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On Gosper’s Pq and Lambert series identities
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Abstract. In an interesting article entitled ‘‘Experiments and discoveries in

q-trigonometry’’, R. W. Gosper conjectured few beautiful Pq and Lambert series

identities. Many people have attempted confirming some of those identities in the

Gosper’s list, mainly by using Gosper’s q-trigonometric identities. In this paper we

either prove or disprove all the Pq and Lambert series identities in the Gosper’s list

by mainly using S. Ramanujan’s theta function identities and W. N. Bailey’s summation

formula. In the process, we obtain three new Gosper kind of identities.

1. Introduction

Throughout the paper, let q ¼ epit with t > 0: As usual for any complex

number a, define

ða; qÞy ¼
Yy
n¼0

ð1� aqnÞ:

In Chapter 16 of his second notebook [15, p. 197], Ramanujan defined his

general theta function f ða; bÞ by

f ða; bÞ ¼
Xy
n¼�y

anðnþ1Þ=2bnðn�1Þ=2 ¼ ð�a; abÞyð�b; abÞyðab; abÞy; jabj < 1:

Further, Ramanujan defines
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jðqÞ ¼ f ðq; qÞ ¼
Xy
n¼�y

qn2 ¼ ð�q; q2Þ2yðq2; q2Þy;

cðqÞ ¼ f ðq; q3Þ ¼
Xy
n¼0

qnðnþ1Þ=2 ¼ ðq2; q2Þy
ðq; q2Þy

;

f ð�qÞ ¼ f ð�q;�q2Þ ¼
Xy
n¼�y

ð�1Þnqnð3n�1Þ=2 ¼ ðq; qÞy;

and

wðqÞ :¼ ð�q; q2Þy:

For convenience, we set fn :¼ f ð�qnÞ ¼ ðqn; qnÞy for any positive integer n

and it is easy to see that

jðqÞ ¼ f 52
f 2
1 f

2
4

; cðqÞ ¼ f 22
f1

; jð�qÞ ¼ f 21
f2

; cð�qÞ ¼ f1 f4

f2
;

f ðqÞ ¼ f 3
2

f1 f4
; wð�qÞ ¼ f1

f2
; and wðqÞ ¼ f 22

f1 f4
: ð1:1Þ

In an interesting article entitled ‘‘Experiments and discoveries in

q-trigonometry’’ by R. W. Gosper [9], introduced a function

Pq :¼ q1=4
Y
nb1

ð1� q2nÞ2

ð1� q2n�1Þ2
¼ q1=4c2ðqÞ:

Gosper [9] conjectured following 17 Pq identities:

P 2
q

Pq2Pq4

�
P 2

q2

P 2
q4

¼ 4; ð1:2Þ

P 2
q2 þ 2Pq2Pq6 ¼ PqPq3 þ 3P 2

q6 ; ð1:3Þ

Pq2P
2
q3

Pq6P
2
q

¼
Pq2 �Pq6

Pq2 þ 3Pq6
; ð1:4Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pq2Pq6

q
ðP 2

q � 3P 2
q3Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PqPq3

q
ðP 2

q2 þ 3P 2
q6Þ; ð1:5Þ

Pq2P
4
q3 ¼ Pq6ðPq2 �Pq6Þ3ðPq2 þ 3Pq6Þ; ð1:6Þ

Pq6P 4
q ¼ Pq2ðPq2 �Pq6ÞðPq2 þ 3Pq6Þ3; ð1:7Þ

PqPq3ðP 2
q G 4P 2

q2Þ
2 ¼ P 2

q2ðPq HPq3ÞðPq G 3Pq3Þ3 ð1:8Þ

PqPq3ðP 2
q3 G 4P 2

q6Þ2 ¼ P 2
q6ðPq HPq3Þ3ðPq G 3Pq3Þ; ð1:9Þ
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P 2
q2ðP 4

q þ 18P 2
qP

2
q3 � 27P 4

q3Þ ¼ PqPq3ðP 4
q þ 16P 4

q2Þ; ð1:10Þ

P 2
q6ðP 4

q � 6P 2
qP

2
q3 � 3P 4

q3Þ ¼ PqPq3ðP 4
q3 þ 16P 4

q6Þ; ð1:11Þ

P 2
q3 þ 3PqPq9 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PqPq9

q
ðPq þ 3Pq9Þ; ð1:12Þ

ffiffiffiffiffiffiffiffi
Pq

Pq9

s
¼ 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pq3

Pq9

� �2
� 1

3

s
¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

Pq

P
q3

� �2
� 1

3

r
3

; ð1:13Þ

Pq2P 4
q5 ½16P 4

q10 �P 4
q5 � ¼ P 3

q10 ½5Pq10 �Pq2 �½Pq2 �Pq10 �5; ð1:14Þ

Pq10P
4
q ½16P 4

q2 �P 4
q � ¼ P 3

q2 ½5Pq10 �Pq2 �5½Pq2 �Pq10 �; ð1:15Þ

PqPq5 ½16P 4
q2 �P 4

q �
2 ¼ P 4

q2 ½5Pq5 �Pq�5½Pq5 �Pq�; ð1:16Þ

PqPq5 ½16P 4
q10 �P 4

q5 �2 ¼ P 4
q10 ½5Pq5 �Pq�½Pq5 �Pq�5; ð1:17Þ

and

Pq2Pq10 ½Pq5 �Pq�½5Pq5 �Pq� ¼ ½PqPq10 �Pq2Pq5 �2: ð1:18Þ

In [7], M. E. Bachraoui, partially proved the identity (1.4) and showed

the equivalence of (1.5) and (1.6) by employing the Z. G. Liu identities on

classical theta functions. In [9], Gosper himself confirmed (1.2) through some

of his q-trigonometric identities. B. He and H. Zhai [12], have proved (1.12)

and the first equality of (1.13) by using existing q-trigonometric identities of

Gosper.

