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Abstract. Imanishi, Jinzenji and Kuwata provided a recipe for computing Euler

number of Grassmann manifold Gðk;NÞ using physical model and its path-integral

[S. Imanishi, M. Jinzenji and K. Kuwata, Journal of Geometry and Physics, Volume

180, October 2022, 104623]. They demonstrated that the cohomology ring of Gðk;NÞ
is represented by fermionic variables. In this study, using only fermionic variables, we

computed an integral of the Chern classes of the dual bundle of the tautological bundle

on Gðk;NÞ. In other words, the intersection number of the Schubert cycles is obtained

using the fermion integral.

1. Introduction

1.1. Background. In this study, we aim to compute the intersection numbers

of Schubert cycles. We used fermionic variables and their integrals in [8]. In

this section, we explain the background of the study. The complex Grassmann

manifold Gðk;NÞ is the space parameterizing all k-dimensional linear sub-

spaces of N-dimensional complex vector space CN . Because the elements of

its cohomology ring are represented by the Poincaré dual of some Schubert

cycles of Gðk;NÞ, their integral provides the intersection number of Schubert

cycles. This research is called Schurbert calculus, and has been studied in

combinatorics, representation theory, and other fields [6]. The integral of these

cohomology classes can be computed using localization theory or the Landau-

Ginzburg formulation. In the localization theory, a fixed-point theorem for

a compact manifold with torus action is used. In particular, the formula for

the intersection number is provided using the localization theory [5, 9, 11].

However, the Landau-Ginzburg formulation [2, 10] uses a potential function

provided by the total Chern class of the tautological bundle of Gðk;NÞ and

residue. However, we do not use these theories. We employed the theory of

[8]. Imanishi et al. constructed a physical toy model for computing the Euler

number of Gðk;NÞ. The model was constructed using two types of variables.

One is a commutative variable called a bosonic variable, while the other is an

anticommutative variable, called a fermionic variable. In [8], it was found that
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the cohomology ring of Gðk;NÞ can be represented by fermionic variables, and

that the Euler number is provided by their integral. Therefore, the intersection

number of Schubert cycles can be obtained using fermion integrals. Generally,

it is di‰cult to perform this calculation. However, in some cases, the number

of intersections can be calculated using this method. In this study, we demon-

strated the use of the method of [8].

1.2. Organization of the paper. This paper is divided into two sections.

In Section 1, we describe our background and theorem. In addition to

the background described above, we introduce the relationship between Chern

classes and Schubert cycles, our theorem in this paper, and the theory in [8].

First, we remark on Chern classes and Schubert cycles. Next, we introduce

the theorem. Finally, we introduce the relation between the Chern classes and

fermionic variables in [8].

In Section 2, we provide the proof of our theorem. We computed the

fermion integral to prove the theorem. We also summarize the important

results of the fermion integrals.

1.3. Chern classes and Schubert cycles. In this section, we explain the rela-

tion between the Chern classes and Schubert cycles and our theorem. In this

study, we employed the notation in [8]. First, we introduce the cohomology

ring of Gðk;NÞ [1, 8], and then remark on a tautological bundle S and

a universal quotient bundle Q. The fiber of S at L A Gðk;NÞ is the com-

plex k-dimensional subspace L � CN itself ðrkðSÞ ¼ kÞ. Subsequently, a uni-

versal quotient bundle Q ðrkðQÞ ¼ N � kÞ is defined by the following exact

sequence:

0 ! S ! CN ! Q ! 0; ð1:1Þ

where CN denotes the trivial bundle Gðk;NÞ �CN . We write ciðEÞ as the i-th

Chern class of the vector bundle E. Let E � be the dual bundle of E. Sub-

sequently, the cohomology ring H �ðGðk;NÞÞ of Gðk;NÞ is

H �ðGðk;NÞÞ ¼ R½c1ðS �Þ; . . . ; ckðS �Þ; c1ðQ�Þ; . . . ; cN�kðQ�Þ�
ðcðS �ÞcðQ�Þ ¼ 1Þ : ð1:2Þ

