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Abstract. We study one of multidimensional inverse scattering problems for quantum

systems in a constant electric field, by utilization of the Enss-Weder time-dependent

method. The main purpose of this paper is to propose some methods of sharpening

key estimates in the analysis, which are much simpler than those in the previous works.

Our methods give an appropriate class of short-range potentials which can be deter-

mined uniquely by scattering operators, that seems natural in terms of direct scattering

problems.

1. Introduction

In this paper, we consider one of inverse scattering problems for quantum

systems in a constant electric field E A Rn, by applying the Enss-Weder time-

dependent method. Throughout this paper, we assume that nb 2, and sup-

pose E ¼ e1 ¼ ð1; 0; . . . ; 0Þ. The Hamiltonian H under consideration is given

by

H ¼ H0 þ V ; H0 ¼ p2=2� E � x ¼ p2=2� x1; ð1:1Þ

acting on L2ðRnÞ, where x ¼ ðx1; x2; . . . ; xnÞ ¼ ðx1; x?Þ A Rn and p ¼ �i‘ ¼
ðp1; p2; . . . ; pnÞ ¼ ðp1; p?Þ. We suppose that the potential V is the multiplica-

tion operator by the real-valued time-independent function VðxÞ. H0 is called

the free Stark Hamiltonian, and H is called a Stark Hamiltonian. It is well-

known that H0 is essentially self-adjoint on SðRnÞ (see e.g. Avron-Herbst [5]).

The self-adjoint realization of H0 is also denoted by H0. Under a certain

appropriate condition on V , the self-adjointness of H can be guaranteed. As

is well-known, if V satisfies a short-range condition under the Stark e¤ect that

jVðxÞjaChxi�g0 holds for some g0 > 1=2, then the wave operators

WG ¼ s-lim
t!Gy

eitHe�itH0 ð1:2Þ

The first author is partially supported by the Grant-in-Aid for Scientific Research (C) #17K05319

from JSPS.

2020 Mathematics Subject Classification. Primary 81U40; Secondary 47A40.

Key words and phrases. Stark e¤ect, inverse scattering, Enss-Weder time-dependent method.



exist (see e.g. [5]). Here hxi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
. Then the scattering operator

S ¼ SðVÞ is defined by

S ¼ ðW þÞ�W �: ð1:3Þ

Roughly speaking, we are interested in the widest class of short-range potentials

which can be determined uniquely by scattering operators. In this paper, via

the Enss-Weder time-dependent method (see Enss-Weder [8]), we will give a

certain appropriate class of short-range potentials which may not necessarily

be the widest one but be very close to it, and is natural also in terms of direct

scattering problems.

In order to state our results precisely, we make some preparations: We

assume that VðxÞ is represented as a sum of a very short-range part V vsðxÞ, a
short-range part V sðxÞ and a long-range part V lðxÞ under the Stark e¤ect:

VðxÞ ¼ V vsðxÞ þ V sðxÞ þ V lðxÞ: ð1:4Þ

We say that V vs A Vvs if V vsðxÞ is a real-valued time-independent function

and is decomposed into a sum of a singular part V vs
1 ðxÞ and a regular part

V vs
2 ðxÞ, and V vs

1 is compactly supported and belongs to Lq0ðRnÞ, where q0
satisfies that q0 > n=2 and q0 b 2, and V vs

2 A C0ðRnÞ is bounded in Rn and

satisfies ðy
0

kV vs
2 ðxÞFðjxjbRÞkBðL2ÞdR < y: ð1:5Þ

Here FðjxjbRÞ is the characteristic function of fx A Rn j jxjbRg. This con-

dition yields ðy
0

kV vsðxÞF ðjxjbRÞð1þ K0Þ�1kBðL2ÞdR < y; ð1:6Þ

where

K0 ¼ p2=2 ¼ �D=2 ð1:7Þ

is the free Schrödinger operator. As is well-known, this is equivalent toðy
0

kV vsðxÞð1þ K0Þ�1
FðjxjbRÞkBðL2ÞdR < y ð1:8Þ

(see e.g. Reed-Simon [15]). Under the condition (1.8), the wave operators

WG ¼ s-lim
t!Gy

eitKe�itK0 ð1:9Þ

exist, and are asymptotically complete (see e.g. Enss [6]). Here K ¼ K0 þ V vs

is a Schrödinger operator with a short-range potential V vs. Then the
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scattering operator S ¼ SðV vsÞ is defined by

S ¼ ðWþÞ�W�: ð1:10Þ

By virtue of the results of [8], we know that the following holds: Let

V1;V2 A Vvs. If SðV1Þ ¼ SðV2Þ, then V1 ¼ V2.

We say that V s A Vsð~gg0; ~gg1Þ with ~gg0 b 1=2 and ~gg1 b 1 if V sðxÞ is a real-

valued time-independent function, belongs to C 1ðRnÞ and satisfies

jðqbV sÞðxÞjaCbhxi
�gjbj ; jbja 1; ð1:11Þ

with some g0, g1 such that ~gg0 < g0 a 1 and ~gg1 < g1 a 1þ g0. In Weder [17]

and Adachi-Maehara [3], g0 and g1 were represented as g and 1þ a, respec-

tively. However, in this paper, we will use the above notation for the sake

of clarification of our theory. If K is equal to K0 þ V vs þ V s, then WG in (1.9)

do not exist generally, because of the long-range condition g0 a 1 for K0. On

the other hand, when H is equal to H0 þ V vs þ V s, by virtue of the short-range

condition g0 > 1=2 for H0, it can be shown that WG in (1.2) exist, and are

asymptotically complete (see e.g. Herbst [11] and Yajima [19]). Hence, we can

introduce S in (1.3) instead of S in (1.10), as the scattering operator. Thus

we mainly consider the case where ~gg0 ¼ 1=2. We note that if a < b, then

Vsð~gg0; bÞ � V sð~gg0; aÞ. The condition g1 > 1 is necessary for introducing the

v-dependent Graf-type modifier M s
G; vðtÞ ¼ e�i

Ð t
0
V sðvsþe1s

2=2Þds, which was first

introduced in [3]. Hence we assume ~gg1 b 1 beforehand.

Finally we say that V l A V l
Dð~ggD;0Þ with ~ggD;0 b 1=4 if V lðxÞ is a real-valued

time-independent function, belongs to C2ðRnÞ and satisfies

jðqbV lÞðxÞjaCbhxi
�gD�jbj=2; jbja 2; ð1:12Þ

with some gD such that ~ggD;0 < gDa1=2. If H is equal to H0 þV vs þV s þV l,

then WG in (1.2) do not exist generally, because of the long-range condition

gD a 1=2 for H0. However, by virtue of the condition gD > 1=4, the Dollard-

type modified wave operators

WG
D ¼ s-lim

t!Gy
eitHe�itH0e�i

Ð t
0
V lðpsþe1s

2=2Þds ð1:13Þ

exist, and are asymptotically complete (see e.g. Jensen-Yajima [13], White [18]

and Adachi-Tamura [4]). V l
Dð~ggD;0Þ’s are classes of long-range potentials which

are appropriate for the introduction of WG
D .

We first consider the short-range case, that is, the case where V l ¼ 0.

As mentioned above, then WG in (1.2) exist, and S ¼ SðVÞ in (1.3) can be

defined. The following result is one of those which we will report on in this

paper:
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Theorem 1.1. Let V1;V2 A Vvs þVsð1=2; 5=4Þ. If SðV1Þ ¼ SðV2Þ, then
V1 ¼ V2.

Theorem 1.1 was first proved by Weder [17] for Vvs þVsð3=4; 1Þ. How-

ever, the short-range parts V s’s with 1=2 < g0 a 3=4 cannot be treated by

the argument of [17] unfortunately. Later Nicoleau [14] proved this theorem

under the condition that the short-range parts V s’s belong to CyðRnÞ and

satisfy

jðqbV sÞðxÞjaCbhxi
�g0�jbj ð1:14Þ

with some g0 > 1=2, and the additional condition nb 3. [14] is the first work

which treated the case where 1=2 < g0 a 3=4 and suggested that the possible

threshold with respect to ~gg0 is equal to 1=2. Here we note that g1 ¼ 1þ g0
is supposed in [14]. After that, Adachi-Maehara [3] proved this theorem for

Vvs þV sð1=2; 3=2Þ under the condition not nb 3 but nb 2 (see also Adachi-

Kamada-Kazuno-Toratani [2] as for the case where time-dependent electric

fields are decaying in jtj, and Valencia-Weder [16] as for the many body case in

a constant electric field). In [3], for the sake of relaxing the smoothness con-

dition on V s’s, the v-dependent Graf-type modifier M s
G; vðtÞ ¼ e�i

Ð t
0
V sðvsþe1s

2=2Þds

was introduced instead of the Dollard-type modifier e�i
Ð t
0
V sðp?sþe1s

2=2Þds which

was utilized in [14]. Hence, how small ~gg1 of Vsð1=2; ~gg1Þ in Theorem 1.1 can

be taken has become a problem to be studied. In Adachi-Fujiwara-Ishida [1],

which treated also the case where the electric fields are time-dependent, ~gg1 was

taken as ð15�
ffiffiffiffiffi
17

p
Þ=8, which is greater than 5=4, by improving the estimates

in a series of lemmas obtained in [3]. And, recently Ishida [12] stated that ~gg1
could be taken as 1. In the direct scattering theory under the Stark e¤ect, we

often suppose that smooth short-range potentials V s’s satisfy

jðqbV sÞðxÞjaCbhxi
�g0�jbj=2 ð1:15Þ

with some g0 > 1=2 (see e.g. [13], [18] and [4]). From this viewpoint, one can

expect that the possible threshold with respect to ~gg1 is equal to 1=2þ 1=2 ¼ 1.

But, since in [12] some misapplications of the Hölder inequality were made

on key points in the argument unfortunately (for the detail, see Remark 2.1 in

§ 2), it seems di‰cult to say that the results of [12] were obtained rigorously.

Nevertheless, [12] does include a nice device for improving the results obtained

in the previous works. In this paper, we utilize the device due to [12] as well

as our methods which sharpen the estimates in a series of useful lemmas in

obtaining the main results. By virtue of these, ~gg1 in Theorem 1.1 can be taken

as 5=4 at most.

We next consider the long-range case, that is, the case where V l 0 0.

As mentioned above, since ~ggD;0 b 1=4, if V l A V l
Dð~ggD;0Þ, then the Dollard-type
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modified wave operators WG
D exist, and the Dollard-type modified scattering

operator SD ¼ SDðV l;V vs þ V sÞ ¼ SDðV l;V � V lÞ is defined by

SD ¼ ðWþ
D Þ�W�

D : ð1:16Þ

Then we also obtain the following result:

Theorem 1.2. Suppose that V l A V l
Dð3=8Þ is given. Let V1;V2 A Vvs þ

Vsð1=2; 5=4Þ. If SDðV l;V1Þ ¼ SDðV l;V2Þ, then V1 ¼ V2. Moreover, any one

of the Dollard-type modified scattering operators SD determines uniquely the total

potential V.

Theorem 1.2 was first proved by [3] for Vvs þVsð1=2; 3=2Þ under the

condition that V l belongs to C2ðRnÞ and satisfies

jðqbV lÞðxÞjaCbhxi
�gD�mjbj; jbja 2 ð1:17Þ

with 0 < gD a 1=2 and 1� gD < ma 1 (see also [2] as for the case where time-

dependent electric fields are decaying in jtj, and [16] as for the many body

case in a constant electric field). The condition 1� gD < m, that is, gD þ m > 1

yields the existence of the Graf-type modified wave operators

WG
G ¼ s-lim

t!Gy
eitHe�itH0e�i

Ð t
0
V lðe1s2=2Þds ð1:18Þ

(see Zorbas [20] and Graf [9]) as well as the Dollard-type wave operators WG
D

without the additional condition gD > 1=4. For V l A V l
Dð~ggD;0Þ, WG

G do not

exist generally because gD þ 1=2a1. Hence, the case where V l A V l
Dð~ggD;0Þ was

not treated in [3]. Later Theorem 1.2 was proved by [1] for Vvs þVsð1=2; ~gg1Þ
with ~gg1 ¼ ð29�

ffiffiffiffiffi
41

p
Þ=16, which is greater than ð15�

ffiffiffiffiffi
17

p
Þ=8, under the as-

sumption that V l A V l
Dð3=8Þ, which is the same as the one in our Theorem 1.2.

And, recently [12] stated ~gg1 could be taken as 1, but, as mentioned above, it

seems di‰cult to say that the results of [12] were obtained rigorously. We

report that also in Theorem 1.2, ~gg1 can be taken as 5=4 at most.