In [9], Gosper also stated the following 13 Lambert series identities without

proof:

Xy
n¼1

qn

ð1� qnÞ2
� 2

Xy
n¼1

q2n

ð1� q2nÞ2
¼ 1

24

P 4
q

P 2
q2

� 1

 !
þ 2

3
P 2

q2 ; ð1:19Þ

Xy
n¼1

qn

ð1� qnÞ2
� 3

q3n

ð1� q3nÞ2
¼

ðP 2
q þ 3P 2

q3Þ
2

12PqPq3

� 1

12
; ð1:20Þ

Xy
n¼1

qn

ð1� qnÞ2
� 4

q4n

ð1� q4nÞ2
¼ 1

8

P 4
q

P 2
q2

� 1

 !
; ð1:21Þ

Xy
n¼1

q2n

ð1� q2nÞ2
� 9

q18n

ð1� q18nÞ2
¼

P 3
q3

Pq

þ 1

3

P 3
q3

Pq9
� 1

 !
; ð1:22Þ

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 2

Xy
n¼1

q4n�2

ð1� q4n�2Þ2
¼ P 2

q2 ¼
Xy
n¼1

ð2n� 1Þq2n�1

1� q4n�2
; ð1:23Þ
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1

P 2
q3

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 3

Xy
n¼1

q6n�3

ð1� q6n�3Þ2

 !
¼ Pq

Pq3
; ð1:24Þ

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !
¼

P 2

q5

P 2

q10

þ 16
P 2

q10

P 2

q5

Pq

P
q5
� 4� P

q5

Pq

; ð1:25Þ

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 3

q

P 3
q5

� 2
P 2

q

P 2
q5

þ 5
Pq

Pq5

vuut ; ð1:26Þ

1

P 2
q9

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 9

Xy
n¼1

q18n�9

ð1� q18n�9Þ2

 !

¼ Pq

Pq9
þ 3

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pq

Pq9

� �3=2
� 3

Pq

Pq9

� �
þ 3

Pq

Pq9

� �1=2s
; ð1:27Þ

6
Xy
n¼1

qn

ð1� qnÞ2
� 5

q5n

ð1� q5nÞ2

 !
þ 1

¼ Pq

Pq5
þ 2þ 5

Pq5

Pq

� � Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !
; ð1:28Þ

3
Xy
n¼1

qn

ð1� qnÞ2
� 9

q9n

ð1� q9nÞ2

 !
þ 1

¼
ffiffiffiffiffiffiffiffi
Pq

Pq9

s
þ 3

ffiffiffiffiffiffiffiffi
Pq9

Pq

s ! Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 9

Xy
n¼1

q18n�9

ð1� q18n�9Þ2

 !
; ð1:29Þ

3
Xy
n¼1

qn

ð1� qnÞ2
� 9

q9n

ð1� q9nÞ2

 !
þ 1

¼ ðPq þ 3Pq9Þ3ðPqPq9 þP 2
q3Þ2 þ

ðPq � 3Pq9Þ2

4Pq3
; ð1:30Þ

and

P 4
q ¼ 6

Xy
n¼1

q4n�2

ð1� q2n�1Þ4
þ
Xy
n¼1

q2n�1

ð1� q2n�1Þ2
¼
Xy
n¼1

n3qn

1� q2n
: ð1:31Þ

Bachraoui proved (1.19)–(1.22), (1.24) and (1.29) in [8] by using certain

q-trigonometric identities (of Gosper’s kind) except for (1.19) which he obtains
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using some identities satisfied by the divisor function. In [11], He verifies (1.25)

and (1.26) by using the theory of modular equations, for which the identities

should be known in advance.

Much of what Gosper has conjectured have appeared in the literature

in di¤erent forms. In this paper, one of our aims is to bring forth those

identities existing in the literature from which many of Gopser’s identities

follow easily. Apart from this, we also prove some Gosper’s Pq identities

and Lambert series identities through classical techniques using Ramanujan’s

theta function identities. In the process, we obtain one new Gosper kind of

Pq identity and two new Gosper kind of Lambert series identities. Follow-

ing are they:

ðPq2 þ 3Pq18Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pq2Pq18

p Pq6 ¼ 3
P 3

q3

Pq

þ
P 3

q3

Pq9

; ð1:32Þ

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q10

P 2
q5

Pq2

Pq10

� 1

� �2
þ 2

Pq2

Pq10
� 1

� �
Pq

Pq5

� 1

� �
� 8

 !
; ð1:33Þ

and

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q5

P 2
q10

� 1

2
þ

Pq

P
q5
� 1

� �2
P

q2

P
q10

� 1
� �2 þ 1

2

Pq

P
q5
� 1

� �2
P

q2

P
q10

� 1
� �

8><
>:

9>=
>;: ð1:34Þ

The rest of the paper is structured as follows: In the next section we list

out the existing identities and results which are required to prove (1.2)–(1.31),

except (1.30), which we show to be wrong, in Section 3. In Section 3, we prove

(1.2)–(1.18) and in Section 4, we prove (1.19)–(1.31).

2. Preliminary results

In Chapter 16 of his second notebook [4, p. 40][15, p. 198], Ramanujan

recorded following very interesting theta function identities:

j2ðqÞ � j2ð�qÞ ¼ 8qc2ðq4Þ; ð2:1Þ

j2ðqÞ þ j2ð�qÞ ¼ 2j2ðq2Þ; ð2:2Þ
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and

j4ðqÞ � j4ð�qÞ ¼ 16qc4ðq2Þ: ð2:3Þ

Adding (2.1) and (2.2), and then employing the fact that jðqÞcðq2Þ ¼ c2ðqÞ, we
obtain (1.2), which we rewrite for further convenience as

P 2
q2 þ 4P 2

q4 ¼
P 2

qPq4

P 2
q

: ð2:4Þ

Changing q to �q in the above, we obtain

P 2
q2 � 4P 2

q4 ¼ q
c4ð�qÞc2ðq4Þ

c2ðq2Þ
: ð2:5Þ

Also by using jðqÞcðq2Þ ¼ c2ðqÞ in (2.3) and employing (1.1), we find

that

P 4
q � 16P 4

q2 ¼ q
f1 f4

f2

� �8
: ð2:6Þ

N. D. Baruah and R. Barman [3] deduced,

Pq2 þPq6 ¼ q1=2
cð�qÞj3ð�q3Þc2ðq6Þ

jð�qÞc3ð�q3Þ
: ð2:7Þ

Changing q to �q in the above, we obtain

Pq2 �Pq6 ¼ q1=2
cðqÞj3ðq3Þc2ðq6Þ

jðqÞc3ðq3Þ
: ð2:8Þ

K. R. Vasuki, G. Sharath and K. R. Rajanna [18] have deduced the following

identity:

Pq2 � 3Pq6 ¼ q1=2
jð�qÞcð�qÞcð�q3Þ

jð�q3Þ : ð2:9Þ

Changing q to �q in the above, we find that

Pq2 þ 3Pq6 ¼ q1=2
jðqÞcðqÞcðq3Þ

jðq3Þ : ð2:10Þ

Multiplying (2.7) and (2.9) and then changing q to �q, and then dividing both

sides by cðq2Þcðq6Þ, we obtain

c3ðq2Þ
cðq6Þ � 3q2

c3ðq6Þ
cðq2Þ ¼ fðqÞfðq3Þ � 2qcðq2Þcðq6Þ; ð2:11Þ
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where we use the relation fðqÞcðq2Þ ¼ c2ðqÞ. Ramanujan [4, p. 223, 226] has

recorded the following series identities,

qcðq2Þcðq6Þ ¼
Xy
n¼0

q6nþ1

1� q12nþ2
�
Xy
n¼0

q6nþ5

1� q12nþ10
; ð2:12Þ

jðqÞjðq3Þ ¼ 1þ 2
Xy
n¼0

q3nþ1

1þ ð�qÞ3nþ1
�
Xy
n¼0

q3nþ2

1þ ð�qÞ3nþ2

" #

¼
Xy
n¼�y

qn

1þ ð�qÞ3n
; ð2:13Þ

and

c3ðqÞ
cðq3Þ ¼ 1þ 3

Xy
n¼0

q6nþ1

1� q6nþ1
�
Xy
n¼0

q6nþ5

1� q6nþ5

" #
: ð2:14Þ

Also from [17, p. 30],

c3ðq3Þ
cðqÞ ¼

Xy
n¼0

q3n

1� q6nþ2
�
Xy
n¼0

q3nþ1

1� q6nþ4
: ð2:15Þ

The above four identities can also be deduced as particular cases of Ramanujan

1c1 summation formula,

Xy
n¼�y

zn

1� aqn
¼

f1 f �az; �q

az

� �
f �z;� q

z

� �
f �a;� q

a

� � : ð2:16Þ

From (2.12)–(2.15), it easily follows that

c3ðqÞ
cðq3Þ þ 3q

c3ðq3Þ
cðqÞ ¼ jðqÞjðq3Þ þ 4qcðq2Þcðq6Þ ð2:17Þ

and

jðq4Þjðq12Þ þ 4q4cðq8Þcðq24Þ ¼ jðqÞjðq3Þ � 2qcðq2Þcðq6Þ: ð2:18Þ

We found from the works of Ramanujan that [4, p. 263]:

Pq �Pq5 ¼ q1=4
j2ð�q5Þ

wð�qÞwð�q5Þ ; ð2:19Þ

Pq � 5Pq5 ¼ q1=4f 21
wð�qÞ
wð�q5Þ ; ð2:20Þ

119On Gosper’s identities



and

j2ðqÞ � j2ðq5Þ ¼ 4q
f 22 f5 f20

f1 f4
: ð2:21Þ

For a simple proof of (2.19) and (2.20), see [5] and [14]. A proof of (2.21) was

given by L. C. Shen [16].

The following theta function identities have been recorded by Ramanujan

[4, p. 345]:

cðqÞ
qcðq9Þ ¼

ffiffiffiffiffiffiffiffi
Pq

Pq9

s
¼ 1þ w3ð�q9Þ

qwð�q3Þ ; ð2:22Þ

c4ðq3Þ
qc4ðq9Þ

¼
P 2

q3

P 2
q9

¼ 1þ w9ð�q9Þ
q3w3ð�q3Þ ; ð2:23Þ

1þ 3q
cð�q9Þ
cð�qÞ ¼ 1þ 9q

c4ð�q3Þ
qc4ð�qÞ

 !1=3
; ð2:24Þ

and

1þ cð�q1=3Þ
q1=3cð�q3Þ ¼ 1þ c4ð�qÞ

qc4ð�q3Þ

 !1=3
: ð2:25Þ

For proving these Berndt utilizes Entry 31 of Chapter 16 of Ramanujan’s

second notebook.

We also make use of the following identity due to W. N. Bailey in our

proofs: Xy
n¼�y

aqn

ð1� aqnÞ2
� bqn

ð1� bqnÞ2

" #

¼ af 6ð�qÞ f ð�ab;�q=abÞ f ð�b=a;�aq=bÞ
f 2ð�a;�q=aÞ f 2ð�b;�q=bÞ : ð2:26Þ

Bailey proved the above identity by making use of the elliptic function theory.

It can also be deduced from his 6c6 well-poised summation formula [2].

The following identity is due to C. Adiga et al. [1]:

f ða; bÞ f ðc; dÞ f an;
b

n

� �
f cn;

d

n

� �

� f ð�a;�bÞ f ð�c;�dÞ f �an;� b

n

� �
f �cn;� d

n

� �

¼ 2af
c

a
; ad

� �
f

d

an
; acn

� �
f n;

ab

n

� �
f n;

ab

n

� �
cðabÞ: ð2:27Þ
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The Eisenstein series PnðqÞ is defined as

PnðqÞ ¼ 1� 24
Xy
k¼1

kqnk

1� qnk
:

For convenience, we set Pn for PnðqÞ. The following relation between

Eisenstein series and theta functions holds:

�P1 þ 2P2 ¼ 16qc4ðq2Þ þ j4ðqÞ: ð2:28Þ

The above identity can be easily obtained from Bailey formula (2.26), as done

in [19]. From 1c1 summation formula, following can be easily obtained:

j2ðqÞ ¼ 1þ 4
Xy
1

ð�1Þk q2k

1� q2k�1
; ð2:29Þ

c2ðq2Þ ¼
Xy
0

qk

1þ q2kþ1
; ð2:30Þ

Xy
n¼�y

zn

1� aqkn
¼ f ð�az;�qkðazÞ�1Þðqk; qkÞ3y

f ð�z;�qkz�1Þ f ð�a;�qka�1Þ ; ð2:31Þ

and

2
Xy

n¼�y

qknxn

1þ q2kn
¼ j2ð�q2kÞ f ðqkx; qkx�1Þ

f ð�qkx;�qkx�1Þ : ð2:32Þ

Expanding (2.29) in base 5, subtracting f2ðq5Þ terms, interchanging the order

of summation of each series and then employing (2.32) after obtaining two

bilateral series, we arrive at

j2ðqÞ � j2ðq5Þ
2j2ð�q10Þ ¼ f ðq; q9Þ

f ð�q;�q9Þ �
f ðq3; q7Þ

f ð�q3;�q7Þ : ð2:33Þ

In the same way, from (2.30) and (2.31), we arrive at

c2ðq2Þ � q2c2ðq10Þ
c2ð�q5Þ

¼ f ðq4; q6Þ
f ð�q;�q9Þ � q

f ðq2; q8Þ
f ð�q3;�q7Þ : ð2:34Þ

Using the product representation of f ða; bÞ and using (1.1), (2.19) and

(2.21), we easily obtain the following identities:

f ðq; q9Þ f ðq3; q7Þ ¼ j2ðqÞ � j2ðq5Þ
4q

; ð2:35Þ

f ðq2; q8Þ f ðq4; q6Þ ¼ c2ðq2Þ � q2c2ðq10Þ; ð2:36Þ
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c2ðqÞ � qc2ðq5Þ ¼ f2 f
3
5

f1 f10
; ð2:37Þ

1

f ð�q;�q9Þ f ð�q3;�q7Þ ¼
c2ðqÞ � qc2ðq5Þ
j2ð�q5Þc2ðq5Þ

; ð2:38Þ

and

j2ðqÞ � j2ðq5Þ ¼ 4qc2ðq5Þ c2ðqÞ � qc2ðq5Þ
c2ðq2Þ � q2c2ðq10Þ

: ð2:39Þ

3. Proofs of Pq identities

In this section we confirm (1.3)–(1.18). It is to be noted in the beginning

itself that, (1.10) and (1.11) are not proved in the same spirit as that of the

rest. We just verify these two at the end of this section.

Proof of (1.4). Dividing (2.8) by (2.10) and using jðqÞ ¼ c2ðqÞ
cðq2Þ , we obtain

(1.4).

Proof of (1.5). The identity obtained after replacing q by q2 in (1.5) is equiv-

alent to (2.18) which is evident from (2.17) and (2.11).

Proof of (1.6) and (1.7). Multiplying (2.10) and the identity obtained after

cubing (2.8), and then using jðqÞ ¼ c2ðqÞ
cðq2Þ , we obtain

ðPq2 �Pq6Þ3ðPq2 þ 3Pq6Þ ¼
P 4

q3Pq2

Pq6
;

which is nothing but (1.6). Proof of (1.7) is similar to that of (1.6).

Proof of (1.3). Multiplying (1.6) and (1.7), we obtain

ðPq2 �Pq6Þ4ðPq2 þ 3Pq6Þ4 ¼ P 4
q3P

4
q :

Assuming 0 < q < 1, we obtain

ðPq2 �Pq6ÞðPq2 þ 3Pq6Þ ¼GPq3Pq:

Dividing both sides by q and then setting q ¼ 0, we observe that the left hand

side of the above equation is greater than 0: This forces us to choose þ sign,

which implies

ðPq2 �Pq6ÞðPq2 þ 3Pq6Þ ¼ Pq3Pq:

By analytic continuation, this holds good for all jqj < 1: Hence the proof of

(1.3).

122 Yathirajsharma Mudumbai Varada et al.



Proof of (1.8). From (2.5), (2.7) and (2.9), it follows that

ðPq2 þPq6ÞðPq2 � 3Pq6Þ3

ðP 2
q2 � 4P 2

q4Þ2
¼

Pq6Pq2

P 2
q4

:

Changing q to �q in the above equation, we obtain

ðPq2 �Pq6ÞðPq2 þ 3Pq6Þ3

ðP 2
q2 þ 4P 2

q4Þ2
¼

Pq6Pq2

P 2
q4

:

Then changing q to q1=2 in the above two equations, we obtain (1.8).

Proof of (1.9). From (2.4) and (1.6), it follows that

ðP 2
q2 þ 4P 2

q4Þ2

ðPq2 �Pq6Þ3ðPq2 þ 3Pq6Þ
¼

P 2
q12

Pq2Pq6

:

Changing q to �q in the above equation, we obtain

ðP 2
q2 � 4P 2

q4Þ2

ðPq2 þPq6Þ3ðPq2 � 3Pq6Þ
¼

P 2
q12

Pq2Pq6

:

By changing q to q1=2 in the above equations, we obtain (1.9).

Proof of (1.12). Eliminating
w3ð�q9Þ
qwð�q3Þ between (2.22) and (2.23), it is easy to see

that

P 2
q3

P 2
q9

� 3
Pq

Pq9

� �
¼ Pq

Pq9

� �3=2
þ 3

Pq

Pq9

� �1=2
:

Multiplying throughout by P 2
q9 , we complete the proof of (1.12).

Proof of (1.13). The first equality of (1.13) directly follows from (2.22) and

(2.23). However, the second equality of (1.13), i.e.

ffiffiffiffiffiffiffiffi
Pq

Pq9

s
¼

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

Pq

P
q3

� �2
� 1

3

r
3

;

is wrong. This is because

lim
q!1�

ffiffiffiffiffiffiffiffi
Pq

Pq9

s
¼ 3;

whereas

lim
q!1�

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9

Pq

P
q3

� �2
� 1

3

r
3

¼ 1þ
ffiffiffiffiffi
803

p

3
:
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For finding limit as q ! 1� of the expressions involving theta functions, one

can refer [10]. The correct way of putting what Gosper intended might be the

following, which is again due to Ramanujan:ffiffiffiffiffiffiffiffi
Pq

Pq9

s
¼ 3

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 9

P 2

q3

P 2
q

3

r :

Proof of (1.14). From (2.19), (2.20) and (2.6) it follows that

ð5Pq10 �Pq2ÞðPq2 �Pq10Þ5

ð16P 4
q10 �P 4

q5Þ
¼ 1

q7
f 4
4

f2

� �
f 16
10

f 85

� �
f 610
f 1220

� �
:

From (1.1), it follows that

ð5Pq10 �Pq2ÞðPq2 �Pq10Þ5

ð16P 4
q10 �P 4

q5Þ
¼

Pq2P 4
q5

P 3
q10

:

This completes the proof of (1.14).