Consider the problem of representing H �ðGðk;NÞÞ using cjðS �Þ ð j ¼ 1; 2; . . . ; kÞ.
This was presented in [8]. If we decompose S � formally by line bundle Li

ði ¼ 1; 2; . . . ; kÞ:

S � ¼ 0
k

i¼1

Li; ð1:3Þ
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cðS �Þ and ciðS �Þ are expressed as follows:

cðS �Þ ¼
Yk
i¼1

ð1þ txiÞ ¼ 1þ
Xk
j¼1

t jcjðS �Þ; ðxi :¼ c1ðLiÞÞ: ð1:4Þ

Hence, cjðS �Þ is written as the degree j elementary symmetric polynomial of

x1; . . . ; xk. Then, the relation cðS �ÞcðQ�Þ ¼ 1 can be rewritten as

cðQ�Þ ¼ 1

cðS �Þ ¼
1

1þ
Pk

j¼1 t
jcjðS �Þ

¼
Xy
i¼0

ait
i: ð1:5Þ

We can rewrite ai in (1.5) as

ciðQ�Þ ¼ ai ði ¼ 1; 2; . . . ;N � kÞ; ai ¼ 0 ði > N � kÞ: ð1:6Þ

Moreover, ai is the degree i homogeneous polynomial of cjðS �Þ’s ð j ¼ 1; 2; . . . ;

kÞ. Thus, ciðQ�Þ in (1.2) can be rewritten as ciðS �Þ. Consequently, we obtain

another representation of H �ðGðk;NÞÞ:

H �ðGðk;NÞÞ ¼ R½c1ðS �Þ; . . . ; ckðS �Þ�
ðai ¼ 0 ði > N � kÞÞ : ð1:7Þ

Second, we introduce the Schubert cycle and explain the relationship between

Chern classes and Schubert cycles. For a more detailed discussion, please

refer to [4]. For any flag V : 0 � V1 � V2 � � � � � VN ¼ CN , Schubert mani-

fold saðVÞ is defined as follows:

saðVÞ :¼ fL A Gðk;NÞ j dimðL \ VN�kþi�aiÞb i ð1a ia kÞg; ð1:8Þ

where a ¼ ða1; . . . ; akÞ denotes a sequence of natural numbers that satisfies

0a ak a ak�1 a � � �a a1 aN � k. saðVÞ is a subvariety of Gðk;NÞ of dimen-

sion
Pk

l¼1 al . The homology class of saðVÞ is independent of the chosen flag.

Therefore, let saðVÞ as the homology class be denoted by sa. Let s4a be the

Poincaré dual of the cycle sa. For simplicity of notation, we omit 0 from a.

For example, sa1;a2;...;an denotes sða1;a2;...;an;0;...;0Þ. The relationship between i-th

Chern class of a vector bundle E and that of its dual bundle E � is provided by

ciðE �Þ ¼ ð�1Þ iciðEÞ. From this formula and the Gauss-Bonnet theorem, we

obtain:

ciðS �Þ ¼ ð�1Þ iciðSÞ ¼ s41;...;1|{z}
i

¼: s41ðiÞ : ð1:9Þ

Finally, we introduce.
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Theorem 1.

ð
Gðk;NÞ

ðs41ð1Þ ÞkN�k2

¼ ðkN � k2Þ!
Qk�1

j¼0 j!QN�1
j¼N�k j!

: ð1:10Þ

ð
Gðk;NÞ

ðs41ð1Þ ÞkN�k2�2ðs41ð2Þ Þ

¼ ðkN � k2 � 2Þ!ðN � kÞðN � k þ 1Þkðk � 1Þ
2

Qk�1
j¼0 j!QN�1

j¼N�k j!
: ð1:11Þ

ð
Gðk;NÞ

ðs41ð1Þ ÞkN�k2�4ðs41ð2Þ Þ
2

¼ ðkN � k2 � 4Þ!ðN � kÞðN � k þ 1Þkðk � 1Þ
4

�
Qk�1

j¼0 j!QN�1
j¼N�k j!