Now we will consider the case where ~gg1 is smaller than 5=4, in particular,

~gg1 ¼ 1, which was considered in [12]. To this end, we need the C2-regularity

of V s’s, which is stronger than the C1-regularity of V s’s imposed in Theorems

1.1 and 1.2. We will introduce the following subclasses of Vsð1=2; ~gg1Þ:
We say that V s A ~VVsð1=2; ~gg1; ~gg2Þ with ~gg1 b 1 and ~gg2 b 1 if V sðxÞ is a real-

valued time-independent function, belongs to C 2ðRnÞ and satisfies

jðqbV sÞðxÞjaCbhxi
�gjbj ; jbja 2; ð1:19Þ

with some g0, g1, g2 such that ~gg0 ¼ 1=2 < g0 a 1, ~gg1 < g1 a g0 þ 1 and ~gg2 < g2 a

g1 þ 1. Since we need the condition g2 > 1 in our analysis (see § 4), we assume

~gg2 b 1 beforehand.
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Now we will state that Theorems 1.1 and 1.2 with replacing Vsð1=2; 5=4Þ
by ~VVsð1=2; 1; 5=4Þ also hold:

Theorem 1.3. Let V1;V2 A Vvs þ ~VV sð1=2; 1; 5=4Þ. If SðV1Þ ¼ SðV2Þ,
then V1 ¼ V2.

Theorem 1.4. Suppose that V l A V l
Dð3=8Þ is given. Let V1;V2 A Vvs þ

~VVsð1=2; 1; 5=4Þ. If SDðV l;V1Þ ¼ SDðV l;V2Þ, then V1 ¼ V2. Moreover, any

one of the Dollard-type modified scattering operators SD determines uniquely the

total potential V.

In their proofs, the Dollard-type modifier M s
DðtÞ ¼ e�i

Ð t
0
V sðpsþe1s

2=2Þds, which

is slightly di¤erent from e�i
Ð t
0
V sðp?sþe1s

2=2Þds introduced in [14], will be sub-

stituted for the v-dependent Graf-type modifier M s
G; vðtÞ ¼ e�i

Ð t
0
V sðvsþe1s

2=2Þds used

in the proofs of Theorems 1.1 and 1.2. M s
DðtÞ has an advantage over M s

G; vðtÞ
for V s of C2 by virtue of the Baker-Campbell-Hausdor¤ formula, although it

may not necessarily do so for V s of only C1. We will report on it in this

paper.

The plan of this paper is as follows: In § 2, we consider the case

where V s A Vsð1=2; 5=4Þ and V l ¼ 0. In § 3, we consider the case where

V s A Vsð1=2; 5=4Þ and V l 0 0. In § 4, we consider the case where V s A
~VVsð1=2; 1; 5=4Þ.

In the following sections, k � k and ð� ; �Þ stand for the L2-norm and the

L2-inner product, respectively, for the sake of brevity.

2. The case where V s A Vsð1=2; 5=4Þ and V l ¼ 0

Throughout this section, we suppose V l ¼ 0. The main purpose of this

section is showing the following reconstruction formula, which yields Theorem

1.1.

Theorem 2.1. Let v̂v A Rn be given such that jv̂vj ¼ 1 and jv̂v � e1j < 1. Put

v ¼ jvjv̂v. Let h > 0 be given, and F0;C0 A L2ðRnÞ be such that F̂F0; ĈC0 A
Cy

0 ðRnÞ with supp F̂F0; supp ĈC0 � fx A Rn j jxj < hg. Put Fv ¼ eiv�xF0 and

Cv ¼ eiv�xC0. Let V vs A Vvs and V s A Vsð1=2; 5=4Þ. Then the following holds:

lim
jvj!y

jvjði½S; pj�Fv;CvÞ

¼
ðy
�y

½ðV vsðxþ v̂vtÞpjF0;C0Þ � ðV vsðxþ v̂vtÞF0; pjC0Þ

þ iððqjV sÞðxþ v̂vtÞF0;C0Þ�dt ð2:1Þ

for 1a ja n.

324 Tadayoshi Adachi and Yuta Tsujii



We will make preparations for the proof of Theorem 2.1. We first need

the following proposition due to Enss [7] (see Proposition 2.10 of [7]):

Proposition 2.2. For any f A Cy
0 ðRnÞ with supp f � fx A Rn j jxj < hg for

some h > 0, and any l A N , there exists a constant Cl dependent on f only such

that

kFðx A M 0Þe�itK0 f ðp� vÞF ðx A MÞkBðL2Þ aClð1þ rþ jtjÞ�l ð2:2Þ

for v A Rn, t A R and measurable sets M, M 0 with the property that r ¼
distðM 0;Mþ vtÞ � hjtjb 0. Here Fðx A MÞ stands for the characteristic func-

tion of M.

The following lemma was already obtained in [17] (see also [3]):

Lemma 2.3. Let v and Fv be as in Theorem 2.1. Then

ðy
�y

kV vsðxÞe�itH0Fvkdt ¼ Oðjvj�1Þ ð2:3Þ

holds as jvj ! y for V vs A Vvs.

In the proof of this lemma, the estimate of jvtþ e1t
2=2j plays an im-

portant role. Here we recall the argument about the estimate of jvtþ e1t
2=2j

in [3]: Put d ¼ jv̂v � e1j < 1. jvtþ e1t
2=2j2 ¼ jvj2t2 þ t4=4þ v � e1t3 can be esti-

mated as

jvtþ e1t
2=2j2 b jvj2jtj2 þ jtj4=4� djvj jtj3

¼ jtj2ðjtj � 2djvjÞ2=4þ ð1� d2Þjvj2jtj2

b ð1� d2Þjvj2jtj2: ð2:4Þ

(2.4) is used in the proof of Lemma 2.3. Here we note that

jvtþ e1t
2=2j2 b jtj2ðdjtj � 2jvjÞ2=4þ ð1� d2Þjtj4=4

b ð1� d2Þjtj4=4 ð2:5Þ

can be also obtained. Based on the above estimates, we conclude that

jvtþ e1t
2=2jbmaxf

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p
jvj jtj; ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p
=2Þjtj2g ð2:6Þ

holds.

The following lemma is an improvement of Lemma 2.2 of [3] and Lemma

3.4 with m ¼ 0 of [1]. This is one of the keys in this section. Here we note
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that the class Vsð1=2; 1Þ of short-range potentials considered in Lemmas 2.4

and 2.5 is wider than the class V sð1=2; 5=4Þ supposed in Theorem 2.1:

Lemma 2.4. Let v and Fv be as in Theorem 2.1, and e > 0. Thenðy
�y

kfV sðxÞ � V sðvtþ e1t
2=2Þge�itH0Fvkdt ¼ Oðjvjmaxf�1;�2ðg1�1ÞþegÞ ð2:7Þ

holds as jvj ! y for V s A V sð1=2; 1Þ.

Proof. For the sake of brevity, we put

I ¼ kfV sðxÞ � V sðvtþ e1t
2=2Þge�itH0Fvk:

By virtue of the Avron-Herbst formula

e�itH0 ¼ e�it3=6eitx1e�ip1t
2=2e�itK0 ð2:8Þ

(see e.g. [5]) and

e�iv�xe�itK0eiv�x ¼ e�iv2t=2e�ip�vte�itK0 ; ð2:9Þ

we have

V sðxÞe�itH0Fv

¼ ðe�it3=6eitx1e�ip1t
2=2ÞV sðxþ e1t

2=2Þe�itK0Fv

¼ ðe�it3=6eitx1e�ip1t
2=2Þeiv�xðe�iv2t=2e�ip�vtÞV sðxþ vtþ e1t

2=2Þe�itK0F0:

Such a relation has been used also in the proof of Lemma 2.3, which is omitted

in this paper. Then I can be written as

I ¼ kfV sðxþ vtþ e1t
2=2Þ � V sðvtþ e1t

2=2Þge�itK0F0k:

Taking f A Cy
0 ðRnÞ such that 0a f a 1, f F̂F0 ¼ F̂F0 and supp f � fx A Rn j

jxj < hg, we see that F0 ¼ f ðpÞF0. Now let us take g A Cy
0 ðRnÞ such that

0a ga 1, gðyÞ ¼ 1 ðjyja 3Þ and gðyÞ ¼ 0 ðjyjb 4Þ, and introduce

~VV s
jvj; tðxÞ ¼ V sðxþ vtþ e1t

2=2Þgððl1jvjhtiÞ�1
xÞ;

where l1 > 0 is a small constant which will be determined below. In the

definition of ~VV s
jvj; tðxÞ, taking ðl1jvjhtiÞ�1

x as the argument of g, which was

taken as ðl1jvj jtjÞ�1
x in [3], is one of our devices, and by virtue of this, we

can eliminate the singularity of ~VV s
jvj; tðxÞ and its derivatives at t ¼ 0. Since

~VV s
jvj; tð0Þ ¼ V sðvtþ e1t

2=2Þ and F0 ¼ f ðpÞF0, we have

I a kV s

jvj; tðxÞe�itK0 f ðpÞF0k þ kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þge�itK0F0k; ð2:10Þ
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where V
s

jvj; tðxÞ ¼ V sðxþ vtþ e1t
2=2Þ � ~VV s

jvj; tðxÞ. As for the first term of the

inequality (2.10), we estimate it in the same way as in [17]:

kV s

jvj; tðxÞe�itK0 f ðpÞF0ka I1 þ I2 þ I3;

where

I1 ¼ kV s

jvj; tðxÞFðjxjb 3l1jvj jtjÞe�itK0 f ðpÞFðjxja l1jvj jtjÞF0k;

I2 ¼ kV s

jvj; tðxÞFðjxjb 3l1jvj jtjÞe�itK0 f ðpÞFðjxj > l1jvj jtjÞF0k;

I3 ¼ kV s

jvj; tðxÞFðjxj < 3l1jvj jtjÞe�itK0 f ðpÞF0k:

As for I1, by virtue of Proposition 2.2 and kV s

jvj; tðxÞkBðL2Þ a kV skLy ,

I1 a kV skLykFðjxjb 3l1jvj jtjÞe�itK0 f ðpÞFðjxja l1jvj jtjÞkBðL2ÞkF0k

aCð1þ l1jvj jtjÞ�2

holds for jvj > h=l1. Here we used 0a 1� ga 1. As for I2, we have

I2 a kV skLykF ðjxj > l1jvj jtjÞhxi�2kBðL2Þkhxi2F0k

aCð1þ l1jvj jtjÞ�2:

As for I3, by virtue of the definition of ~VV s
jvj; tðxÞ, we have I3 ¼ 0, because

f1� gððl1jvjhtiÞ�1
xÞgFðjxj < 3l1jvj jtjÞ1 0. Based on the above observations,

we obtain

ðy
�y

kV s

jvj; tðxÞe�itK0 f ðpÞF0kdtaC

ðy
�y

ð1þ l1jvj jtjÞ�2
dt ¼ Oðjvj�1Þ ð2:11Þ

by an appropriate change of variables. Now we will estimate the second term

of the inequality (2.10) by using the device of [12]. By

~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þ ¼
ð1
0

d

dy
f ~VV s

jvj; tðyxÞgdy ¼
ð1
0

ð‘ ~VV s
jvj; tÞðyxÞdy

� �
� x;

we have

kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þge�itK0F0ka
ð1
0

ð‘ ~VV s
jvj; tÞðyxÞdy

����
����
BðL2Þ

kxe�itK0F0k

a k‘ ~VV s
jvj; tkLykðxþ ptÞF0k

a k‘ ~VV s
jvj; tkLyðkxF0k þ jtj kpF0kÞ:
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Here we used eitK0xe�itK0 ¼ xþ pt. Dealing with kxe�itK0F0k directly with-

out using cut-o¤s is the device of [12]. Now we will watch k‘ ~VV s
jvj; tkLy ,

where

ð‘ ~VV s
jvj; tÞðxÞ ¼ ð‘V sÞðxþ vtþ e1t

2=2Þgððl1jvjhtiÞ�1
xÞ

þ V sðxþ vtþ e1t
2=2Þð‘gÞððl1jvjhtiÞ�1

xÞðl1jvjhtiÞ�1:

For a while, suppose jtjb 1. Then hti ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ t2

p
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 þ t2

p
¼

ffiffiffi
2

p
jtj holds.

