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ABSTRACT. We are interested in the classification or finding conditions for the existence
of left-invariant symplectic structures on Lie groups. Some classifications are known,
especially in low dimensions. We approach this problem by studying the “moduli space
of left-invariant nondegenerate 2-forms”, which is a certain orbit space in the set of all
nondegenerate 2-forms on a Lie algebra. In this paper, using this approach, we give a
classification of left-invariant symplectic structures on all almost abelian Lie algebras
determined by diagonal matrices.

1. Introduction

The problem of determining whether a given manifold admits a symplectic
structure is a classical and hard problem. In the setting of Lie groups, it is
natural to ask about the existence of left-invariant structures. A symplectic Lie
group is a Lie group G endowed with a left-invariant symplectic form « (that
is, a nondegenerate closed 2-form). The study of symplectic Lie groups reduces
to the study of symplectic Lie algebras (g, ), that is, Lie algebras g endowed
with nondegenerate closed 2-forms (or equivalently two-cocycles w e Z2(g)).
Still the problem of determining if a given Lie algebra admits a symplectic
structure remains difficult in general and the picture seems far from complete.
Only some classifications in low dimensions and some special cases in higher
dimensions are known. Some of the known classification in low dimensions
include: complete classification for the 4-dimensional case ([17]), filiform Lie
algebras up to dimension 10 ([8]), most of solvable Lie algebras up to dimen-
sion 6 ([5], [14]). Some other special higher dimensional cases can be found,
for example, in [15], [18].
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In [9], we can find a novel method to find nice (e.g., Einstein or Ricci
soliton) left-invariant Riemannian metrics. The method is based on the moduli
space of left-invariant Riemannian metrics on a Lie group G (the orbit of space
of certain group action). In [12] and [13], the authors adapted the same ideas
in the pseudo-Riemannian case successfully. It was natural then, to try to use
the same ideas for symplectic Lie groups. Inspired by those previous studies
in [6] we developed a similar approach for the study of symplectic Lie groups.
We study the moduli space of left-invariant nondegenerate 2-forms on Lie
algebras g, which is the orbit space of the action of R* Aut(g) on the space
Q(g) of nondegenerate 2-forms on g. As a first application of these ideas
also in [6] we studied two particular Lie algebras: the Lie algebra of the real
hyperbolic space g2, and the direct sum of the 3-dimensional Heisenberg Lie
algebra and the abelian Lie algebra > @ R?"3. We obtained a classification
of symplectic structures on both of them.

These two Lie algebras belong to a special family of Lie algebras: they
are both almost abelian Lie algebras. An almost abelian Lie algebra is a Lie
algebra that contains a codimension one abelian subalgebra. The structure of
almost abelian Lie algebras has been studied in [1]. An interesting result is
that isomorphism classes of almost abelian Lie algebras are related to similarity
classes of linear operators. Almost abelian Lie algebras represent a good
candidate for applying our method. In this paper we study a particular family
of almost abelian Lie algebras whose adjoint homomorphism is diagonalizable
(see Section 4). In fact, we obtain

THEOREM 1.1. Let g be an almost abelian Lie algebra determined by a
diagonal matrix diag(Aa, ..., Aay).
(1) There exists a symplectic form w on g if and only if there exists a
permutation o of {2,...,2n} such that

Aoy T Ao(izn) =0 for i=2,...n.
(2) If there exists a symplectic form w on @, then it is unique up to

automorphism and scale.

Condition (1) is an easy to check condition for the existence in terms of
the structure constants of the Lie algebra. If a symplectic form does exist, (2)
states it is actually unique.

One of the important problems in the context of symplectic Lie algebras
(g, w) is to determine the existence of certain special subspaces (see [2] for more
details). In particular, a subalgebra | C g is said to be Lagrangian if

[=1:={veg|ww,w) =0 for all wel}.

From Theorem 1.1, we get the following.
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COROLLARY 1.2.  Any diagonal almost abelian Lie algebra g with a sym-
plectic structure w € Q(g) contains a Lagrangian ideal.

Useful tools for studying the moduli space of left-invariant nondegenerate
2-forms are decompositions of matrices in terms of symplectic matrices. In
[6], we obtained a slight modification of a decomposition theorem of symplectic
matrices called symplectic QR decomposition. In this paper again we obtain
an improvement on another decomposition theorem of symplectic matrices
called symplectic SR decomposition: we showed that up to permutation every
nonsingular matrix has an SR decomposition.

The author would like to thank Hiroshi Tamaru, Takayuki Okuda,
Yuichiro Taketomi, Kaname Hashimoto, Yuji Kondo and Masahiro Kawa-
mata for helpful comments.

2. Preliminaries

In this section, we recall some basic notions on left-invariant symplectic
forms on Lie groups.

2.1. Left-invariant symplectic 2-forms. Let G be a simply connected Lie group
with dimension 2n and g its corresponding Lie algebra. We are interested in
the set of all nondegenerate left-invariant 2-forms on G, denoted by

Q(G) ={w(-,") e /\2 T"G|w" #0, left-invariant}.

We want to find closed 2-forms in this set. For this set, we have the following
natural equivalence relation.