½kðk � 1ÞðN � kÞðN � k � 1Þ

þ 2ðk � 2Þðk � 3ÞðN � kÞ þ 4ðk � 2ÞðN � k � 1Þ�: ð1:12Þ

Here, we assume that N and k in (1.11) and (1.12) satisfy kN � k2 � 2b 0 and

kN � k2 � 4b 0, respectively.

Note that these are the intersection numbers of s1ð1Þ and s1ð2Þ . However,

the results of (1.10) are already well known [2, 3]. When k ¼ 2, the intersec-

tion numbers of s�
1ð1Þ and s�

1ð2Þ
in Gð2;NÞ are known [2].

ð
Gð2;NÞ

ðs41ð1Þ Þ
2N�4�2lðs41ð2Þ Þ l ¼

ð2ðN � 2� lÞÞ!
ðN � 2� lÞ!ðN � 1� lÞ! : ð1:13Þ

(It is also derived by S. Imanishi’s Masters thesis using fermionic variables

[7].) In particular, we obtain the following results from (1.10), (1.11), and

(1.12): ð
Gð2;NÞ

ðs41ð1Þ Þ
2N�4 ¼ ð2N � 4Þ!

ðN � 2Þ!ðN � 1Þ! ; ð1:14Þ

ð
Gð2;NÞ

ðs41ð1Þ Þ
2N�6ðs41ð2Þ Þ ¼

ð2N � 6Þ!
ðN � 3Þ!ðN � 2Þ! ; ð1:15Þ

ð
Gð2;NÞ

ðs41ð1Þ Þ
2N�8ðs41ð2Þ Þ2 ¼

ð2N � 8Þ!
ðN � 4Þ!ðN � 3Þ! : ð1:16Þ
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1.4. Fermionic variables and Cohomology ring of Gðk;NÞ (Review of [8]). We

summarize the representation of the cohomology ring of Gðk;NÞ using fer-

mionic variables [8]. We introduce the fermionic variables c j
s , c

j
s ðs ¼ 1; . . . ;

N � k; j ¼ 1; . . . ; kÞ and ðk � kÞ matrix

F :¼
XN�k

s¼1

c1
sc

1
s . . . c1

sc
k
s

..

. . .
. ..

.

ck
s c

1
s . . . ck

s c
k

1

0
BB@

1
CCA: ð1:17Þ

The fermionic variables c j
s , c

j
s satisfy the following conditions.

c j
sc

j
s ¼ c

j
sc

j
s ¼ 0; c j

sc
i
l ¼ �c i

lc
j
s ;

c
j
sc

i

l
¼ �c i

l
c

j
s ; c j

sc
i

l
¼ �c i

l
c j
s ð1:18Þ

ðs; l ¼ 1; 2; . . . ;N � k; i; j ¼ 1; 2; . . . ; kÞ. The fermion integral is defined as

follows: ð
Dc

YN�k

s¼1

c1
sc

1
s � � �c

k
s c

k
s ¼ 1; ð1:19Þ

where Dc :¼
QN�k

s¼1 dc1
s dc

1
s � � � dc

k
s dc

k
s . We define tj ð j ¼ 1; 2; . . . ; kÞ as

1þ t1tþ � � � þ tkt
k :¼ detðIk þ tFÞ ¼

Yk
j¼1

ð1þ lj tÞ: ð1:20Þ

Here, lj ð j ¼ 1; . . . ; kÞ are eigenvalues of F. Specifically, tj is the degree j

elementary symmetric polynomial of l1; . . . ; lk. Note that tk is identified with

detðFÞ and t1 is identified with trðFÞ. In [8], the following theorems were

proved:

Theorem 2 ([8]). Qk�1
j¼0 j!QN�1

j¼N�k j!