Note that x A suppfgð�=ðl1jvjhtiÞÞg satisfies jxja 4l1jvjhti. For such x’s,

jxþ vtþ e1t
2=2j2 ¼ jxþ vtj2 þ t4=4þ t2ðxþ vtÞ � e1

b ðjvtj � jxjÞ2 þ jtj4=4� jtj2ðjx1j þ djvj jtjÞ

b ðjvj jtj � 4l1jvjhtiÞ2 þ jtj4=4� jtj2ð4l1jvjhtiþ djvj jtjÞ

b fð1� 4
ffiffiffi
2

p
l1Þjvj jtjg2 þ jtj4=4� jtj2fð4

ffiffiffi
2

p
l1 þ dÞjvj jtjg

holds. If l1 is so small that 4
ffiffiffi
2

p
l1 a ð1� dÞ=4, then

jxþ vtþ e1t
2=2j2 b ðð3þ dÞ=4Þ2jvj2jtj2 þ jtj4=4� ðð1þ 3dÞ=4Þjvj jtj3

¼ jtj2fjtj � ðð1þ 3dÞ=2Þjvjg2=4þ ðð1� d2Þ=2Þjvj2jtj2

b ðð1� d2Þ=2Þjvj2jtj2

holds (cf. (2.4)). We also have

jxþ vtþ e1t
2=2j2 b jtj2ððð1þ 3dÞ=f2ð3þ dÞgÞjtj � ðð3þ dÞ=4ÞjvjÞ2

þ ð2ð1� d2Þ=ð3þ dÞ2Þjtj4

b ð2ð1� d2Þ=ð3þ dÞ2Þjtj4

(cf. (2.5)). Hence, by taking l1 as ð1� dÞ=ð16
ffiffiffi
2

p
Þ,

jxþ vtþ e1t
2=2jbmaxfc1jvj jtj; c2jtj2g ð2:12Þ

holds for jtjb 1, where c1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� d2Þ

q
=2 and c2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� d2Þ

q
=ð3þ dÞ. The

estimate (2.12) yields

jxþ vtþ e1t
2=2jb ðc1jvj jtjÞnðc2jtj2Þ1�n ¼ cn1c

1�n
2 jvjnjtj2�n ð2:13Þ

for 0a na 1. Throughout this paper, we will frequently use this interpola-

tion estimate on jxþ vtþ e1t
2=2j parameterized by n’s such that 0a na 1 in

our optimization arguments. Taking account of the boundedness of ‘ ~VV s
jvj; t for
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jtj < 1, we see that

k‘ ~VV s
jvj; tkLy aC1ð1þ jvjn1 jtj2�n1Þ�g1 þ C2ð1þ jvjn2 jtj2�n2Þ�g0 jvj�1ð1þ jtjÞ�1

aC 0
1ð1þ jvjn1=ð2�n1ÞjtjÞ�g1ð2�n1Þ þ C 0

2ð1þ jvjn2=ð2�n2ÞjtjÞ�g0ð2�n2Þ

� jvjn2=ð2�n2Þ�1ðjvjn2=ð2�n2Þ þ jvjn2=ð2�n2ÞjtjÞ�1

aC 0
1ð1þ jvjn1=ð2�n1ÞjtjÞ�g1ð2�n1Þ

þ C 0
2jvj

n2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�g0ð2�n2Þ�1 ð2:14Þ

holds for 0a n1; n2 a 1 and jvjb 1. Thenðy
�y

k‘ ~VV s
jvj; tkLykxF0kdt

aC 0
1

ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�g1ð2�n1Þdt

þ C 0
2jvj

n2=ð2�n2Þ�1

ðy
�y

ð1þ jvjn2=ð2�n2ÞjtjÞ�g0ð2�n2Þ�1
dt

¼ Oðjvj�n1=ð2�n1ÞÞ þOðjvjn2=ð2�n2Þ�1�n2=ð2�n2ÞÞ

¼ Oðjvj�n1=ð2�n1ÞÞ þOðjvj�1Þ

can be obtained by an appropriate change of variables under the conditions

�g1ð2� n1Þ < �1 and �g0ð2� n2Þ � 1 < �1, i.e. n1 < 2� 1=g1 and n2 < 2.

Since 2� 1=g1 > 1 and

min
0an1a1

ð�n1=ð2� n1ÞÞ ¼ �1;

we have ðy
�y

k‘ ~VV s
jvj; tkLykxF0kdt ¼ Oðjvj�1Þ ð2:15Þ

by the optimization argument. In the same way,ðy
�y

k‘ ~VV s
jvj; tkLy jtj kpF0kdt

aC 0
3

ðy
�y

ð1þ jvjn3=ð2�n3ÞjtjÞ�g1ð2�n3Þjtjdt

þ C 0
4jvj

n4=ð2�n4Þ�1

ðy
�y

ð1þ jvjn4=ð2�n4ÞjtjÞ�g0ð2�n4Þ�1jtjdt
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¼ Oðjvj�2n3=ð2�n3ÞÞ þOðjvjn4=ð2�n4Þ�1�2n4=ð2�n4ÞÞ

¼ Oðjvj�2n3=ð2�n3ÞÞ þOðjvj�1�n4=ð2�n4ÞÞ

can be obtained by an appropriate change of variables under the conditions

�g1ð2� n3Þ þ 1 < �1 and �g0ð2� n4Þ � 1þ 1 < �1, i.e. n3 < 2� 2=g1 and n4 <

2� 1=g0. Since 0 < 2� 2=g1 a 2� 2=ð1þ g0Þ < 2=3, 0 < 2� 1=g0 a 1,

inf
0an3<2�2=g1

ð�2n3=ð2� n3ÞÞ ¼ �2ðg1 � 1Þ;

inf
0an4<2�1=g0

ð�1� n4=ð2� n4ÞÞ ¼ �2g0;

and �2g0 a�2ðg1 � 1Þ, we haveðy
�y

k‘ ~VV s
jvj; tkLy jtj kpF0kdt ¼ Oðjvj�2ðg1�1ÞþeÞ ð2:16Þ

with e > 0, by the optimization argument. (2.15) and (2.16) yieldðy
�y

kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þge�itK0F0kdt ¼ Oðjvj�1Þ þOðjvj�2ðg1�1ÞþeÞ: ð2:17Þ

Therefore, (2.7) can be shown by (2.11) and (2.17).

Remark 2.1. Taking ðl1jvjhtiÞ�1
x in place of ðl1jvj jtjÞ�1

x as the argu-

ment of g in the definition of ~VV s
jvj; tðxÞ yields the regularity of ð‘ ~VV s

jvj; tÞðxÞ also

at t ¼ 0. Hence, we do not have to divide the integral region R of t into any

v-dependent neighborhood of 0 and its complement (see below) as in [17], [3],

[1], [12] and so on. This fact makes the optimization argument in the above

proof rather simple.

Here we will review the argument in the proof of Proposition 2.4 of [12]

corresponding to our Lemma 2.4: Let 0 < s1 < 1. Taking account ofðy
�y

I dt ¼
ð
jtj<jvj�s1

I dtþ
ð
jtjbjvj�s1

I dt

with I in the proof of our Lemma 2.4, we have only to estimate the two terms

of the right-hand side separately, as mentioned above. I can be estimated as

I a ÎI1 þ ÎI2 þ ÎI3, where ÎIj ’s are defined by replacing V
s

jvj; tðxÞ in the definition of

Ij’s by V̂V s
v; tðxÞ ¼ V sðxþ vtþ e1t

2=2Þ � V sðvtþ e1t
2=2Þ:

ÎI1 ¼ kV̂V s
v; tðxÞF ðjxjb 3l1jvj jtjÞe�itK0 f ðpÞF ðjxja l1jvj jtjÞF0k;

ÎI2 ¼ kV̂V s
v; tðxÞF ðjxjb 3l1jvj jtjÞe�itK0 f ðpÞF ðjxj > l1jvj jtjÞF0k;

ÎI3 ¼ kV̂V s
v; tðxÞF ðjxj < 3l1jvj jtjÞe�itK0 f ðpÞF0k:
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ÎI1 þ ÎI2 aCð1þ l1jvj jtjÞ�2 yieldsð
jtj<jvj�s1

ðÎI1 þ ÎI2Þdt ¼ Oðjvj�1Þ:

On the other hand, ÎI3 aCð1þ l1jvj jtjÞ�g1ð1þ jtjÞ yieldsð
jtj<jvj�s1

ÎI3 dt ¼ Oðjvj�1Þ þ oðjvj�1Þ ¼ Oðjvj�1Þ:

Let 0 < s2 < 1. I can be also estimated as I a ÎI4 þ ÎI5 þ ÎI6, where

ÎI4 ¼ kV̂V s
v; tðxÞF ðjxjb 3jvjs2 jtjÞe�itK0 f ðpÞF ðjxja jvjs2 jtjÞF0k;

ÎI5 ¼ kV̂V s
v; tðxÞF ðjxjb 3jvjs2 jtjÞe�itK0 f ðpÞF ðjxj > jvjs2 jtjÞF0k;

ÎI6 ¼ kV̂V s
v; tðxÞF ðjxj < 3jvjs2 jtjÞe�itK0 f ðpÞF0k:

ÎI4 þ ÎI5 aCð1þ jvjs2 jtjÞ�2 yieldsð
jtjbjvj�s1

ðÎI4 þ ÎI5Þdt ¼ Oðjvjs1�2s2Þ:

Here we suppose that jvj is so large that 4
ffiffiffi
2

p
jvjs2�1

a ð1� dÞ=4 holds. Then

ÎI6 aCð1þ c1jvj jtjÞ�g1ð1þ jtjÞ and ÎI6 aCð1þ c2jtj2Þ�g1ð1þ jtjÞ hold with c1
and c2 in the proof of our Lemma 2.4. These estimates can be obtained

rigorously. In [12], Ishida stated that the Hölder inequality yields the estimate

(2.44) in the proof of Proposition 2.4 of [12]ð
jtjbjvj�s1

ÎI6 dta

ð
jtjbjvj�s1

ÎI
q1
6 dt

 !1=q1 ð
jtjbjvj�s1

ÎI
q2
6 dt

 !1=q2

with q1 > 1 such that 1=q1 þ 1=q2 ¼ 1 (see also (3.46) in the proof of Proposi-

tion 3.8 of [12]). However, an appropriate application of the Hölder inequality

yields a trivial estimateð
jtjbjvj�s1

ÎI6 dta

ð
jtjbjvj�s1

ÎI6 dt

 !1=q1 ð
jtjbjvj�s1

ÎI6 dt

 !1=q2

only, because ÎI6 ¼ ÎI
1=q1
6 � ÎI

1=q2
6 . Therefore we think that the results in Prop-

ositions 2.4 and 3.8 of [12] have not been obtained rigorously yet. Following

our argument, we will use the estimate

ÎI6 aC1ð1þ cn11 c1�n1
2 jvjn1 jtj2�n1Þ�g1 þ C2ð1þ cn21 c1�n2

2 jvjn2 jtj2�n2Þ�g1 jtj

for 0a n1; n2 a 1. As for n1, �g1ð2� n1Þa�g1 < �1 holds; while, as for n2,

we need that n2 satisfies �g1ð2� n2Þ þ 1 < �1, that is, n2 < 2� 2=g1. For the
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sake of simplicity, we assume 2� 2=g1 a 1, that is, g1 a 2. Then we have the

estimateð
jtjbjvj�s1

ÎI6 dt ¼ Oðjvj�n1g1�s1f1�ð2�n1Þg1gÞ þOðjvj�n2g1�s1f2�ð2�n2Þg1gÞ

¼ Oðjvj�s1ð1�2g1Þ�ð1þs1Þn1g1Þ þOðjvj�s1ð2�2g1Þ�ð1þs1Þn2g1Þ:

Taking n1 ¼ 1 and n2 ¼ 2� 2=g1, we obtain a finer estimateð
jtjbjvj�s1

ÎI6 dt ¼ Oðjvj�s1ð1�2g1Þ�ð1þs1Þg1Þ þOðjvj�s1ð2�2g1Þ�ð1þs1Þð2�2=g1Þg1þeÞ

¼ Oðjvj�g1�s1ð1�g1ÞÞ þOðjvj�ð2g1�2ÞþeÞ:

Taking s2 such that s1 � 2s2 ¼ �g1 � s1ð1� g1Þ, that is, s2 ¼
fg1 þ s1ð2� g1Þg=2,ð

jtjbjvj�s1

I dt ¼ Oðjvj�g1�s1ð1�g1ÞÞ þOðjvj�2ðg1�1ÞþeÞ

can be obtained. Since one can take s1 such that �g1 � s1ð1� g1Þa
�ð2g1 � 2Þ þ e, that is, s1 a ð2þ e� g1Þ=ðg1 � 1Þ, we finally obtainð

jtjbjvj�s1

I dt ¼ Oðjvj�2ðg1�1ÞþeÞ;

which yields (2.17) in the proof of our Lemma 2.4.

