X

h¼nðv;0Þ AG2l; v<0

ðþy

�y

1� e2tijvj
j1þ e2tivj

� �l
~ccðð1þ v2e4tÞ1=2Þe2ntð1þsÞ dt:

Next by setting x ¼ e2tjvj, dt ¼ dx
2x , we get
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L�
cðsÞ ¼

1

2

X
h¼nðv;0Þ AG2l; v>0

1

jvjnð1þsÞ

 !ðþy

0

1þ ix

j1þ ixj

� �l
cðð1þ x2Þ1=2Þxnð1þsÞ�1 dx

þ 1

2

X
h¼nðv;0Þ AG2l; v<0

1

jvjnð1þsÞ

 !ðþy

0

1� ix

j1þ ixj

� �l
~ccðð1þ x2Þ1=2Þxnð1þsÞ�1 dx

¼ 1

4

X
h¼nðv;0Þ AG2l; v00

1

jvjnð1þsÞ

 !ðþy

0

1þ ix

j1þ ixj

� �l
þ 1� ix

j1þ ixj

� �l( )

� ~ccðð1þ x2Þ1=2Þxnð1þsÞ�1 dx:

Since L�
c is regular at s ¼ 0, we simply have

cG2lT2lðcÞ ¼ L�
cð0Þ ¼ cG2l

ðþy

0

1þ ix

j1þ ixj

� �l
þ 1� ix

j1þ ixj

� �l( )
~ccðð1þ x2Þ1=2Þxn�1 dx;

where cG2l is the constant term in the Epstein zeta function associated to the

Lattice G2l. Now as

~ccðð1þ x2Þ1=2Þ ¼ cðn; lÞð1þ x2Þ�l=2

ðy
ð1þx2Þ

d

dt

� �lþn

~AAlcðtÞðt2 � 1� x2Þ l�1=2
dt;

we get

T2lðcÞ ¼ cðn; lÞ
ðy
0

ð1þ x2Þ�l=2

ðy
ð1þx2Þ

d

dt

� �lþn

~AAlcðtÞðt2 � 1� x2Þ l�1=2
dt

 !

� 1þ ix

j1þ ixj

� �l
þ 1� ix

j1þ ixj

� �l( )
xn�1 dx;

and using the Fubini and afterwards the change of variable x ¼ ðt2 � 1Þ1=2y we

get

T2lðcÞ ¼ cðn; lÞ
ðy
1

d

dt

� �lþn

~AAlcðtÞ

�
ððt2�1Þ1=2

0

ðt2 � 1� x2Þ l�1=2fð1� ixÞ�l þ ð1þ ixÞ�lgxn�1 dx

¼
ðy
1

d

dt

� �lþn

~AAlcðtÞðt2 � 1Þ lþðn�1Þ=2

�
ð1
0

ð1� y2Þ l�1=2fð1� iðt2 � 1Þ1=2yÞ�l þ ð1þ iðt2 � 1Þ1=2yÞ�lgyn�1 dy

� 	
dt:
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Now, by using the Picard’s integral representation for the first Appell’s

hypergeometric function F1ða; b; b 0; c; x; yÞ given by ([5], page 231)

GðaÞGðc� aÞ
GðcÞ F1ða; b; b 0; c; x; yÞ ¼

ð1
0

ua�1ð1� uÞc�a�1ð1� uxÞ�bð1� uyÞ�b 0
du;

we get

T2lðcÞ ¼ cn; l
GðnÞG l þ 1

2

� �
G nþ l þ 1

2

� � ðy
1

d

dt

� �lþn

~AAlcðtÞðt2 � 1Þ lþðn�1Þ=2

�
�
F1 n; l;�l þ 1

2
; l þ 1

2
þ n; iðt2 � 1Þ1=2;�1

� �

þ F1 n; l;�l þ 1

2
; l þ 1

2
þ n;�iðt2 � 1Þ1=2;�1

� ��
dt:

For l ¼ 0 the involved Appell’s function reduces to the following simple

expression

F1 n; 0;
1

2
;
1

2
þ n; iðt2 � 1Þ1=2;�1

� �
¼ 2F1 n;

1

2
;
1

2
þ n;�1

� �
¼

G 1
2

� �
G 1

2 þ n
� �

G 1
2 þ n

2

� � ;

and by replacing it we find the result for T2lðcÞ given in [15] for l ¼ 0.

Afterwards by using successively the formula ([2] page 15)

F1ða; b; b 0; g; x; yÞ ¼
Xy
m¼0

ða;mÞðb;mÞ
ðg;mÞð1;mÞ 2F1ðaþm; b 0; gþm; yÞxm;

and the formula ([5] page 104)

2F1ða; b; 1þ a� b;�1Þ ¼ 2�a Gð1þ a� bÞG 1
2

� �
G 1� bþ a

2

� �
G 1þa

2

� � 1þ a� b B Z�;

we obtain

F1 n; l;�l þ 1

2
; l þ 1

2
þ n; iðt2 � 1Þ1=2;�1

� �

þ F1 n; l;�l þ 1

2
; l þ 1

2
þ n;�iðt2 � 1Þ1=2;�1

� �

¼
G l þ 1

2 þ n
� �
GðnÞGðlÞ

Xy
m¼2j

2�n�2jþ1 Gðnþ 2jÞGðl þ 2jÞG 1
2

� �
Gð2j þ 1ÞG l þ 1

2 þ n
2 þ j

� �
G 1

2
n
2 þ j

� � ð1� t2Þ j

¼
G l þ 1

2 þ n
� �

G n
2

� �
GðnÞG n

2 þ l þ 1
2

� �Xy
j¼0

ðn; jÞ l
2 ; j
� �

G l
2 þ 1

2 ; j
� �

1
2 ; j
� �

n
2 þ l

2 þ l; j
� �

j!
ð1� t2Þ j

Khadija Ayaz326



¼
G l þ 1

2 þ n
� �

G n
2

� �
GðnÞG n

2 þ l þ 1
2

� � 3F2
n

2
;
l

2
;
l

2
þ 1

2
;
l

2
;
n

2
þ l

2
þ l; 1� t2

� �

¼
G l þ 1

2 þ n
� �

G 1
2

� �
GðnÞG l

2

� �
G l

2 þ 1
2

� �G1;3
3;3 ð1� t2Þ

���� 1� n
2 1� l

2
1
2 � l

2

0 1
2 � n

2 � l þ 1
2

 !
:

where Gm;n
p;q ð Þ is the Meijer’s G-function (Erdely [5] page 207).