ð
DcðdetðFÞÞN�k ¼ 1: ð1:21Þ

Theorem 3 ([8]).

H �ðGðk;NÞÞ ¼ R½c1ðS �Þ; . . . ; ckðS �Þ�
ðai ¼ 0 ði > N � kÞÞ FR½t1; . . . ; tk�: ð1:22Þ

Theorem 3 is provided by ring homomorphism f : R½c1ðS �Þ; . . . ; ckðS �Þ� !
R½t1; . . . ; tk�, which is defined as

f ðcjðS �ÞÞ ¼ tj ð j ¼ 1; 2; . . . ; kÞ: ð1:23Þ
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From the isomorphism H �ðGðk;NÞÞ !@ R½t1; . . . ; tk�, xj is identified as lj .

Theorem 2 corresponds to the normalization condition of the integration on

Gðk;NÞ given by ð
Gðk;NÞ

ðs41ðkÞ ÞN�k ¼ 1: ð1:24Þ

Therefore, we obtain the following formula:ð
Gðk;NÞ

gðx1; . . . ; xkÞ ¼
Qk�1

j¼0 j!QN�1
j¼N�k j!

ð
Dcgðl1; . . . ; lkÞ; ð1:25Þ

where gðx1; . . . ; xkÞ is a symmetric polynomial of x1; . . . ; xk that represents an

element of H �ðGðk;NÞÞ.

2. Proof of our theorem

2.1. Proof of Theorem 1. First, we prove (1.10). From (1.4), (1.20), and

(1.25), we have

ð
Gðk;NÞ

ðs41ð1Þ Þ
kN�k2

¼
Qk�1

j¼0 j!QN�1
j¼N�k j!

ð
DcðtrðFÞÞkN�k2

¼
Qk�1

j¼0 j!QN�1
j¼N�k j!

ð
Dc

XN�k

s¼1

Xk
j¼1

c j
sc

j
s

 !kN�k2

: ð2:26Þ

From the multinomial theorem and the conditions of the fermionic variables

c j
sc

j
s ¼ c

j
sc

j
s ¼ 0, we obtain:

ð
Gðk;NÞ

ðs41ð1Þ Þ
kN�k2

¼ ðNk � k2Þ!
Qk�1

j¼0 j!QN�1
j¼N�k j!

ð
Dc

YN�k

s¼1

Yk
j¼1

c j
sc

j
s

¼ ðkN � k2Þ!
Qk�1

j¼0 j!QN�1
j¼N�k j!

: ð2:27Þ

Second, we show that (1.11) and (1.12). In the same way as in (1.10),ð
Gðk;NÞ

ðs41ð1Þ Þ
kN�k2�2lðs41ð2Þ Þ l

¼
Qk�1

j¼0 j!QN�1
j¼N�k j!

ð
Dcðt1ÞkN�k2�2lðt2Þ l ðl ¼ 1; 2Þ: ð2:28Þ
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As t2 ¼ 1
2 fðtrðFÞÞ2 � trðF2Þg,ð

Dcðt1ÞkN�k2�2lðt2Þ l

¼ 1

2 l

ð
DcftrðFÞgkN�k2�2lfðtrðFÞÞ2 � trðF2Þg l ð2:29Þ

¼ 1

2 l

Xl

m¼0

l

m

� �
ð�1Þm

ð
DcðtrðFÞÞkN�k2�2mðtrðF2ÞÞm: ð2:30Þ

Let us define

Pm :¼
ð
DcðtrðFÞÞkN�k2�2mðtrðF2ÞÞm ðm ¼ 0; 1; 2Þ: ð2:31Þ

As can be observed from the calculation in (1.10), P0 ¼ ðkN � k2Þ!. We can

obtain the following result for P1 and P2.

Proposition 1.

