HirosHIMA MATH. J., 54 (2024), 37-43
doi:10.32917/h2022004

Galois points and rational functions with small value sets

Dedicated to Professor Shun-ichi Kimura on the occasion
of his 60th birthday

Satoru Fukasawa

(Received January 31, 2022)
(Revised February 27, 2023)

ABSTRACT. This paper presents a connection between Galois points and rational
functions with small value sets over a finite field. This paper proves that a defining
polynomial of any plane curve admitting two Galois points is an irreducible factor of a
polynomial obtained from the equality of two rational functions in one variable for
each. Under the assumption that Galois groups of two Galois points generate their
semidirect product, a recent result of Bartoli, Borges, and Quoos indicates that one of
these rational functions over a finite field has a very small value set. This paper shows
that when two Galois points are external, the defining polynomial is an irreducible
factor of the difference of two polynomials in one variable. This connects the study of
Galois points to that of polynomials with small value sets.

1. Introduction

This paper presents a connection between Galois points and rational func-
tions with small value sets over a finite field.

Let C C IP? be an irreducible plane curve of degree d > 1 over an alge-
braically closed field k of characteristic p >0 and let k(C) be its function
field. Taking a point P e IP?, we consider the projection 7p: C - IP! from
P. A point P eP? is called a Galois point if the field extension k(C)/nsk(IP')
of function fields induced by zp is a Galois extension ([5, 10, 13]). The
associated Galois group is denoted by Gp. Numerous results on Galois
points have been obtained; however, there are several open problems (see
[5, 14]).

The author and Speziali examined plane curves with two outer Galois
points Py, P, € P>\ C such that {Gp,, Gp,> = Gp, X Gp, ([7]), and the author
examined plane curves admitting an inner Galois point P; € C\Sing(C) and an
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outer Galois point P, € ]P2\C such that {Gp,,Gp,» = Gp, X Gp, or Gp, X Gp,
([6]). In a more general situation, this paper proves the following.

THEOREM. Let C C IP? be defined over a finite field IF, of q elements.
Assume that C is irreducible over the algebraic closure F, of ¥, Let Py =
(1:0:0),P,=(0:1:0)elP?. If Py and P, are Galois points such that all
automorphisms in Gp, U Gp, are defined over T, and |{Gp,, Gp,)| < oo, then the
following holds.

(1) There exist polynomials fi,qg1, f2,92 € Fy[x] such that

(@) fi and g; are relatively prime for i =1,2,
(b) max{deg Ji,deg gi} = |<GPHGP2>|/|GP,‘ Jor i, j with {17/} =

{1,2},
(c) the defining polynomial of C in the affine plane is an irreducible
factor of
N1(x)92(y) — 91(x) 2(»)
over IF,,

(@) Fy(fi(x)/g1(x) = Fy(a(3)/g2(3)) = Fy(€) 62,

Let fi,q1, /2,92 € IFy[x] be polynomials with conditions (a), (b), (c), and (d) in
(I). Then the following hold.

(I1) [{Gp,,Gp,>| = |Gp,| x |Gp,| if and only if the curve C is defined

by
f1(x)g2(y) — g1(x) 2(y) = 0.

(Il)  {Gp,,Gp,» = Gp, X Gp, if and only if F,(y)/F,(h2(y)) is a Galois
extension for ha() = f(3)/g2(7).

(IV)  Assume that P;,P, e P*\C. Then we can take g(x) = g2(x) =1,
namely, a defining polynomial of C is an irreducible factor of
fi(x) = fo(y) over ¥, In this case, |{Gp,,Gp,»| =d* if and only
if fi(x)— fa(y) is a defining polynomial.

REMARK 1. (a) Theorem holds for any perfect field ko, by replacing TF,
by k().

(b) In assertion (I1), we can always replace fi and g, so that deg f| #
deg g1, since if deg fi = deg g1, then fi/g1 = o+ fuir/g1 and W,(fi/g1)
=1F,(fi1/g1) for some a€F, and fi € F x| with deg fi1 < deg gi.

(c) Galois points are defined over algebraically closed fields. Theorem
indicates that it is appropriate to define a Galois point P over a finite
field T, as an IF,rational point of P2 such that the extension
F,(C)/¥,(Li/Ly) is Galois, where Li,L, e F [X,Y,Z] are linearly
independent homogeneous polynomials of degree one defining P.
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What are these rational functions fi/g\ and f>/g>? In a recent study [1],
Bartoli, Borges, and Quoos examined rational functions /(x) € IF,(x) with small
value sets, and obtained the following theorem.

