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Abstract. Suppose that a smooth map ð f ; g; hÞ : Rn ! R3, where nb 3, has a stable

singularity at the origin. We characterize the stability of the function f : Rn ! R and

the map ð f ; gÞ : Rn ! R2 at the origin in terms of the discriminant set of ð f ; g; hÞ.

1. Introduction

We consider the relationships among singularities of multiple functions and

the product maps, with the following notation. Let n be an integer such that

nb 3, and M be a smooth n-dimensional manifold, and f ; g; h : M ! R be

smooth functions. By the product maps, we mean the maps ð f ; gÞ : M ! R2,

x 7! ð f ðxÞ; gðxÞÞ and ð f ; g; hÞ : M ! R3, x 7! ð f ðxÞ; gðxÞ; hðxÞÞ. Let p : R3 !
R and P : R3 ! R2 denote the projections such that f ¼ p � ð f ; g; hÞ and

ð f ; gÞ ¼ P � ð f ; g; hÞ. Let p be an interior point in M, and U be a su‰ciently

small neighborhood of p in M. Let d and D denote the discriminant sets of

ð f ; gÞjU and ð f ; g; hÞjU , respectively.

In the case of two functions, we already know characterizations of stable

singularities as follows. Johnson [3, Section 6] gave those in the case where

n ¼ 3, and the author [8] did in the general case.

Fact 1. If p is a regular point of ð f ; gÞ, then p is a regular point of f .

Proposition 2. If p is a fold point of ð f ; gÞ, then we have the following.
� p is a regular point of f if and only if ð f ; gÞðpÞ is a regular point

of pjd .
� p is a fold point of f if and only if ð f ; gÞðpÞ is a fold point of pjd .

They also had the corresponding characterization in the case where p is a cusp

point of ð f ; gÞ, though we omit it here. It is in terms of singularity of pjd as
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well, but not in the usual sense, as d is not a smooth manifold in that case.

See [8] for the details.

In the case of three functions, we give characterizations of stable singu-

larities as follows.

Fact 3. If p is a regular point of ð f ; g; hÞ, then p is a regular point of f

and ð f ; gÞ.

Proposition 4. If p is a fold point of ð f ; g; hÞ, then we have the

following.
� p is a regular point of f if and only if ð f ; g; hÞðpÞ is a regular point

of pjD.
� p is a fold point of f if and only if ð f ; g; hÞðpÞ is a fold point of pjD.
� p is a regular point of ð f ; gÞ if and only if ð f ; g; hÞðpÞ is a regular point

of PjD.
� p is a fold point of ð f ; gÞ if and only if ð f ; g; hÞðpÞ is a fold point of

PjD.
� p is a cusp point of ð f ; gÞ if and only if ð f ; g; hÞðpÞ is a cusp point of

PjD.

We also have the corresponding characterizations in the cases where p is a cusp

point or a swallow-tail point of ð f ; g; hÞ, though we omit them here. They are

in terms of singularity of pjD or PjD as well, and the normal curvature of D,

but not in the usual sense, as D is not a smooth manifold in those cases. See

Subsection 2.2 for the details.

Those characterizations may be compared to various works in di¤erential

geometry of singular surfaces. In the cusp and swallow-tail cases, D is a cer-

tain kind of singular surface (see Subsection 2.1). We can think of singularity

of pjD or PjD as contact between D and a family of planes or lines, respec-

tively, in R3. Such contacts were studied by Oset Sinha and Tari [7], and

Francisco [1].

We hope that the above local theory can be applied to some global theory.

Suppose that M is a closed manifold, and f , g are Morse functions. Johnson

[3] and the author [9] gave upper bounds for the minimal number of birth-death

singularities over all generic homotopies connecting f and g. To do so, they

read o¤ the behavior of certain homotopies connecting f and g, from the dis-

criminant set of ð f ; gÞ, by using Proposition 2 and its variation. This suggests

that such a local theory is useful for a global theory. Still, we could much

improve the upper bounds, if we could simplify the singularities of ð f ; gÞ by

isotopies of both or one of f and g, say, an isotopy fgt : M ! Rgt A ½0;1� such
that g0 ¼ g and g1 ¼ h. To do so, we might read o¤ the behavior of the homo-

topy fð f ; gtÞ : M ! R2gt A ½0;1�, from the discriminant set of ð f ; g; hÞ, by using
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Proposition 4 and its variations. In that way, or any other way, we hope that

the present results also have applications.

2. Preliminaries and results

In this section, we give preliminary definitions and facts, state the main

results of this paper, and review general methods which we use in our proofs.

2.1. Definitions and facts. We use the following notation. Let m and n be

positive integers, let X and Y be Cy manifolds of dimensions m and n, respec-

tively, and let f : X ! Y be a Cy map. Let p be an interior point in X , and

suppose that f ðpÞ is an interior point in Y . Let U be a su‰ciently small

neighborhood of p in X .

Some basic notions concerning singularity are defined as follows. The

point p is said to be a regular point of f if there are local coordinate systems

of X and Y with respect to which p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼
ðx1; x2; . . . ; xnÞ ðmb nÞ
ðx1; x2; . . . ; xm; 0; . . . ; 0Þ ðma nÞ;

�
and a singular point otherwise. The set of singular points of f is called the

singular set of f , and its image by f is called the discriminant set of f .

Some notions concerning fold singularity are defined as follows. Suppose

that mb n. The point p is said to be a fold point of f if there are local

coordinate systems of X and Y with respect to which p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2; . . . ; xn�1;�x2
n � � � � � x2

nþl�1 þ x2
nþl þ � � � þ x2

mÞ;

where l is an integer such that 0a lam� nþ 1. A fold point in the case

where n ¼ 1 is a so-called Morse critical point. The minimum of fl;m� n�
lþ 1g does not depend on the choice of coordinate systems, and is called the

absolute index of the fold point p. After coordinate transformations if nec-

essary, we can arrange the above local form so that l attains the absolute

index. Suppose that n ¼ 3 and p is a fold point of f . Then, we can see that

the singular set of f jU consists only of fold points, and its discriminant set is a

regular surface.

Some notions concerning cusp singularity are defined as follows. Suppose

that mb nb 2. The point p is said to be a cusp point of f if there are local

coordinate systems of X and Y with respect to which p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2; . . . ; xn�1; x
3
n þ x1xn � x2

nþ1 � � � � � x2
nþl

þ x2
nþlþ1 þ � � � þ x2

mÞ;
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where l is an integer such that 0alam� n. The minimum of fl;m� n� lg
does not depend on the choice of coordinate systems, and is called the absolute

index of the cusp point p. After coordinate transformations if necessary, we

can arrange the above local form so that l attains the absolute index. Suppose

that n ¼ 3 and p is a cusp point of f . Then, we can see that the singular set

of f jU consists only of fold points and cusp points, and its discriminant set,

denoted by D, is a singular surface as in the left of Figure 1. (See the second

paragraph in Section 3 for more details.) The images of the cusp points form

the cuspidal edge, which is a regular arc, denoted by E. There exists a Cy

disk in Y with the same limiting tangent plane in Tf ðpÞY as each component of

DnE, which we call a tangent disk of D at f ðpÞ.
Some notions concerning swallow-tail singularity are defined as follows.

Suppose that mb n ¼ 3. The point p is said to be a swallow-tail point of f

if there are local coordinate systems of X and Y with respect to which p ¼ 0

and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2; x4
3 þ x1x

2
3 þ x2x3 � x2

4 � � � � � x2
lþ3

þ x2
lþ4 þ � � � þ x2

mÞ;

where l is an integer such that 0alam� 3. The minimum of fl;m� l� 3g
does not depend on the choice of coordinate systems, and is called the absolute

index of the swallow-tail point p. After coordinate transformations if neces-

sary, we can arrange the above local form so that l attains the absolute index.

Suppose that p is a swallow-tail point of f . Then, we can see that the singular

set of f jU consists only of fold points, cusp points and the swallow-tail point

p, and its discriminant set, denoted by D, is a singular surface as in the right

of Figure 1. (See the second paragraph in Section 4 for more details.) The

images of the cusp points form the twin cuspidal edges, which together with

Fig. 1. The local structures of the discriminant set at the images of a cusp point and a swallow-tail

point.
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f ðpÞ form the cusped arc, denoted by E. There exists a Cy disk in Y with

the same limiting tangent plane in Tf ðpÞY as each component of DnE, which
we call a tangent disk of D at f ðpÞ. There also exists a Cy arc in D with the

same limiting tangent line in Tf ðpÞY as each component of Enf f ðpÞg, which
we call a tangent arc of E at f ðpÞ in D.

We remark that fold, cusp and swallow-tail singularities are stable.

For descriptions of stability, see [2] for example. Stable singular points of

f are classified into fold points if n ¼ 1, into fold points and cusp points

if mb n ¼ 2, and into fold points, cusp points and swallow-tail points if

mb n ¼ 3.

The notion of limiting normal curvature for certain kinds of singular

surfaces is defined as follows. This is due to Martins–Saji–Umehara–Yamada

[4]. Typical examples of the kinds of singular surfaces are the discriminant

sets in the above paragraphs, provided that the target manifold Y is Rieman-

nian. Suppose that m ¼ 2, n ¼ 3, and let g be a Riemannian metric of Y , and

‘ denote the Levi-Civita connection. Suppose that f has a unit normal vector

field, that is to say, a Cy map n : U ! TY such that nðxÞ is a unit vector in

Tf ðxÞY perpendicular to ðdf ÞxðTxUÞ for x A U . Suppose also that there is a

coordinate system ðx1; x2Þ of U with respect to which p ¼ 0 and

ðdf Þp
q

qx1

� �
0 0 and ðdf Þp

q

qx2

� �
¼ 0:

Then, the limiting normal curvature of f ðUÞ at f ðpÞ is

g ‘ðdf Þðq=ðqx1ÞÞðdf Þ q
qx1

� �� �
p
; nðpÞ

� �
g ðdf Þp q

qx1

� �
; ðdf Þp q

qx1

� �� � :

This is an invariant of the singular surface f ðUÞ and the metric g, up to sign

corresponding to the two possibilities for n.