DEerNITION 2.1, Let wy,wp € Q(G). Then, (G,w) and (G,w) are said
to be equivalent up to automorphism (resp. equivalent up to automorphism and
scale) if there exists ¢ € Aut(G) such that ¢*w) = w, (resp. if there exist
¢ € Aut(G) and a constant ¢ #0 such that ¢ - (§) w1 = ).

It is well known that the space 2(G) can be identified with the space of
nondegenerate 2-forms on g, denoted by

Q(g) = {o(-,-) e \"g" | #0}.
For this set, we have the following natural equivalence relation.

DErRINITION 2.2.  Let wy,ws € Q(g). Then, (g,w1) and (g,w,) are said to
be equivalent up to automorphism (resp. equivalent up to automorphism and
scale) if there exists ¢ € Aut(g) such that ¢*w, = w, (resp. if there exist
¢ € Aut(g) and a constant ¢ # 0 such that c¢-(§) w; = w).
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When the Lie group is simply connected, which we always assume, both
notions Definitions 2.1 and 2.2 of equivalence coincide. This fact allows us to
work at the Lie algebra level.

ReEMARK 2.3. If (S,w1) and (S,w)) are symplectic manifolds and there
exists ¢ € Diff(S) such that ¢*w; = w,, then (S,w;) and (S,w,) are said to be
symplectomorphically equivalent and ¢ is called a symplectomorphism. Notice
that the equivalence relation in Definition 2.1 (and the corresponding notion
in Definition 2.2) is stronger, but this would be the usual notion of equivalence
in symplectic Lie groups. In fact, in the context of symplectic Lie groups,
the map in Definition 2.1 or Definition 2.2 is also sometimes called a sym-
plectomorphism.

Remember that a symplectic vector space is a pair (V,w), where V is a
vector space and w is a nondegenerate 2-form. For every o, € Q(g), the pair
(g,m4) is a symplectic vector space. The next is a well known fact.

PRrOPOSITION 2.4 (cf. [2], Chapter 0). Let wq € Q(g), and we € 2(G) be the
corresponding 2-form on the Lie group. Then wg is closed if and only if w,
satisfies, for all x,y,z€ g

dwg(x7 Vs Z) = wg(x7 [y7 Z]) + wg<Z’ [X, y]) + wg(y> [Z,X]) =0.

A 2-form wgy € 2(g) that satisfies the previous property is called a closed
2-form or symplectic form on the Lie algebra g.

REMARK 2.5. The previous condition can be expressed in terms of the
cohomology of Lie algebras. One knows that wg is closed if and only if
w e Z(g), where Z*(g) is the set of 2-cocyles in the trivial representation
over R.

From the theory of homogeneous spaces we have the identification
Q(g) = GL(2n,R)/Sp,(R).

Here we identify g~ R?", and then the general linear group GL(2n,R) acts
transitively on Q(g) by

go(-,-)=wlg™'(),g7'())  VYgeGL(2nR).

We also recall that Sp,(IR) is the symplectic group, that is, the group of
linear maps which preserve the canonical symplectic 2-form wqo in R*". If
{e1,..., e} is the canonical basis in R*" and {e!,...,&?"} is the corresponding
dual basis, then the canonical symplectic 2-form is given by

wo=e A" 4 e A (1)
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Then the group Sp,(IR) can be described as
$P,(R) := {4 € GL(2, R) | (4")JA = J}, 2)

0 I,
-1, 0
group Sp,(IR) is closed under the transposition of matrices, which can be
checked just by taking the inverse of (4')JA =J.

We want to use Proposition 2.4 to search for 2-forms that are closed in the
set 2(g), but this set can be rather big so next we introduce the concept of the
moduli space.

where J := ( ), with I, the identity matrix. Note that the symplectic

2.2. The definition. Consider the automorphism group of g defined by
Aut(g) = {¢ € GLQmR) 4], ] = [#(), 6()]}-
Also define R* := R\0. Then we can consider the set
R* Aut(g) := {¢ € GL(2n,R) | ¢ € Aut(g), ce R*},

which is a subgroup of GL(2n,R). Hence it naturally acts on Q(g). Note
that R* does not act as the usual scaling. In fact, for ¢, € R* Aut(g), we
have

(Cl2n)'w(' ) ) = a)((CIZn)_l ()7 (Cl2n)_l ()) = Cizw'
We can then consider the orbit space of this action.

DEFRINITION 2.6.  The orbit space of the action of R* Aut(g) on Q(g) is
called the moduli space of left-invariant nondegenerate 2-forms and is denoted by

BO(g) := R* Aut(g)\2(g) := {R" Aut(g).w|w € (g)}.

One can easily see that, if w;,w; € 2(g) are in the same R* Aut(g)-orbit,
then they are equivalent up to automorphism and scale. Therefore there is a
surjection from the moduli space BR2(g) onto the quotient space

Q(g)/“up to automorphism and scale”.

This would be not bijective, since @ and —w are possibly not in the same
R* Aut(g)-orbit. In fact, for the canonical form w, we have

I,| 0O
In,nwo = —wo, In,n = .
0 -1,

We could consider instead the action of (Z»1,,)R* Aut(g) to avoid this, but
in many cases this is not necessary.
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In this paper, we just consider the moduli space B2(g). Notice that the
action of IR* Aut(g) preserves the closedness of 2-forms. In the latter sections,
instead of studying Q(g) directly we will focus on studying BQ2(g): we want to
find orbits that correspond to closed 2-forms.