Proof of (1.15). From (2.19), (2.20) and (2.6), it follows that

ð5Pq10 �Pq2Þ5ðPq2 �Pq10Þ
ð16P 4

q2 �P 4
qÞ

¼ q2
f1216

f 8
1

f 62
f 12
4

f 4
20

f 2
10

;

where we have used (1.1). Again employing (1.1) to the right-hand side, we

obtain

ð5Pq10 �Pq2Þ5ðPq2 �Pq10Þ
ð16P 4

q2 �P 4
qÞ

¼
Pq2P 4

q5

P 3
q10

;

which completes the proof of (1.15).

Proof of (1.16). From (1.15), we have

ð16P 4
q4 �P 4

q2Þ
2

ð5Pq10 �Pq2Þ5ðPq2 �Pq10Þ
¼

ð16P 4
q4 �P 4

q2Þ
2

ð16P 4
q2 �P 4

qÞ
P 3

q2

Pq10P
4
q

:

From (2.6), we have

ð16P 4
q4 �P 4

q2Þ
2

ð16P 4
q2 �P 4

qÞ
¼ q

f2 f8

f4

� �16
f2

f1 f4

� �8
:

On using (1.1), we observe that

q
f2 f8

f4

� �16
f2

f1 f4

� �8
¼

P 4
qP

4
q4

P 4
q2

:
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Using this in the above, we obtain

ð16P 4
q4 �P 4

q2Þ2

ð5Pq10 �Pq2Þ5ðPq2 �Pq10Þ
¼

P 4
q4

Pq2Pq10

:

Changing q to q1=2, we obtain (1.16).

Proof of (1.17). From (1.14), we observe that

ð16P 4
q20 �P 4

q10Þ
2

ð5Pq10 �Pq2ÞðPq10 �Pq2Þ5
¼

P 3
q10ð16P

4
q20 �P 4

q10Þ
2

ð16P 4
q10 �P 4

q5ÞPq12P 4
q5

:

From the proof of (1.16) above, we have

ð16P 4
q20 �P 4

q10Þ2

ð16P 4
q10 �P 4

q5Þ
¼

P 4
q5P

4
q20

P 4
q10

:

From the above two identities, we find that

ð16P 4
q20 �P 4

q10Þ2

ð5Pq10 �Pq2ÞðPq10 �Pq2Þ5
¼

P 4
q20

Pq2Pq10

:

Changing q to q1=2, we obtain (1.17).

We now introduce some terminologies related to modular equations and

list few related results which will be used in the verification of (1.10) and

(1.11).

If 0 < a; b < 1, and the equality

n
2F1

1
2 ;

1
2 ; 1; 1� a

� �
2F1

1
2 ;

1
2 ; 1; a

� � ¼ 2F1
1
2 ;

1
2 ; 1; 1� b

� �
2F1

1
2 ;

1
2 ; 1; b

� �
holds, then any relationship between a and b induced by the above equation is

called a modular equation of degree n. In such equations, we say that b is of

degree n over a. We define the multiplier m connecting a and b by

m ¼ 2F1
1
2 ;

1
2 ; 1; a

� �
2F1

1
2 ;

1
2 ; 1; b

� � :
Following theorem due to Ramanujan serves as a bridge between the theory

of modular equations and the theory of theta functions:

Theorem 3.1. Suppose 0 < a < 1, y ¼ p 2F1ð12; 12;1;1�aÞ
2F1ð12; 12;1;aÞ

, and q ¼ e�y then

2F1
1
2 ;

1
2 ; 1; a

� �
¼ z, where z ¼ j2ðqÞ:

For a proof of the above, see [4, p. 101]. We require following theorems,

which are due to Ramanujan:
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Theorem 3.2 ([4, p. 123]). If a, q and z are as defined in Theorem 3.1,

then

(1) cðqÞ ¼
ffiffiffiffiffi
1
2 z

q
a
q

� �1=8
,

(2) cðq2Þ ¼ 1
2

ffiffiffi
z

p
a
q

� �1=4
.

Theorem 3.3 ([4, p. 232]). If b is of degree 3 over a, and m is the

multiplier connecting a and b, then

(1) b3

a

� �1=8
¼ m�1

2 :

(2) a3

b

� �1=8
¼ 3þm

2m :

Now, we will move to the verification of (1.10) and (1.11).

Verification of (1.10). From Theorem 3.2 and Theorem 3.3, it is easy to see

that

c4ðqÞ
qc4ðq3Þ

¼ mð3þmÞ
m� 1

:

Hence, we have

c4ðqÞ
qc4ðq3Þ

þ 18� 27
qc4ðq3Þ
c4ðqÞ

¼ 24m3 þm4 þ 18m2 � 27

mðm� 1Þð3þmÞ : ð3:1Þ

From Theorem 3.2, we have

c8ðqÞ
qc8ðq2Þ

¼ 16

a
:

Also from Theorem 3.1 and 3.2, we have

a ¼ ð3þmÞ3ðm� 1Þ
16m3

; and
c4ðq2Þ

c2ðqÞc2ðq3Þ
¼ ð3þmÞ2

16m
:

Thus

c4ðq2Þ
c2ðqÞc2ðq3Þ

c8ðqÞ
qc8ðq2Þ

þ 16

 !
¼ ð3þmÞ2

m

16m3

ð3þmÞ3ðm� 1Þ
þ 1

" #
;

which on simplification yields

c4ðq2Þ
c2ðqÞc2ðq3Þ

c8ðqÞ
qc8ðq2Þ

þ 16

 !
¼ 24m3 þm4 þ 18m2 � 27

mðm� 1Þð3þmÞ : ð3:2Þ

From (3.1) and (3.2), the verification of (1.10) is completed.
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Verification of (1.11). From Theorem 3.2 and Theorem 3.3, it is easy to see

the following identities

c4ðqÞ
qc4ðq3Þ

¼ mð3þmÞ
m� 1

:

We have

c4ðqÞ
qc4ðq3Þ

þ 18� 27
qc4ðq3Þ
c4ðqÞ

¼ mð3þmÞ
m� 1

� 6� m� 1

mð3þmÞ :