Fact (Bartoli, Borges, and Quoos). Let f(x),g(x)eF,[x] be rela-
tively prime. If a rational function h(x)= f(x)/g(x) € Fy(x) is such that
IF,(x)/TF,(h(x)) is a Galois extension, then either

1 1
#V) = a2 or  #V = a+ +1,
deg h cg

where V; = {h(«) |« e P (IF,)} C P'(FF,) and deg h = max{deg f,deg g}.

Theorem and Fact indicate that the rational function /,(y) as in Theorem
(IIT) has a very small value set. More precisely:

COROLLARY 1. Let f5(x),g2(x) € Fy[x] be as in Theorem and let hy(x) =
f(x)/g2(x).  If {Gp,,Gp,y = Gp, X Gp,, then either

g+1 g+1
Vi, = |—— Vi, = 1.
#V, [deg hz—‘ or #Vh, [deg hz—‘ +

Theorem (IV) connects the study of Galois points to that of polynomials
over finite fields. Borges [2] developed a connection between minimal value
set polynomials ([4, 9]) and Frobenius nonclassical curves ([8, 12]). Borges’
theorem [2, Corollary 3.5] indicates the following.

COROLLARY 2. Assume that Py, P> e P*\C. Let fi(x), fr(x)€eTF,[x] be
polynomials as in Theorem and let Vf’-l, Vj,’2 be their value sets, that is,
Vi={file) |weFy} for i=1,2. If fi, f» are minimal value set polynomials
such that Vi =V} and either |Vi|>2 or |V;| =2 = p, then C is g-Frobenius
nonclassical.

The Fermat curve

xla=/@=1) 4y a=D/e'=1) 4 1 =

with IF,, C IF, is a typical example of a curve that satisfies the assumptions in
Corollary 2. Points (1:0:0), (0:1:0) are outer Galois points ([5, 10, 13]),
and polynomials x@1/(¢'=1) and —y@-D/(@'-1) _ 1 have the same minimal
value set IF, ([2]). Another example is found in [3, Theorem 2].

REMARK 2. Assume that f(x) € IF,[x] and a field extension IF,(x)/IF,(f(x))
is Galois. A place at infinity is a total ramification point and there exist at
most two short orbits. An approach similar to the proof of Fact (see [1, Proof
of Theorem 2.1]) can be used to confirm that f(x) is a minimal value set
polynomial.
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2. Proofs

ProOF (Proof of Theorem). Assume that points P; = (1:0:0),P, =
(0:1:0)eIP? are Galois points, and that the group G := {(Gp ,Gp,) is of
finite order. The projections 7p, and 7p, from points P; and P, are repre-
sented by

p (X, y) =) and ﬂPz(xa y) =X

respectively. Since all elements of Gp U Gp, are defined over IF, and the
defining polynomial of C over FF, is irreducible over [F,, it follows that
F,(C)" =TF,(y) and FF,(C)° = F,(x). Since |G| < o0, by Liiroth’s theo-
rem, there exists a function le]Fq(C)G such that IF,() :IFq(C)G. Since
IF,(t) C F,(y) and IF,(¢) C IF,(x), there exist polynomials f>(y),g>(y) € IF,[y]
and fi(x),gi1(x) € IFy[x] such that

t=f£(0/g2(y) and 1= fi(x)/g1(%).

We can assume that polynomials f;j(x) and g;(x) are relatively prime for
i=1,2. Let h(x) = fi(x)/gi(x) for i =1,2. Since

IF,()/Fy(ha(y)) = T, (C) "1 [IFy(C)°,
IF, (x) /TF (1 (x)) = TF, (C) 92 /IF,(C),
it follows that
max{deg f>,deg 9o} = |G|/|Gp,[,  max{deg fi,deg g1} = |G|/|Gp,|.
Since fi(x)/g1(x) =t = f2(»)/g2(y) in F,(C), it follows that

S(x,p) = fi(x)92() — g1(x) 2(y) =0

in IF,(C). Assertion (I) follows.
Let f1, 91, f2, 9> € IF,[x] be polynomials with conditions (a), (b), (c), and (d)
in (I). Assume that |G| =|Gp,| x |Gp,|. Note that

|Gp,| = |G|/|Gp,| = max{deg fi,deg g1}.
Since
degx f(xa y) < max{deg fl (x),deg [jl(X)} = |GP1| = deg py,

it follows that deg, f(x,y) =degnp, and f(x,y) is a minimal polynomial
of x over IF,(y). This indicates that f(x,y) is irreducible as an element of
F,(»)[x]. Thus, f(x,y) is irreducible in IF,[x, y].