2.3. Milnor frames procedure. Remember that given a symplectic vector space
(V,w) with dim ¥V = 2n, we can always choose a basis {xi,...,x2,} of ¥V such
that for i < j

o(x;, xj) = L j=i+n),
P70 (all other cases).

Such a basis is called a symplectic basis.

Remember that g is a Lie algebra of dimension 2xn, and we identify
g~ IR?" with the canonical basis {e1,...,exm}. Let wg be the canonical 2-form
as in (1). Then {ej,... ey} is a symplectic basis with respect to wo. To
simplify the notation let us denote the orbit of R* Aut(g) through w € Q(g)
by

(0] = (R* Aut(g)).0 == {0 | ¢ € R* Aut(g)}.
DEFINITION 2.7. A subset U C GL(2n,R) is called a set of representatives
of BQ(g) if it satisfies
BQ(g) = {[h.wo] [h e U}.
Let [[g]] denote the double coset of g e GL(2n,R) defined by

(lg]] := R™ Aut(g)g Sp(2n, R) := {¢gs|¢$ € R Aut(g), s € Sp,(R)}.

By standard theory of double coset spaces, we have a criterion for a set U to
be a set of representatives (we refer to [9]).

Lemma 2.8. Let U C GL(2n,R), and assume that for every g € GL(2n,IR)
there exists he U such that he(lg] Then U is a set of representatives of

PQ2(g).

Now we state a theorem for obtaining Milnor type frames in the sym-
plectic case.

THEOREM 2.9 ([6]). Let U be a set of representatives of PQ(g).
Then for every we Q(g) there exist k>0, ¢ € Aut(g) and he U such that
{phey, ..., dhex} is a symplectic basis with respect to kew.

The basis obtained in this theorem will be called Milnor frames. WNotice
that if U has a nice form, the bracket relations of the Milnor frames will also
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be given in terms of a nice set of parameters. In such cases, it becomes much
easier to search for closed 2-forms inside of Q(g). In the next section, we
introduce a tool that will be useful to calculate a nice set of representatives and
to obtain nice Milnor frames.

3. SR decomposition

To obtain a nice set of representatives, it is useful to have general results
for decomposing matrices using symplectic matrices. In this section, we give an
improvement of the so called SR decomposition. Some of the known results
can be seen in [3] or [4]. First we define some notations.

M(n,R) denotes the set of all n x n real matrices. As before, GL(n, R)
denotes the set of all » x n nonsingular real matrices and I the k x k identity
matrix. Ej denotes the matrix with 1 at position (i, /) and zeros everywhere
else. For a matrix M, M' denotes its transpose.

DEerFNITION 3.1. A4 21 X 2n block square matrix

o (h)

is called upper J-triangular if A, B, D are upper triangular and C is strictly
upper triangular. If in addition B is strictly upper triangular it is called
strictly upper J-triangular. A matrix L is called lower J-triangular (resp.
strictly lower J triangular) if L' is upper J-triangular (resp. strictly upper
J-triangular).

Recall that Pe GL(n,R) is called a permutation matrix if it induces
a permutation among the elements in the standard basis {ej,...,e,} of R".
Denote by Per(n, R) < GL(n,IR) the group of all permutation matrices. In
particular, we have the stabilizer of ¢,

L]0
Per(n,IR)q:{<0 P’)

We also define the particular permutation matrix P e Per(2n,R), by

P’ € Per(n — l,lR)}.

Pe, _ {62]1 (1 <Il< I’Z), (3)

€(/-n) (n+1<1<2n).

The next proposition is well known and can also be used as the definition
of upper J-triangular matrices.
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ProposITION 3.2 (See [4]). A matrix R is upper J-triangular if and only if
there exists an upper triangular matrix T such that

oo (4] B
(P)TPR(C«’—)

In particular, Det(R) = Det(A) Det(D).

In [4], the decomposition of 2n X 2n matrices into the product of a sym-
plectic matrix and a J-triangular matrix is considered. They gave a condition
for a matrix to have such a decomposition as follows. M|k, k] will denote the
leading principal submatrix of dimension k, consisting of the first k& rows and
columns. Also recall J as defined in (2).

THEOREM 3.3 (SR decomposition). Let M € GL(2n,IR). Then there exists
a decomposition of the form

M = SR,
with S € Sp,(R) and R a strictly upper J-triangular matrix if and only if
det(PM'JMP")[2k,2k] # 0 (4)
for all k=1,....n
ProOF. See Theorem 3.8 and Remark 3.9 in [4]. O

In the next section of this paper, it will be more convenient to use the
“transpose”’ version of Theorem 3.3.

LemMA 3.4 (LS decomposition). Let M € GL(2n,R). Then there exists
a decomposition of the form

M=LS,

with S € Sp,(R) and L a strictly lower J-triangular matrix if and only if M has
an SR decomposition.

A well known decomposition result is the so called LU-decomposition: a
decomposition in terms of a lower triangular matrix L and an upper triangular
matrix U. In fact, this result is related to the proof of Theorem 3.3. It is
also well known that up to permutation any matrix has a LU-decomposition
([10] Theorem 3.5.8). We shall prove a similar result for the SR decompo-
sition: up to permutation every nonsingular matrix has an SR decomposition
(cf. Theorem 3.8).