Now we set t ¼ cosh t, D ¼ d
dt
¼ 1

sinh t
d
dt

so that

d

dt

� �lþn

~AAlcðtÞ ¼ DnþlAlcðtÞ;

and as c is an even function and AlcðtÞ ¼
Ðy
0 ĉclðnÞ cosðntÞdn we have

DnþlAlcðtÞ ¼
1

p

ðy
0

ĉclðnÞDnþl cosðntÞdn:

By replacing all the terms by their expression we get the following form for

T2lðcÞ:

T2lðcÞ ¼ cn; l

ðy
0

ðy
0

ĉclðnÞDnþl cosðntÞdn sinh t2lþn

� G1;3
3;3 �sinh2 t

���� 1� n
2 1� l

2
1
2 � l

2

0 1
2 � n

2 � l þ 1
2

 !
dt:

Next, if we apply the formula ([5] page 209)

xsGm;n
p;q x

���� arbr
� �

¼ Gm;n
p;q x

���� ar þ s

br þ s

� �
;

we get

T2lðcÞ ¼ cn; lð�1Þ lþn=2

ð
0

oy
ðy
0

ĉclðnÞDnþl cosðntÞdnG1;3
3;3

� �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !
dt:

where

DN cosðntÞ ¼ ð�1ÞN n2ðn2 þ 1Þ . . . ðn2 þ ðN � 1Þ2Þ
1:3 . . . ð2N � 1Þ �Y2Nþ1

n ðtÞ ðt A RÞ;

and

YN
n ðtÞ ¼

2ðN�2Þ=2G N
2

� �
ðsinh tÞðN�2Þ=2 :B

1�N=2
�1=2þin

ðcosh tÞ;
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where Bb
a is the Legendre function of the first kind and YN

n is the zonal

spherical function on SOðn; 1Þ attached to the class one principal series rep-

resentation associated with n.

Hence, for any mb 0 there exists cM > 0 and an integer M > 0 such

that

d

dt

� �m
YN
n ðtÞ

���� ����a cMð1þ n2ÞM ð1þ t2ÞM

eðN�1Þðt=2Þ Etb 0 and n A R:

By using the above growth estimate as well as the following asymptotic

behavior ([5], page 212) when t ! y for

G
1;3
3;3 �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !

¼ G
3;1
3;3

�1

sinh2 t

����� 1� l � n
2

1
2 � l � n

2
1
2

�l � lþn
2

1
2 �

nþl
2

 !

@Oðjsinh tj�1þnþlÞ when t ! y;

we see thatðy
0

ðy
0

jĉclðnÞj G1;3
3;3 �sinh2 t

1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

�����
! �����dndt < y:

�����
Hence, we can use Fubini’s theorem to obtain

T2lðcÞ ¼ cn; l

ðy
0

ĉclðnÞ � JlðnÞdn;

where JlðnÞ is an entire function of polynomial growth given by

JlðnÞ ¼
ðy
0

G
1;3
3;3 �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !
Dnþl cosðntÞdt:

By collecting all the terms involved in the trace formula for the

operator pGðjÞ, we obtain the following theorem giving an explicit trace

formula for the convolution operator associated to a function c in the algebra

Ip; tl ðGÞ.

Theorem 4.2. For c A Ip; tl ðGÞ, 0 < p < 1 the operator Tr pGðcÞ on

L2
disðGnG; tlÞ is given by the formula
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X
jb0

nl
j ĉcðU l

lj
Þ

¼ volðGnGÞ½ZG �cðeÞ þ
X

fgg ACGsn½ZG �
volðGgnGgÞ

ð
GnGg

cðxgx�1ÞdðGnGgÞ

þ k1

ðþy

�y
ĉclðnÞdnþ

1

4
ðr� tr Mlð0ÞÞĉclð0Þ �

r

2p

ðþy

�y
ĉclðnÞ

G 0ð1þ inÞ
Gð1þ inÞ dn

þ k2

ðþy

�y
ĉclðnÞJlðnÞdnþ

1

4p

ðþy

�y
ĉclðnÞ tr Mlð�inÞ � d

ds
MlðinÞ

� �
dn;

where MlðsÞ A EndðL2ðGMnM; tl jMÞÞ is the intertwining operator of G and fU l
lj
g

the set of tl-spherical representations occurring discretely in L2ðGnG; tlÞ.

Remark 4.2. In [1], for G cocompact, we have established an explicit trace

formula that we have used to give the small eigenvalue for the associated Laplace

operator.

5. Selberg zeta function associated to EG
tl

In order to apply the trace formula of Theorem 3.2 to the study of

the associated zeta function we will need the characterization of the space

CpðG; tlÞ, 0 < p < 1 under the tl-spherical Fourier transform. For this we

describe the result of Trombi concerning this characterization (for more details,

see Trombi [12]).

5.1 Characterization of the space CpðG; tlÞ, 0 < p < 1

For 0 < p < 1, let us consider the strip Fðp; nÞ ¼ n A C=j=nja 2
p
� 1

� �
n

n o
and UðtlÞ ¼ fn A C; n ¼ ir; ra 0 and clðnÞ ¼ 0g. We put UpðtlÞ ¼ Fðp; nÞV
UðtlÞ. Then, for jlj > n we have UpðtlÞ ¼ f�ik=0a kamg where m ¼
min jlj � n; 2

p
� 1

� �
n

� �
. Also, for w A ĜG 2ðtlÞnĜG pðtlÞ where ĜG pðtlÞ is the set of

elements w in ĜGðtlÞ whose matrix coe‰cient are Lp summable over G, let us

denote by InðwÞ the following set (it describes the numbers n A C for which w is

embedded in U l; n)

InðwÞ ¼ fn A C=Homðg;KÞðw;U l; nÞ0 f0gg:

Remark 5.1 (cf [12]). Let w A ĜG2, 0 < p < 2. Then InðwÞVFðp; nÞ0 0

if and only if w A ĜG 2nĜG p. Hence, we have

UpðtlÞ ¼ 6
w A ĜG 2ðtlÞnĜG pðtlÞ

InðwÞ:
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Let Ep the linear space spanned by tl-Fourier coe‰cient of the irreducible

characters involved in the decomposition of y l; tx, t A WðAÞ, x A UpðtlÞ where

y l; tx is the distribution defined by the character U l; tx (note that for w A
ĜG 2ðtlÞnĜG pðtlÞ, w A Ep).