Assume that f(x,y) is a defining polynomial of C. Note that if o € IF,
and f eIF, are the leading coefficients of fi(x) and of g;(x) respectively, then
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the leading coefficient of f(x, y) as an element of (IF,(y))[x] is ag2(y), —pf2(»),
or ag>(y) — ff2(y). Then

max{deg fl7deg gl} = degx f(X7 y) = deg p = |GP1 |
Since |G|/|Gp,| = max{deg fi,deg g;}, it follows that
|G| = |GP1| X ‘Gle'

Assertion (II) follows.

G = Gp, X Gp, if and only if Gp, is a normal subgroup of G. Assertion
(IIT) follows, by Galois theory.

Assume that Py, P, e P2\C. Let ¢,: P! — P! be the morphism corre-
sponding to IF,(C) " /IF,(C)“ for i = 1,2. Let Q be a place of IF,(C) coming
from C N PP, where P1P, is a line passing through P; and P,. Since the
fiber of ¢,(np,(Q)) for the covering ¢; o mp, coincides with the orbit G- Q (see
[11, II1.7.1]), it follows that

o (9i(mp,(Q)) = 7, (G - Q),
for i=1,2. Since P;,P,eP?\C, it follows that
np, (G- Q) = {np,(0)},

and that ¢; is totally ramified at zp,(Q), for i = 1,2. We take a system (Y : Z)
of coordinates on 7p, (C) =~ P! (resp. a system (X :Z) of coordinates on
7p,(C) = P such that 7p, (Q) = (1:0) (resp. 7p,(Q) = (1:0)). Note that

91(np (Q) = 92(7p,(Q))-

We consider a system (z: 1) of coordinates on ¢,(7p, (C)) = ¢y(np,(C)) = P!
such that

1(7p (Q) = (1:0) = 93(7p,(Q))-

Since ¢, (resp. ¢,) is totally ramified at (1:0) and ¢;(1:0)=(1:0) (resp.
@5(1:0) = (1:0)), it follows that ¢;(y : 1) = (f2(») : 1) (resp. ¢,(x: 1) = fi(x))
for some polynomial f5(y)eIF,[y] (resp. fi(x)eIF,x]). Since fo(y)=1t=
fi(x) in IF,(C), the former assertion of (IV) follows. The latter assertion of
(IV) comes from assertion (II). O

Corollary 2 is derived from Borges’ theorem [2, Corollary 3.5]. In [2,
Theorem 3.4, Corollary 3.5], it is assumed that «// irreducible factors of
f(x) —g(y) are defined over IF,. Therefore, we confirm that the reasoning
in Borges’ study [2] can be applied to our case, and that any factor of
fi(x) — f2(») defined over I, is g-Frobenius nonclassical, under the assumption
on fi, f» as in Corollary 2.
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PrOOF (Proof of Corollary 2). Let Py, P, e P*\C, and let fi, f> € F,[x]
be polynomials as in Theorem. Assume that f;, f> are minimal value set
polynomials such that V7 =V, and either [V;|>2 or |[V;|=2=p. By [2,
Theorem 2.2], there exist 0; € IF; and a monic polynomial 7; =[], . v (x—7y)e
IF,[x] such that '

Ti(fi) = 0i(x" = x) fi.x

for i=1,2, where f; . is the formal derivative of f; by x. Since Vi =V,
it follows that 7} = 7». By [2, Lemma 2.4 (ii)], 0; = 0,. Since X — Y divides
T1(X) — T1(Y), it follows that f(x,y) = fi(x) — f2(y) divides

X" =x)fi+ (V! =) = X =x) fi.x = (¥ = ) fay

Since the defining polynomial fy of C is an irreducible factor of f(x,y), it
follows from [2, Lemma 3.2] and [2, Lemma 3.3 (i) = (ii)] that fy divides

(xq - x)ﬁ),x + (yq - y)f(),ya

that is, C is ¢-Frobenius nonclassical. O
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