2.2. Main results. We work in the following setting, slightly di¤erent from

that in Introduction for generality and convenience. Let m be an integer such

that mb 3, and X be an m-dimensional Cy manifold. Let Y1 and Y2;3 be

Riemannian manifolds of dimensions 1 and 2, respectively, and Y denote the

product Riemannian manifold Y1 � Y2;3. Let f1 : X ! Y1 and f2;3 : X ! Y2;3

be Cy maps, and f denote the product map ð f1; f2;3Þ : X ! Y , x 7! ð f1ðxÞ;
f2;3ðxÞÞ. Let p : Y ! Y1 and P : Y ! Y2;3 denote the projections. Let p be

an interior point in X , and suppose that f1ðpÞ and f2;3ðpÞ are interior points

in Y1 and Y2;3, respectively, and let q ¼ f ðpÞ. Let U be a su‰ciently small

neighborhood of p in X , and let D denote the discriminant set of f jU . Let E
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denote the subset of D consisting of the images of singular points of f jU other

than fold points. We note the following immediate fact.

Fact 5. If p is a regular point of f , then p is a regular point of f1 and

f2;3.

The following three propositions are the main results of this paper.

Proposition 6. Suppose that p is a fold point of f of absolute index l.

Then we have the following.
� p is a regular point of f1 if and only if q is a regular point of pjD.
� p is a fold point of f1 if and only if q is a fold point of pjD. Moreover,

the absolute index of the fold point p of f1 is equal to either minflþ m;

m� l� mg or minfl� mþ 2;m� lþ m� 2g, where m is the absolute

index of the fold point q of pjD.
� p is a regular point of f2;3 if and only if q is a regular point of

PjD.
� p is a fold point of f2;3 if and only if q is a fold point of PjD. More-

over, the absolute index of the fold point p of f2;3 is equal to either l or

minflþ 1;m� l� 2g.
� p is a cusp point of f2;3 if and only if q is a cusp point of PjD. More-

over, the absolute index of the cusp point p of f2;3 is equal to l.

Proposition 7. Suppose that p is a cusp point of f of absolute index l.

Let ~DD be a tangent disk of D at q. Then we have the following.
� p is a regular point of f1 if and only if q is a regular point of pj ~DD.
� p is a fold point of f1 if and only if q is a singular point of pj ~DD and a fold

point of pjE. Moreover, the absolute index of the fold point p of f1 is

equal to either minflþ 1;m� l� 1g or minflþ 2;m� l� 2g.
� p is a regular point of f2;3 if and only if q is a regular point of

Pj ~DD.
� p is a fold point of f2;3 if and only if q is a singular point of Pj ~DD and a

regular point of PjE. Moreover, the absolute index of the fold point p

of f2;3 is equal to minflþ 1;m� l� 2g.
� p is a cusp point of f2;3 if and only if q is a singular point of PjE,

and the limiting normal curvature of D at q is non-zero. Moreover,

the absolute index of the cusp point p of f2;3 is equal to either l or

minflþ 1;m� l� 3g.

Proposition 8. Suppose that p is a swallow-tail point of f of absolute

index l. Let ~DD be a tangent disk of D at q, and ~EE be a tangent arc of E at q

in D. Then we have the following.
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� p is a regular point of f1 if and only if q is a regular point

of pj ~DD.
� p is a fold point of f1 if and only if q is a singular point of pj ~DD, and the

limiting normal curvature of D at q is non-zero. Moreover, the absolute

index of the fold point p of f1 is equal to either minflþ 1;m� l� 1g
or minflþ 2;m� l� 2g.

� p is a regular point of f2;3 if and only if q is a regular point

of Pj ~DD.
� p is a fold point of f2;3 if and only if q is a singular point of Pj ~DD and a

regular point of Pj ~EE. Moreover, the absolute index of the fold point p

of f2;3 is equal to minflþ 1;m� l� 2g.
� p is not a cusp point of f2;3.

Proposition 6 can be interpreted as Proposition 4. We remark that some of

the assertions about the indices can be refined by considering stable singu-

larities together with normal vectors on the discriminant sets, which is left to

the reader.

2.3. Methods. We use the following notation. Let m and n be positive

integers, let X and Y be Cy manifolds of dimensions m and n, respectively,

and let f : X ! Y be a Cy map. Let p be an interior point in X , and sup-

pose that f ðpÞ is an interior point in Y .

It is standard to use Jacobian matrix for distinguishing between regular

and singular points of maps. The point p is a regular point of f if and only

if ðdf Þp : TpX ! Tf ðpÞY has maximal rank. Rather this is usually regarded as

the definition. If f has a local form:

f ðx1; x2; . . . ; xmÞ ¼ ð f1ðx1; x2; . . . ; xmÞ; f2ðx1; x2; . . . ; xmÞ; . . . ; fnðx1; x2; . . . ; xmÞÞ;

then ðdf Þp is represented by, and hence identified with, the Jacobian matrix

qf1

qx1

� �
p

qf1

qx2

� �
p

� � � qf1

qxm

� �
p

qf2

qx1

� �
p

qf2

qx2

� �
p

� � � qf2

qxm

� �
p

..

. ..
. ..

.

qfn

qx1

� �
p

qfn

qx2

� �
p

� � � qfn

qxm

� �
p

0BBBBBBBBBBBB@

1CCCCCCCCCCCCA
:

It is also standard to use Hessian matrix for recognizing stable singularities

of functions. Suppose that n ¼ 1 and p is a singular point of f . For a local
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coordinate system ðx1; x2; . . . ; xmÞ of X at p, let ðHx1;x2;...;xm f Þp denote the

Hessian matrix

q2f

qx2
1

 !
p

q2f

qx1qx2

 !
p

� � � q2f

qx1qxm

 !
p

q2f

qx2qx1

 !
p

q2f

qx2
2

 !
p

� � � q2f

qx2qxm

 !
p

..

. ..
. ..

.

q2f

qxmqx1

 !
p

q2f

qxmqx2

 !
p

� � � q2f

qx2
m

 !
p

0BBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCA
:

It is a symmetric matrix, and hence has real eigenvalues. Let m denote the

number of negative eigenvalues. By Morse theory (see [5]), p is a fold point

of f if and only if ðHx1;x2;...;xm f Þp has maximal rank. Moreover, its absolute

index is equal to minfm;m� mg.
We use the following criteria for recognizing stable singularities of surface-

valued maps. Saji [6] gave general criteria for recognizing so-called Morin sin-

gularities, and the following are those in the special cases. Suppose that mb

n ¼ 2 and p is a singular point of f . Let U be a su‰ciently small neigh-

borhood of p in X , and let S denote the singular set of f jU . Suppose that

f has a local form: f ðxÞ ¼ ð f1ðxÞ; f2ðxÞÞ for x A U such that ðdf1Þp 0 0 and

ðdf2Þp ¼ 0. This implies that kerðdf Þp has dimension m� 1. Let h2; h3; . . . ; hm
be Cy vector fields on U such that kerðdf Þp ¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi, and let

ðHh2;h3;...;hm f2Þp denote the matrix

ðh2h2 f2Þp ðh2h3 f2Þp � � � ðh2hm f2Þp
ðh3h2 f2Þp ðh3h3 f2Þp � � � ðh3hm f2Þp

..

. ..
. ..

.

ðhmh2 f2Þp ðhmh3 f2Þp � � � ðhmhm f2Þp

0BBBBB@
1CCCCCA:

In fact, ðhihj f2Þp ¼ ðhjhi f2Þp for i; j A f2; 3; . . . ;mg. That is to say,

ðHh2;h3;...;hm f2Þp is a symmetric matrix, and hence has real eigenvalues. Let

l denote the number of negative eigenvalues. We regard ðHh2;h3;...;hm f2Þp as

representing a linear transformation of kerðdf Þp with respect to the basis

ððh2Þp; ðh3Þp; . . . ; ðhmÞpÞ, to treat kerðHh2;h3;...;hm f2Þp as a subspace of kerðdf Þp.

Theorem 1 (Saji). The point p is a fold point of f if and only if

kerðHh2;h3;...;hm f2Þp ¼ f0g. Moreover, its absolute index is equal to minfl;
m� l� 1g.
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Theorem 2 (Saji). The point p is a cusp point of f if there exists a Cy

vector field y on U such that
� yp 0 0 and ys A kerðdf Þs for s A S,
� kerðHh2;h3;...;hm f2Þp ¼ hypi,
� ðdðyf2ÞÞp 0 0 and ðyyyf2Þp 0 0.

Moreover, its absolute index is equal to minfl;m� l� 2g. Conversely, p is not

a cusp point of f if either kerðHh2;h3;...;hm f2Þp is not 1-dimensional, or there exists

a Cy vector field y on U such that
� yp 0 0 and ys A kerðdf Þs for s A S,
� kerðHh2;h3;...;hm f2Þp ¼ hypi,
� ðdðyf2ÞÞp ¼ 0 or ðyyyf2Þp ¼ 0.

3. Proof in cusp case

In this section, we give a proof of Proposition 7. We take this first

because it is more straightforward than those of Propositions 6 and 8.