P1 ¼ ðkN � k2 � 2Þ!kðN � kÞðN � 2kÞ: ð2:32Þ

P2 ¼ ðkN � k2 � 4Þ!kðN � kÞ

� ½kðN � kÞ3 � 2ðN � kÞ2ðk2 þ 2Þ þ ðN � kÞðk3 þ 10kÞ � 4k2 � 2�: ð2:33Þ

We will prove these results later in this paper. From Proposition 1, we

haveð
Dcðt1ÞkN�k2�2ðt2Þ ¼

1

2
ðP0 � P1Þ

¼ 1

2
ðkN � k2 � 2Þ!kðN � kÞfðkN � k2 � 1Þ � ðN � 2kÞg

¼ 1

2
ðkN � k2 � 2Þ!ðN � kÞðN � k þ 1Þkðk � 1Þ: ð2:34Þ

We obtain (1.11). Similarly, we obtain (1.12) from
Ð
Dcðt1ÞkN�k2�4ðt2Þ2 ¼

1
4 ðP0 � 2P1 þ P2Þ. We have proved Theorem 1.

2.2. Proof of Proposition 1. We compute P1. Let o ij be
PN�k

s¼1 c i
sc

j
s . By

definition,

trðF2Þ ¼
Xk
i; j¼1

o ijo ji ¼
Xk
i¼1

ðo iiÞ2 þ
X
i0j

o ijo ji; ð2:35Þ
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P1 ¼
ð
DcðtrðFÞÞkN�k2�2ðtrðF2ÞÞ ð2:36Þ

¼
Xk
i¼1

ð
Dc

Xk
n¼1

onn

 !kN�k2�2

ðo iiÞ2

þ
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�2

o ijo ji ð2:37Þ

¼
Xk
i¼1

X
pn

ðkN � k2 � 2Þ!Qk
n¼1 pn!

ð
Dc

Yk
n¼1

ðonnÞ pn
 !

ðo iiÞ2

þ
X
i0j

X
pn

ðkN � k2 � 2Þ!Qk
n¼1 pn!

ð
Dc

Yk
n¼1

ðonnÞ pn
 !

o ijo ji: ð2:38Þ

Here,
P

pn
indicates that the sum includes all combinations from 0 to

kN � k2 � 2 indices p1 through pk, such that the sum of all pn ðn ¼ 1; . . . ; kÞ
is kN � k2 � 2. In the first term, because each o ii ði ¼ 1; . . . ; kÞ must be

N � k for the fermion integral to be non-zero, pn ¼ N � k ðn0 iÞ and pi ¼
N � k � 2. In the second term, pn ¼ N � k ðn0 i; jÞ and pi ¼ pj ¼ N �
k � 1.

P1 ¼
Xk
i¼1

ðkN � k2 � 2Þ!
ððN � kÞ!Þk�1ðN � k � 2Þ!

ð
Dc

Yk
n¼1

ðonnÞN�k

 !

þ
X
i0j

ðkN � k2 � 2Þ!
ððN � kÞ!Þk�2ððN � k � 1Þ!Þ2

ð
Dc

Y
n0i; j

ðonnÞN�k

 !

� ðo iio jjÞN�k�1
o ijo ji: ð2:39Þ

From o ii ¼
PN�k

s¼1 c i
sc

i
s, the multinomial theorem and conditions of the fer-

mionic variables c j
sc

j
s ¼ c

j
sc

j
s ¼ 0.

P1 ¼
Xk
i¼1

ðkN � k2 � 2Þ!
ðN � k � 2Þ! ðN � kÞ!

þ
X
i0j

ðkN � k2 � 2Þ!
ððN � k � 1Þ!Þ2

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !

� ðo iio jjÞN�k�1
XN�k

s; t¼1

c i
sc

j
sc

j
tc

i
t

 !
: ð2:40Þ
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In the second term, ðo iio jjÞN�k�1 contains N � k � 1 c i
sc

i
s, and c j

tc
i
t . There-

fore, it must be s ¼ t based on the conditions of the fermionic variables.