The matrix M'JM that appears in (4) is a skew-symmetric matrix. We
recall some basic facts about skew-symmetric matrices that will be useful. Let
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Skew(n,R) denote the set of all n x n skew-symmetric matrices. The deter-
minant of a skew-symmetric matrix can always be written as the square of a
polynomial in the matrix entries. The value of this polynomial evaluated in
the coefficients of a matrix A4 is called the Pfaffian of A and is denoted by
pf(4). The Pfaffian can be defined in several ways, here we present a recursive
definition.

DerFINITION 3.5 (Pfaffian). Let 4 = (a;) € Skew(2n,R), then its Pfaffian is
defined inductively by

pf(d) =" (=) g pf(4y),
J#i

where 0 is the Heaviside step function, i can be chosen freely, A e
Skew(2n — 2,IR) is the matrix obtained by removing both the i-th and j-th
row and columns from A. The Pffafian of a 0 x 0 matrix is defined as 1.

Remember the Heaviside step function 0 is defined by
1 (x>0),
0(x) = { (5)

THEOREM 3.6 (Cayley 1842). If A € Skew(2n,R), then the determinant of
A is given by det(4) = (pf(4))%

The proof of the second part of the next lemma might follow easily from
a known formula for minors of skew symmetric matrices, but for the sake of
completeness we present the proof.

Lemma 3.7. Let A € Skew(2n,R) NGL(2n,IR), n> 1. Then there exists
a permutation matrix P such that det((P")AP[2n —2,2n—2]) #0. Further-
more, P can be an element of Per(2n,R), .

PrROOF. We have det(A4) = (pf(4))* #0. From the definition of pf(4),
there exist 7, j such that pf(4;) # 0. Since A; e Skew(2n—2,IR), we have
det(4;) = (pf (Alcjc))2 #0. Now it is easy to see that there is a permutation P

such that
Alff *k
(PYAP = | -2 .
* *

For the second part, it is enough to show that there exist i, j # 1 such that
det(4;) # 0. If this is the case, then it is easy to see that the permutation
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P defined previously can be of the desired form. Suppose that det(4;) =
(pf(4;))*> =0 for all i,j+# 1, then for all i # 1,

pf(A) _ Z(_l)HlJr'HU(Fj)aij pf Aij _ (—I)HHHO(Fl)ail pf Ax
J#i

= _(_l)iail pf 41 = (—l)ial,- pf Ay;.

By summing over i, we get

2n
(2n— 1) pf(4) = > (=1)'ay; pf 4y; = pf(A4),
i=2
then pf(4) =0 which is not possible. O

THEOREM 3.8. Let M € GL(2n,IR). Then there exists a permutation P

such that MP has an SR decomposition. Furthermore, P can be an element of
Per(2n,R), .

Proor. From Theorem 3.3, we just need to prove that there is a permu-

tation matrix P such that for all k=1,...,n,
det(PP'M'JMPP")[2k,2k] # 0. (6)
In fact, because P is itself a permutation matrix, it will be enough to show that
there is a permutation matrix P such that for all k=1,... n,
det(P'M'JMP)[2k, 2k] # 0. (7)

Note that if such matrix P exists, then the permutation matrix PP is sufficient
for satisfying (6).

To prove (7), we just need to apply Lemma 3.7 repeatedly. Note that
M'JM € Skew(2n,IR). If n=1 there is nothing to prove, because M'JM is
nonsingular. If n # 1, from Lemma 3.7, there exists a permutation P; such
that

det(P{M'JMPy)[2n — 2,2n — 2] # 0.
We again have
B:=P{M'JMP[2n —2,2n — 2] € Skew(2n — 2, R) N GL(2n — 2, R),
so by Lemma 3.7, there exists a matrix P} such that

det(PyBP})[2n —4,2n — 4] # 0.



Left-invariant symplectic structures on diagonal almost abelian Lie groups 367

Pyl 0
P2 = 5
0L

then we have that for k=n,n—1,n—2

If we define

det(PLP! M'JMP, P,)[2k, 2k] # 0.

It is easy to see that we can continue this procedure until we have a matrix P
such that (7) is satisfied.

For the second part just notice that also from Lemma 3.7 all the permu-
tation matrices used can be selected to have the desired form. O

Hence it is clear that the same result extends to Lemma 3.4. In the latter
sections, we use the next statement.

COROLLARY 3.9. Let M e GL(2n,IR). Then there exist a permutation
matrix P e Per(2n,R), and S € Sp,(R) such that

4| B
PMS =

is strictly lower J-triangular (with A and D nonsingular lower triangular, and B
and C strictly lower triangular).

4. Almost abelian Lie algebras
Let g be a Lie algebra over R of dimension n (not necessarily even).

DErFINITION 4.1. A non-abelian Lie algebra g is called almost abelian if it
contains a codimension 1 abelian subalgebra.

REMARK 4.2. In our definition we exclude abelian Lie algebras from almost
abelian Lie algebras. Some authors prefer to include abelian Lie algebras in the
class of almost abelian Lie algebras. We follow the convention in [1].