We begin with the following local forms of the relevant maps. Since p

is a cusp point of f of absolute index l, there exist local coordinate systems

ðx1; x2; . . . ; xmÞ and ðu; v;wÞ of X and Y , respectively, with respect to which

p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2; x3
3 þ x1x3 � x2

4 � � � � � x2
lþ3 þ x2

lþ4 þ � � � þ x2
mÞ:

Since q is a regular point of p and P, there exist a local coordinate y1 of

Y1, and a local coordinate system ðy2; y3Þ of Y2;3, which give the local coor-

dinate system ðy1; y2; y3Þ of Y , with respect to which q ¼ 0 and pðy1; y2; y3Þ ¼
y1 and Pðy1; y2; y3Þ ¼ ðy2; y3Þ. Let f2, f3 denote the functions on U such

that

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ

with respect to ðy2; y3Þ. Then f also has the local form:

f ðx1; x2; . . . ; xmÞ ¼ ð f1ðx1; x2; . . . ; xmÞ; f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ

with respect to ðy1; y2; y3Þ. Note that there is a coordinate transformation:

ðu; v;wÞ 7! ðy1ðu; v;wÞ; y2ðu; v;wÞ; y3ðu; v;wÞÞ:

Let S denote the singular set of f jU . From the first local form of f , we can

see that S has the local form:

fð�x2
3 ; x2; x3; 0; . . . ; 0Þ j x2; x3 A Rg
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with respect to ðx1; x2; . . . ; xmÞ. We can regard ðx2; x3Þ as a local coordinate

system of S at p, and then f jS has the local form:

f jSðx2; x3Þ ¼ ð�x2
3 ; x2;�2x3

3Þ

with respect to ðu; v;wÞ. This shows that D is such a singular surface

as described in Subsection 2.1, and is related with ðu; v;wÞ as in Figure

2. The uv-plane is a tangent disk of D at f ðpÞ, as well as the given

one ~DD. The v-axis coincides with the cuspidal edge E, and hence pjE
and PjE have the local forms: pjEðvÞ ¼ y1ð0; v; 0Þ and PjEðvÞ ¼ ðy2ð0; v; 0Þ;
y3ð0; v; 0ÞÞ.

We calculate partial derivatives as follows. By the chain rule, for

example,

qf1

qx3
¼ qu

qx3

qf1

qu
þ qv

qx3

qf1

qv
þ qw

qx3

qf1

qw

¼ q

qx3
x1

� �
qy1

qu
þ q

qx3
x2

� �
qy1

qv

þ q

qx3
ðx3

3 þ x1x3 � x2
4 � � � � � x2

lþ3 þ x2
lþ4 þ � � � þ x2

mÞ
� �

qy1

qw

¼ ð3x2
3 þ x1Þ

qy1

qw
;

q2f1

qx2
3

¼ q

qx3
ð3x2

3 þ x1Þ
qy1

qw

� �

¼ q

qx3
ð3x2

3 þ x1Þ
� �

qy1

qw
þ ð3x2

3 þ x1Þ
q

qx3

qy1

qw

Fig. 2. The discriminant set D and the coordinate system ðu; v;wÞ.
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¼ 6x3
qy1

qw
þ ð3x2

3 þ x1Þ ð3x2
3 þ x1Þ

q

qw

� �
qy1

qw

¼ 6x3
qy1

qw
þ ð3x2

3 þ x1Þ2
q2y1

qw2
:

By similar calculations, for each k A f1; 2; 3g and i; j A f1; 2; . . . ;mg,

qfk

qxi
¼

qyk

qu
þ x3

qyk

qw
ði ¼ 1Þ

qyk

qv
ði ¼ 2Þ

ð3x2
3 þ x1Þ

qyk

qw
ði ¼ 3Þ

�2xi
qyk

qw
ð4a ia lþ 3Þ

2xi
qyk

qw
ðlþ 4a iamÞ;

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

q2fk

qx1qxj
¼

q2yk

qu2
þ 2x3

q2yk

quqw
þ x2

3

q2yk

qw2
ð j ¼ 1Þ

q2yk

quqv
þ x3

q2yk

qvqw
ð j ¼ 2Þ

qyk

qw
þ ð3x2

3 þ x1Þ
q2yk

quqw
þ x3ð3x2

3 þ x1Þ
q2yk

qw2
ð j ¼ 3Þ

�2xj
q2yk

quqw
� 2x3xj

q2yk

qw2
ð4a ja lþ 3Þ

2xj
q2yk

quqw
þ 2x3xj

q2yk

qw2
ðlþ 4a jamÞ;

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

q2fk

qx2qxj
¼

q2yk

qv2
ð j ¼ 2Þ

ð3x2
3 þ x1Þ

q2yk

qvqw
ð j ¼ 3Þ

�2xj
q2yk

qvqw
ð4a ja lþ 3Þ

2xj
q2yk

qvqw
ðlþ 4a jamÞ;

8>>>>>>>>>>><>>>>>>>>>>>:

q2fk

qx3qxj
¼

6x3
qyk

qw
þ ð3x2

3 þ x1Þ2
q2yk

qw2
ð j ¼ 3Þ

�2xjð3x2
3 þ x1Þ

q2yk

qw2
ð4a ja lþ 3Þ

2xjð3x2
3 þ x1Þ

q2yk

qw2
ðlþ 4a jamÞ;

8>>>>>><>>>>>>:

63Local theory of singularities of three functions



q2fk

qxiqxj
¼

�2
qyk

qw
þ 4x2

i

q2yk

qw2
ð4a i ¼ ja lþ 3Þ

2
qyk

qw
þ 4x2

i

q2yk

qw2
ðlþ 4a i ¼ jamÞ

4xixj
q2yk

qw2
ð4a i < ja lþ 3 or lþ 4a i < jamÞ

�4xixj
q2yk

qw2
ð4a ia lþ 3 < jamÞ;

8>>>>>>>>>>><>>>>>>>>>>>:
q3fk

qx3
3

¼ 6
qyk

qw
þ 18x3ð3x2

3 þ x1Þ
q2yk

qw2
þ ð3x2

3 þ x1Þ3
q3yk

qw3
:

Since p ¼ 0 and f ðpÞ ¼ q, for each k A f1; 2; 3g and i; j A f1; 2; . . . ;mg such

that ia j,

qfk

qxi

� �
p

¼

qyk

qu

� �
q

ði ¼ 1Þ

qyk

qv

� �
q

ði ¼ 2Þ

0 ð3a iamÞ;

8>>>>>><>>>>>>:

q2fk

qxiqxj

 !
p

¼

q2yk

qu2

 !
q

ði ¼ j ¼ 1Þ

q2yk

quqv

 !
q

ði ¼ 1; j ¼ 2Þ

qyk

qw

� �
q

ði ¼ 1; j ¼ 3Þ

q2yk

qv2

 !
q

ði ¼ j ¼ 2Þ

�2
qyk

qw

� �
q

ð4a i ¼ ja lþ 3Þ

2
qyk

qw

� �
q

ðlþ 4a i ¼ jamÞ

0 ðotherwiseÞ;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
q3fk

qx3
3

 !
p

¼ 6
qyk

qw

� �
q

:

3.1. Function case. We first focus on the function f1.

We consider whether p is a regular or singular point of f1. By the results

of partial derivatives,
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ðdf1Þp ¼
qf1

qx1

� �
p

;
qf1

qx2

� �
p

; . . . ;
qf1

qxm

� �
p

 !

¼ qy1

qu

� �
q

;
qy1

qv

� �
q

; 0; . . . ; 0

 !
:

As for the function pj ~DD, since the disk ~DD is tangent to the uv-plane

at q,

ðdðpj ~DDÞÞq ¼
qp

qu

� �
q

;
qp

qv

� �
q

 !
¼ qy1

qu

� �
q

;
qy1

qv

� �
q

 !
:

Hence, p is a regular point of f1 if and only if q is a regular point of pj ~DD,
which is the case if and only if

qy1

qu

� �
q

0 0 or
qy1

qv

� �
q

0 0:

Supposing that p is a singular point of f1, we consider what type it is.

By the above result, q is a singular point of pj ~DD, and

qy1

qu

� �
q

¼ qy1

qv

� �
q

¼ 0:

By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy1

qw

� �
q

0 0:

By the results of partial derivatives, the Hessian matrix ðHx1;x2;...;xm f1Þp is equal

to

q2y1

qu2

 !
q

q2y1

quqv

 !
q

qy1

qw

� �
q

0 0

q2y1

quqv

 !
q

q2y1

qv2

 !
q

0 0 0

qy1

qw

� �
q

0 0 0 0

0 0 0 �2
qy1

qw

� �
q

Il 0

0 0 0 0 2
qy1

qw

� �
q

Im�l�3

0BBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCA

;
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where In denotes the n� n identity submatrix for n A N. It shows that

ðHx1;x2;...;xm f1Þp has maximal rank if and only if

q2y1

qv2

 !
q

0 0:

As for the function pjE , by the local form,

ðdðpjEÞÞq ¼
qy1

qv

� �
q

¼ 0;

ðHvðpjEÞÞq ¼
q2y1

qv2

 !
q

:

Hence, p is a fold point of f1 if and only if q is a fold point of pjE . The

number of negative eigenvalues of ðHx1;x2;...;xm f1Þp is

lþ 1
qy1

qw

� �
q

> 0;
q2y1

qv2

 !
q

> 0

0@ 1A
lþ 2

qy1

qw

� �
q

> 0;
q2y1

qv2

 !
q

< 0

0@ 1A
m� l� 2

qy1

qw

� �
q

< 0;
q2y1

qv2

 !
q

> 0

0@ 1A
m� l� 1

qy1

qw

� �
q

< 0;
q2y1

qv2

 !
q

< 0

0@ 1A:

8>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>:
Hence, if p is a fold point of f1, its absolute index is equal to either minflþ 1;

m� l� 1g or minflþ 2;m� l� 2g.