P1 ¼ ðkN � k2 � 2Þ!kðN � kÞðN � k � 1Þ

�
X
i0 j

XN�k

s¼1

ðkN � k2 � 2Þ!
ððN � k � 1Þ!Þ2

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !

� ðo iio jjÞN�k�1ðc i
sc

i
sc

j
sc

j
s Þ ð2:41Þ

¼ ðkN � k2 � 2Þ!kðN � kÞðN � k � 1Þ

�
X
i0 j

XN�k

s¼1

ðkN � k2 � 2Þ!
ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !

�
YN�k

q¼1
q0s

c i
qc

i
qc

j
qc

j
q

0
BB@

1
CCAðc i

sc
i
sc

j
sc

j
s Þ ð2:42Þ

¼ ðkN � k2 � 2Þ!kðN � kÞðN � k � 1Þ �
X
i0j

XN�k

s¼1

ðkN � k2 � 2Þ! ð2:43Þ

¼ ðkN � k2 � 2Þ!fkðN � kÞðN � k � 1Þ � ðN � kÞkðk � 1Þg ð2:44Þ

¼ ðkN � k2 � 2Þ!kðN � kÞðN � 2kÞ: ð2:45Þ

Therefore, we obtain P1. We compute P2.

P2 ¼
ð
Dc

Xk
n¼1

onn

 !kN�k2�4 Xk
i¼1

ðo iiÞ2 þ
X
i0j

o ijo ji

 !2
ð2:46Þ

¼
ð
Dc

Xk
n¼1

onn

 !kN�k2�4"X
i; j

ðo iio jjÞ2 þ 2
Xk
m¼1

X
i0j

ðommÞ2o ijo ji

þ
X
a0b

X
i0j

oabobao ijo ji

#
: ð2:47Þ

We define Q1, Q2 and Q3 as follows.

Q1 :¼
X
i; j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo iio jjÞ2; ð2:48Þ
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Q2 :¼ 2
Xk
m¼1

X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðommÞ2o ijo ji; ð2:49Þ

Q3 :¼
X
a0b

X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

oabobao ijo ji: ð2:50Þ

Thereafter, P2 ¼ Q1 þQ2 þQ3. We consider Q1:

Q1 ¼
Xk
i¼1

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo iiÞ4

þ
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo iio jjÞ2: ð2:51Þ

We can compute the above equation in the same manner as P1. Consequently,

Q1 ¼ ðkN � k2 � 4Þ!kðN � kÞ

� fðN � k � 1ÞðN � k � 2ÞðN � k � 3Þ

þ ðk � 1ÞðN � kÞðN � k � 1Þ2g: ð2:52Þ

Subsequently, we calculate Q2.

Q2 ¼ 2
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo iiÞ2o ijo ji

þ 2
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo jjÞ2o ijo ji

þ 2
X
i0j

X
m0i; j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðommÞ2o ijo ji: ð2:53Þ

From o ijo ji ¼ o jio ij, if we replace i with j and j with i in the second term,

it is the same as in the first term.

Q2 ¼ 4
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo iiÞ2o ijo ji

þ 2
X
i0j

X
m0i; j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðommÞ2o ijo ji ð2:54Þ
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¼ 4
X
i0j

X
pn

ðkN � k2 � 4Þ!Qk
q¼1 pq!

ð
Dc

Yk
n¼1

ðonnÞ pn
 !

ðo iiÞ2o ijo ji

þ 2
X
i0j

X
m0i; j

X
pn

ðkN � k2 � 4Þ!Qk
q¼1 pq!

ð
Dc

Yk
n¼1

ðonnÞ pn
 !

ðommÞ2o ijo ji: ð2:55Þ

Thereafter,
P

pn
is the sum of all combinations from 0 to kN � k2 � 4

indices p1 through pk such that the sum of pn ðn ¼ 1; . . . ; kÞ is kN � k2 � 4.