As in [3], we introduce auxiliary wave operators

Ws;G
G; v ¼ s-lim

t!Gy
eitHU s

G; vðtÞ;

where U s
G; vðtÞ ¼ e�itH0M s

G; vðtÞ and M s
G; vðtÞ ¼ e�i

Ð t
0
V sðvsþe1s

2=2Þds. We know that

Ws;G
G; v ¼ WGI s;GG; v ; I s;GG; v ¼ s-lim

t!Gy
M s

G; vðtÞ

exist, by virtue of (2.5). As emphasized in [3], the v-dependent Graf-type

modifier M s
G; vðtÞ commutes with any operators. This fact will be used fre-

quently. Then the following can be obtained as in [3], so we omit the proof:

Lemma 2.5. Let v and Fv be as in Theorem 2.1, and e > 0. Then

sup
t AR

kðe�itHWs;�
G; v �U s

G; vðtÞÞFvk ¼ Oðjvjmaxf�1;�2ðg1�1ÞþegÞ ð2:18Þ

holds as jvj ! y for V vs A Vvs and V s A Vsð1=2; 1Þ.
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Now we will show Theorem 2.1:

Proof (Proof of Theorem 2.1). Since the proof is quite similar to the one

of Theorem 2.1 of [3], we give its sketch only.

Suppose that V vs A Vvs and V s A Vsð1=2; 5=4Þ. We first note that S is

represented as

S ¼ ðW þÞ�W � ¼ I sG; vðW
s;þ
G; vÞ

�Ws;�
G; v ;

I sG; v ¼ I
s;þ
G; v ðI

s;�
G; v Þ

� ¼ e�i
Ðy
�y

V sðvsþe1s
2=2Þds:

Noting ½S; pj� ¼ ½S � I sG; v; pj � vj�, ðpj � vjÞFv ¼ ðpjF0Þv and

iðS � I sG; vÞFv ¼ I sG; viðW
s;þ
G; v �Ws;�

G; vÞ
�Ws;�

G; vFv

¼ I sG; v

ðy
�y

U s
G; vðtÞ

�
Vte

�itHWs;�
G; vFv dt

with Vt ¼ V vsðxÞ þ V sðxÞ � V sðvtþ e1t
2=2Þ, we have

jvjði½S; pj�Fv;CvÞ ¼ I sG; vfIðvÞ þ RðvÞg

with

IðvÞ ¼ jvj
ðy
�y

½ðVtU
s
G; vðtÞðpjF0Þv;U s

G; vðtÞCvÞ

� ðVtU
s
G; vðtÞFv;U

s
G; vðtÞðpjC0ÞvÞ�dt;

RðvÞ ¼ jvj
ðy
�y

½ððe�itHWs;�
G; v �U s

G; vðtÞÞðpjF0Þv;VtU
s
G; vðtÞCvÞ

� ððe�itHWs;�
G; v �U s

G; vðtÞÞFv;VtU
s
G; vðtÞðpjC0ÞvÞ�dt:

By Lemmas 2.3, 2.4 and 2.5, we have

jRðvÞj ¼ Oðjvj1þ2 maxf�1;�2ðg1�1ÞþegÞ ¼ Oðjvjmaxf�1;5�4g1þ2egÞ: ð2:19Þ

Then we need the condition 5� 4g1 < 0 in order to get limjvj!y RðvÞ ¼ 0,

because one can take e > 0 so small that 5� 4g1 þ 2e < 0. This is equivalent

to g1 > 5=4.

The rest of the proof is the same as in [17] and [3]. So we omit it.

By virtue of Theorem 2.1 and the Plancherel formula associated with the

Radon transform (see Helgason [10]), Theorem 1.1 can be shown in the same

way as in the proof of Theorem 1.2 of [17] (see also [8]). Thus we omit its

proof.
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3. The case where V s A Vsð1=2; 5=4Þ and V l 0 0

The main purpose of this section is showing the following reconstruction

formula, which yields Theorem 1.2. For the sake of brevity, we put

UDðtÞ ¼ e�itH0MDðtÞ; MDðtÞ ¼ e�i
Ð t
0
V lðpsþe1s

2=2Þds: ð3:1Þ

Theorem 3.1. Let v̂v A Rn be given such that jv̂vj ¼ 1 and jv̂v � e1j < 1. Put

v ¼ jvjv̂v. Let h > 0 be given, and F0;C0 A L2ðRnÞ be such that F̂F0; ĈC0 A
Cy

0 ðRnÞ with supp F̂F0; supp ĈC0 � fx A Rn j jxj < hg. Put Fv ¼ eiv�xF0 and Cv ¼
eiv�xC0. Let V vs A Vvs, V s A Vsð1=2; 5=4Þ, and V l A V l

Dð3=8Þ. Then the fol-

lowing holds:

lim
jvj!y

jvjði½SD; pj�Fv;CvÞ �
ðy
�y

iððqjV lÞðxÞUDðtÞFv;UDðtÞCvÞdt
� �

¼
ðy
�y

½ðV vsðxþ v̂vtÞpjF0;C0Þ � ðV vsðxþ v̂vtÞF0; pjC0Þ

þ iððqjV sÞðxþ v̂vtÞF0;C0Þ�dt ð3:2Þ

for 1a ja n.

We first need the following lemma:

Lemma 3.2. Let v and Fv be as in Theorem 3.1, and V l A V l
Dð1=4Þ with

gD < 1=2. Then, for 0a n1; n2; n3 a 1, there exists a positive constant C such

that

khxi2MDðtÞFvk ¼ khxi2MD; vðtÞF0k

aCð1þ jvj�ð2gDþ1Þn1 jtj4�ð2gDþ1Þð2�n1Þ þ jvj�ðgDþ1Þn2 jtj3�ðgDþ1Þð2�n2Þ

þ jvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3ÞÞ ð3:3Þ

holds as jvj ! y, where MD; vðtÞ ¼ e�iv�xMDðtÞeiv�x ¼ e�i
Ð t
0
V lðpsþvsþe1s

2=2Þds.

Proof. First of all, we introduce

~VV l
jvj; tðxÞ ¼ V lðxþ vtþ e1t

2=2Þgððl1jvjhtiÞ�1
xÞ;

by mimicking the definition of ~VV s
jvj; tðxÞ in the proof of Lemma 2.4. Since

supp F̂F0 � fx A Rn j jxj < hg,

MD; vðtÞF0 ¼ e
�i
Ð t
0
~VV l
jvj; sðpsÞdsF0 ð3:4Þ

holds for jvjb h=ð3l1Þ. Since x ¼ i‘p,

e
i
Ð t
0
~VV l
jvj; sðpsÞdsxe�i

Ð t
0
~VV l
jvj; sðpsÞds ¼ xþ

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds ð3:5Þ
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holds. This yields

e
i
Ð t
0
~VV l
jvj; sðpsÞdshxi2e

�i
Ð t
0
~VV l
jvj; sðpsÞds

¼ 1þ xþ
ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �2

¼ hxi2 þ i

ð t
0

s2ðD ~VV l
jvj; sÞðpsÞds

� �
þ 2

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
� x

þ
ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �2
:

Now we will estimate k‘ ~VV l
jvj; tkLy and kD ~VV l

jvj; tkLy . In the same way as in the

proof of Lemma 2.4, for 0a n1; n2; n3; n4; n5 a 1 and jvjb 1,

k‘ ~VV l
jvj; tkLy aC1ð1þ jvjn1=ð2�n1ÞjtjÞ�ðgDþ1=2Þð2�n1Þ

þ C2jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�gDð2�n2Þ�1 ð3:6Þ

and

kD ~VV l
jvj; tkLy aC3ð1þ jvjn3=ð2�n3ÞjtjÞ�ðgDþ1Þð2�n3Þ

þ C4jvjn4=ð2�n4Þ�1ð1þ jvjn4=ð2�n4ÞjtjÞ�ðgDþ1=2Þð2�n4Þ�1

þ C5jvj2n5=ð2�n5Þ�2ð1þ jvjn5=ð2�n5ÞjtjÞ�gDð2�n5Þ�2 ð3:7Þ

can be obtained. By noting 1� ðgD þ 1=2Þð2� n1Þb�2gD > �1 and

1� gDð2� n2Þ � 1b�2gD > �1,

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

����
����
BðL2Þ

aC1

ð jtj
0

sðjvjn1=ð2�n1ÞsÞ�ðgDþ1=2Þð2�n1Þds

þ C2jvjn2=ð2�n2Þ�1

ð jtj
0

sðjvjn2=ð2�n2ÞsÞ�gDð2�n2Þ�1
ds

¼ C 0
1jvj

�ðgDþ1=2Þn1 jtj2�ðgDþ1=2Þð2�n1Þ þ C 0
2jvj

�gDn2�1jtj1�gDð2�n2Þ

¼ C 0
1jvj

1�2gDðjvj�1jtjÞ2�ðgDþ1=2Þð2�n1Þ þ C 0
2jvj

�2gDðjvj�1jtjÞ1�gDð2�n2Þ

can be obtained. Taking account of
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½1� 2gD; 3=2� gD� ¼ f2� ðgD þ 1=2Þð2� n1Þ j 0a n1 a 1g

� ½1� 2gD; 1� gD� ¼ f1� gDð2� n2Þ j 0a n2 a 1g;

we obtain the estimateð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

����
����
BðL2Þ

aC 00
1 jvj

�ðgDþ1=2Þn1 jtj2�ðgDþ1=2Þð2�n1Þ ð3:8Þ

for 0a n1 a 1. By noting 2� ðgD þ 1Þð2� n3Þb�2gD > �1, 2� ðgD þ 1=2Þ �
ð2� n4Þ � 1b�2gD > �1 and 2� gDð2� n5Þ � 2b�2gD > �1,ð t

0

s2ðD ~VV l
jvj; sÞðpsÞds

����
����
BðL2Þ

aC 0
3jvj

�ðgDþ1Þn3 jtj3�ðgDþ1Þð2�n3Þ þ C 0
4jvj

�ðgDþ1=2Þn4�1jtj2�ðgDþ1=2Þð2�n4Þ

þ C 0
5jvj

�gDn5�2jtj1�gDð2�n5Þ

¼ C 0
3jvj

1�2gDðjvj�1jtjÞ3�ðgDþ1Þð2�n3Þ þ C 0
4jvj

�2gDðjvj�1jtjÞ2�ðgDþ1=2Þð2�n4Þ

þ C 0
5jvj

�1�2gDðjvj�1jtjÞ1�gDð2�n5Þ

can be obtained. Taking account of

½1� 2gD; 2� gD� ¼ f3� ðgD þ 1Þð2� n3Þ j 0a n3 a 1g

� ½1� 2gD; 3=2� gD� ¼ f2� ðgD þ 1=2Þð2� n4Þ j 0a n4 a 1g

� ½1� 2gD; 1� gD� ¼ f1� gDð2� n5Þ j 0a n5 a 1g;

we obtain the estimateð t
0

s2ðD ~VV l
jvj; sÞðpsÞds

����
����
BðL2Þ

aC 00
3 jvj

�ðgDþ1Þn3 jtj3�ðgDþ1Þð2�n3Þ ð3:9Þ

for 0a n3 a 1.

Based on the above observations, the lemma can be proved.

Then the following lemma can be shown as in [3].

Lemma 3.3. Let v and Fv be as in Theorem 3.1, and V l A V l
Dð1=4Þ.