Which on simplification yields

c4ðqÞ
qc4ðq3Þ

� 6� 3
qc4ðq3Þ
c4ðqÞ

¼ m4 � 6m2 þ 24m� 3

mðm� 1Þð3þmÞ : ð3:3Þ

From Theorem 3.2, we obtain

c8ðq3Þ
q3c8ðq6Þ

¼ 16

b
:

Also from Theorem 3.1 and 3.2, we have

b ¼ ðm� 1Þ3ð3þmÞ
16m

and
q2c4ðq6Þ

c2ðqÞc2ðq3Þ
¼ ðm� 1Þ2

16m
:

Hence

q2c4ðq6Þ
c2ðqÞc2ðq3Þ

c8ðq3Þ
q3c8ðq6Þ

þ 16

 !
¼ ðm� 1Þ2

m

16m

ðm� 1Þ3ð3þmÞ
þ 1

 !
;

which on simplification yields

q2c4ðq6Þ
c2ðqÞc2ðq3Þ

c8ðq3Þ
q3c8ðq6Þ

þ 16

 !
¼ m4 � 6m2 þ 24m� 3

mðm� 1Þð3þmÞ : ð3:4Þ

From (3.3) and (3.4), verification of (1.11) is completed.

4. Proofs of Lambert series identities

Proof of (1.19). It is easy to observe from the definition of Pk’s that

Xy
n¼1

qn

ð1� qnÞ2
� 2

Xy
n¼1

q2n

ð1� q2nÞ2
¼ 1

24
ð1� P1Þ �

2

24
ð1� P2Þ

¼ 1

24
ð�1þ 2P2 � P1Þ:

(1.19) now follows easily from (2.28) and the fact that jðqÞ ¼ cðqÞ2
cðq2Þ :
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Proof of (1.20). Ramanujan has recorded in [4, p. 460],

1þ 12
Xy
k¼1

kqk

1� qk
� 36

Xy
k¼1

kq3k

1� q3k
¼ c4ðqÞ þ 3qc4ðq3Þ

cðqÞcðq3Þ

( )2

:

This is equivalent to (1.20).

Proof of (1.21). In [4, p. 114], Ramanujan has recorded the following

identity:

j4ðqÞ ¼ 1þ 8
Xy
k¼1

kqk

1þ ð�qÞk
;

which is same as

j4ðqÞ ¼ 1

3
ð�P1 þ 4P4Þ:

By the definition of Pk, we have

X qn

ð1� qnÞ2
� 4

X q4n

ð1� q4nÞ2
¼ 1

24
ð1� P1 � 4þ 4P4Þ

¼ 1

24
ð�3þ 3j4ðqÞÞ

¼ 1

8

c8ðqÞ
c4ðq2Þ

� 1

 !
;

where we have used jðqÞ ¼ cðqÞ2
cðq2Þ : Which completes the proof of (1.21).

Proof of (1.23). Changing q to q4, followed by setting a ¼ q and b ¼ q2 in

(2.26), and then expanding the bilateral series, we obtain

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 2

Xy
n¼1

q4n�2

ð1� q4n�2Þ2
¼ P 2

q2 ;

where we have used,
f 6
4

j2ð�q2Þ ¼ c4ðq2Þ. Now using the fact that

Xy
n¼1

qn

ð1� qnÞ2
¼
Xy
n¼1

nqn

1� qn
;

we observe that
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Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 2

Xy
n¼1

q4n�2

ð1� q4n�2Þ2
¼
Xy
n¼1

nqn

1� qn
�
Xy
n¼1

nq2n

1� q2n

� 2
Xy
n¼1

nq2n

1� q2n
þ 2

Xy
n¼1

nq4n

1� q4n
:

Now using the facts that

Xy
n¼1

nqn

1� qn
� 2

Xy
n¼1

nq2n

1� q2n
¼
Xy
n¼1

ð2n� 1Þq2n�1

1� q2n�1

and

q

1� q2
¼ q

1� q
� q2

1� q2
;

in the above equation, we obtain

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 2

Xy
n¼1

q4n�2

ð1� q4n�2Þ2
¼
Xy
n¼1

ð2n� 1Þq2n�1

1� q4n�2
;

which completes the proof of (1.23).

Before going to the proof of (1.25) and (1.26) we shall first establish the

following equality

P 2

q5

P 2

q10

þ 16
P 2

q10

P 2

q5

Pq

P
q5
� 4� P

q5

Pq

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P 3

q

P 3
q5

� 2
P 2

q

P 2
q5

þ 5
Pq

Pq5

vuut : ð4:1Þ

From (1.17) and the formula ðaþ bÞ2 ¼ ða� bÞ2 þ 4ab it follows that,

½16P 4
q10 �P 4

q5 �
2 ¼

P 4
q10

PqPq5
f½5Pq5 �Pq�½Pq5 �Pq�5g þ 64P 4

q10P
4
q5 :

Expanding the right hand side and then factoring it yields,

ð16P 4
q10 �P 4

q5Þ2 ¼
P 2

q

P 2
q5

� 4�
P 2

q5

P 2
q

 !2
P 6

q

P 6
q5

� 2
P 4

q

P 4
q5

þ 5
P 2

q

P 2
q5

 !
:

Proof of (1.26). Changing q to q10 in (2.26) and setting b ¼ q5, we observe

that

Xy
n¼�y

aq10n

ð1� aq10nÞ2
� q10nþ5

ð1� q10nþ5Þ2

" #
¼ ac4ðq5Þ

f 2 �aq5;� q5

a

� �
f 2 �a;� q10

a

� � :
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Setting a ¼ q first and then a ¼ q3 in the above equation, and adding the

resultant identities, we obtain

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

¼
P 2

q5

q3=2
f 2ð�q4;�q6Þ
f 2ð�q;�q9Þ þ q2

f 2ð�q2;�q8Þ
f 2ð�q3;�q7Þ

� �
: ð4:2Þ

Setting a ¼ b ¼ c ¼ d ¼ q5 and n ¼ �q in (2.27), we see that

j2ðq5Þ f 2ð�q4;�q6Þ � f 2ðq4; q6Þj2ð�q5Þ ¼ �4q4c2ðq10Þ f 2ð�q;�q9Þ;

where we have used f ð1; qÞ ¼ 2cðqÞ: This implies

f 2ð�q4;�q6Þ
f 2ð�q;�q9Þ ¼ j2ð�q5Þ

j2ðq5Þ
f 2ðq4; q6Þ

f 2ð�q;�q9Þ � 4q4
c2ðq10Þ
j2ðq5Þ :