ProposITION 4.3 ([1]).  An almost abelian Lie algebra g has a codimension
1 abelian ideal 3, and is therefore isomorphic to the semidirect product

g=ReXx 3
for some e e g\3J.

The Lie algebra structure of an almost abelian Lie algebra g = IRe X J, as
in the previous proposition, is completely determined by ad.|s € End(J):

~

[e, v] = ad,|5v, ve 3.
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Any pair (V,T), where V is a vector space and 7 a nonzero linear map,
determines an almost abelian Lie algebra g and vice versa, but different maps
can yield isomorphic Lie algebras.

DerNITION 4.4, Two pairs (Vi,Ty) and (V,, T>) are said to be similar if
there exist J.€ R* and an invertible linear map ¢ such that Ty = A($T1¢™"). In
this case we write (V1,T) ~ (V2,T»).

Isomorphism classes of almost abelian Lie algebras correspond to the
similarity classes of linear operators on vector spaces.

THEOREM 4.5 ([1]). Two almost abelian Lie algebras ¢ = Re X 3 and g’ =
Re’ < 3" are isomorphic if and only if (J,ad.|5) ~ (3',ade|).

For the proof of our main result in the next section, we need a descrip-
tion of the automorphism group of an almost abelian Lie algebra g. A com-
plete description can be found in [1]. In fact, we will not need the complete
description, and only use the following weaker result. For a given almost
abelian Lie algebra g =Ry X 3, we fix a basis {y,...,y,} of g such that

I = Span{ys, ..., ya}.

THEOREM 4.6. For the automorphism group of an almost abelian Lie
algebra ¢ = Ry X 3, we have

s )

Proor. By a direct calculation. Compare with [1], Proposition 8. []

xeR*, e R" A(ad,,|5) — a(ad), |5)4 = 0}.

In this paper we focus on a special family of almost abelian Lie algebras:
those that are diagonalizable.

DerFINITION 4.7. Let g =Ry, X 3 be an almost abelian Lie algebra of
dimension n such that
)
ad,, =
Jn

We will call g a diagonal almost abelian Lie algebra and will usually just say g
is an almost abelian Lie algebra determined by diag(Za, ..., Aw).

In particular, for the automorphism group of a diagonal almost abelian
Lie algebra, we have the following elements.
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ProprosITION 4.8.  For a diagonal almost abelian Lie algebra g = Ry X 3,
any nonsingular matrix of the following form is an element of R* Aut(g):

Proor. From Theorem 4.6, we have that

€ Aut(g).

Then the proposition follows immediately. O

ProPOSITION 4.9. Let g =Ry, X 3 be the diagonal almost abelian Lie
algebra determined by diag(ly,...,2,). If Ax = A, then a map h satisfying the
following is an automorphism:

h(Span{yi, yi}) = Spanf{yi, yi},  h(yi) = (»i) (i #k,1).

Proor. It follows directly from Theorem 4.6. O

5. Proof of the main theorem

In this section, we prove Theorem 1.1, that is, for diagonal almost abelian
Lie algebras, we give a condition for the existence of symplectic structures and
show the uniqueness.

First we prove some results that are true for particular almost abelian Lie
algebras, not necessarily diagonal. Let g = Span{x;,...,x2,} = Rx; X 3 with
3 = Span{xa,...,x2,} be an almost abelian Lie algebra of dimension 2n. The
structure constants of g can be described by the matrix

0
Cg_( adx]|3>_(6ij)’

e, x] =) e
7

so that
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First of all we show that if {x;} is a symplectic basis and the corresponding
matrix Cg is J-triangular, then the closed condition (Proposition 2.4) has a very
simple form. Recall that Q(g) is the set of nondegenerate 2-forms on g.

LemMA 5.1. Let g be an almost abelian Lie algebra and w € Q(g). Let
{x1,..., X} be a symplectic basis of g such that ¢ = Rx; X Span{xa,...,x2,}
and the matrix Cq = (c;) of structure constant is strictly lower J-triangular.
Then dw =0 if and only if Cy is diagonal and

Cij = —Ci+ni+n (16{2,71’1})
Notice that c1; =0 and there is no condition on the element c,. 1.

Proor. It is easy to see that dw =0 if and only if dw(xi,x;,x;) =0 for
1 <i<j. By a direct calculation, we get

do(x1,xi,x;) = o(x;, [x1,x]) + o(x;, [xj, x1])
= Z Cri(Xj, Xi) — Z cio(xi, xi). (8)
3 7

We can now consider different cases. Let us consider the square block

decomposition
T, | T,
Cy = .
T; | T.

Case 1: 1<i< j<mn. In this case, by Equation (8), we have
do(x1, X, X;) = Cian i0(Xjs Xjin) = Cin jO(Xis Xin) = Cjni — Cinj = 0. (9)

This is a condition on block 73. Recall that this block can be written as

0| 0
T3: )
0|1

where T} eM(n—1,R) is strictly lower triangular. Then Equation (9) is
equivalent to Tj = (T3)', but Tj is strictly lower triangular so 7§ = 0. Then
we get 753 =0.