We choose a basis Bp for the space Ep as follows:

Bp ¼ fyw;w A ĜG 2ðtlÞnĜG pðtlÞgU flinearly independent elements y l; tx;

t A WðAÞ; x A UpðtlÞg:

We put ĈC
p
l ðGÞ ¼ fy l; n; n A Int Fðp; nÞgU fyw;w A ĜG 2ðtlÞVFðp; nÞgUBp.

For a function L : ĈCp
l ðGÞ ! C we put Lðy l; nÞ ¼ Lðl; nÞ. Then we define the

functional space:

CpðCðGÞ; tlÞ0

¼ L : ĈC p
l ðGÞ ! C

iÞ n ! Lðl; nÞ is holomorphic on Int Fðp; nÞ
iiÞ Lðl; snÞ ¼ Lðl; nÞ Es A WðAÞ
iiiÞ n p

u;aðLÞ < y Ea A R and u A SðCÞ

�������
9>=>;;

8><>:
where the semi-norms n p

u;a are defined as follows. n p
u;aðLÞ ¼

supn A IntFðp;nÞjLðn : uÞjð1þ jnj2Þa for a A R and u in the symmetric algebra SðCÞ
of di¤erential operators on C.

Now, let CpðCðGÞ; tlÞ be the subspace of CpðCðGÞ; tlÞ0 consists of

functions that satisfy in addition the following linear relation

Lðl; txÞ ¼
X
y ABp

âayðy l; txÞLðyÞ; Et A WðAÞ and x A UpðtlÞ (*)

where, as the elements of Bp are linearly independents, for each y A Bp

there exists ay A Cy
c ðG; tlÞ such that

Ð
G
ayðg�1Þy 0ðgÞdg ¼ 0 if y 0 0 y, y 0 A Bp;Ð

G
ayðg�1ÞyðgÞdg ¼ 1 and further

Ð
G
ayðg�1ÞðgÞyw dg ¼ 0 for w A ĜG pðtlÞ.

We endow CpðCðGÞ; tlÞ with the topology generated by the semi-norms

m p
a;uðLÞ ¼ npa;uðLÞ þ

X
w A ĜG 2ðtlÞ

jLðwÞj2
 !1=2

:

Within these notations, we have the following theorem.

Theorem 5.1 (See [12]). The map Fl : C
pðG; tlÞ ! CpðCðGÞ; tlÞ is sur-

jective.

5.2 Zeta function

In this subsection we will define the logarithmic derivative of the zeta

function and study its analytic continuation.
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Let e0 be a fixed real number. Let g A CyðRÞ defined as follows (for

a < e0).

gðtÞ ¼ gðjtjÞ ¼ 0 if jtja a;

c if jtjb e0:

�
We put ~eelð jÞ ¼ 1

2 ðð�1Þnþlþj þ 1Þ and we define the polynomial Pl as follows

PlðnÞ ¼
1 if jlja n;Qm

j¼1ðn2 þ j2Þ~eelð jÞ if jlj > n:

�
Let Dl be the di¤erential operator on R whose Fourier transform is Pl .

Then, for s A C we define the function lhs on A by setting lhsðatÞ ¼
DlðgðjtjÞ expðn� sÞjtjÞ it is clear that lhs is a smooth function on A.

Let HðrÞ ¼
Ðy
0 g 0ðxÞ expðirxÞdx. From the definition of g; g 0 A Cy

c ðRÞ and
g 0ðxÞ ¼ 0 for jxjb e0.

Hence, by applying the classical Paley Wiener theorem we have the

following lemma.

Lemma 5.1. H is entire, moreover Enb 1, mb 0, there exists a constant

cm;n such that we have the following estimates.

dmHðrÞ
drm

���� ����a cm;nðjrj þ 1Þ�n
if =rb 0;

cm;nðjrj þ 1Þ�n
expðe0j=rjÞ if =r < 0:

�
Also, direct computations gives

Lemma 5.2. For <s > 2n, we have

lĥhsðnÞ ¼ PlðnÞ
Hðiðs� nÞ � nÞ

s� nþ in
þHðiðs� nÞ þ nÞ

s� n� in

� �
:

As a consequence of the above two lemmas we have the following proposition.

Proposition 5.1. Suppose that <s > 2n, then there exist a number p,

0 < p < 1 and a function lgs A CpðG; tlÞ such that FlðlgsÞðnÞ ¼ l ĥhsðnÞ. There-

fore, lgs is admissible for the trace formula and AlðlgsÞ ¼ lhs.

Proof. Let us consider the function l ĥhs defined on the set CðGÞ as

follows.

l ĥhs ¼
PlðnÞ

Hðiðs�nÞ�nÞ
s�nþin

þ Hðiðs�nÞþnÞ
s�n�in

n o
for y l; n; n A Fðp; nÞ;

0 for ywðnÞ A G2ðtlÞnGpðtlÞ:

8<:
It is su‰cient to show that there exist 0 < p < 1 such that l ĥhsðnÞ A CpðCðGÞ; tlÞ
and the surjectivity in Theorem 5 of the tl-spherical Fourier transform will

ensure the existence of the function lgs A CpðG; tlÞ such that FlðlgsÞðnÞ ¼ l ĥhsðnÞ.
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The functions ðs� nþ�inÞ�1 have all their derivatives bounded in a

strip j=nja nþ e where 0 < e < <ðs� 2nÞ so if we take 0 < p0 < 1 such that
2
p0
� 1