Then ðy
�y

kV vsðxÞUDðtÞFvkdt ¼ Oðjvj�1Þ ð3:10Þ

holds as jvj ! y for V vs A Vvs.
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Proof. For the sake of brevity, we put I ¼ kV vsðxÞUDðtÞFvk. For sim-

plicity, we suppose gD < 1=2. Since by virtue of the Avron-Herbst formula

(2.8), I can be written as

I ¼ kV vsðxþ vtþ e1t
2=2Þe�itK0MD; vðtÞF0k

¼ kV vsðxþ vtþ e1t
2=2Þð1þ K0Þ�1

e�itK0 f ðpÞMD; vðtÞð1þ K0ÞF0k;

we estimate this in the same way as in the proof of Lemma 2.3, which is

omitted in this paper (cf. the proof of Lemma 2.4).

kV vsðxÞUDðtÞFvka I1 þ I2 þ I3;

where

I1 ¼ kV vsðxþ vtþ e1t
2=2Þð1þ K0Þ�1

� F ðjxjb 3l1jvj jtjÞe�itK0 f ðpÞF ðjxja l1jvj jtjÞMD; vðtÞð1þ K0ÞF0k;

I2 ¼ kV vsðxþ vtþ e1t
2=2Þð1þ K0Þ�1

� F ðjxjb 3l1jvj jtjÞe�itK0 f ðpÞF ðjxj > l1jvj jtjÞMD; vðtÞð1þ K0ÞF0k

I3 ¼ kV vsðxþ vtþ e1t
2=2Þð1þ K0Þ�1

� F ðjxj < 3l1jvj jtjÞe�itK0 f ðpÞMD; vðtÞð1þ K0ÞF0k:

As for I1, by virtue of Proposition 2.2 and kV vsðxþ vtþ e1t
2=2Þ �

ð1þ K0Þ�1kBðL2Þ ¼ kV vsð1þ K0Þ�1kBðL2Þ,

I1 aCð1þ l1jvj jtjÞ�2

holds for jvj > h=l1, which yieldsðy
�y

I1 dt ¼ Oðjvj�1Þ:

As for I3, by that (2.12) holds for jtjb 1 and jxj < 3l1jvj jtj < 4l1jvjhti, and

(1.8), ðy
�y

I3 dt ¼ Oðjvj�1Þ

can be obtained. As for I2, by virtue of Lemma 3.2,

I2 aCð1þ l1jvj jtjÞ�2ð1þ jvj�ð2gDþ1Þn1 jtj4�ð2gDþ1Þð2�n1Þ

þ jvj�ðgDþ1Þn2 jtj3�ðgDþ1Þð2�n2Þ þ jvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3ÞÞ
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holds for 0a n1; n2; n3 a 1 (cf. I2 in the proof of Lemma 2.3). Therefore,ðy
�y

I2 dt ¼ Oðjvj�1Þ þOðjvj�ð2gDþ1Þn1�f5�ð2gDþ1Þð2�n1ÞgÞ

þOðjvj�ðgDþ1Þn2�f4�ðgDþ1Þð2�n2ÞgÞ

þOðjvj�ðgDþ1=2Þn3�f3�ðgDþ1=2Þð2�n3ÞgÞ

¼ Oðjvj�1Þ þOðjvj�3þ4gD�2ð2gDþ1Þn1Þ þOðjvj�2þ2gD�2ðgDþ1Þn2Þ

þOðjvj�2þ2gD�2ðgDþ1=2Þn3Þ

can be obtained by an appropriate change of variables under the conditions

�2þ 4� ð2gD þ 1Þð2� n1Þ < �1, �2þ 3� ðgD þ 1Þð2� n2Þ < �1 and �2þ 2�
ðgD þ 1=2Þð2� n3Þ < �1, i.e. n1 < 2� 3=ð2gD þ 1Þ, n2 < 2� 2=ðgD þ 1Þ and n3 <

2� 1=ðgD þ 1=2Þ. Since 0 < 2� 3=ð2gD þ 1Þ < 1=2, 2=5 < 2� 2=ðgD þ 1Þ <
2=3, 2=3 < 2� 1=ðgD þ 1=2Þ < 1, and

inf
0an1<2�3=ð2gDþ1Þ

ð�3þ 4gD � 2ð2gD þ 1Þn1Þ ¼ �1� 4gD;

inf
0an2<2�2=ðgDþ1Þ

ð�2þ 2gD � 2ðgD þ 1Þn2Þ ¼ �2� 2gD;

inf
0an3<2�1=ðgDþ1=2Þ

ð�2þ 2gD � 2ðgD þ 1=2Þn3Þ ¼ �2� 2gD;

we obtain ðy
�y

I2 dt ¼ Oðjvj�1Þ:

Based on the above observations, the lemma can be proved.

The following lemma can be also proved in the same way as in the proof

of Lemmas 2.4 and 3.3.

Lemma 3.4. Let v and Fv be as in Theorem 3.1, e > 0, and V l A V l
Dð1=4Þ.

Thenðy
�y

kfV sðxÞ � V sðvtþ e1t
2=2ÞgUDðtÞFvkdt ¼ Oðjvjmaxf�1;�2ðg1�1ÞþegÞ ð3:11Þ

holds as jvj ! y for V s A V sð1=2; 1Þ.

Proof. Since the proof is quite similar to the proof of Lemma

2.4, we sketch it: For the sake of brevity, we put I ¼ kfV sðxÞ �
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V sðvtþ e1t
2=2ÞgUDðtÞFvk. For simplicity, we suppose gD < 1=2. As in the

proof of Lemma 2.4, we estimate I as

I ¼ kfV sðxþ vtþ e1t
2=2Þ � V sðvtþ e1t

2=2Þge�itK0MD; vðtÞF0k

a kV s

jvj; tðxÞe�itK0 f ðpÞMD; vðtÞF0k

þ kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þge�itK0MD; vðtÞF0k: ð3:12Þ

Here we used MD; vðtÞF0 ¼ f ðpÞMD; vðtÞF0. As for the first term of the

inequality (3.12), we estimate it as

kV s

jvj; tðxÞe�itK0 f ðpÞMD; vðtÞF0ka I1 þ I2 þ I3;

where

I1 ¼ kV s

jvj; tðxÞFðjxjb 3l1jvj jtjÞe�itK0 f ðpÞFðjxja l1jvj jtjÞMD; vðtÞF0k;

I2 ¼ kV s

jvj; tðxÞFðjxjb 3l1jvj jtjÞe�itK0 f ðpÞFðjxj > l1jvj jtjÞMD; vðtÞF0k;

I3 ¼ kV s

jvj; tðxÞFðjxj < 3l1jvj jtjÞe�itK0 f ðpÞMD; vðtÞF0k:

As for I1, by virtue of Proposition 2.2,

I1 aCð1þ l1jvj jtjÞ�2

holds for jvj > h=l1. As for I2, by virtue of Lemma 3.2,

I2 aCð1þ l1jvj jtjÞ�2ð1þ jvj�ð2gDþ1Þn1 jtj4�ð2gDþ1Þð2�n1Þ

þ jvj�ðgDþ1Þn2 jtj3�ðgDþ1Þð2�n2Þ þ jvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3ÞÞ

holds. As for I3, by the definition of ~VV s
jvj; tðxÞ, I3 ¼ 0 holds. Combining these

estimates with the results in the proof of Lemma 3.3, we obtainðy
�y

kV s

jvj; tðxÞe�itK0 f ðpÞMD; vðtÞF0kdt ¼ Oðjvj�1Þ: ð3:13Þ

As for the second term of the inequality (3.12), in the same way as in the proof

of Lemma 2.4, we see that

kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tð0Þge�itK0MD; vðtÞF0k

a k‘ ~VV s
jvj; tkLykðxþ ptÞMD; vðtÞF0k

a k‘ ~VV s
jvj; tkLy kxF0k þ

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����þ jtj kpF0k

� �
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holds. Here we used (3.4) and (3.5). As for the estimates ofðy
�y

k‘ ~VV s
jvj; tkLykxF0kdt;

ðy
�y

k‘ ~VV s
jvj; tkLy jtj kpF0kdt;

we already obtained (2.15) and (2.16) in the proof of Lemma 2.4. Hence, we

have only to estimateðy
�y

k‘ ~VV s
jvj; tkLy

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����dt:

To this end, we consider

~II1 ¼
ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�g1ð2�n1Þjvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3Þdt

¼ Oðjvj�ðgDþ1=2Þn3�f3�ðgDþ1=2Þð2�n3Þgn1=ð2�n1ÞÞ;

~II2 ¼
ðy
�y

jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�g0ð2�n2Þ�1

� jvj�ðgDþ1=2Þn4 jtj2�ðgDþ1=2Þð2�n4Þdt

¼ Oðjvjn2=ð2�n2Þ�1�ðgDþ1=2Þn4�f3�ðgDþ1=2Þð2�n4Þgn2=ð2�n2ÞÞ

¼ Oðjvj�1�ðgDþ1=2Þn4�f2�ðgDþ1=2Þð2�n4Þgn2=ð2�n2ÞÞ;

which can be obtained by an appropriate change of variables under the con-

ditions �g1ð2� n1Þ þ 2� ðgD þ 1=2Þð2� n3Þ < �1 and �g0ð2� n2Þ � 1þ 2�
ðgD þ 1=2Þð2� n4Þ < �1, i.e. g1n1 þ ðgD þ 1=2Þn3 < 2fðg1 � 1Þ þ gDg and g0n2 þ
ðgD þ 1=2Þn4 < 2ðg0 þ gDÞ � 1. Noting

g1 þ ðgD þ 1=2Þ � 2fðg1 � 1Þ þ gDg ¼ 5=2� g1 � gD > 3=2� g0 � 1=2b 0

by g0 a 1, g1 a 1þ g0 and gD < 1=2, we see

fg1n1 þ ðgD þ 1=2Þn3 j 0a n1; n3 a 1g � ½0; 2fðg1 � 1Þ þ gDg�:

We also note that for n1 and n3 such that g1n1 þ ðgD þ 1=2Þn3 ¼
2fðg1 � 1Þ þ gDg,

�ðgD þ 1=2Þn3 � f3� ðgD þ 1=2Þð2� n3Þgn1=ð2� n1Þ

¼ �ðgD þ 1=2Þn3 � f2� 2gD þ ðgD þ 1=2Þn3g

� 2fðg1 � 1Þ þ gDg � ðgD þ 1=2Þn3
2g1 � 2fðg1 � 1Þ þ gDg þ ðgD þ 1=2Þn3

¼ �2fðg1 � 1Þ þ gDg
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holds. This yields

inf
n1; n3

ð�ðgD þ 1=2Þn3 � f3� ðgD þ 1=2Þð2� n3Þgn1=ð2� n1ÞÞ

¼ �2fðg1 � 1Þ þ gDg: ð3:14Þ

Noting

g0 þ ðgD þ 1=2Þ � f2ðg0 þ gDÞ � 1g ¼ 3=2� g0 � gD > 0

by g0 a 1 and gD < 1=2, we see

fg0n2 þ ðgD þ 1=2Þn4 j 0a n2; n4 a 1g � ½0; 2ðg0 þ gDÞ � 1�:

We also note that for n2 and n4 such that g0n2 þ ðgD þ 1=2Þn4 ¼ 2ðg0 þ gDÞ � 1,

�1� ðgD þ 1=2Þn4 � f2� ðgD þ 1=2Þð2� n4Þgn2=ð2� n2Þ

¼ �1� ðgD þ 1=2Þn4 � f1� 2gD þ ðgD þ 1=2Þn4g

� f2ðg0 þ gDÞ � 1g � ðgD þ 1=2Þn4
2g0 � f2ðg0 þ gDÞ � 1g þ ðgD þ 1=2Þn4

¼ �1� f2ðg0 þ gDÞ � 1g ¼ �2ðg0 þ gDÞ

holds. This yields

inf
n2; n4

ð�1� ðgD þ 1=2Þn4 � f2� ðgD þ 1=2Þð2� n4Þgn2=ð2� n2ÞÞ

¼ �2ðg0 þ gDÞ: ð3:15Þ

(3.14), (3.15) and �2ðg0 þ gDÞa�2fðg1 � 1Þ þ gDg implyðy
�y

k‘ ~VV s
jvj; tkLy

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����dt ¼ Oðjvj�2fðg1�1ÞþgDgþeÞ ð3:16Þ

with e > 0.

By (3.13), (2.15), (2.16) and (3.16), we obtain (3.11).

The following lemma is the key in this section.

Lemma 3.5. Let v and Fv be as in Theorem 3.1, e > 0, and V l A V l
Dð1=4Þ.