3.2. Surface-valued map case. We now focus on the map f2;3.

We consider whether p is a regular or singular point of f2;3. By the local

form and the results of partial derivatives,

ðdf2;3Þp ¼

qf2

qx1

� �
p

qf2

qx2

� �
p

� � � qf2

qxm

� �
p

qf3

qx1

� �
p

qf3

qx2

� �
p

� � � qf3

qxm

� �
p

0BBBB@
1CCCCA

¼

qy2

qu

� �
q

qy2

qv

� �
q

0 � � � 0

qy3

qu

� �
q

qy3

qv

� �
q

0 � � � 0

0BBBB@
1CCCCA:
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As for the map Pj ~DD, since ~DD is tangent to the uv-plane at q,

ðdðPj ~DDÞÞq ¼

qy2

qu

� �
q

qy2

qv

� �
q

qy3

qu

� �
q

qy3

qv

� �
q

0BBBB@
1CCCCA:

Hence, p is a regular point of f2;3 if and only if q is a regular point of Pj ~DD,
which is the case if and only if

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

0 0:

Supposing that p is a singular point of f2;3, we consider what type it is, in

the rest of this section. By the above result, q is a singular point of Pj ~DD, and

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

¼ 0:

We have the following two subcases.

3.2.1. Generic subcase. We first deal with the subcase where q is a regular

point of PjE . Since

ðdðPjEÞÞq ¼

qy2

qv

� �
q

qy3

qv

� �
q

0BBBB@
1CCCCA0 0;

and the coordinates y2 and y3 are symmetric so far, we may suppose that

qy2

qv

� �
q

0 0

without loss of generality. By the regularity of the coordinate transformation:

ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy2

qv

� �
q

qy3

qw

� �
q

� qy2

qw

� �
q

qy3

qv

� �
q

0 0:

Let A denote the left-hand side of this inequality.

We modify the local form of f2;3 as follows. Let ef3f3 be the function on U

defined as

ef3f3 ¼ qy2

qv

� �
q

f3 �
qy3

qv

� �
q

f2:
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Noting that the coe‰cient of f3 is non-zero, we obtain the local form:

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; ef3f3ðx1; x2; . . . ; xmÞÞ:
We have arranged that

qf2

qx2

� �
p

¼ qy2

qv

� �
q

0 0;

qef3f3
qx1

 !
p

¼ qy2

qv

� �
q

qf3

qx1

� �
p

� qy3

qv

� �
q

qf2

qx1

� �
p

¼ qy2

qv

� �
q

qy3

qu

� �
q

� qy3

qv

� �
q

qy2

qu

� �
q

¼ 0;

qef3f3
qx2

 !
p

¼ qy2

qv

� �
q

qf3

qx2

� �
p

� qy3

qv

� �
q

qf2

qx2

� �
p

¼ qy2

qv

� �
q

qy3

qv

� �
q

� qy3

qv

� �
q

qy2

qv

� �
q

¼ 0;

qef3f3
qxi

 !
p

¼ qy2

qv

� �
q

qf3

qxi

� �
p

� qy3

qv

� �
q

qf2

qxi

� �
p

¼ 0 ð3a iamÞ;

to satisfy the conditions that ðdf2Þp 0 0 and ðd ef3f3Þp ¼ 0.

We calculate some derivatives with respect to appropriate vector fields as

follows. Let h2; h3; . . . ; hm be the Cy vector fields on U defined as

h2 ¼
qy2

qu

� �
q

q

qx2
� qy2

qv

� �
q

q

qx1
;

hi ¼
q

qxi
ð3a iamÞ:

We have arranged that ðh2Þp; ðh3Þp; . . . ; ðhmÞp are linearly independent, and

ðh2 f2Þp ¼
qy2

qu

� �
q

qf2

qx2

� �
p

� qy2

qv

� �
q

qf2

qx1

� �
p

¼ qy2

qu

� �
q

qy2

qv

� �
q

� qy2

qv

� �
q

qy2

qu

� �
q

¼ 0;

ðhi f2Þp ¼
qf2

qxi

� �
p

¼ 0 ð3a iamÞ;
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ðh2 f3Þp ¼
qy2

qu

� �
q

qf3

qx2

� �
p

� qy2

qv

� �
q

qf3

qx1

� �
p

¼ qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

¼ 0;

ðhi f3Þp ¼
qf3

qxi

� �
p

¼ 0 ð3a iamÞ;

to satisfy the condition that kerðdf2;3Þp ¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi. We have

that, for example,

h2h3
ef3f3 ¼ qy2

qu

� �
q

q

qx2
� qy2

qv

� �
q

q

qx1

( )
q

qx3

qy2

qv

� �
q

f3 �
qy3

qv

� �
q

f2

( )

¼ qy2

qu

� �
q

qy2

qv

� �
q

q2f3

qx2qx3
� qy2

qv

� �2
q

q2f3

qx1qx3

� qy2

qu

� �
q

qy3

qv

� �
q

q2f2

qx2qx3
þ qy2

qv

� �
q

qy3

qv

� �
q

q2f2

qx1qx3
;

ðh2h3 ef3f3Þp ¼ qy2

qu

� �
q

qy2

qv

� �
q

q2f3

qx2qx3

 !
p

� qy2

qv

� �2
q

q2f3

qx1qx3

 !
p

� qy2

qu

� �
q

qy3

qv

� �
q

q2f2

qx2qx3

 !
p

þ qy2

qv

� �
q

qy3

qv

� �
q

q2f2

qx1qx3

 !
p

¼ � qy2

qv

� �2
q

qy3

qw

� �
q

þ qy2

qv

� �
q

qy3

qv

� �
q

qy2

qw

� �
q

¼ � qy2

qv

� �
q

A0 0:

By similar calculations, we obtain that the matrix

ðh2h2 ef3f3Þp ðh2h3 ef3f3Þp � � � ðh2hm ef3f3Þp
ðh3h2 ef3f3Þp ðh3h3 ef3f3Þp � � � ðh3hm ef3f3Þp

..

. ..
. ..

.

ðhmh2 ef3f3Þp ðhmh3 ef3f3Þp � � � ðhmhm ef3f3Þp

0BBBBB@

1CCCCCA;

denoted by ðHh2;h3;...;hm
ef3f3Þp, is equal to
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ðh2h2 ef3f3Þp � qy2

qv

� �
q

A 0 0

� qy2

qv

� �
q

A 0 0 0

0 0 �2AIl 0

0 0 0 2AIm�l�3

0BBBBBBBB@

1CCCCCCCCA
:

We apply Theorem 1 to f2;3. The above form of the matrix shows that

kerðHh2;h3;...;hm
ef3f3Þp ¼ f0g. It follows that p is a fold point of f2;3. The num-

ber of negative eigenvalues of ðHh2;h3;...;hm
ef3f3Þp is

lþ 1 ðA > 0Þ
m� l� 2 ðA < 0Þ:

�
It follows that the absolute index of the fold point p of f2;3 is equal to

minflþ 1;m� l� 2g.

3.2.2. Exceptional subcase. We now deal with the subcase where q is a sin-

gular point of PjE . Since ðdðPjEÞÞq ¼ 0,

qy2

qv

� �
q

¼ qy3

qv

� �
q

¼ 0:

By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy1

qv

� �
q

0 0; and either
qy2

qu

� �
q

0 0 or
qy3

qu

� �
q

0 0:

Since y2 and y3 are symmetric so far, we may suppose that

qy2

qu

� �
q

0 0

without loss of generality. Again by the regularity of the coordinate trans-

formation,

qy2

qu

� �
q

qy3

qw

� �
q

� qy2

qw

� �
q

qy3

qu

� �
q

0 0:

Let B denote the left-hand side of this inequality.

We modify the local form of f2;3 as follows. Let ef3f3 be the function on U

defined as

ef3f3 ¼ qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2:
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Noting that the coe‰cient of f3 is non-zero, we obtain the local form:

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; ef3f3ðx1; x2; . . . ; xmÞÞ:
We have arranged that

qf2

qx1

� �
p

¼ qy2

qu

� �
q

0 0;

qef3f3
qx1

 !
p

¼ qy2

qu

� �
q

qf3

qx1

� �
p

� qy3

qu

� �
q

qf2

qx1

� �
p

¼ qy2

qu

� �
q

qy3

qu

� �
q

� qy3

qu

� �
q

qy2

qu

� �
q

¼ 0;

qef3f3
qx2

 !
p

¼ qy2

qu

� �
q

qf3

qx2

� �
p

� qy3

qu

� �
q

qf2

qx2

� �
p

¼ qy2

qu

� �
q

qy3

qv

� �
q

� qy3

qu

� �
q

qy2

qv

� �
q

¼ 0;

qef3f3
qxi

 !
p

¼ qy2

qu

� �
q

qf3

qxi

� �
p

� qy3

qu

� �
q

qf2

qxi

� �
p

¼ 0 ð3a iamÞ;

to satisfy the conditions that ðdf2Þp 0 0 and ðd ef3f3Þp ¼ 0.