Similarly by setting a ¼ b ¼ c ¼ d ¼ q5 and n ¼ �q3 in (2.27), we obtain

q2
f 2ð�q2;�q8Þ
f 2ð�q3;�q7Þ ¼ q2

j2ð�q5Þ
j2ðq5Þ

f 2ðq2; q8Þ
f 2ð�q3;�q7Þ � 4q4

c2ðq10Þ
j2ðq5Þ :

Adding the above two, and using (4.2), we obtain

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ 1

q3=2
j2ð�q5Þ
j2ðq5Þ

f 2ðq4; q6Þ
f 2ð�q;�q9Þ þ q2

f 2ðq2; q8Þ
f 2ð�q3;�q7Þ

� 	
� 8q4

c2ðq10Þ
j2ðq5Þ

 !
:

Now using (2.34), (2.36) and the identity a2 þ b2 ¼ ða� bÞ2 þ 2ab, we observe

that

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ 1

q3=2
j2ð�q5Þ
j2ðq5Þ

(
ðc2ðq2Þ � q2c2ðq10ÞÞ2

c4ð�q5Þ

þ 2q
ðc2ðq2Þ � q2c2ðq10ÞÞðc2ðqÞ � qc2ðq5ÞÞ

j2ð�q5Þc2ðqÞ

)
� 8q5=2

c2ðq10Þ
j2ðq5Þ :

Now simplifying the above using cðq2Þj2ðqÞ ¼ c2ðqÞ, it reduces to
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1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ q5=2c4ðq10Þ
c4ðq5Þ

8<
: c2ðq2Þ

q2c2ðq10Þ
� 1

 !2

þ 2
c2ðq2Þ

q2c2ðq10Þ
� 1

 !
c2ðqÞ

q2c2ðq5Þ
� 1

 !
� 8

9=
;;

which is nothing but

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q10

P 2
q5

Pq2

Pq10

� 1

� �2
þ 2

Pq2

Pq10
� 1

� �
Pq

Pq5

� 1

� �
� 8

 !
: ð4:3Þ

Now, by setting a ¼ b ¼ c ¼ d ¼ q5 and n ¼ �q2 in (2.27), we obtain

q3
f 2ð�q2;�q8Þ
f 2ð�q3;�q7Þ ¼ � j2ðq5Þ

4c2ðq10Þ
þ j2ð�q5Þ
4c2ðq10Þ

f 2ðq3; q7Þ
f 2ð�q3;�q7Þ :

The above is nothing but (1.33).

Similarly by setting a ¼ b ¼ c ¼ d ¼ q5 and n ¼ �q2 in (2.27), we

obtain

q
f 2ð�q4;�q6Þ
f 2ð�q;�q9Þ ¼ � j2ðq5Þ

4c2ðq10Þ
þ j2ð�q5Þ
4c2ðq10Þ

f 2ðq; q9Þ
f 2ð�q;�q9Þ :

Adding the above two equation and substituting the resultant one in (4.2), we

see that

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ 1

q5=2
� j2ðq5Þ
4c2ðq10Þ

þ j2ð�q5Þ
4c2ðq10Þ

f 2ðq3; q7Þ
f 2ð�q3;�q7Þ þ

f 2ðq; q9Þ
f 2ð�q;�q9Þ

� �( )
:

Now using (2.33), (2.35), (2.39) and the formula a2 þ b2 ¼ ða� bÞ2 þ 2ab in the

above equation, we obtain
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1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ � 1

q

j2ðq5Þ
2c2ðq10Þ

þ 1

q

j2ð�q5Þ
4c2ðq10Þ

� 4q2c4ðq5Þ
j4ð�q10Þ

ðc2ðqÞ � qc2ðq5ÞÞ2

ðc2ðq2Þ � q2c2ðq10ÞÞ2
þ 2

ðc2ðqÞ � qc2ðq5ÞÞ2

j2ð�q5Þðc2ðq2Þ � q2c2ðq10ÞÞ

 !
:

Simplifying the above equation using jðqÞcðq2Þ ¼ c2ðqÞ, we obtain

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼ 1

q
� c4ðq5Þ
2c4ðq10Þ

þ c4ðq5Þ
4c4ðq10Þ

4

c2ðqÞ
qc2ðq5Þ � 1
� �2

c2ðq2Þ
q2c2ðq10Þ � 1
� �2 þ 2

c2ðqÞ
qc2ðq5Þ � 1
� �2

c2ðq2Þ
q2c2ðq10Þ � 1
� �

8><
>:

9>=
>;

8><
>:

9>=
>;;

which upon conversion to Pq’s becomes,

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q5

P 2
q10

� 1

2
þ

Pq

P
q5
� 1

� �2
P

q2

P
q10

� 1
� �2 þ 1

2

Pq

P
q5
� 1

� �2
P

q2

P
q10

� 1
� �

8><
>:

9>=
>;: ð4:4Þ

The above is nothing but (1.34). From [13, p. 33], we have

P2Q� 4PQþ 5Q� P2 �Q2 ¼ 0;

where P ¼ Pq

P
q5

and Q ¼ P
q2

P
q10

: This implies

Q ¼
ðP2 � 4Pþ 5ÞG

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP2 � 4Pþ 5Þ2 � 4P2

q
2

:

Since q2QðqÞ at q ¼ 0 takes the value 1, we must choose positive sign in the

above equation. Also, it is easy to see that

Q� 1 ¼
ðP2 � 4Pþ 3Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP2 � 4Pþ 5Þ2 � 4P2

q
2

ð4:5Þ
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and

P� 1

Q� 1
¼

ðP2 � 4Pþ 3Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðP2 � 4Pþ 5Þ2 � 4P2

q
8

: ð4:6Þ

Hence, we have

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q10

P 2
q5

fðQ� 1Þ2 þ 2ðQ� 1ÞðP� 1Þ � 8g; ð4:7Þ

and

1

P 2
q5

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 5

Xy
n¼1

q10n�5

ð1� q10n�5Þ2

 !