Then ðy
�y

kfV lðxÞ � V lðpt� e1t
2=2ÞgUDðtÞFvkdt ¼ Oðjvj�ð4gD�1ÞþeÞ ð3:17Þ

holds as jvj ! y.
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Proof. For the sake of brevity, we put

I ¼ kfV lðxÞ � V lðpt� e1t
2=2ÞgUDðtÞFvk:

For simplicity, we suppose gD < 1=2. We first note that by virtue of the

Avron-Herbst formula (2.8),

e�itH0 i
d

dt
ðMDðtÞÞ ¼ e�itH0V lðptþ e1t

2=2ÞMDðtÞ

¼ V lððp� e1tÞtþ e1t
2=2Þe�itH0MDðtÞ

¼ V lðpt� e1t
2=2ÞUDðtÞ ð3:18Þ

holds. In the same way as in the proof of Lemma 3.4, I can be written as

I ¼ kfV lðxþ e1t
2=2Þ � V lðptþ e1t

2=2Þge�itK0MDðtÞFvk

¼ kfV lðxþ vtþ e1t
2=2Þ � V lðptþ vtþ e1t

2=2Þge�itK0MD; vðtÞF0k:

Now we will deal with this by using ~VV l
jvj; tðxÞ which is introduced in the proof of

Lemma 3.2, and mimicking the argument in the proof of Lemma 3.4. Hence,

we estimate it as

I ¼ kfV lðxþ vtþ e1t
2=2Þ � ~VV l

jvj; tðptÞge�itK0MD; vðtÞF0k

a kV l

jvj; tðxÞe�itK0 f ðpÞMD; vðtÞF0k

þ kf ~VV l
jvj; tðxÞ � ~VV l

jvj; tðptÞge�itK0MD; vðtÞF0k ð3:19Þ

for jvjb h=ð3l1Þ, where V
l

jvj; tðxÞ ¼ V lðxþ vtþ e1t
2=2Þ � ~VV l

jvj; tðxÞ. As for the

first term of the inequality (3.19), in the same way as in the proof of Lemma

3.4, ðy
�y

kV l

jvj; tðxÞe�itK0 f ðpÞMD; vðtÞF0kdt ¼ Oðjvj�1Þ ð3:20Þ

can be obtained, because I3 ¼ 0 also in the long-range case. As for the second

term of the inequality (3.19), we first note that by virtue of the Baker-

Campbell-Hausdor¤ formula, ~VV l
jvj; tðxÞ � ~VV l

jvj; tðptÞ can be written as

~VV l
jvj; tðxÞ � ~VV l

jvj; tðptÞ ¼
ð1
0

ð‘ ~VV l
jvj; tÞðyxþ ð1� yÞptÞdy

� �
� ðx� ptÞ

þ i

2

ð1
0

tðD ~VV l
jvj; tÞðyxþ ð1� yÞptÞdy: ð3:21Þ

By virtue of this, we see that
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kf ~VV l
jvj; tðxÞ � ~VV l

jvj; tðptÞge�itK0MD; vðtÞF0k

a

ð1
0

ð‘ ~VV l
jvj; tÞðyxþ ð1� yÞptÞdy

����
����
BðL2Þ

kðx� ptÞe�itK0MD; vðtÞF0k

þ i

2

ð1
0

tðD ~VV l
jvj; tÞðyxþ ð1� yÞptÞdy

����
����
BðL2Þ

ke�itK0MD; vðtÞF0k

a k‘ ~VV l
jvj; tkLykxMD; vðtÞF0k þ

1

2
jtj kD ~VV l

jvj; tkLykF0k

a k‘ ~VV l
jvj; tkLy kxF0k þ

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����

� �

þ 1

2
jtj kD ~VV l

jvj; tkLykF0k

holds. Here we used eitK0ðx� ptÞe�itK0 ¼ x, (3.4) and (3.5). In order to

estimate ðy
�y

k‘ ~VV l
jvj; tkLykxF0kdt;

we consider

~II1;1 ¼
ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�ðgDþ1=2Þð2�n1Þdt ¼ Oðjvj�n1=ð2�n1ÞÞ;

~II1;2 ¼
ðy
�y

jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�gDð2�n2Þ�1
dt

¼ Oðjvjn2=ð2�n2Þ�1�n2=ð2�n2ÞÞ ¼ Oðjvj�1Þ

by (3.6), which can be obtained by an appropriate change of variables under

the conditions �ðgD þ 1=2Þð2� n1Þ < �1 and �gDð2� n2Þ � 1 < �1, i.e. n1 <

2� 1=ðgD þ 1=2Þ and n2 < 2. Since 2=3 < 2� 1=ðgD þ 1=2Þ < 1,

inf
0an1<2�1=ðgDþ1=2Þ

ð�n1=ð2� n1ÞÞ ¼ �2gD;

and �2gD > �1, we obtainðy
�y

k‘ ~VV l
jvj; tkLykxF0kdt ¼ Oðjvj�2gDþeÞ ð3:22Þ

with e > 0. In order to estimateðy
�y

k‘ ~VV l
jvj; tkLy

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����dt;
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we consider

~II2;1 ¼
ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�ðgDþ1=2Þð2�n1Þjvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3Þdt

¼ Oðjvj�ðgDþ1=2Þn3�f3�ðgDþ1=2Þð2�n3Þgn1=ð2�n1ÞÞ;

~II2;2 ¼
ðy
�y

jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�gDð2�n2Þ�1

� jvj�ðgDþ1=2Þn4 jtj2�ðgDþ1=2Þð2�n4Þdt

¼ Oðjvjn2=ð2�n2Þ�1�ðgDþ1=2Þn4�f3�ðgDþ1=2Þð2�n4Þgn2=ð2�n2ÞÞ

¼ Oðjvj�1�ðgDþ1=2Þn4�f2�ðgDþ1=2Þð2�n4Þgn2=ð2�n2ÞÞ

by (3.6) and (3.8), which can be obtained under the conditions �ðgD þ 1=2Þ �
ð2� n1Þ þ 2� ðgD þ 1=2Þð2� n3Þ < �1 and �gDð2� n2Þ � 1þ 2� ðgD þ 1=2Þ �
ð2� n4Þ < �1, i.e. ðgD þ 1=2Þðn1 þ n3Þ < 4gD � 1 and gDn2 þ ðgD þ 1=2Þn4 <
4gD � 1. Noting

2ðgD þ 1=2Þ � ð4gD � 1Þ ¼ 2� 2gD > 1 > 0

by gD < 1=2, we see

fðgD þ 1=2Þðn1 þ n3Þ j 0a n1; n3 a 1g � ½0; 4gD � 1�:

We also note that for n1 and n3 such that ðgD þ 1=2Þðn1 þ n3Þ ¼ 4gD � 1,

�ðgD þ 1=2Þn3 � f3� ðgD þ 1=2Þð2� n3Þgn1=ð2� n1Þ

¼ �ðgD þ 1=2Þn3 � f2� 2gD þ ðgD þ 1=2Þn3g

� ð4gD � 1Þ � ðgD þ 1=2Þn3
2ðgD þ 1=2Þ � ð4gD � 1Þ þ ðgD þ 1=2Þn3

¼ �ð4gD � 1Þ

holds. This yields

inf
n1; n3

ð�ðgD þ 1=2Þn3 � f3� ðgD þ 1=2Þð2� n3Þgn1=ð2� n1ÞÞ

¼ �ð4gD � 1Þ: ð3:23Þ

Noting

gD þ ðgD þ 1=2Þ � ð4gD � 1Þ ¼ 3=2� 2gD > 1=2 > 0
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by gD < 1=2, we see

fgDn2 þ ðgD þ 1=2Þn4 j 0a n2; n4 a 1g � ½0; 4gD � 1�:

We also note that for n2 and n4 such that gDn2 þ ðgD þ 1=2Þn4 ¼ 4gD � 1,

�1� ðgD þ 1=2Þn4 � f2� ðgD þ 1=2Þð2� n4Þgn2=ð2� n2Þ

¼ �1� ðgD þ 1=2Þn4 � f1� 2gD þ ðgD þ 1=2Þn4g

� ð4gD � 1Þ � ðgD þ 1=2Þn4
2gD � ð4gD � 1Þ þ ðgD þ 1=2Þn4

¼ �1� ð4gD � 1Þ ¼ �4gD

holds. This yields

inf
n2; n4

ð�1� ðgD þ 1=2Þn4 � f2� ðgD þ 1=2Þð2� n4Þgn2=ð2� n2ÞÞ

¼ �4gD: ð3:24Þ

(3.23) and (3.24) implyðy
�y

k‘ ~VV l
jvj; tkLy

ð t
0

sð‘ ~VV l
jvj; sÞðpsÞds

� �
F0

����
����dt ¼ Oðjvj�ð4gD�1ÞþeÞ ð3:25Þ

with e > 0. In order to estimateðy
�y

jtj kD ~VV l
jvj; tkLykF0kdt;

we consider

~II3;1 ¼
ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�ðgDþ1Þð2�n1Þjtjdt ¼ Oðjvj�2n1=ð2�n1ÞÞ;

~II3;2 ¼
ðy
�y

jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�ðgDþ1=2Þð2�n2Þ�1jtjdt

¼ Oðjvjn2=ð2�n2Þ�1�2n2=ð2�n2ÞÞ ¼ Oðjvj�1�n2=ð2�n2ÞÞ;

~II3;3 ¼
ðy
�y

jvj2n3=ð2�n3Þ�2ð1þ jvjn3=ð2�n3ÞjtjÞ�gDð2�n3Þ�2jtjdt

¼ Oðjvj2n3=ð2�n3Þ�2�2n3=ð2�n3ÞÞ ¼ Oðjvj�2Þ

by (3.7), which can be obtained by an appropriate change of variables under

the conditions �ðgD þ 1Þð2� n1Þ þ 1 < �1, �ðgD þ 1=2Þð2� n2Þ � 1þ 1 < �1
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and �gDð2� n3Þ � 2þ 1 < �1, i.e. n1 < 2� 2=ðgD þ 1Þ, n2 < 2� 1=ðgD þ 1=2Þ
and n3 < 2. Since 2=5 < 2� 2=ðgD þ 1Þ < 2=3, 2=3 < 2� 1=ðgD þ 1=2Þ < 1,

inf
0an1<2�2=ðgDþ1Þ

ð�2n1=ð2� n1ÞÞ ¼ �2gD;

inf
0an2<2�1=ðgDþ1=2Þ

ð�1� n2=ð2� n2ÞÞ ¼ �1� 2gD;

and �2 < �1� 2gD < �2gD, we obtain

ðy
�y

jtj kD ~VV l
jvj; tkLykF0kdt ¼ Oðjvj�2gDþeÞ ð3:26Þ

with e > 0. By (3.20), (3.22), (3.25) and (3.26), we finally obtain (3.17) because

of �1 < �2gD < �ð4gD � 1Þ.

In the same way as in [3], we introduce auxiliary wave operators

Ws;G
D;G; v ¼ s-lim

t!Gy
eitHU s

D;G; vðtÞ;

where U s
D;G; vðtÞ ¼ UDðtÞM s

G; vðtÞ and M s
G; vðtÞ ¼ e�i

Ð t
0
V sðvsþe1s

2=2Þds as in § 2.

Then we see that

Ws;G
D;G; v ¼ WG

D I
s;G
G; v ; I

s;G
G; v ¼ s-lim

t!Gy
M s

G; vðtÞ

exist. Therefore, by Lemmas 3.3, 3.4 and 3.5, the following lemma can be

obtained as Lemma 2.5. Thus we omit the proof.

Lemma 3.6. Let v and Fv be as in Theorem 3.1, and e > 0. Then

sup
t AR

kðe�itHWs;�
D;G; v �U s

D;G; vðtÞÞFvk ¼ Oðjvjmaxf�1;�2ðg1�1Þþe;�ð4gD�1ÞþegÞ ð3:27Þ

holds as jvj ! y for V vs A Vvs, V s A V sð1=2; 1Þ, and V l A V l
Dð1=4Þ.

Now we will show Theorem 3.1:

Proof (Proof of Theorem 3.1). Since the proof is quite similar to the one

of Theorem 2.1, we give its sketch only.

Suppose that V vs A Vvs, V s A Vsð1=2; 5=4Þ and V l A V l
Dð3=8Þ. We first

note that SD is represented as

SD ¼ ðW þ
D Þ�W �

D ¼ I sG; vðW
s;þ
D;G; vÞ

�Ws;�
D;G; v;

I sG; v ¼ I
s;þ
G; v ðI

s;�
G; v Þ

� ¼ e�i
Ðy
�y

V sðvsþe1s
2=2Þds:
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Noting ½SD; pj � ¼ ½SD � I sG; v; pj � vj�, ðpj � vjÞFv ¼ ðpjF0Þv and

iðSD � I sG; vÞFv ¼ I sG; viðW
s;þ
D;G; v �Ws;�

D;G; vÞ
�Ws;�

D;G; vFv

¼ I sG; v

ðy
�y

U s
D;G; vðtÞ

�
VD
t e�itHWs;�

D;G; vFv dt

with

VD
t ¼ V vsðxÞ þ V sðxÞ � V sðvtþ e1t

2=2Þ þ V lðxÞ � V lðpt� e1t
2=2Þ;

we have

jvjði½SD; pj �Fv;CvÞ ¼ I sG; vfI DðvÞ þ RDðvÞg

with

I DðvÞ ¼ jvj
ðy
�y

½ðVD
t U s

D;G; vðtÞðpjF0Þv;U s
D;G; vðtÞCvÞ

� ðVD
t U s

D;G; vðtÞFv;U
s
D;G; vðtÞðpjC0ÞvÞ�dt;

RDðvÞ ¼ jvj
ðy
�y

½ððe�itHWs;�
D;G; v �U s

D;G; vðtÞÞðpjF0Þv;VD
t U s

D;G; vðtÞCvÞ

� ððe�itHWs;�
D;G; v �U s

D;G; vðtÞÞFv;V
D
t U s

D;G; vðtÞðpjC0ÞvÞ�dt:

By Lemmas 3.3, 3.4, 3.5 and 3.6, we have

jRDðvÞj ¼ Oðjvj1þ2 maxf�1;�2ðg1�1Þþe;�ð4gD�1ÞþegÞ

¼ Oðjvjmaxf�1;5�4g1þ2e;3�8gDþ2egÞ: ð3:28Þ

In the same way as in the proof of Theorem 2.1, we need the conditions

5� 4g1 < 0 and 3� 8gD < 0, which are equivalent to g1 > 5=4 and gD > 3=8,

in order to get limjvj!y RDðvÞ ¼ 0.