We calculate some derivatives with respect to appropriate vector fields as

follows. Let h1; h2; . . . ; hm be the Cy vector fields on U defined as

h1 ¼
q

qx1
;

h2 ¼
q

qx2
;

h3 ¼
qf2

qx1

q

qx3
� qf2

qx3

q

qx1
;

hi ¼
q

qxi
ð4a iamÞ:

Noting that

qf2

qx1

� �
p

¼ qy2

qu

� �
q

0 0;
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we have that the vectors ðh1Þp; ðh2Þp; . . . ; ðhmÞp are linearly independent. We

have arranged that

ðh1 f2Þp ¼
qf2

qx1

� �
p

¼ qy2

qu

� �
q

0 0;

ðh2 f2Þp ¼
qf2

qx2

� �
p

¼ qy2

qv

� �
q

¼ 0;

h3 f2 ¼
qf2

qx1

qf2

qx3
� qf2

qx3

qf2

qx1
¼ 0;

ðhi f2Þp ¼
qf2

qxi

� �
p

¼ 0 ð4a iamÞ:

Note that ðdf2Þp and ðdf3Þp are linearly dependent, since p is a singular point of

f2;3. It follows that ðhi f3Þp ¼ 0 as well as ðhi f2Þp ¼ 0 for each i A f2; 3; . . . ;mg,
to satisfy the condition that kerðdf2;3Þp ¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi. Note also

that ðh1 f2Þs 0 0 for any point s su‰ciently close to p, and that ðdf2Þs and

ðdf3Þs are linearly dependent for any singular point s of f2;3. It follows that

ðh3 f3Þs ¼ 0 as well as ðh3 f2Þs ¼ 0 for any singular point s of f2;3 su‰ciently

close to p, to satisfy the condition that ðh3Þs A kerðdf2;3Þs. We have that, for

example,

h2h2
ef3f3 ¼ q

qx2

q

qx2

qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2

( )

¼ qy2

qu

� �
q

q2f3

qx2
2

� qy3

qu

� �
q

q2f2

qx2
2

;

ðh2h2 ef3f3Þp ¼ qy2

qu

� �
q

q2y3

qv2

 !
q

� qy3

qu

� �
q

q2y2

qv2

 !
q

;

h1h3
ef3f3 ¼ q

qx1

qf2

qx1

q

qx3
� qf2

qx3

q

qx1

� �
qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2

( )

¼ q

qx1

qy2

qu

� �
q

qf2

qx1

qf3

qx3
� qf2

qx3

qf3

qx1

� �

¼ qy2

qu

� �
q

q2f2

qx2
1

qf3

qx3
þ qf2

qx1

q2f3

qx1qx3
� q2f2

qx1qx3

qf3

qx1
� qf2

qx3

q2f3

qx2
1

 !
;

ðh1h3 ef3f3Þp ¼ qy2

qu

� �
q

B0 0;

72 Kazuto Takao



h3h3
ef3f3 ¼ qf2

qx1

q

qx3
� qf2

qx3

q

qx1

� �
qf2

qx1

q

qx3
� qf2

qx3

q

qx1

� �
qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2

( )

¼ qf2

qx1

q

qx3
� qf2

qx3

q

qx1

� �
qy2

qu

� �
q

qf2

qx1

qf3

qx3
� qf2

qx3

qf3

qx1

� �

¼ qy2

qu

� �
q

qf2

qx1

q2f2

qx1qx3

qf3

qx3
þ qf2

qx1

q2f3

qx2
3

� q2f2

qx2
3

qf3

qx1
� qf2

qx3

q2f3

qx1qx3

 !

� qy2

qu

� �
q

qf2

qx3

q2f2

qx2
1

qf3

qx3
þ qf2

qx1

q2f3

qx1qx3
� q2f2

qx1qx3

qf3

qx1
� qf2

qx3

q2f3

qx2
1

 !
;

and ðh3h3 ef3f3Þp ¼ 0. By similar calculations, we obtain that the matrix

ðHh2;h3;...;hm
ef3f3Þp is equal to

ðh2h2 ef3f3Þp 0 0 0

0 0 0 0

0 0 �2BIl 0

0 0 0 2BIm�l�3

0BBB@
1CCCA:

By similar but more complicated calculations,

h3h3h3
ef3f3 ¼ qy2

qu

� �
q

(
qf2

qx1

q2f2

qx1qx3

 !2
qf3

qx3
þ qf2

qx1

� �2
q3f2

qx1qx
2
3

qf3

qx3

þ 3
qf2

qx1

� �2
q2f2

qx1qx3

q2f3

qx2
3

þ qf2

qx1

� �3
q3f3

qx3
3

� qf2

qx1

� �2
q3f2

qx3
3

qf3

qx1

� 3
qf2

qx1

� �2
q2f2

qx2
3

q2f3

qx1qx3
� 3

qf2

qx1

� �2
qf2

qx3

q3f3

qx1qx
2
3

� qf2

qx1

q2f2

qx2
3

q2f2

qx2
1

qf3

qx3

� 2
qf2

qx1

qf2

qx3

q3f2

qx2
1qx3

qf3

qx3
� 3

qf2

qx1

qf2

qx3

q2f2

qx2
1

q2f3

qx2
3

þ 2
qf2

qx1

qf2

qx3

q3f2

qx1qx
2
3

qf3

qx1

þ 3
qf2

qx1

qf2

qx3

q2f2

qx2
3

q2f3

qx2
1

þ 3
qf2

qx1

qf2

qx3

� �2
q3f3

qx2
1qx3

þ qf2

qx3

q2f2

qx2
1

q2f2

qx2
3

qf3

qx1

þ 3
qf2

qx3

� �2
q2f2

qx2
1

q2f3

qx1qx3
þ qf2

qx3

� �2
q3f2

qx3
1

qf3

qx3
� qf2

qx3

q2f2

qx1qx3

 !2
qf3

qx1

� qf2

qx3

� �2
q3f2

qx2
1qx3

qf3

qx1
� 3

qf2

qx3

� �2
q2f2

qx1qx3

q2f3

qx2
1

� qf2

qx3

� �3
q3f3

qx3
1

)
;

ðh3h3h3 ef3f3Þp ¼ 6
qy2

qu

� �3
q

B0 0:
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We apply Theorems 1 and 2 to f2;3. The above form of the matrix shows

that kerðHh2;h3;...;hm
ef3f3Þp 0 f0g. It follows that p is not a fold point of f2;3.

Note that kerðHh2;h3;...;hm
ef3f3Þp is 1-dimensional if and only if ðh2h2 ef3f3Þp 0 0. If

so, then kerðHh2;h3;...;hm
ef3f3Þp ¼ hðh3Þpi. Since ðh1h3 ef3f3Þp 0 0, we can see that

ðdðh3 ef3f3ÞÞp 0 0. From this and the result that ðh3h3h3 ef3f3Þp 0 0, it follows that

p is a cusp point of f2;3 if and only if ðh2h2 ef3f3Þp 0 0. The number of negative

eigenvalues of ðHh2;h3;...;hm
ef3f3Þp is

l ðB > 0; ðh2h2 ef3f3Þp > 0Þ
lþ 1 ðB > 0; ðh2h2 ef3f3Þp < 0Þ
m� l� 3 ðB < 0; ðh2h2 ef3f3Þp > 0Þ
m� l� 2 ðB < 0; ðh2h2 ef3f3Þp < 0Þ:

8>>>>><>>>>>:
It follows that, if p is a cusp point of f2;3, its absolute index is equal to either

minfl;m� l� 2g or minflþ 1;m� l� 3g. Note that minfl;m� l� 2g ¼ l

since lam� l� 3.

We consider when the limiting normal curvature of D at q vanishes.

Recall that

f jSðx2; x3Þ ¼ ð�x2
3 ; x2;�2x3

3Þ

with respect to ðu; v;wÞ. Note that

f jSðx2; x3Þ ¼ ð f1jSðx2; x3Þ; f2jSðx2; x3Þ; f3jSðx2; x3ÞÞ

with respect to ðy1; y2; y3Þ, and

fkjSðx2; x3Þ ¼ ykð�x2
3 ; x2;�2x3

3Þ

for each k A f1; 2; 3g. By the chain rule, for example,

qð f1jSÞ
qx2

¼ q

qx2
ð�x2

3Þ
� �

qy1

qu
þ q

qx2
x2

� �
qy1

qv
þ q

qx2
ð�2x3

3Þ
� �

qy1

qw
¼ qy1

qv
;

qð f1jSÞ
qx2

� �
p

¼ qy1

qv

� �
q

0 0:

By similar calculations,

ðdð f jSÞÞ
q

qx2

� �
¼
X3
k¼1

qð fkjSÞ
qx2

q

qyk
¼
X3
k¼1

qyk

qv

q

qyk
;
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ðdð f jSÞÞp
q

qx2

� �
¼
X3
k¼1

qyk

qv

� �
q

q

qyk
¼ qy1

qv

� �
q

q

qy1
0 0;

ðdð f jSÞÞp
q

qx3

� �
¼ 0:

Let g denote the Riemannian metric of Y , and ‘ denote the Levi-Civita con-

nection. Let gi; j denote the function

g
q

qyi
;
q

qyj

� �
on Y , and G k

i; j be the Christo¤el’s symbol, that is to say,

‘q=ðqyiÞ
q

qyj
¼
X3
k¼1

G k
i; j

q

qyk
:

By the product structure, we have that gi; j ¼ 0 and G k
i; j ¼ 0 unless either i ¼

j ¼ k ¼ 1 or i; j; k A f2; 3g. It follows that

‘ðdð f jSÞÞðq=ðqx2ÞÞðdð f jSÞÞ
q

qx2

� �

¼ ‘
T

3
i¼1ðqyi=qvÞðq=qyiÞ

X3
j¼1

qyj

qv

q

qyj

¼
X3
i¼1

X3
j¼1

qyi

qv

qyj

qv
‘q=ðqyiÞ

q

qyj
þ
X3
j¼1

X3
i¼1

qyi

qv

q

qyi

 !
qyj

qv

( )
q

qyj

¼
X3
i¼1

X3
j¼1

X3
k¼1

qyi

qv

qyj

qv
G k

i; j

q

qyk
þ
X3
j¼1

q2yj

qv2
q

qyj
;

‘ðdð f jSÞÞðq=ðqx2ÞÞðdð f jSÞÞ
q

qx2

� �� �
p

¼
X3
i¼1

X3
j¼1

X3
k¼1

qyi

qv

� �
q

qyj

qv

� �
q

ðG k
i; jÞq

q

qyk
þ
X3
j¼1

q2yj

qv2

 !
q

q

qyj

¼ qy1

qv

� �2
q

ðG 1
1;1Þq

q

qy1
þ
X3
j¼1

q2yj

qv2

 !
q

q

qyj
:

It is well-known that D is a so-called frontal, that is to say, f jS has a unit

normal vector field n : U ! TY . Recall that the uv-plane is a tangent disk of
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D at q, and note that the v-axis is parallel to the y1-axis in TqY . It follows

that nðqÞ is obtained by normalizing

G g2;3ðqÞ
qy2

qu

� �
q

þ g3;3ðqÞ
qy3

qu

� �
q

( )
q

qy2

H g2;2ðqÞ
qy2

qu

� �
q

þ g2;3ðqÞ
qy3

qu

� �
q

( )
q

qy3
:

By substituting them, the limiting normal curvature

g ‘ðdð f jSÞÞðq=ðqx2ÞÞðdð f jSÞÞ
q
qx2

� �� �
p
; nðpÞ

� �
g ðdð f jSÞÞp q

qx2

� �
; ðdð f jSÞÞp q

qx2

� �� �
is equal to

Hfg2;2ðqÞg3;3ðqÞ � ðg2;3ðqÞÞ2g
qy2

qu

� �
q

q2y3

qv2

 !
q

� qy3

qu

� �
q

q2y2

qv2

 !
q

8<:
9=;

multiplied by a certain non-zero constant. By the regularity of the metric, it

is non-zero if and only if ðh2h2 ef3f3Þp 0 0. Combining this with the result in the

previous paragraph, we complete our proof of Proposition 7. r

4. Proof in swallow-tail case

In this section, we give a proof of Proposition 8. We take this here

because it is similar to that in the previous section.

We begin with the following local forms of the relevant maps. There exist

local coordinate systems ðx1; x2; . . . ; xmÞ and ðu; v;wÞ of X and Y , respectively,

with respect to which p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2; x4
3 þ x1x

2
3 þ x2x3 � x2

4 � � � � � x2
lþ3

þ x2
lþ4 þ � � � þ x2

mÞ:

There also exist a local coordinate y1 of Y1, and a local coordinate system

ðy2; y3Þ of Y2;3 with respect to which q ¼ 0 and pðy1; y2; y3Þ ¼ y1 and

Pðy1; y2; y3Þ ¼ ðy2; y3Þ. Let f2, f3 denote the functions on U such that

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ

with respect to ðy2; y3Þ, and

f ðx1; x2; . . . ; xmÞ ¼ ð f1ðx1; x2; . . . ; xmÞ; f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ
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with respect to ðy1; y2; y3Þ. Note that there is a coordinate transformation:

ðu; v;wÞ 7! ðy1ðu; v;wÞ; y2ðu; v;wÞ; y3ðu; v;wÞÞ:

Let S denote the singular set of f jU . We can see that S has the local form:

fðx1;�4x3
3 � 2x1x3; x3; 0; . . . ; 0Þ j x1; x3 A Rg

with respect to ðx1; x2; . . . ; xmÞ. We can regard ðx1; x3Þ as a local coordinate

system of S at p, and then f jS has the local form:

f jSðx1; x3Þ ¼ ðx1;�4x3
3 � 2x1x3;�3x4

3 � x1x
2
3Þ

with respect to ðu; v;wÞ. This shows that D is such a singular surface as

described in Subsection 2.1, and is related with ðu; v;wÞ as in Figure 3. The

uv-plane is a tangent disk of D at f ðpÞ, as well as ~DD. The u-axis is a tangent

arc of E at f ðpÞ in D, as well as ~EE.

We calculate partial derivatives similarly to those in Section 3. Then we

obtain that, for each k A f1; 2; 3g and i; j A f1; 2; . . . ;mg,

qfk

qxi
¼

qyk

qu
þ x2

3

qyk

qw
ði ¼ 1Þ

qyk

qv
þ x3

qyk

qw
ði ¼ 2Þ

ð4x3
3 þ 2x1x3 þ x2Þ

qyk

qw
ði ¼ 3Þ

�2xi
qyk

qw
ð4a ia lþ 3Þ

2xi
qyk

qw
ðlþ 4a iamÞ;

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
q2fk

qx1qxj
¼

q2yk

qu2
þ 2x2

3

q2yk

quqw
þ x4

3

q2yk

qw2
ð j ¼ 1Þ

q2yk

quqv
þ x3

q2yk

quqw
þ x2

3

q2yk

qvqw
þ x3

3

q2yk

qw2
ð j ¼ 2Þ

8>><>>:

Fig. 3. The discriminant set D and the coordinate system ðu; v;wÞ.
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q2fk

qx1qxj
¼

2x3
qyk

qw
þ ð4x3

3 þ 2x1x3 þ x2Þ
q2yk

quqw

þ x2
3ð4x3

3 þ 2x1x3 þ x2Þ
q2yk

qw2
ð j ¼ 3Þ

�2xj
q2yk

quqw
� 2x2

3xj
q2yk

qw2
ð4a ja lþ 3Þ

2xj
q2yk

quqw
þ 2x2

3xj
q2yk

qw2
ðlþ 4a jamÞ;

8>>>>>>>>>>><>>>>>>>>>>>:

q2fk

qx2qxj
¼

q2yk

qv2
þ 2x3

q2yk

qvqw
þ x2

3

q2yk

qw2
ð j ¼ 2Þ

qyk

qw
þ ð4x3

3 þ 2x1x3 þ x2Þ
q2yk

qvqw

þ x3ð4x3
3 þ 2x1x3 þ x2Þ

q2yk

qw2
ð j ¼ 3Þ

�2xj
q2yk

qvqw
� 2x3xj

q2yk

qw2
ð4a ja lþ 3Þ

2xj
q2yk

qvqw
þ 2x3xj

q2yk

qw2
ðlþ 4a jamÞ;

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

q2fk

qx3qxj
¼

ð12x2
3 þ 2x1Þ

qyk

qw
þ ð4x3

3 þ 2x1x3 þ x2Þ2
q2yk

qw2
ð j ¼ 3Þ

�2xjð4x3
3 þ 2x1x3 þ x2Þ

q2yk

qw2
ð4a ja lþ 3Þ

2xjð4x3
3 þ 2x1x3 þ x2Þ

q2yk

qw2
ðlþ 4a jamÞ;

8>>>>>>><>>>>>>>:

q2fk

qxiqxj
¼

�2
qyk

qw
þ 4x2

i

q2yk

qw2
ð4a i ¼ ja lþ 3Þ

2
qyk

qw
þ 4x2

i

q2yk

qw2
ðlþ 4a i ¼ jamÞ

4xixj
q2yk

qw2
ð4a i < ja lþ 3 or lþ 4a i < jamÞ

�4xixj
q2yk

qw2
ð4a ia lþ 3 < jamÞ;

8>>>>>>>>>>><>>>>>>>>>>>:
q3fk

qx3
3

¼ 24x3
qyk

qw
þ 3ð12x2

3 þ 2x1Þð4x3
3 þ 2x1x3 þ x2Þ

q2yk

qw2

þ ð4x3
3 þ 2x1x3 þ x2Þ3

q3yk

qw3
:

Since p ¼ 0 and f ðpÞ ¼ q, for each k A f1; 2; 3g and i; j A f1; 2; . . . ;mg such

that ia j,
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qfk

qxi

� �
p

¼

qyk

qu

� �
q

ði ¼ 1Þ

qyk

qv

� �
q

ði ¼ 2Þ

0 ð3a iamÞ;

8>>>>>><>>>>>>:

q2fk

qxiqxj

 !
p

¼

q2yk

qu2

 !
q

ði ¼ j ¼ 1Þ

q2yk

quqv

 !
q

ði ¼ 1; j ¼ 2Þ

q2yk

qv2

 !
q

ði ¼ j ¼ 2Þ

qyk

qw

� �
q

ði ¼ 2; j ¼ 3Þ

�2
qyk

qw

� �
q

ð4a i ¼ ja lþ 3Þ

2
qyk

qw

� �
q

ðlþ 4a i ¼ jamÞ

0 ðotherwiseÞ;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
q3fk

qx3
3

 !
p

¼ 0:

4.1. Function case. We first focus on the function f1.

We consider whether p is a regular or singular point of f1. The same

argument as in Subsection 3.1 shows that p is a regular point of f1 if and only

if q is a regular point of pj ~DD, which is the case if and only if

qy1

qu

� �
q

0 0 or
qy1

qv

� �
q

0 0:

Supposing that p is a singular point of f1, we consider what type it is.