� �
n ¼ nþ e and we choose a number p such that 0 < p < p0 < 1 we see

that ðs� nG inÞ�1 have all their derivatives bounded in a strip j=njf 2
p
þ 1

� �
n

and also from Lemma 1 and lemma 2, the functions PlðnÞHðiðs� nÞG nÞ
are holomorphic and rapidly decreasing functions of n, hence n p

u;aðl ĥhsÞ < y
Ea A R and u A SðCÞ. Also it is clear that l ĥhs is an even function. Therefore

l ĥhs A CpðCðGÞ; tlÞ0. Furthermore as PlðnÞ ¼ 0 for all n A UpðtlÞ, i.e. l ĥhsjUpðtlÞ ¼
0. Then for x A UpðtlÞ we haveX

y ABp

ayðy l; txÞl ĥhsðyÞ ¼
X

w A ĜG 2ðtl ÞnĜG pðtlÞ

aywðy l; txÞl ĥhsðywÞ ¼ 0:

Hence, also the linear relation (*) holds for l ĥhs and then the claim of the

Proposition follows.

Hence the function l ĥhs is admissible for the trace formula.

Applying the trace formula to lgs we getX
j

nl
j l ĥhsðljÞ ¼ volðGnGÞ½ZG �lgsðeÞ þ

X
½g� ACGs

volðGgnGgÞ
ð
GG nG

lgsðxgx�1Þdx

þ k1

ðþy

�y
l ĥhsðnÞdnþ

1

4
ðr� tr Mlð0ÞÞl ĥhsð0Þ �

r

2p

ðþy

�y
l ĥhsðnÞ

G 0ð1þ inÞ
Gð1þ inÞ dn

þ k2

ðþy

�y
l ĥhsðnÞJlðnÞdnþ

1

4p

ðþy

�y
l ĥhsðnÞ tr Mlð�inÞ � d

dn
MlðinÞ

� �
dn:

It is known that

volðGgnGgÞ
ð
GG nG

lgsðxgx�1Þdx ¼ tlðgÞ�1
lðgÞ jðgÞ�1

cðaðgÞÞlhsðlðgÞÞ;

where jðgÞ is the positive integer such that g ¼ d jðgÞ with d primitive in G.

cðaðgÞÞ ¼ eAðaÞxðaðgÞÞ�1Q
a APþð1� xaðaðgÞÞ�1Þ�1, here for any m A a�

C, xm
stands for the character of A defined by xmðaÞ ¼ expðmðlogðaÞÞÞ, eAðaÞ is the

sign of 1� xa1;nþ1ðaÞ�1.

Also, for hyperbolic elements the set flðgÞ; g A CGsnfegg is bounded away

from zero. Then when defining gðtÞ if choose e0 smaller enough than all lðgÞ,
we have gðlðgÞÞ ¼ c for every g A CGsnfeg and lhsðatÞ ¼ cPlðiðn� sÞÞ expðn� sÞt.

Definition 5.1. We put

~zzGl ðs; gÞ ¼ gðe0ÞPlðiðn� sÞÞ
X

g ACGsnfeg
tlðgÞ�1

lðgÞ jðgÞ�1
cðaðgÞÞ expðn� sÞlðgÞ:
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The sum defining ~zzGl ðs; gÞ is absolutely and uniformly convergent in any half

plane <s > 2nþ e, hence it is holomorphic for <s > 2n. By replacing it in the

trace formula we get

~zzGl ðs; gÞ ¼
X
j

nl
j l ĥhsðljÞ � volðGnGÞ½ZG �lgsðeÞ

� k1

ðþy

�y
l ĥhsðnÞdn�

1

4
ðr� tr Mlð0ÞÞl ĥhsð0Þ

þ r

2p

ðþy

�y
l ĥhsðnÞ

G 0ð1þ inÞ
Gð1þ inÞ dn� k2

ðþy

�y
l ĥhsðnÞJlðnÞdn

� 1

4p

ðþy

�y
l ĥhsðnÞ tr Mlð�inÞ � d

dn
MlðnÞ

� �
dn:

There are seven terms on the right side of the above formula. We shall

call them respectively A1ðsÞ; . . . ;A7ðsÞ and we shall study the analytic con-

tinuation of each of them separately.

For the terms A1ðsÞ and A2ðsÞ, the proof is the same as in Wakayama [13].

For the terms A3ðsÞ;A4ðsÞ;A5ðsÞ and A7ðsÞ as their expression is almost the

same as the ones for l ¼ 0 (the scalar case) the proof of their analytic con-

tinuation does not di¤er in an essential way from the one in [6].

So except for A6ðsÞ, we only report the results of their analytic contin-

uation with respect to s, i.e. their poles and the residues at these poles.

:A1ðsÞ ¼
X
j

n l
j l ĥhsðljÞ

The following lemma is needed to prove the analytic continuation for A1ðsÞ to

the whole complex line C.

Lemma 5.3 (Wallach, [14]). There exist a0 > 0 such that for every a > a0
we have X

p A ĜGðtlÞ

mGðpÞð1þ jpðWÞjÞ�a < y:

W is the Casimir operator of G.

Thanks to the lemma above and Proposition 2, for <s > 2n the series

A1ðsÞ ¼
X
jb1

nl
j PlðljÞ

Hðiðs� nÞ � ljÞ
s� nþ ilj

þHðiðs� nÞ þ ljÞ
s� n� ilj

� �
for <s > 2n;

converge absolutely and uniformly in compact sets disjoint from sGj ¼ nG ilj.
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Hence A1ðsÞ has a meromorphic continuation to the whole complex plane

C with simple poles in sGj .

If sþj 0 s�j , the residues of A1ðsÞ at sGj are nl
j PlðljÞHð0Þ.

If sþj ¼ s�j , the residues of A1ðsÞ at sGj are 2nl
j PlðljÞHð0Þ.

When PlðljÞ ¼ 0, we interpret that there is no pole at s ¼ nþ ilj.