From the condition of fermionic integration and the condition of fermionic

variables c i
sc

i
s ¼ 0, in the first term, pn ¼ N � k ðn0 i; jÞ and pi ¼ N � k � 3,

pj ¼ N � k � 1. In the second term, pn ¼ N � k ðn0 i; j;mÞ and pi ¼ pj ¼
N � k � 1, pm ¼ N � k � 2. Therefore,

Q2 ¼ 4
X
i0j

ðkN � k2 � 4Þ!
ðN � k � 3Þ!ðN � k � 1Þ!

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iio jjÞN�k�1o ijo ji

þ 2
X
i0j

X
m0i; j

ðkN � k2 � 4Þ!ðN � kÞ!
ðN � k � 2Þ!ððN � k � 1Þ!Þ2

�
ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iio jjÞN�k�1o ijo ji: ð2:56Þ

Here, we can calculate the fermion integral in the same manner as P1. We

obtain

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iio jjÞN�k�1o ijo ji ¼ �ðN � kÞððN � k � 1Þ!Þ2: ð2:57Þ

Q2 ¼ �4
X
i0j

ðkN � k2 � 4Þ!ðN � kÞ!
ðN � k � 3Þ!

� 2
X
i0j

X
m0i; j

ðkN � k2 � 4Þ!ðN � kÞ!ðN � kÞ
ðN � k � 2Þ! ð2:58Þ

¼ �4
ðkN � k2 � 4Þ!ðN � kÞ!

ðN � k � 3Þ! kðk � 1Þ

� 2
ðkN � k2 � 4Þ!ðN � kÞ!ðN � kÞ

ðN � k � 2Þ! kðk � 1Þðk � 2Þ

¼ ðkN � k2 � 4Þ!kðN � kÞðk � 1Þ

� ½�4ðN � k � 1ÞðN � k � 2Þ � 2ðN � kÞðN � k � 1Þðk � 2Þ�: ð2:59Þ
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Finally, we compute Q3.

Q3 ¼
X
a0b

X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

oabobao ijo ji: ð2:60Þ

The sum
P

a0b

P
i0j can be divided into the following seven cases.

Sum patterns of ði; jÞ and ða; bÞ

(1) i ¼ a, j ¼ b. (2) i ¼ b, j ¼ a. (3) i ¼ a, j0 b. (4) i ¼ b, j0 a. (5)

i0 a, j ¼ b. (6) i0 b, j ¼ a. (7) i0 a; b j0 a; b.

From the symmetry of a, b and i, j, (1) and (2) have the same form:

Similarly, (3), (4), (5), and (6) have the same form: Therefore,

Q3 ¼ 2
X
i0j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

ðo ijo jiÞ2

þ 4
X
i0j

X
b0i; j

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

o ibobio ijo ji

þ
X0

ði; j;a;bÞ

ð
Dc

Xk
n¼1

onn

 !kN�k2�4

oabobao ijo ji: ð2:61Þ

Here,
P 0

ði; j;a;bÞ implies that i, j, a, and b are di¤erent from each other in the

summation.

Q3 ¼ 2
X
i0j

ðkN � k2 � 4Þ!
ððN � kÞ!Þk�2ððN � k � 2Þ!Þ2

�
ð
Dc

Y
n0i; j

ðonnÞN�k

 !
ðo iio jjÞN�k�2ðo ijo jiÞ2

þ 4
X
i0j

X
b0i; j

ðkN � k2 � 4Þ!
ððN � kÞ!Þk�3ðN � k � 2Þ!ððN � k � 1Þ!Þ2

�
ð
Dc

Y
n0i; j;b

ðonnÞN�k

 !
ðo iiÞN�k�2ðobbo jjÞN�k�1o ibobio ijo ji

þ
X0

ði; j;a;bÞ

ðkN � k2 � 4Þ!
ððN � kÞ!Þk�4ððN � k � 1Þ!Þ4
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�
ð
Dc

Y
n0a;b; i; j

ðonnÞN�k

 !
ðoaaobbo iio jjÞN�k�1oabobao ijo ji ð2:62Þ

¼ 2
X
i0j

ðkN � k2 � 4Þ!
ððN � k � 2Þ!Þ2

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iio jjÞN�k�2

�
X

s1; s2; t1; t2

c i
s1
c

j
s1
c j
t1
c i
t1
c i
s2
c

j
s2
c j
t2
c i
t2

 !