By the above result, q is a singular point of pj ~DD, and

qy1

qu

� �
q

¼ qy1

qv

� �
q

¼ 0:

By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy1

qw

� �
q

0 0; and either
qy2

qu

� �
q

0 0 or
qy3

qu

� �
q

0 0:
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The Hessian matrix ðHx1;x2;...;xm f1Þp is equal to

q2y1

qu2

 !
q

q2y1

quqv

 !
q

0 0 0

q2y1

quqv

 !
q

q2y1

qv2

 !
q

qy1

qw

� �
q

0 0

0
qy1

qw

� �
q

0 0 0

0 0 0 �2
qy1

qw

� �
q

Il 0

0 0 0 0 2
qy1

qw

� �
q

Im�l�3

0BBBBBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCCCCA

;

which has maximal rank if and only if

q2y1

qu2

 !
q

0 0:

Hence, p is a fold point of f1 if and only if this inequality holds. The number

of negative eigenvalues of ðHx1;x2;...;xm f1Þp is

lþ 1
qy1

qw

� �
q

> 0;
q2y1

qu2

 !
q

> 0

0@ 1A
lþ 2

qy1

qw

� �
q

> 0;
q2y1

qu2

 !
q

< 0

0@ 1A
m� l� 2

qy1

qw

� �
q

< 0;
q2y1

qu2

 !
q

> 0

0@ 1A
m� l� 1

qy1

qw

� �
q

< 0;
q2y1

qu2

 !
q

< 0

0@ 1A:

8>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>:
Hence, if p is a fold point of f1, its absolute index is equal to either minflþ 1;

m� l� 1g or minflþ 2;m� l� 2g.
We consider when the limiting normal curvature of D at q vanishes. Note

that

f jSðx1; x3Þ ¼ ð f1jSðx1; x3Þ; f2jSðx1; x3Þ; f3jSðx1; x3ÞÞ

with respect to ðy1; y2; y3Þ, and

fkjSðx1; x3Þ ¼ ykðx1;�4x3
3 � 2x1x3;�3x4

3 � x1x
2
3Þ
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for each k A f1; 2; 3g. By calculations similar to those in Subsubsection 3.2.2,

ðdð f jSÞÞ
q

qx1

� �
¼
X3
k¼1

qyk

qu
� 2x3

qyk

qv
� x2

3

qyk

qw

� �
q

qyk
;

ðdð f jSÞÞp
q

qx1

� �
¼ qy2

qu

� �
q

q

qy2
þ qy3

qu

� �
q

q

qy3
0 0;

ðdð f jSÞÞp
q

qx3

� �
¼ 0;

‘ðdð f jSÞÞðq=ðqx1ÞÞðdð f jSÞÞ
q

qx1

� �� �
p

¼
X3
i¼2

X3
j¼2

X3
k¼2

qyi

qu

� �
q

qyj

qu

� �
q

ðG k
i; jÞq

q

qyk
þ
X3
j¼1

q2yj

qu2

 !
q

q

qyj
;

where ‘ denotes the Levi-Civita connection for the product metric of Y , and

G k
i; j is the Christo¤el’s symbol. It is well-known that f jS has a unit normal

vector field n. Since the y2 y3-plane is a tangent disk of D at q, the vector nðqÞ
is parallel to the y1-axis in TqY . It follows that the limiting normal curvature

is equal to

q2y1

qu2

 !
q

multiplied by a certain non-zero constant. Combining this with the result in

the previous paragraph, we complete our proof of Proposition 8 in the function

case.

4.2. Surface-valued map case. We now focus on the map f2;3.

We consider whether p is a regular or singular point of f2;3. The same

argument as in Subsection 3.2 shows that p is a regular point of f2;3 if and

only if q is a regular point of Pj ~DD, which is the case if and only if

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

0 0:

Supposing that p is a singular point of f2;3, we consider what type it is, in

the rest of this section. By the above result, q is a singular point of Pj ~DD, and

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

¼ 0:

We have the following two subcases.
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4.2.1. Generic subcase. We first deal with the subcase where q is a regular

point of Pj ~EE . Since the arc ~EE is tangent to the u-axis at q,

ðdðPj ~EEÞÞq ¼

qy2

qu

� �
q

qy3

qu

� �
q

0BBBB@
1CCCCA:

Since ðdðgj ~EEÞÞq 0 0 and the coordinates y2 and y3 are symmetric so far, we

may suppose that

qy2

qu

� �
q

0 0

without loss of generality. By the regularity of the coordinate transformation:

ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy2

qu

� �
q

qy3

qw

� �
q

� qy2

qw

� �
q

qy3

qu

� �
q

0 0:

Let B denote the left-hand side of this inequality.

We modify the local form of f2;3 as follows. Let ef3f3 be the function on U

defined as

ef3f3 ¼ qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2:

Noting that the coe‰cient of f3 is non-zero, we obtain the local form:

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; ef3f3ðx1; x2; . . . ; xmÞÞ:
We have arranged that

qf2

qx1

� �
p

¼ qy2

qu

� �
q

0 0;

qef3f3
qxi

 !
p

¼ qy2

qu

� �
q

qf3

qxi

� �
p

� qy3

qu

� �
q

qf2

qxi

� �
p

¼ 0 ð1a iamÞ;

to satisfy the conditions that ðdf2Þp 0 0 and ðd ef3f3Þp ¼ 0.

We calculate some derivatives with respect to appropriate vector fields as

follows. Let h2; h3; . . . ; hm be the Cy vector fields on U defined as

h2 ¼
qy2

qu

� �
q

q

qx2
� qy2

qv

� �
q

q

qx1
;

hi ¼
q

qxi
ð3a iamÞ:
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We have arranged that ðh2Þp; ðh3Þp; . . . ; ðhmÞp are linearly independent, and

ðhi f2Þp ¼ ðhi f3Þp ¼ 0 for i A f2; 3; . . .mg, to satisfy the condition that kerðdf2;3Þp
¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi. We have that, for example,

h2h3
ef3f3 ¼ qy2

qu

� �
q

q

qx2
� qy2

qv

� �
q

q

qx1

( )
q

qx3

qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2

( )

¼ qy2

qu

� �2
q

q2f3

qx2qx3
� qy2

qv

� �
q

qy2

qu

� �
q

q2f3

qx1qx3

� qy2

qu

� �
q

qy3

qu

� �
q

q2f2

qx2qx3
þ qy2

qv

� �
q

qy3

qu

� �
q

q2f2

qx1qx3
;

ðh2h3 ef3f3Þp ¼ qy2

qu

� �
q

B0 0:

By similar calculations, we obtain that the matrix ðHh2;h3;...;hm
ef3f3Þp is equal to

ðh2h2 ef3f3Þp qy2

qu

� �
q

B 0 0

qy2

qu

� �
q

B 0 0 0

0 0 �2BIl 0

0 0 0 2BIm�l�3

0BBBBBBBB@

1CCCCCCCCA
:

We apply Theorem 1 to f2;3. The above form of the matrix shows that

kerðHh2;h3;...;hm
ef3f3Þp ¼ f0g. It follows that p is a fold point of f2;3. The number

of negative eigenvalues of ðHh2;h3;...;hm
ef3f3Þp is

lþ 1 ðB > 0Þ
m� l� 2 ðB < 0Þ:

�
It follows that the absolute index of the fold point p of f2;3 is equal to

minflþ 1;m� l� 2g.

4.2.2. Exceptional subcase. We now deal with the subcase where q is a sin-

gular point of Pj ~EE . Since ðdðPj ~EEÞÞq ¼ 0,

qy2

qu

� �
q

¼ qy3

qu

� �
q

¼ 0:

By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy2

qv

� �
q

0 0 or
qy3

qv

� �
q

0 0:
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Since y2 and y3 are symmetric so far, we may suppose that

qy2

qv

� �
q

0 0

without loss of generality.

We modify the local form of f2;3 as follows. Let ef3f3 be the function on U

defined as

ef3f3 ¼ qy2

qv

� �
q

f3 �
qy3

qv

� �
q

f2:

Noting that the coe‰cient of f3 is non-zero, we obtain the local form:

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; ef3f3ðx1; x2; . . . ; xmÞÞ:
We have arranged that

qf2

qx2

� �
p

¼ qy2

qv

� �
q

0 0;

qef3f3
qxi

 !
p

¼ qy2

qv

� �
q

qf3

qxi

� �
p

� qy3

qv

� �
q

qf2

qxi

� �
p

¼ 0 ð1a iamÞ;

to satisfy the conditions that ðdf2Þp 0 0 and ðd ef3f3Þp ¼ 0.

We calculate some derivatives with respect to appropriate vector fields as

follows. Let h1; h2; . . . ; hm be the Cy vector fields on U defined as

h1 ¼
q

qx2
;

h2 ¼
q

qx1
;

h3 ¼
qf2

qx2

q

qx3
� qf2

qx3

q

qx2
;

hi ¼
q

qxi
ð4a iamÞ:

Noting that

qf2

qx2

� �
p

¼ qy2

qv

� �
q

0 0;

we have that the vectors ðh1Þp; ðh2Þp; . . . ; ðhmÞp are linearly independent. We

have arranged that ðh1 f2Þp 0 0 and ðhi f2Þp ¼ 0 for i A f2; 3; . . .mg, and h3 f2 ¼
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0. By a similar argument to that in Subsubsection 3.2.2, they satisfy the con-

ditions that kerðdf2;3Þp ¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi and ðh3Þs A kerðdf2;3Þs for any

singular point s of f2;3 su‰ciently close to p. We have that, for example,

h3h3
ef3f3 ¼ qf2

qx2

q

qx3
� qf2

qx3

q

qx2

� �
qf2

qx2

q

qx3
� qf2

qx3

q

qx2

� �
qy2

qv

� �
q

f3 �
qy3

qv

� �
q

f2

( )

¼ qy2

qv

� �
q

qf2

qx2

q2f2

qx2qx3

qf3

qx3
þ qf2

qx2

q2f3

qx2
3

� q2f2

qx2
3

qf3

qx2
� qf2

qx3

q2f3

qx2qx3

 !