¼
P 2

q5

P 2
q10

� 1

2
þ ðP� 1Þ2

ðQ� 1Þ2
þ 1

2

ðP� 1Þ2

ðQ� 1Þ

( )
: ð4:8Þ

Using (4.5) and (4.6) in (4.7) and (4.8) and then multiplying the resulting

equations, we obtain (1.26).

Proofs of (1.24) and (1.27). The following identity can be found in [6,

p. 197]:

�P1 þ P2 þ 3P3 � 3P6 ¼ 24qc2ðqÞc2ðq3Þ: ð4:9Þ

This can be proved from (2.26) as done in [20, p. 88]. By the definition of Pn,

the above can be written as

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 3

Xy
n¼1

q6n�3

ð1� q6n�3Þ2
¼ PqPq3 ;

which is nothing but (1.24). Changing q to q3 in the above equation and then

adding 3 times of the resulting equation to it, we obtain

�P1 þ P2 þ 9P9 � 9P18 ¼ 24ðqc2ðqÞc2ðq3Þ þ 3q3c2ðq3Þc2ðq9ÞÞ:

By the definition of Pn, the above equation is same as

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 9

Xy
n¼1

q18n�9

ð1� q18n�9Þ2
¼ qc2ðqÞc2ðq3Þ þ 3q3c2ðq3Þc2ðq9Þ:
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Hence

1

P 2
q9

Xy
n¼1

q2n�1

ð1� q2n�1Þ2
� 9

Xy
n¼1

q18n�9

ð1� q18n�9Þ2

 !
¼

Pq3

Pq9

Pq

Pq9

þ 3

� �
: ð4:10Þ

Eliminating
w3ð�q9Þ
qwð�q3Þ between (2.22) and (2.23), it is easy to see that

Pq3

Pq9
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pq

Pq9

� �3=2
� 3

Pq

Pq9

� �
þ 3

Pq

Pq9

� �1=2s
: ð4:11Þ

Using this in the above, we obtain (1.27).

Proof of (1.22). The following can be found in [4, p. 475]:

1þ 3
Xy
k¼1

kqk

1� qk
� 27

Xy
k¼1

kq9k

1� q9k

¼ c4ðq3Þ þ 3qc2ðqÞc2ðq9Þ
cðqÞcðq9Þ

 !2
c2ðq3Þ

cðqÞcðq9Þ : ð4:12Þ

Using the fact that Pq ¼ q1=4c2ðqÞ, above equation can be rewritten as

Xy
k¼1

kqk

1� qk
� 9

Xy
k¼1

kq9k

1� q9k
¼ 1

3
ðP 2

q3 þ 3PqPq9Þ2
Pq3

ðPqPq9Þ3=2
� 1

 !
:

From the above and (4.10), we have

Xy
k¼1

kq2k

1� q2k
� 9

Xy
k¼1

kq18k

1� q18k
¼ 1

3
ðP 2

q3 þ 3PqPq9Þ2
Pq3

ðPqPq9Þ3=2
� 1

 !

�Pq3ðPq þ 3Pq9Þ:

Now employing (1.12), the above can be written as

Xy
k¼1

kq2k

1� q2k
� 9

Xy
k¼1

kq18k

1� q18k
¼ 1

3
ðP 2

q3 þ 3PqPq9ÞðPq þ 3Pq9Þ
Pq3

ðPqPq9Þ � 1

� �

�Pq3ðPq þ 3Pq9Þ:

Simplifying the above, we obtain (1.22). Now, from (4.12), (1.21) and (1.11),

the identity (1.32) follows.
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Proof of (1.28). Ramanujan has recorded the following [4, p. 463]:

1þ 6
Xy
k¼1

kqk

1� qk
� 30

Xy
k¼1

kq5k

1� q5k
¼ c4ðqÞ þ 2qc2ðqÞc2ðq5Þ þ 5q2c4ðq5Þ

cðqÞcðq5Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c4ðqÞ � 2qc2ðqÞc2ðq5Þ þ 5q2c4ðq5Þ

q
:

Employing (1.26) along with the fact that Pq ¼ q1=4c2ðqÞ, we obtain (1.28).

Proof of (1.29). Using the fact that Pq ¼ q1=4c2ðqÞ, (4.12) can be rewritten

as

1þ 3
Xy
k¼1

kqk

1� qk
� 27

Xy
k¼1

kq9k

1� q9k
¼

P 2
q3

P 2
q9

P
3=2

q9

P 1=2
q

þ 3P 1=2
q P

1=2

q9

0
@

1
A
2

Pq3

Pq9

ffiffiffiffiffiffiffiffi
Pq9

Pq

s
:

Now using (4.11) for the term
P 2

q3

P 2

q9

inside the square and using (4.10) for the term
P

q3

P
q9

outside the square in the above equation and then simplifying the resulting

equation, we obtain (1.29).

Disproving (1.30). Setting q ¼ 0 in (4.12) yields 1, while at q ¼ 0, right hand

side expression of (1.30) is not defined, which shows that (1.30) must be wrong.

We are unable to guess what Gosper might have intended with respect to

(1.30).

Proof of (1.31). Ramanujan has recorded the following [4, p. 139]:

qc8ðqÞ ¼ P 4
q ¼

Xy
n¼1

n3qn

1� qn
: ð4:13Þ

Using the facts that

Xy
n¼1

n3qn

1� qn
¼
Xy
n¼1

qn þ 4q2n þ q3n

ð1� qnÞ4

and

qn

1� q2n
¼ qn

1� qn
� q2n

1� q2n
;

we find that

Xy
n¼1

n3qn

1� q2n
¼
Xy
n¼1

q2n�1 þ 4q4n�2 þ q6n�3

ð1� q2n�1Þ4
:

135On Gosper’s identities



But,

q2n�1 þ 4q4n�2 þ q6n�3 ¼ q2n�1ð1� q2n�1Þ2 þ 6q4n�2:

This implies,

Xy
n¼1

n3qn

1� q2n
¼ 6

Xy
n¼1

q4n�2

ð1� q4n�2Þ4
þ
Xy
n¼1

q2n�1

ð1� q2n�1Þ2
: ð4:14Þ

(4.13) and (4.14) together imply (1.31).
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