þ 4
X
i0j

X
b0i; j

ðkN � k2 � 4Þ!
ðN � k � 2Þ!ððN � k � 1Þ!Þ2

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iiÞN�k�2

� ðobbo jjÞN�k�1
X

s1; s2; t1; t2

c i
s1
cb
s1
cb
t1
c i
t1
c i
s2
c

j
s2
c j
t2
c i
t2

 !

þ
X0

ði; j;a;bÞ

ðkN � k2 � 4Þ!
ððN � k � 1Þ!Þ4

ð
Dc

Y
n0a;b; i; j

YN�k

l¼1

cn
l c

n

l

 !
ðoaaobbo iio jjÞN�k�1

�
X

s1; s2; t1; t2

ca
s1
cb
s1
cb
t1
ca
t1
c i
s2
c

j
s2
c j
t2
c i
t2

 !
: ð2:63Þ

We consider sums of s1, s2, t1 and t2. In the first term, the sum can be divided

into two ways, (s1 ¼ t1, s2 ¼ t2, s1 0 s2) and (s1 ¼ t2, s2 ¼ t1, s1 0 s2). In the

second term, it must be (s1 ¼ t1, s2 ¼ t2, s1 0 s2). In the third term, it must

be (s1 ¼ t1, s2 ¼ t2). Because the first term is symmetric for s1 and s2 and t1
and t2,

Q3 ¼ 4
X
i0j

X
s10s2

ðkN � k2 � 4Þ!
ððN � k � 2Þ!Þ2

ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iio jjÞN�k�2

� ðc i
s1
c i
s1
c j
s1
c

j
s1
c i
s2
c i
s2
c j
s2
c

j
s2
Þ

þ 4
X
i0j

X
b0i; j

X
s10s2

ðkN � k2 � 4Þ!
ðN � k � 2Þ!ððN � k � 1Þ!Þ2

�
ð
Dc

Y
n0i; j

YN�k

l¼1

cn
l c

n

l

 !
ðo iiÞN�k�2ðobbo jjÞN�k�1

� ðc i
s1
c i
s1
cb
s1
cb
s1
c i
s2
c i
s2
c j
s2
c

j
s2
Þ
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þ
X0

ði; j;a;bÞ

X
s1; s2

ðkN � k2 � 4Þ!
ððN � k � 1Þ!Þ4

ð
Dc

Y
n0a;b; i; j

YN�k

l¼1

cn
l c

n

l

 !
ðoaaobbo iio jjÞN�k�1

� ðca
s1
ca
s1
cb
s1
cb
s1
c i
s2
c i
s2
c j
s2
c

j
s2
Þ ð2:64Þ

¼ 4
X
i0j

X
s10s2

ðkN � k2 � 4Þ!þ 4
X
i0j

X
b0i; j

X
s10s2

ðkN � k2 � 4Þ!

þ
X0

ði; j;a;bÞ

X
s1; s2

ðkN � k2 � 4Þ! ð2:65Þ

¼ ðkN � k2 � 4Þ!½4kðk � 1ÞðN � kÞðN � k � 1Þ

þ 4kðk � 1Þðk � 2ÞðN � kÞðN � k � 1Þ

þ kðk � 1Þðk � 2Þðk � 3ÞðN � kÞ2� ð2:66Þ

¼ ðkN � k2 � 4Þ!kðN � kÞ½4ðk � 1Þ2ðN � k � 1Þ

þ ðk � 1Þðk � 2Þðk � 3ÞðN � kÞ�: ð2:67Þ

Therefore, we obtain (2.33) from P2 ¼ Q1 þQ2 þQ3 and these results. We

complete the proof of proposition 1.
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