:A2ðsÞ ¼ �volðGnGÞ½ZG �lgsðeÞ;

where lgsðeÞ ¼ 1
2p

Ð
R
PlðnÞ

Hðiðs�nÞþnÞ
s�n�in

mlðnÞdn, by shifting to the complex plane and

using rectangular contour, we apply residue theorem to get

lgsðeÞ ¼ i
X
kb0

Hðiðs� nÞ þ rkÞ
s� n� irk

PlðrkÞdk for <s > 2n:

Hence A2ðsÞ can be continued meromorphically to C with simple poles at

sk ¼ nþ irk ðkb 0; k A ZÞ and has the residues �iHð0ÞPlðrkÞdk at sk.

Where the numbers rk ðrk ¼ iak; ak b 1Þ are the poles in the upper half

plane of the Plancherel measure mlðnÞ ¼ ½clðnÞ � clð�nÞ��1 and dk the residues of

ml at rk (for a detailed expression for rk and dk see Wakayama [13]).

:A3ðsÞ ¼ � 1

2
ðr� tr Mlð0ÞÞPlð0Þ

Hðiðs� nÞÞ
s� n

for <s > 2n:

The right side defines a meromorphic continuation of A3ðsÞ with simple poles at

s ¼ n with residue � 1
2 ððr� tr Mlð0ÞÞPlð0ÞHð0Þ.

:A4ðsÞ ¼ 0:

A4ðsÞ ¼ k1

ðþy

�y
l ĥhsðnÞdn ¼ lhsðeÞ ¼ 0:

:A5ðsÞ ¼
r

2p

ðþy

�y
l ĥhsðnÞ

G 0ð1þ inÞ
Gð1þ inÞ dn;

shifting again to the complex plane and applying the residue theorem we pick

residues of the function G 0ð1þinÞ
Gð1þinÞ in the upper half plane to get

A5ðsÞ ¼ �r
X
kb1

PlðikÞ
Hðiðs� nþ kÞÞ

s� nþ k
for <s > 2n:

The series in the right hand side defines a meromorphic continuation for

A5ðsÞ to C with simple poles at the points s ¼ n� k, kb 1 with residues

�rPlðikÞHð0Þ.

:A7ðsÞ ¼ � 1

4p

ðþy

�y
l ĥhsðnÞ

c 0
l ðinÞ

clðinÞ
dn

where clðnÞ ¼ det MlðnÞ.

Khadija Ayaz334



The function cl can be written as a ratio of two entire functions P;Q both

of finite order and have no zeros in common. Let fqkgkb1 be the zeroes of order

bk of Q where only a finite number fq1; . . . qjg lies in <ðsÞ > 0. Then we have

A7ðsÞ ¼
X

kb jþ1

bkPlðiqkÞ
Hðiðs� n� qkÞÞ

s� n� qk
for <s > 2n:

The series on the right converges absolutely, uniformly in compact sets disjoint

from fnþ qk; k > j þ 1g and defines a meromorphic continuation of the left

side to all of C.

The poles of A7ðsÞ thus continued are simple and are at the points

fnþ qk=kb l þ 1g. The residue at the pole nþ qk is bkPlðiqkÞHð0Þ.

5.3 Discussion of the term A6ðsÞ ¼
Ðþy
�y l ĥhsðnÞJlðnÞdn

Our aim in this subsection is to show that A6ðsÞ ¼ 0 for <s > 2n (and then

we extend the particular case when l ¼ 0 and n odd considered by R. Gangolli

and G. Warner in [Ga]).

A6ðsÞ ¼
ðþy

�y
PlðnÞ

Hðiðs� nÞ � nÞ
s� nþ in

þHðiðs� nÞ þ nÞ
s� n� in

� �
JlðnÞdn

¼ 2

ðþy

�y
PlðnÞ

Hðiðs� nÞ þ nÞ
s� n� in

JlðnÞdn;

where

JlðnÞ ¼
ðy
0

G1;3
3;3 �sinh2 t

1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

�����
!
Dnþl cosðntÞdt:

 
Hence, by using the expression for DN cosðntÞ we get

JlðnÞ ¼ ð�1Þnþl n
2ðn2 þ 1Þ . . . ðn2 þ ðl þ n� 1Þ2Þ
1� 3� � � � � ð2l þ 2n� 1Þ

�
ðy
0

G1;3
3;3 �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !
Y2lþ2nþ1
n ðtÞdt;

also with the help of the growth estimate for the spherical function Y
:

n , there

exists M > 0 integer and a constant cM > 0 such that

jJlðnÞja cM
n2ðn2 þ 1Þ . . . ðn2 þ ðl þ n� 1Þ2Þ

1� 3� � � � � ð2l þ 2n� 1Þ � ð1þ n2ÞM

�
ðy
0

G
1;3
3;3 �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !
e�ðlþnÞtð1þ t2ÞMdt;
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where the integral
Ðy
0 G1;3

3;3 �sinh2 t

����� 1þ l 1þ lþn
2

1þlþn
2

l þ n
2 l þ n

2 þ 1
2

1
2

 !
e�ðlþnÞtð1þ t2ÞMdt

is convergent.

Hence jJlðnÞja c 0M
n2ðn2þ1Þ...ðn2þðlþn�1Þ2Þ

1�3�����ð2lþ2n�1Þ � ð1þ n2ÞM .

Now let T > 0, by using Cauchy’s theorem on the contour consisting of

the semi circle of radius T centered at 0 we haveðþT

�T

PlðnÞ
Hðiðs� nÞ þ nÞ

s� n� in
JlðnÞdn ¼

ð
WT

PlðnÞ
Hðiðs� nÞ þ nÞ

s� n� in
JlðnÞdn;

WT is the semi-circle traversed positively of length T .

Using Lemma 1 as well as the growth estimate for JlðnÞ; we haveÐ
WðGÞ PlðnÞHðiðs�nÞþnÞ

s�n�in
JlðnÞdn

��� ��� ¼ OðjT j�NÞ, where N is an integer that we choose

at will. Letting T ! y, we see that A6ðsÞ ¼ 0 for <s > 2n.

As seen in [6], the manifold GnG=K has the homotopy type of a compact

manifold M and volðGnGÞ is a rational multiple of the Euler characteristic E of

M. Also looking at the expression of idk (cf [13]), we see that these numbers

are rational with dominator depending only on ðG;KÞ not on k and l. Hence

there exist a Positive integer k such that i volðGnGÞdk ¼ ek
E
k
, ek integers. We

put Hð0Þ ¼ k.