The rest of the proof is the same as in [17] and [3]. So we omit it.

By virtue of Theorem 3.1, Theorem 1.2 can be shown in the same way as

in the proof of Theorem 1.1. Thus we omit its proof.

4. The case where V s A ~VVsð1=2; 1; 5=4Þ

Throughout this section, we suppose V s A ~VVsð1=2; 1; 1Þ. Then the fol-

lowing reconstruction formulas, which are Theorems 2.1 and 3.1 with replacing

V s A Vsð1=2; 5=4Þ by V s A ~VVsð1=2; 1; 5=4Þ, can be obtained:
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Theorem 4.1. Let the notation in this theorem be the same as in Theorem

2.1. Let V vs A Vvs, V s A ~VVsð1=2; 1; 5=4Þ. Then (2.1) holds for 1a ja n.

Theorem 4.2. Let the notation in this theorem be the same as in Theorem

3.1. Let V vs A Vvs, V s A ~VVsð1=2; 1; 5=4Þ, V l A V l
Dð3=8Þ. Then (3.2) holds for

1a ja n.

In order to prove Theorems 4.1 and 4.2, we will improve a series of

lemmas in § 2 and § 3, for V s A ~VVsð1=2; 1; 1Þ. To this end, we will introduce

U s
DðtÞ ¼ e�itH0M s

DðtÞ; M s
DðtÞ ¼ e�i

Ð t
0
V sðpsþe1s

2=2Þds: ð4:1Þ

In [14], instead of M s
DðtÞ, e�i

Ð t
0
V sðp?sþe1s

2=2Þds was used, as mentioned in § 1.

The Dollard-type modifier M s
DðtÞ seems more appropriate for the problem

considered in this paper than e�i
Ð t
0
V sðp?sþe1s

2=2Þds. We first give the following

lemma:

Lemma 4.3. Let v and Fv be as in Theorem 4.1, and V s A ~VVsð1=2; 1; 1Þ.
If g2 > 3=2, then there exists a positive constant C such that

khxi2M s
DðtÞFvk ¼ khxi2M s

D; vðtÞF0kaC ð4:2Þ

holds as jvj ! y, where M s
D; vðtÞ ¼ e�iv�xM s

DðtÞeiv�x ¼ e�i
Ð t
0
V sðpsþvsþe1s

2=2Þds. On

the other hand, if g2 a 3=2, then, for 0a n1 a 1, there exists a positive constant

C such that

khxi2M s
DðtÞFvk ¼ khxi2M s

D; vðtÞF0kaCð1þ jvj�g2n1 jtj3�g2ð2�n1ÞÞ ð4:3Þ

holds as jvj ! y, where only when g2 ¼ 3=2, we assume n1 0 0 additionally.

Proof. Since the proof is quite similar to the one of Lemma 3.2, we will

sketch it.

We first note that since supp F̂F0 � fx A Rn j jxj < hg,

M s
D; vðtÞF0 ¼ e

�i
Ð t
0
~VV s
jvj; sðpsÞdsF0 ð4:4Þ

holds for jvjb h=ð3l1Þ. Hence, as in the proof of Lemma 3.2,

khxi2M s
D; vðtÞF0k

a khxi2F0k þ
ð t
0

s2ðD ~VV s
jvj; sÞðpsÞds

� �
F0

����
����

þ 2

ð t
0

sð‘ ~VV s
jvj; sÞðpsÞds

� �
� xF0

����
����þ

ð t
0

sð‘ ~VV s
jvj; sÞðpsÞds

� �2
F0

�����
�����

can be obtained. Now we will estimate k‘ ~VV s
jvj; tkLy and kD ~VV s

jvj; tkLy . In

the same way as in the proof of Lemma 3.2, for 0a n1; n2; n3; n4; n5 a 1
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and jvjb 1,

k‘ ~VV s
jvj; tkLy aC 0

1ð1þ jvjn1=ð2�n1ÞjtjÞ�g1ð2�n1Þ

þ C 0
2jvj

n2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�g0ð2�n2Þ�1 ð4:5Þ

and

kD ~VV s
jvj; tkLy aC 0

3ð1þ jvjn3=ð2�n3ÞjtjÞ�g2ð2�n3Þ

þ C 0
4jvj

n4=ð2�n4Þ�1ð1þ jvjn4=ð2�n4ÞjtjÞ�g1ð2�n4Þ�1

þ C 0
5jvj

2n5=ð2�n5Þ�2ð1þ jvjn5=ð2�n5ÞjtjÞ�g0ð2�n5Þ�2 ð4:6Þ

can be obtained (cf. (3.6) and (3.7)). Since �2g1 þ 1 < �1 and �2g0 � 1þ 1 <

�1 by assumption, the estimateð t
0

sð‘ ~VV s
jvj; sÞðpsÞds

����
����
BðL2Þ

aC ð4:7Þ

can be obtained immediately by (4.5) with n1 ¼ n2 ¼ 0. Since �2g1 � 1þ 2 <

�1 and �2g0 � 2þ 2 < �1 by assumption, we see that jtj2 � (the second and

third terms of the right-hand side of (4.6) with n4 ¼ n5 ¼ 0) are integrable in R.

Hence, we have only to watch

~II ¼ C 0
3

ð jtj
0

s2ð1þ jvjn3=ð2�n3ÞsÞ�g2ð2�n3Þds:

If g2 > 3=2, then �2g2 þ 2 < �1 holds, which implies that there exists C > 0

independent of t such that ~II aC holds, by taking n3 ¼ 0. On the other hand,

if g2 a 3=2, then

~II aC 00
3 jvj

�g2n3 jtj3�g2ð2�n3Þ

can be obtained easily, where only when g2 ¼ 3=2, we assume n3 0 0 addi-

tionally.

Based on the above observations, the lemma can be proved.

By virtue of Lemma 4.3, the following lemma can be obtained in the same

way as in the proof of Lemma 3.3.

Lemma 4.4. Let v and Fv be as in Theorem 4.1, and V s A ~VVsð1=2; 1; 1Þ.
Then ðy

�y
kV vsðxÞM s

DðtÞFvkdt ¼ Oðjvj�1Þ ð4:8Þ

holds as jvj ! y for V vs A Vvs.
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Proof. We have only to mention some changes compared to the proof

of Lemma 3.3: We consider the case where g2 < 3=2 only. The estimate I2
in the proof of Lemma 3.3 has to be replaced by

I2 aCð1þ l1jvj jtjÞ�2ð1þ jvj�g2n1 jtj3�g2ð2�n1ÞÞ

for 0a n1 a 1. Thereforeðy
�y

I2 dt ¼ Oðjvj�1Þ þOðjvj�g2n1�f4�g2ð2�n1ÞgÞ

can be obtained by an appropriate change of variables under the condition

�2þ 3� g2ð2� n1Þ < �1, i.e. n1 < 2� 2=g2. Since 0 < 2� 2=g2 < 2=3 and

inf
0an1<2�2=g2

ð�g2n1 � f4� g2ð2� n1ÞgÞ ¼ �2g2;

we obtain ðy
�y

I2 dt ¼ Oðjvj�1Þ:

Based on the above observations, the lemma can be proved.

The following lemma can be obtained as in the proof of Lemma 3.5:

Lemma 4.5. Let v and Fv be as in Theorem 4.1, e > 0, and V s A
~VVsð1=2; 1; 1Þ. Thenðy

�y
kfV sðxÞ � V sðpt� e1t

2=2ÞgU s
DðtÞFvkdt ¼ Oðjvjmaxf�1;�2ðg2�1ÞþegÞ ð4:9Þ

holds as jvj ! y.

Proof. We have only to mention some changes compared to the proof

of Lemma 3.5: We consider the case where g2 < 3=2 only. For the sake of

brevity, we put I ¼ kfV sðxÞ � V sðpt� e1t
2=2ÞgU s

DðtÞFvk. I can be estimated

as

I ¼ kfV sðxþ vtþ e1t
2=2Þ � V sðptþ vtþ e1t

2=2Þge�itK0M s
D; vðtÞF0k

a kV s

jvj; tðxÞe�itK0 f ðpÞM s
D; vðtÞF0k

þ kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tðptÞge�itK0M s
D; vðtÞF0k ð4:10Þ

for jvjb h=ð3l1Þ. As for the first term of the inequality (4.10), the estimateðy
�y

kV s

jvj; tðxÞe�itK0 f ðpÞM s
D; vðtÞF0kdt ¼ Oðjvj�1Þ ð4:11Þ
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can be obtained as in the proof of Lemma 3.5. On the other hand, as for the

second term of the inequality (4.10), we see that

kf ~VV s
jvj; tðxÞ � ~VV s

jvj; tðptÞge�itK0M s
D; vðtÞF0k

a k‘ ~VV s
jvj; tkLy kxF0k þ

ð t
0

sð‘ ~VV s
jvj; sÞðpsÞds

� �
F0

����
����

� �

þ 1

2
jtj kD ~VV s

jvj; tkLykF0k

aC1k‘ ~VV s
jvj; tkLy þ C2jtj kD ~VV s

jvj; tkLy

holds, by virtue of the Baker-Campbell-Hausdor¤ formula. Here we used

(4.7). The estimate ðy
�y

C1k‘ ~VV s
jvj; tkLydt ¼ Oðjvj�1Þ ð4:12Þ

can be obtained in the same way as in the proof of Lemma 2.4 (cf. (2.15)).

In order to estimate ðy
�y

C2jtj kD ~VV s
jvj; tkLydt;

we consider

~II2;1 ¼
ðy
�y

ð1þ jvjn1=ð2�n1ÞjtjÞ�g2ð2�n1Þjtjdt ¼ Oðjvj�2n1=ð2�n1ÞÞ;

~II2;2 ¼
ðy
�y

jvjn2=ð2�n2Þ�1ð1þ jvjn2=ð2�n2ÞjtjÞ�g1ð2�n2Þ�1jtjdt

¼ Oðjvjn2=ð2�n2Þ�1�2n2=ð2�n2ÞÞ ¼ Oðjvj�1�n2=ð2�n2ÞÞ;

~II2;3 ¼
ðy
�y

jvj2n3=ð2�n3Þ�2ð1þ jvjn3=ð2�n3ÞjtjÞ�g0ð2�n3Þ�2jtjdt

¼ Oðjvj2n3=ð2�n3Þ�2�2n3=ð2�n3ÞÞ ¼ Oðjvj�2Þ

by (4.6), which can be obtained by an appropriate change of variables under

the conditions �g2ð2� n1Þþ 1<�1, �g1ð2� n2Þ� 1þ 1< �1 and �g0ð2� n3Þ�
2þ 1 < �1, i.e. n1 < 2� 2=g2, n2 < 2� 1=g1 and n3 < 2. Since 0 < 2� 2=g2 <

2=3, 2� 1=g1 > 1,

inf
0an1<2�2=g2

ð�2n1=ð2� n1ÞÞ ¼ �2ðg2 � 1Þ;
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and �2ðg2 � 1Þ > �1, we haveðy
�y

jtj kD ~VV s
jvj; tkLykF0kdt ¼ Oðjvj�2ðg2�1ÞþeÞ ð4:13Þ

with e > 0. By (4.11), (4.12) and (4.13), (4.9) can be obtained.

By modifying the argument in [14], we introduce auxiliary wave operators

Ws;G
D ¼ s-lim

t!Gy
eitHU s

DðtÞ

with H ¼ H0 þ V vs þ V s. Then we see that

Ws;G
D ¼ WGI

s;G
D ; I

s;G
D ¼ s-lim

t!Gy
M s

DðtÞ ¼ e�i
ÐGy
0

V sðpsþe1s
2=2Þds

exist. Therefore, by Lemmas 4.4 and 4.5, the following lemma can be

obtained as an improvement of Lemma 2.5. Thus we omit the proof.