Case 2: n<i<j. In this case, by Equation (8), we have

do(x1, Xi, Xj) = €jopn i®(Xj, Xjon) — Cip jOO(Xiy Xi—p) = —Cjpi + Cionj = 0. (10)

This is a condition on block 75, and is equivalent to 7> = T;. Since T is also
strictly lower triangular, we get 75 = 0.
Case 3: 1<i<n<j. In this case, by Equation (8), we have

dw(xl,xnxj) = Cj—n iw(xjaxj—n) - Ci+njw(xiaxi+n) = —Cj—ni — Ciynj = 0. (11)
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This condition relates blocks 77 and T4. These blocks can be written as

00 x| 0
Tl: ) T4: )
0|1y 0| T}

where T/, T; € M(n — 1,R) are both lower triangular. When j =n+ 1, Equa-
tion (11) implies & =0. When j # n+ 1, Equation (11) implies 7] = —(7})".
Since 7| and T, are lower triangular, only the diagonal elements are nonzero
and we get the condition of this lemma. O

From here onward, we will restrict our attention to diagonal almost abe-
lian Lie algebras. Let g, = IR* = Span{ey,...,ex} = Re; X Span{e, ..., e}
denote the diagonal almost abelian Lie algebra determined by A4 =
diag(4y,...,22,), so the matrix of structure constants with respect to the
canonical basis is given by

Cy, = 019 = 12
QA_<O A>_(alj) ( )

LemMA 5.2, Let g, be a diagonal almost abelian Lie algebra as above. A
set of representatives U for the action of R* Aut(g,) on Q(g,) is given by

L = (ly) is strictly lower J-triangular
U= PL| ;=1 forall i and l7 =0 for i > 1
P € Per(2n,R),,

Proor. Take g € GL(2n,R). By Corollary 3.9, there exists S € Sp,(RR),
a permutation matrix P e Per(2n,R), and a strictly lower J-triangular matrix
L with all the diagonal elements nonzero such that

PygS = L.
Therefore,
(9] 29S =P 'L.
We can take a matrix
*
hl = K . )
*

such that iy L =: L' = (I;)) with [ =1 for all i. From Proposition 4.8, we have
P~'hiP e R* Aut(g,), since it is still diagonal. Hence,

9]l > (P'myP)(P7'L) = P7'L.
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We can take a matrix

such that L' =: L" = (Ijj) with [ =1 for all i and /]j =0 for j>1. Since
P~! e Per(2n,R),, P~'hP remains of the same shape as s;. Therefore, from
Proposition 4.8, P~'h,P e R* Aut(g,). Hence,

9] > (P~'haP)(P7'L") = P7'L".
Note that L” remains strictly lower triangular. This finishes the proof. [

Now we can state a Milnor-type theorem using the set of representatives
obtained in the previous lemma.

THEOREM 5.3 (Milnor-type). Let g, be a diagonal almost abelian Lie
algebra as before. For all w e Q(g,), there exist t >0, ue U (as in Lemma
5.2) and a symplectic basis {xi,...,x} C g, with respect to tw such that the
only nonzero brackets are given by

[x1, xk] Zb;kx] for k=2,....2n,

where B =u"'Cq u= (by).

Proor. Let {ej,...,ez} be the canonical basis of g,, whose bracket
relation is given by [ej,e;] = >, ase; for i>1. In Lemma 5.2, we obtained
a set of representatives U for the action of R* Aut(g,) on Q(g,). Take
any o € £2(g,). Then it follows from Theorem 2.9 that there exist u = (u;) €
U,t >0 and ¢ e Aut(g,) such that {x; := guey,...,x, := due,} is symplectic
with respect to tw. Hence we only have to check the bracket relations among
them.

For any ue U, we have ue; = ¢; and ue; € Span{ey,...,ex} for i+# 1.
Among {uey, ..., uey,}, the only possible nonzero bracket relations are
[uey, ue;] = [er, uej], i#1.

By the usual argument of change-of-basis matrix, we get

[eq, ue;] E uji(u tkak,ue,
Jiok,t
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Finally, apply ¢ to both sides
ber,x] =Y wi(u) agpue, =Y ui(u) pagx,.
Jiokt Jikit
This finishes the proof. O

We introduce a notation. For each permutation P € Per(2n, R), we denote
by op the permutation on {1,...,2n} corresponding to P. That is, Pe; = ¢,,(;
fori=1,...,2n.

LemmA 5.4. Let g, be a diagonal almost abelian Lie algebra as before.
For PLe U (as in Lemma 5.2), consider PL.wy€ (g,). Then we have
dPL.woy =0 if and only if

j~o'p(i) + )‘(Tp(i“”il) =0 (l =2,... an)a (13)
Lii(Zap(i) = 2ap(j)) = O (i #J) (14)

Proor. By Theorem 5.3, there exist ¢ > 0 and a symplectic basis with
respect to tPL.wy such that the structure constants are given by the matrix
B=L"'P7'Cy PL = (b;). Notice that d(tPL).og = 0 if and only if d(PL).cg
= 0. Remember that

CQA = diag(07 12, e ,}vzn),
so that
P7'Cy, P = diag(0, Zsp(2), - - - s Aop(an) =2 D.