Proposition 5.2. We summarize the informations about the poles of ~zzGl in

the following table:

poles residues

s ¼ nG ilj
s ¼ n

s ¼ n� k

s ¼ 0

s ¼ 2n

s ¼ nþ irk
s ¼ nþ qk

knl
j PlðljÞ

2knl
j Plð0Þ � 1

2 kðr� tr Mlð0ÞÞPlð0Þ
� 1

2 kðr� tr Mlð0ÞÞPlð0Þ
�rkPlðikÞ
kPlðinÞð1� rÞ
kPlðinÞ
�ek½ZG �EPlðrkÞ
kbkPlðiqkÞ

jb 1; lj 0 0

jb 1; lj ¼ 0

lj 0 0; jb 1

kb 1; k0 n

kb 1

kb j þ 1

5.4 Functional equation

We set

flðtÞ ¼ k volðGnGÞPlðitÞmlðitÞ;

~yylðsÞ ¼ ~zzlðsÞ � rk
G 0ð1þ s� nÞ
Gð1þ s� nÞ Plðiðn� sÞÞ þ

Xj

k¼1

k
bk

ðs� n� qkÞ
Plðiðs� nÞÞ;
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glðsÞ ¼ ~yylðsÞ þ ~yylð2n� sÞ þ flðs� nÞ � k
c 0
l ðn� sÞ

clðn� sÞ Plðiðn� sÞÞ:

Then we have:

~yylðsÞ ~yylð2n� sÞ

poles residues poles residues

s ¼ nG ilj
s ¼ n

s ¼ n; lj ¼ 0

s ¼ 0; 2n

s ¼ nþ irk
s ¼ nþ qk;

kb 1

knl
j PlðljÞ

�1
2 kðr� tr Mlð0ÞÞPlð0Þ
2knl

j Plð0Þ
� 1

2 kðr� tr Mlð0ÞÞPlð0Þ
kPlðinÞ
�ek½ZG �EPlðrkÞ
kbkPlðiqkÞ

nG ilj
n

n; lj ¼ 0

0; 2n

n� irk
n� qk

�knl
j PlðljÞ

1
2 kðr� tr Mlð0ÞÞPlð0Þ
�2knl

j Plð0Þ
þ 1

2 kðr� tr Mlð0ÞÞPlð0Þ
�kPlðinÞ
ek½ZG �EPlðrkÞ
�kbkPlðiqkÞ

The function ~yylðsÞ þ ~yylð2n� sÞ has simple poles in fnG irk; nG qkg with

residues respectively HekEPlðrkÞ and GkbkPlðiqkÞ.
The poles of flðtÞ are in s ¼ nG irk with residuesGekEPlðrkÞ and the poles

of
c 0
l ðn�sÞ
cl ðn�sÞ are in s ¼ nG qk with residues Gbk.

Hence the function glðsÞ ¼ ~yylðsÞ þ ~yylð2n� sÞ þ flðs� nÞ � k
c 0
l ðn�sÞ
clðn�sÞ �

Plðiðn� sÞÞ is an entire function.

Proposition 5.3.

~yylðsÞ þ ~yylð2n� sÞ þ flðs� nÞ � k
c 0
l ðn� sÞ

clðn� sÞ Plðiðn� sÞÞ

¼ �4pkk1Plðiðn� sÞÞ � 4pkk2Plðiðn� sÞÞJlðsÞ:

where k1; k2 and Jl are as defined in the former section.

Proof. First we perform the change of variable s ¼ nþ iz ðz ¼ iðn� sÞÞ,
the condition <s > 2n is equivalent to =z < �n and we keep the notations
~yylðzÞ ¼ ~yylðnþ izÞ, flðzÞ ¼ flðnþ izÞ and

c 0
l

cl
ðzÞ ¼ c 0

l

cl
ðnþ izÞ. Then

~yylðzÞ ¼ kPlðzÞ
X
g ACGs

lðgÞ jðgÞ�1
cðaðgÞÞ expð�izlðgÞÞ

� k
G 0ð1þ izÞ
Gð1þ izÞ PlðzÞ þ

Xj

k¼1

k
bk

ðiz� qkÞ
PlðzÞ:

The above sum is absolutely and uniformly convergent in =z < �n� d

ðd > 0Þ. Also, we have
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~yylðzÞ ¼ �i
X
lj AQl

nl
j PlðljÞ

Hð�z� ljÞ
zþ lj

þHð�zþ ljÞ
z� lj

� �

� volðGnGÞ½ZG �
X
kb0

Hð�zþ rkÞ
z� rk

PlðrkÞdk

� 1

2
Plð0Þðr� tr Mlð0ÞÞ

Hð�zÞ
iz

þ
X
kb0

bkPlðiqkÞ
Hð�z� iqkÞ

iz� qk
:

Let fix e > 0 and let b be an even holomorphic function that is rapidly

decreasing in the strip z=j=zja 2
p
� 1

� �
nþ 2e

n o
. We consider the rectangular

contour Ox in the complex z-plane with vertices GxG iy and sides Eþ
x ;B

þ
x ;E

�
x ;

B�
x y ¼ 2

p
� 1

� �
nþ e; x > 0; x A Ql

� �
. By applying the residue theorem to the

function ~yylðzÞbðzÞ (bðzÞ is holomorphic) we getð
Ox

bðzÞ~yylðzÞdz ¼ 2pi

�
�ik

X
nj AQlVOx

nl
j PlðljÞðbðljÞ þ bð�ljÞÞ

þ iE½ZG �
X

rkað2=p�1Þn
bðrkÞek þ

i

2
kðr� tr Mlð0ÞÞPlð0Þbð0Þ

� ik
X

kb1; jqk jað2=p�1Þn
bkPlðiqkÞbðiqkÞ

�
:

Put Oy ¼ limx!y Ox. Thenð
Oy

bðzÞ~yylðzÞdz ¼ 4pk
X
lj AQl

nl
j PlðljÞbðljÞ þ �2pE½ZG �

X
rkað2=p�1Þn

ekPlðrkÞbðrkÞð1Þ

� pkðr� tr Mlð0ÞÞPlð0Þbð0Þ þ 2pk
X

kb1; jqk jað2=p�1Þn
bkPlðiqkÞbðiqkÞ:

On the other hand the evenness of b and the relation ~yylðzÞ � ~yylð�zÞ ¼
2~yylðzÞ þ flðizÞ � k

c 0
l ð�izÞ
clð�izÞ PlðzÞ � glðzÞ givesð

Ox

bðzÞ~yylðzÞdz ¼
ð
Bþ
x

bðzÞ~yylðzÞdzþ
ð
B�
x

bðzÞ~yylðzÞdz

þ
ð
Eþ
x

bðzÞ~yylðzÞdzþ
ð
E�
x

bðzÞ~yylðzÞdz

¼ 2

ð
B�
x

bðzÞ~yylðzÞdz� k

ð
B�
x

bðzÞc
0
l ð�izÞ

clð�izÞ PlðzÞdzþ
ð
B�
x

bðzÞflðizÞdz

�
ð
B�
x

bðzÞglðzÞdzþ Iþx þ I�x ;

where IGx ¼
Ð
EG
x
bðrÞ~yylðrÞdr.
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We let x ! y, limx!y I xG ¼ 0 and we put Ly ¼ limx!yf�x� iy;�xþ iyg
(the complex line f�x� iy; x� iyg when x ! y) to obtainð

Oy

bðzÞ~yylðzÞdz ¼ 2

ð
L�y

bðzÞ~yylðzÞdzþ
ð
L�y

bðzÞflðizÞdzð2Þ

� k

ð
L�y

bðzÞc
0
l ð�izÞ

clð�izÞ PlðzÞdz�
ð
L�y

bðzÞglðzÞdz:

Also

1

2p

ð
L�y

bðzÞ~yylðzÞdr

¼ k
X
g ACGs

wlðgÞ jðgÞ
�1
lðgÞcðaðgÞÞ 1

2p

ð
L�y

bðzÞPlðzÞ expð�izlðgÞÞdz

� k
r

2p

ð
L�y

bðzÞG
0ð1þ izÞ

Gð1þ izÞ PlðzÞdzþ k
Xj

k¼0

bkPlðiqkÞbðiqkÞ:

If we put blðrÞ ¼ PlðrÞbðrÞ, we can check that bl A CpðCðGÞ; tlÞ and it follows

that there exists a function f A CpðG; tlÞ such that

Flð f Þ ¼ bl and
1

2p

ð
L�y

bðzÞPlðzÞ expð�izlðgÞÞdr ¼ Alð f ÞðlðgÞÞ:

Since flðizÞ is a tempered function and b is rapidly decreasing we use again the

residue theorem to get

1

2p

ð
L�y

bðzÞflðizÞdz ¼
1

2p

ð
R

bðzÞflðizÞdz� E½ZG �
X

jrk jað2=p�1Þn
bðrkÞekPlðrkÞ

¼ 2k volðGnGÞ½ZG � f ðeÞ � E½ZG �
X

jrk jað2=p�1Þn
bðrkÞekPlðrkÞ:

Also, we have

�k

ð
Ly

blðzÞ
c 0
l ð�izÞ

clð�izÞ dz ¼ k

ðþy

�y
blðzÞ

c 0
l ðizÞ

clðizÞ
dz

þ 2pk
X

kbjþ1; jqk jað2=p�1Þn
bkblðiqkÞ � 2pk

Xj

j¼1

bkblðiqkÞ:

After substituting, we compare (1) and (2) to obtain
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1

4kp

ðþy

�y
bðzÞglðzÞdz ¼ ½ZG � volðGnGÞ f ðeÞ þ

X
g ACGs

lðgÞ jðgÞ�1
cðaðgÞÞAlð f ÞðlðgÞÞ

�
X
nj AQl

nl
j blðljÞÞ þ

1

4
ðr� tr Mlð0ÞÞblð0Þ

þ 1

4p

ðþy

�y
blðzÞ

c 0
l ðizÞ

clðizÞ
dz� r

2p

ðþy

�y

G 0ð1þ izÞ
Gð1þ izÞ blðzÞdz:

Now by applying the trace formula to the function f , we see that

1

4kp

ðþy

�y
bðzÞglðzÞdz ¼ �k1

ðþy

�y
blðzÞdz� k2

ðþy

�y
blðzÞJlðzÞdz:

Since blðzÞ can be varied over a wide class of functions, we see that glðzÞ ¼
�4pk1kPlðzÞ � 4pk2kPlðzÞJlðzÞ for z real and as the involved functions are

entire the claim of Proposition 4 is proved.

Now we put z0l ðsÞ ¼ ~zzlðsÞðPlðiðs� nÞÞÞ�1, y0l ðsÞ ¼ ~yylðsÞðPlðiðs� nÞÞÞ�1, and

f0
l ðsÞ ¼ �flðs� nÞðPlðiðs� nÞÞÞ�1 ¼ �k volðGnGÞmlðiðs� nÞÞ. Suppose that

jlj > n, then we have Plðiðs� nÞÞ ¼
Qm

j¼1f�ðs� nÞ2 þ j2g~eel ð jÞ. Then

z0l ; y
0
l ðsÞ and f0

l ðsÞ might have additional simple poles at s ¼ nG j

ð j A f1; . . . ;mgÞ.
Let rGl ð jÞ ¼ Ress¼nGj z

0
l ðsÞ. The functional equation

y0l ðsÞ þ y0l ð2n� sÞ ¼ f0
l ðsÞ þ k

c 0
l

cl

ðn� sÞ � 4pkk1 � 4pkk2JlðsÞ;

gives rþl ð jÞ � r�l ð jÞ ¼ dlð jÞ þ kalð jÞ where dlð jÞ ¼ Ress¼nþ j f
0
l ðsÞ and alð jÞ ¼

Ress¼nþ j
c 0
l

cl
ðn� sÞ.