Lemma 4.6. Let v and Fv be as in Theorem 4.1 and e > 0. Then

sup
t AR

kðe�itHWs;�
D �U s

DðtÞÞFvk ¼ Oðjvjmaxf�1;�2ðg2�1ÞþegÞ ð4:14Þ

holds as jvj ! y for V vs A Vvs and V s A ~VVsð1=2; 1; 1Þ.

Now we will show Theorem 4.1:

Proof (Proof of Theorem 4.1). Since the proof is quite similar to the one

of Theorem 2.1, we give its sketch only.

Suppose that V vs A Vvs and V s A ~VV sð1=2; 1; 5=4Þ. We first note that S is

represented as

S ¼ ðW þÞ�W � ¼ I s;þD ðWs;þ
D Þ�Ws;�

D ðI s;�D Þ�:

Unlike I
s;G
G; v , I

s;G
D do not commute with Ws;G

D . Putting

I sD ¼ I s;þD ðI s;�D Þ� ¼ e�i
Ðy
�y

V sð psþe1s
2=2Þds

and noting ½S; pj� ¼ ½S � I sD; pj � vj�, ðpj � vjÞFv ¼ ðpjF0Þv and

iðS � I sDÞFv ¼ I
s;þ
D iðWs;þ

D �Ws;�
D Þ�Ws;�

D ðI s;�D Þ�Fv

¼ I
s;þ
D

ðy
�y

U s
DðtÞ

�
Vt;De

�itHWs;�
D ððI s;�D; v Þ

�F0Þvdt

with

Vt;D ¼ V vsðxÞ þ V sðxÞ � V sðpt� e1t
2=2Þ;

ðI s;GD; v Þ
� ¼ e�iv�xðI s;GD Þ�eiv�x ¼ ei

ÐGy
0

V sðpsþvsþe1s
2=2Þds;
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we have

jvjði½S; pj�Fv;CvÞ ¼ IDðvÞ þ RDðvÞ

with

IDðvÞ ¼ jvj
ðy
�y

½ðVt;DU
s
DðtÞðpjðI

s;�
D; v Þ

�F0Þv;U s
DðtÞððI

s;þ
D; v Þ

�C0ÞvÞ

� ðVt;DU
s
DðtÞððI

s;�
D; v Þ

�F0Þv;U s
DðtÞðpjðI

s;þ
D; v Þ

�C0Þv�dt;

RDðvÞ ¼ jvj
ðy
�y

½ðe�itHWs;�
D �U s

DðtÞÞðpjðI
s;�
D; v Þ

�
F0Þv;Vt;DU

s
DðtÞððI

s;þ
D; v Þ

�
C0ÞvÞ

� ðe�itHWs;�
D �U s

DðtÞÞððI
s;�
D; v Þ

�
F0Þv;Vt;DU

s
DðtÞðpjðI

s;þ
D; v Þ

�
C0Þv�dt:

Here we used that pj commutes with ðI s;GD; v Þ
�. By Lemmas 4.4, 4.5 and 4.6,

we have

jRDðvÞj ¼ Oðjvj1þ2 maxf�1;�2ðg2�1ÞþegÞ ¼ Oðjvjmaxf�1;5�4g2þ2egÞ: ð4:15Þ

Here we used supp F½ðI s;�D; v Þ
�F0� ¼ supp F½F0� and supp F½ðI s;þD; v Þ

�C0� ¼
supp F½C0�. Then we need the condition 5� 4g2 < 0 in order to get

limjvj!y RDðvÞ ¼ 0. Using the Avron-Herbst formula (2.8) and (2.9), IDðvÞ
is rewritten as

IDðvÞ ¼ jvj
ðy
�y

½ðV̂Vt;De
�itK0M s

D; vðtÞpjðI
s;�
D; v Þ

�
F0; e

�itK0M s
D; vðtÞðI

s;þ
D; v Þ

�
C0Þ

� ðV̂Vt;De
�itK0M s

D; vðtÞðI
s;�
D; v Þ

�F0; e
�itK0M s

D; vðtÞpjðI
s;þ
D; v Þ

�C0�dt

with

V̂Vt;D ¼ V vsðxþ vtþ e1t
2=2Þ þ V sðxþ vtþ e1t

2=2Þ � V sðptþ vtþ e1t
2=2Þ:

Since

½V sðxþ vtþ e1t
2=2Þ � V sðptþ vtþ e1t

2=2Þ; pj� ¼ iðqjV sÞðxþ vtþ e1t
2=2Þ

and �g1 < �1, IDðvÞ is rewritten as

IDðvÞ ¼ jvj
ðy
�y

½ðV vsðxþ vtþ e1t
2=2Þe�itK0M s

D; vðtÞpjðI
s;�
D; v Þ

�
F0;

e�itK0M s
D; vðtÞðI

s;þ
D; v Þ

�
C0Þ

� ðV vsðxþ vtþ e1t
2=2Þe�itK0M s

D; vðtÞðI
s;�
D; v Þ

�
F0;

e�itK0M s
D; vðtÞpjðI

s;þ
D; v Þ

�
C0Þ�dt
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þ jvj
ðy
�y

ðiðqjV sÞðxþ vtþ e1t
2=2Þe�itK0M s

D; vðtÞðI
s;�
D; v Þ

�F0;

e�itK0M s
D; vðtÞðI

s;þ
D; v Þ

�C0Þdt

¼
ðy
�y

lD; vðtÞdt

with

lD; vðtÞ ¼ ðV vsðxþ v̂vtþ e1ðt=jvjÞ2=2Þe�iðt=jvjÞK0M s
D; vðt=jvjÞpjðI

s;�
D; v Þ

�F0;

e�iðt=jvjÞK0M s
D; vðt=jvjÞðI

s;þ
D; v Þ

�C0Þ

� ðV vsðxþ v̂vtþ e1ðt=jvjÞ2=2Þe�iðt=jvjÞK0M s
D; vðt=jvjÞðI

s;�
D; v Þ

�F0;

e�iðt=jvjÞK0M s
D; vðt=jvjÞpjðI

s;þ
D; v Þ

�C0Þ

þ iððqjV sÞðxþ v̂vtþ e1ðt=jvjÞ2=2Þe�iðt=jvjÞK0M s
D; vðt=jvjÞðI

s;�
D; v Þ

�
F0;

e�iðt=jvjÞK0M s
D; vðt=jvjÞðI

s;þ
D; v Þ

�C0Þ:

Here we note that

s-lim
jvj!y

ðI s;GD; v Þ
� ¼ Id: ð4:16Þ

In fact, for jxj < h and jvjb h=ð4l1Þ,

jxsþ vsþ e1s
2=2jbmaxfc1jvj jsj; c2jsj2g

holds by (2.12). This yields that V sðxsþ vsþ e1s
2=2Þ is integrable on R uni-

formly in jvj because of g0 > 1=2, and that limjvj!y V sðxsþ vsþ e1s
2=2Þ ¼ 0

for any s0 0. Hence, the Lebesgue dominated convergence theorem yields

lim
jvj!y

ðGy

0

V sðxsþ vsþ e1s
2=2Þds ¼ 0;

which implies (4.16). We also note

s-lim
jvj!y

e�iðt=jvjÞK0M s
D; vðt=jvjÞ ¼ Id;

which can be shown easily. Since in the proof of Lemma 2.3, jlD; vðtÞj can be

estimated as

jlD; vðtÞjaCfkV vsðxÞð1þ K0Þ�1
Fðjxjb l1jtjÞkBðL2Þ

þ ð1þ jtjÞ�2 þ ð1þ jtjÞ�g1g;
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whose right-hand side is jvj-independent and integrable on R. Therefore we

obtain

lim
jvj!y

IDðvÞ ¼
ðy
�y

½ðV vsðxþ v̂vtÞpjF0;C0Þ � ðV vsðxþ v̂vtÞF0; pjC0Þ

þ iððqjV sÞðxþ v̂vtÞF0;C0Þ�dt

by the Lebesgue dominated convergence theorem. This yields the theorem.

As for Theorem 4.2, we need the following lemmas, which are the ver-

sions of Lemmas 3.2, 3.3, 3.4, 3.5 and 3.6 in the case where V s A ~VVsð1=2; 1; 1Þ.
Since their proofs are yielded by the above observations, we omit them: We

will introduce

U s
D;DðtÞ ¼ e�itH0M s

D;DðtÞ; M s
D;DðtÞ ¼ MDðtÞM s

DðtÞ: ð4:17Þ

Here we note that MDðtÞ does commute with M s
DðtÞ.

Lemma 4.7. Let v and Fv be as in Theorem 4.2, V s A ~VVsð1=2; 1; 1Þ, and
V l A V l

Dð1=4Þ with gD < 1=2. If g2 > 3=2, then, for 0a n1; n2; n3 a 1, there

exists a positive constant C such that

khxi2M s
D;DðtÞFvk ¼ khxi2M s

D;D; vðtÞF0k

aCð1þ jvj�ð2gDþ1Þn1 jtj4�ð2gDþ1Þð2�n1Þ

þ jvj�ðgDþ1Þn2 jtj3�ðgDþ1Þð2�n2Þ

þ jvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3ÞÞ ð4:18Þ

holds as jvj ! y, where M s
D;D; vðtÞ ¼ e�iv�xM s

D;DðtÞeiv�x. On the other hand, if

g2 a 3=2, then, for 0a n1; n2; n3; n4 a 1, there exists a positive constant C such

that

khxi2M s
D;DðtÞFvk ¼ khxi2M s

D;D; vðtÞF0k

aCð1þ jvj�ð2gDþ1Þn1 jtj4�ð2gDþ1Þð2�n1Þ

þ jvj�ðgDþ1Þn2 jtj3�ðgDþ1Þð2�n2Þ

þ jvj�ðgDþ1=2Þn3 jtj2�ðgDþ1=2Þð2�n3Þ

þ jvj�g2n4 jtj3�g2ð2�n4ÞÞ ð4:19Þ

holds as jvj ! y, where only when g2 ¼ 3=2, we assume n1 0 0 additionally.
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Lemma 4.8. Let v and Fv be as in Theorem 4.2, V s A ~VVsð1=2; 1; 1Þ, and
V l A V l

Dð1=4Þ. Thenðy
�y

kV vsðxÞU s
D;DðtÞFvkdt ¼ Oðjvj�1Þ ð4:20Þ

holds as jvj ! y for V vs A Vvs.

Lemma 4.9. Let v and Fv be as in Theorem 4.2, e > 0, V s A ~VVsð1=2; 1; 1Þ,
and V l A V l

Dð1=4Þ. Thenðy
�y

kfV sðxÞ � V sðpt� e1t
2=2ÞgU s

D;DðtÞFvkdt

¼ Oðjvjmaxf�1;�2ðg2�1Þþe;�2fðg1�1ÞþgDgþegÞ ð4:21Þ

holds as jvj ! y.

Lemma 4.10. Let v and Fv be as in Theorem 4.2, e > 0, V s A ~VVsð1=2; 1; 1Þ,
and V l A V l

Dð1=4Þ. Thenðy
�y

kfV lðxÞ � V lðpt� e1t
2=2ÞgU s

D;DðtÞFvkdt ¼ Oðjvj�ð4gD�1ÞþeÞ ð4:22Þ

holds as jvj ! y.

Here we introduce auxiliary wave operators

Ws;G
D;D ¼ s-lim

t!Gy
eitHU s

D;DðtÞ

with H ¼ H0 þ V vs þ V s þ V l. Then we see that

Ws;G
D;D ¼ WG

D I
s;G
D ; I

s;G
D ¼ s-lim

t!Gy
M s

DðtÞ

exist.

Lemma 4.11. Let v and Fv be as in Theorem 4.2, and e > 0. Then

sup
t AR

kðe�itHWs;�
D;D �U s

D;DðtÞÞFvk

¼ Oðjvjmaxf�1;�2ðg2�1Þþe;�2fðg1�1ÞþgDgþe;�ð4gD�1ÞþegÞ ð4:23Þ

holds as jvj ! y for V vs A Vvs, V s A ~VV sð1=2; 1; 1Þ, and V l A V l
Dð1=4Þ.

Based on Lemmas 4.8, 4.9, 4.10 and 4.11, Theorem 4.2 can be shown by

the additional conditions

g2 > 5=4; g1 þ gD > 5=4; gD > 3=8 ð4:24Þ
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in the same way as in the proof of Theorem 3.1. So we omit its proof. Here

we note that g1 þ gD > 5=4 is satsified even when g1 > 1 and gD > 1=4.
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