Note that both L and L~ are strictly lower J-triangular with diagonal elements
equal to 1. Then B can be calculated as follows

0l 0 e 0 0 .. 0

0 /lg,,(z) 0 0 0
B=L'DL=]0| =« Aap(n) * 0 1,

0 0 0 Aap(nt1) 0

0 * 0 * )VD-P(zn)

so that B is again a strictly lower J-triangular matrix. Therefore we can use
Lemma 5.1 to obtain dPL.wy =0 if and only if B is diagonal and

bii = —biynitn (ie{2,...,n}).
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For the elements of the diagonal, we obtain immediately Equation (13). Non-
diagonal elements are all equal to 0, this is equivalent to the condition

B=D.
From the definition of B, this is equivalent to the equation
DL =LD.

Finally, if we write this equation in terms of the parameters of the matrices
L and D we get Equation (14). O

Equation (13) proves the first part of the main result in Theorem 1.1 as
follows.

PrOPOSITION 5.5. Let g be a diagonal almost abelian Lie algebra deter-
mined diag(2y, ..., ). There exists a symplectic form w € Q(g) if and only if
there exists a permutation o of {2,...,2n} such that

Aoty + Agtizmy =0 for i=2,...,n.

Proor. First suppose there exists a symplectic form w € Q(g). Then we
have [w] = [PL.w¢|, where PL is as in Lemma 5.2. Then from (13) in Lemma
5.4, we get the desired condition.

Now suppose that there exists ¢ such that A, + As(ipn) =0 for i=
2,...,n. We can rearrange the basis to the following order

{elaea(Z)a cee 760'(2n)}'

Then from Lemma 5.4 with L = I,,, we can check that the 2-form w associated
with this basis is symplectic. ]

REMARK 5.6. In fact, the first part of our main result can also be obtained
relatively easily by direct calculations. Our method will be particularly useful
for the second part of our Main result. Our method will also provide ideas to
study other examples.

From now on we prove the second part of our main theorem. Let g =
R = Span{ey, ..., e} = Re; X Span{ey, ..., ey} denote the diagonal almost
abelian Lie algebra determined by diag(4,,...,42,). Assume that there exist a
symplectic form w € 2(g). Then (13) must be satisfied and similarly as in the
proof of Proposition 5.5 we can assume without loss of generality that g = g, is
a diagonal almost abelian Lie algebra determined by

A=diag(la, ..., 0 dnsts —Fas ooy —In)  With 1y > >, > 0. (15)

As before wq denotes the canonical 2-form.
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LemmA 5.7. Let g =g, be the diagonal almost abelian Lie algebra deter-
mined by A as in (15). Let PLe Uf(as in Lemma 5.2). If dPL.wy =0, then
[PL.wg] = [P.wy).

ProoF. Write the matrix L = ([;) as

L= (Ly,...,Ly),

that is, L; = (hsy ..., li1iy 17l,v+1,-,...,12n,-)’. Define the matrix
Q,-Z (617...,L;,...,ezn)7
where L] := (—ll,-,...,—l,-,li,1,—1,-“,-,...,—]2,1,-)’. Now suppose that j is the

largest integer such that L = (ei,...,e¢j_1,L;,...,L,) and L; #¢;. By the
definition of L, we know j > 2. Notice that

OiL=(er,...,€,%,...,%).

This operation eliminates the parameters in the j-th column of L. It leaves the
previous columns without change. It changes the values of the latter columns,
but L remains a J-triangular matrix with diagonal elements equal to 1. We
can repeat this procedure until L is transformed into the identity matrix.
Therefore, we just have to show that if dPL.wy =0, then

[PL.wo] = [PQ;L.w).
Since PQ;L = (PQ;P~")PL, it is enough to prove that
PQ;P~! e R* Aut(g,). (16)
Q; can be written as
O =1-) lyEy =] - l;Ey.
i#j i#j
Then we have
PO;P™ = P(H(I— l(‘Ei')> P =TJa - lzPE;PY)
i#] i#j

= H(l - lijEﬂ'P(i)‘TP(j))' (17)

i#j

If dPL.wg =0, P and L must satisfy (13) and (14). From (14), we get /; =0
OF Zg,(i)) = 45p(j)- In both cases, it is easy to see from Proposition 4.9 that

I = liE;,(15,(j) € R™ Aut(g,).
This and (17) imply (16). This finishes the proof. O
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LemMA 5.8. Let g =g, be the diagonal almost abelian Lie algebra deter-
mined by A as in (15). Let P € Per(2n,R), . If dP.cwo =0, then [P.cxo] = [wo].

ProoF. Remember that a permutation ¢ is called a transposition when it
is a cycle with only two elements. In the usual cycle notation, if ¢ permutes
the i-th and j-th element, then the permutation is denoted by ¢ = (ij). Now
let PePer(2n,R), and assume that dP.ag = 0.

Claim 1: there exists P’ such that

[P.wo] = [P o],  |ep)| = = hpm-

We can choose a matrix

P/
Py = ( s ), P} e Per(n,R),
12 3 e
Ps

such that [/, )| == |4
have ’

Set P’ := PP;. Since P;e Sp,(R), we

[P.a)o] = [PP3CL)()] = [PI.COQ].
Claim 2: there exists P” such that
[P'.wo] = [P".wo), Japn(2) = = Agpn) = 0.

Suppose /,,,(;) < 0 for some 0 <i <n. Consider the permutation P, such that
op, = (ii+mn). The effect of this permutation is

B Apri (k #i,i+n),
ap/pz(k) =

4 (k=ii+n).