We further put

FlðsÞ ¼
Xm
j¼1

rþl ð jÞ
s� n� j

þ r�l ð jÞ
s� nþ j

� �~eel ð jÞ
;

GlðsÞ ¼
Xm
j¼1

dlð jÞ
s� n� j

� dlð jÞ
s� nþ j

� �~eel ð jÞ
;

AlðsÞ ¼
Xm
j¼1

alð jÞ
s� n� j

� alð jÞ
s� nþ j

� �~eelð jÞ
;

zlðsÞ ¼ ~zz0l ðsÞ � FlðsÞ, ylðsÞ ¼ ~yy0
l ðsÞ � FlðsÞ, flðsÞ ¼ fo

l ðsÞ � GlðsÞ and
c 0
l

cl
ðsÞ ¼

c 0
l

cl
ðsÞ � AlðsÞ.

If we replace k by 4k we have the following proposition.
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Proposition 5.4. zlðsÞ is a meromorphic function with simple poles and

integer residues. The spectral poles of zlðsÞ are located at s ¼ nG ilj with

residues 4knl
j . Also there exists a series of other poles given in the following

table:

Poles residues

s ¼ n

s ¼ nþ irk
s ¼ nþ qk
n� k

�2kðr� tr Mlð0ÞÞ
�4E½ZG �ek ¼ 4i volðGnGÞ½ZG �dk
4kbk; kb j þ 1

�4kr; kb 1

Also we have the following functional equation.

ylðsÞ þ ylð2n� sÞ ¼ flðsÞ þ 4k
c

0
l ðn� sÞ

clðn� sÞ
þ k 0

1 þ k 0
2JlðsÞ:

Remark 5.2. We see that the functions zGl ðsÞ ðylðsÞÞ have only simples

poles with integer residues. Hence we can find meromorphic functions ZG
l ðsÞ

ðWlðsÞÞ defined up to a scalar such that

d

ds
ðlog ZG

l ðsÞÞ ¼ zGl ðsÞ and
d

ds
ðlog WlðsÞÞ ¼ ylðsÞ;

where

WlðsÞ ¼ ZGðsÞ � Gð1þ s� nÞ�4rk �
Yj
k¼1

ðs� n� qkÞ4kbk :

Now, let us denote by m0 the even positive integer �2kðr� tr Mlð0ÞÞ. As

ZG
l is defined up to a multiplicative constant, we normalize it by requiring that

lims!nðs� nÞ�m0ZG
l ðsÞ ¼ 1, which fixes ZG

l completely and we call it Selberg

zeta function associated to ðG;G ; tlÞ.
As an immediate consequence, we have

Lemma 5.4. The following functional equation holds for Wl :

Wlð2n� sÞ ¼ WlðsÞclðn� sÞ4k � exp

ð s�n

0

flðtÞdtþ k 0
1

ð s
n

JlðtÞdtþ k 0
2ðs� nÞ

� 	
:

In the following theorem we summarize all properties of the Selberg zeta

function ZG
l :

Theorem 5.2. 1) ZG
l is a meromorphic function having no poles in <s > 2n

and it has the following functional equation
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ZG
l ð2n� sÞ ¼ ZG

l ðsÞ �
Gð1� sþ nÞ
Gð1þ s� nÞ

� �4k
� ½clðn� sÞ�4k �

Yj
k¼1

s� n� qk

n� s� qk

� �4kbk
� exp

ð s�n

0

flðtÞdtþ k 0
1

ð s
n

JlðtÞdtþ k 0
2ðs� nÞ

� 	
:

2) Let Sl ¼ flj j the tl -spherical representation U l;lj occurs in L2
discðGnGÞg.

ZG
l has spectral zeros at s ¼ nG ilj , ðlj A Sl ; lj 0 0Þ with order 4knl

j .

These zeroes determine the location of lj corresponding to the tl-

spherical representation U l;lj occurring in L2
discðGnGÞ.

There is also a spectral zero of order 4k at 2n.

3) There are also a series of topological poles or zeroes (depending on the

sign of idk) of ZG
l at fnþ irk=kb 1g with order j4ekEj½ZG �, where

frk; kb 1g are the poles of the Harish-Chandra measure clðrÞ�1
clð�rÞ�1

in =rb 0 and dk their order.

4) n may be a pole or a zero of ZG
l depending on the sign of the related

residue:

If lj ¼ 0 A Sl, its order is j8knl
j � 2kðr� tr Mlð0ÞÞj.

If lj ¼ 0 B Sl, its order is j2kðr� tr Mlð0ÞÞj.
5) s ¼ 0 is a zero (resp. pole) of order j4ðk� e0EÞj of ZG

l when

4ðk� e0EÞ is positive (resp. negative).

6) ZG
l has poles at the points fn� k; k A Zg of order 4kr.

7) ZG
l has zeroes of order 4kbk at the points fnþ qk=kb j þ 1g. Where

qk; kb j þ 1 are the poles of the function clðsÞ ¼ det MlðsÞ lying in

<ðsÞ < 0 and bk their order.

8) If we put flðsÞ ¼ exp½
Ð s
n
ð�FlðzÞÞdz� ðFlðsÞ ¼

Pm
j¼1

rþ
l
ð jÞ

s�n� j
þ r�

l
ð jÞ

s�nþ j

n o
Þ for

<s > 2n. Since the residues rGl ð jÞ at the poles z ¼ nG j ð1a jamÞ
of the meromorphic function FlðzÞ need not be integers, flðsÞ is well

defined only in: Cnð�y; 0�. Therefore we take and fix a particular

path in the half plane <s > 2n, when the above integral is interpreted

as a contour integral. With these, the function ZG
l has the following

miscellaneous formula

ZG
l ðsÞ ¼ CflðsÞ

Y
d APrimG

Y
l AL

½1� tlðaðdÞÞ�1x�1
l ðaðdÞÞ�1 expð�slðdÞÞ�4kml :

Here, C is some constant determined by our normalization of ZG
l , PrimG

is the set of primitive hyperbolic conjugacy classes, L is the semi-Lattice

of linear forms in a�
C of the form

P t
i¼1 miai , ai A Pþ and mi being

non-negative integers. For l A L, ml is the number of distinct t-tuples

ðm1; . . . ;mtÞ of non-negative integers such that l ¼
P t

i¼1 miai and xl is

the character of a corresponding to l.
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