(18)

Dy

We can repeat this operation to obtain the desired order. Then we have only
to show that

[P/.a)o] = [Plpz.a)()].
First notice that
(I — ZE,'Z')PQ € Spn<]R)
Also from Proposition 4.8, we have
P'(I = 2E;)(P")™" = (I = 2E,, (ho,.()) € R* Aut(g,,).

Therefore we have

[P'.wo) = [P'((I = 2E;)P2).w0) = [(P'(I — 2E,»,-)(P’)_1)P’P2.w0]

= [({ — 2F,

Tpt

(i) P’ P2.00] = [P'Py.og].
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Claim 3: P” e R* Aut(g,). Therefore
[P//.a)()] = [(,()()]

For each pair i, j (i # j) such that A; = 4;, consider a permutation P; such that
op, = (if). From Proposition 4.9, we have that

P; e R* Aut(g,). (19)

Since P” is just a composition of this type of permutations, Claim 3 follows.
This completes the proof of this lemma. O

This lemma proves the second part of the main result Theorem 1.1 as
follows.

PROPOSITION 5.9. Let g be a diagonal almost abelian Lie algebra. If there
exists a symplectic form on g, then it is unique up to symplectomorphism and
scale.

ProOF. We can assume without loss of generality that g = g,, where 4
is as in (15). Let wo denote the canonical 2-form. Note that in this case, wy
is closed by Lemma 5.4. Take a symplectic form w. Then we have [w] =
[PL.wwo) where PL is as in Lemma 5.2. Finally by Lemmas 5.7 and 5.8, we
have

[a)] = [PL.CO()] = [P.CU()] = [a)()],
which finishes the proof. O
Finally, we can give a proof of Corollary 1.2.

Proor (of Corollary 1.2). From our main theorem, we can just assume

that {ej,...,ex} is a symplectic basis and w = w( is the canonical form.

Define | = Span{ey,...,e,}. Then it is easy to show that [ is a Lagrangian

ideal. ]
References

[1] Avetisyan, Z.: Structure of almost abelian Lie algebras, arXiv 1610.05365 (2016).

[2] Baues, O. and Cortés, V.: Symplectic Lie groups. Astérisque 379 (2016).

3] Benner, P., FaBbender, H. and Yang, C..: Some remarks on the complex J-symmetric
eigenproblem. Linear Algebra Appl. 544 (2018), 407-442.

[4] Bunse-Gerstner, A.: Matrix factorizations for symplectic QR-like methods. Linear Algebra
Appl. 83 (1986), 49-77.

[5] Campoamor-Stursberg, R.: Symplectic forms on six-dimensional real solvable Lie algebras.
I. Algebra Collog. 16 (2009), 253-266.



378

Luis PEDRO CASTELLANOS MOSCOSO

Castellanos Moscoso, L. P. and Tamaru, H.: A classification of left-invariant symplectic
structures on some Lie groups. arXiv e-prints, 2020.

Chu, B. Y.: Symplectic homogeneous spaces. Trans. Amer. Math. Soc. 197 (1974), 145-
159.

Gomez, J. R., Jiménez-Merchén, A. and Khakimdjanov, Y.: Symplectic structures on the
filiform Lie algebras. J. Pure Appl. Algebra 156 (2001), 15-31.

Hashinaga, T., Tamaru, H. and Terada, K.: Milnor-type theorems for left-invariant
Riemannian metrics on Lie groups. J. Math. Soc. Japan 68 (2016), 669—684.

Horn, R. A. and Johnson, C. R.: Matrix Analysis. Cambridge University Press, Second
edition (2013).

Kodama, H., Takahara, A. and Tamaru, H.: The space of left-invariant metrics on a Lie
group up to isometry and scaling. Manuscripta Math. 135 (2011), 229-243.

Kondo, Y. and Tamaru, H.: A classification of left-invariant Lorentzian metrics on some
nilpotent Lie groups. Tohoku Math. J. To appear.

Kubo, A., Onda, K., Taketomi, Y. and Tamaru, H.: On the moduli spaces of left-invariant
pseudo-Riemannian metrics on Lie groups. Hiroshima Math. J. 46 (2016), 357-374.
Goze, M. and Bouyakoub, A.: Sur les algébres de Lie munies d’une forme symplectique.
Rend. Sem. Fac. Sci. Univ. Cagliari 57 (1987) 85-97.

Millionschikov, Dmitri V.: Graded filiform Lie algebras and symplectic nilmanifolds.
Geometry, topology, and mathematical physics. Amer. Math. Soc. Transl. Ser. 2 212
(2004), 259-279.

Milnor, J.: Curvatures of left invariant metrics on Lie groups. Advances in Math. 21
(1976), 293-329.

Ovando, G.: Four dimensional symplectic Lie algebras. Beitrige Algebra Geom. 47 (2006),
419-434.

Pouseele, H. and Tirao, P.: Compact symplectic nilmanifolds associated with graphs.
J. Pure Appl. Algebra. 213 (2009), 1788-1794.

Luis Pedro Castellanos Moscoso
Department of Mathematics
Graduate School of Science
Osaka City University
Sugimoto, Sumiyoshi-ku, Osaka City, Japan 585-8585
E-mail: caste3.1416@gmail.com