� qy2

qv

� �
q

qf2

qx3

q2f2

qx2
2

qf3

qx3
þ qf2

qx2

q2f3

qx2qx3
� q2f2

qx2qx3

qf3

qx2
� qf2

qx3

q2f3

qx2
2

 !
;

and ðh3h3 ef3f3Þp ¼ 0. By similar calculations, the second column of the matrix

ðHh2;h3;...;hm
ef3f3Þp turns out to vanish. By similar but more complicated calcula-

tions, we obtain that ðh3h3h3 ef3f3Þp ¼ 0.

We apply Theorems 1 and 2 to f2;3. Since kerðHh2;h3;...;hm
ef3f3Þp 0 f0g,

it follows that p is not a fold point of f2;3. If kerðHh2;h3;...;hm
ef3f3Þp is

1-dimensional, then kerðHh2;h3;...;hm
ef3f3Þp ¼ hðh3Þpi. Since ðh3h3h3 ef3f3Þp ¼ 0, it fol-

lows that p is not a cusp point of f2;3. r

5. Proof in fold case

In this section, we give a proof of Proposition 6.

We begin with the following local forms of the relevant maps. There exist

local coordinate systems ðx1; x2; . . . ; xmÞ and ðu; v;wÞ of X and Y , respectively,

with respect to which p ¼ 0 and

f ðx1; x2; . . . ; xmÞ ¼ ðx1; x2;�x2
3 � � � � � x2

lþ2 þ x2
lþ3 þ � � � þ x2

mÞ:

There also exist a local coordinate y1 of Y1, and a local coordinate system

ðy2; y3Þ of Y2;3 with respect to which q ¼ 0 and pðy1; y2; y3Þ ¼ y1 and

Pðy1; y2; y3Þ ¼ ðy2; y3Þ. Let f2, f3 denote the functions on U such that

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ

with respect to ðy2; y3Þ, and

f ðx1; x2; . . . ; xmÞ ¼ ð f1ðx1; x2; . . . ; xmÞ; f2ðx1; x2; . . . ; xmÞ; f3ðx1; x2; . . . ; xmÞÞ

with respect to ðy1; y2; y3Þ. Note that there is a coordinate transformation:

ðu; v;wÞ 7! ðy1ðu; v;wÞ; y2ðu; v;wÞ; y3ðu; v;wÞÞ:
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Let S denote the singular set of f jU . We can see that S coincides with the

x1x2-plane, and f jS is an embedding, and its image D coincides with the

uv-plane. Hence, pjD and PjD have the local forms: pjDðu; vÞ ¼ y1ðu; v; 0Þ and
PjDðu; vÞ ¼ ðy2ðu; v; 0Þ; y3ðu; v; 0ÞÞ.

We calculate partial derivatives similarly to those in Section 3. Then we

obtain that, for each k A f1; 2; 3g and i; j A f1; 2; . . . ;mg such that ia j,

qfk

qxi

� �
p

¼

qyk

qu

� �
q

ði ¼ 1Þ

qyk

qv

� �
q

ði ¼ 2Þ

0 ð3a iamÞ;

8>>>>>><>>>>>>:

q2fk

qxiqxj

 !
p

¼

q2yk

qu2

 !
q

ði ¼ j ¼ 1Þ

q2yk

quqv

 !
q

ði ¼ 1; j ¼ 2Þ

q2yk

qv2

 !
q

ði ¼ j ¼ 2Þ

�2
qyk

qw

� �
q

ð3a i ¼ ja lþ 2Þ

2
qyk

qw

� �
q

ðlþ 3a i ¼ jamÞ

0 ðotherwiseÞ:

8>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>:
5.1. Function case. We first focus on the function f1.

We consider whether p is a regular or singular point of f1. By the local

forms and the results of partial derivatives,

ðdf1Þp ¼
qy1

qu

� �
q

;
qy1

qv

� �
q

; 0; . . . ; 0

 !
;

ðdðpjDÞÞq ¼
qy1

qu

� �
q

;
qy1

qv

� �
q

 !
:

Hence, p is a regular point of f1 if and only if q is a regular point of pjD,
which is the case if and only if

qy1

qu

� �
q

0 0 or
qy1

qv

� �
q

0 0:
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Supposing that p is a singular point of f1, we consider what type it is.

By the above result, q is a singular point of pjD, and

qy1

qu

� �
q

¼ qy1

qv

� �
q

¼ 0:

By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy1

qw

� �
q

0 0:

The Hessian matrix ðHx1;x2;...;xm f1Þp is equal to

q2y1

qu2

 !
q

q2y1

quqv

 !
q

0 0

q2y1

quqv

 !
q

q2y1

qv2

 !
q

0 0

0 0 �2
qy1

qw

� �
q

Il 0

0 0 0 2
qy1

qw

� �
q

Im�l�2

0BBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCA
;

and the Hessian matrix ðHu; vðpjDÞÞq is equal to

q2y1

qu2

 !
q

q2y1

quqv

 !
q

q2y1

quqv

 !
q

q2y1

qv2

 !
q

0BBBBBB@

1CCCCCCA:

These show that ðHx1;x2;...;xm f1Þp has maximal rank if and only if ðHu; vðpjDÞÞq
does. Hence, p is a fold point of f1 if and only if q is a fold point of pjD.
The number of negative eigenvalues of ðHx1;x2;...;xm f1Þp is

lþ m
qy1

qw

� �
q

> 0

 !

ðm� l� 2Þ þ m
qy1

qw

� �
q

< 0

 !
;

8>>>><>>>>:
where m is the number of negative eigenvalues of ðHu; vðpjDÞÞq. Suppose that

q is a fold point of pjD, and let m denote its absolute index. Note that m ¼
minfm; 2� mg, and hence m is equal to either m or 2� m. The number of
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negative eigenvalues of ðHx1;x2;...;xm f1Þp is, therefore, equal to

lþ m
qy1

qw

� �
q

> 0; m ¼ m

 !

l� mþ 2
qy1

qw

� �
q

> 0; m ¼ 2� m

 !

m� lþ m� 2
qy1

qw

� �
q

< 0; m ¼ m

 !

m� l� m
qy1

qw

� �
q

< 0; m ¼ 2� m

 !
:

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
Thus, the absolute index of the fold point p of f1 is equal to either minflþ m;

m� l� mg or minfl� mþ 2;m� lþ m� 2g.

5.2. Surface-valued map case. We now focus on the map f2;3.

We consider whether p is a regular or singular point of f2;3. By the local

forms and the results of partial derivatives,

ðdf2;3Þp ¼

qy2

qu

� �
q

qy2

qv

� �
q

0 � � � 0

qy3

qu

� �
q

qy3

qv

� �
q

0 � � � 0

0BBBB@
1CCCCA;

ðdðPjDÞÞq ¼

qy2

qu

� �
q

qy2

qv

� �
q

qy3

qu

� �
q

qy3

qv

� �
q

0BBBB@
1CCCCA:

Hence, p is a regular point of f2;3 if and only if q is a regular point of PjD,
which is the case if and only if

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

0 0:

Supposing that p is a singular point of f2;3, we consider what type it is,

in the rest of this section. By the above result, q is a singular point of PjD,
and

qy2

qu

� �
q

qy3

qv

� �
q

� qy2

qv

� �
q

qy3

qu

� �
q

¼ 0:
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By the regularity of the coordinate transformation: ðu; v;wÞ 7! ðy1; y2; y3Þ,

qy2

qu

� �
q

qy2

qv

� �
q

qy3

qu

� �
q

qy3

qv

� �
q

0BBBB@
1CCCCA0 0:

By the symmetries of y2 and y3, and of u and v, we may suppose that

qy2

qu

� �
q

0 0

without loss of generality. Again by the regularity,

qy2

qu

� �
q

qy3

qw

� �
q

� qy2

qw

� �
q

qy3

qu

� �
q

0 0:

Let B denote the left-hand side of this inequality.

We modify the local form of f2;3 as follows. Let ef3f3 be the function on U

defined as

ef3f3 ¼ qy2

qu

� �
q

f3 �
qy3

qu

� �
q

f2;

to give f2;3 the local form:

f2;3ðx1; x2; . . . ; xmÞ ¼ ð f2ðx1; x2; . . . ; xmÞ; ef3f3ðx1; x2; . . . ; xmÞÞ:
We have arranged the conditions that ðdf2Þp 0 0 and ðd ef3f3Þp ¼ 0.

We calculate some derivatives with respect to appropriate vector fields as

follows. Let h1; h2; . . . ; hm be the Cy vector fields on U defined as

h1 ¼
q

qx1
;

h2 ¼
qf2

qx1

q

qx2
� qf2

qx2

q

qx1
;

hi ¼
q

qxi
ð3a iamÞ:

We have arranged that ðh1Þp; ðh2Þp; . . . ; ðhmÞp are linearly independent, and

ðh1 f2Þp 0 0 and ðhi f2Þp ¼ 0 for i A f2; 3; . . .mg, and h2 f2 ¼ 0. By a similar

argument to that in Subsubsection 3.2.2, they satisfy the conditions that

kerðdf2;3Þp ¼ hðh2Þp; ðh3Þp; . . . ; ðhmÞpi and ðh2Þs A kerðdf2;3Þs for any singular

point s of f2;3 su‰ciently close to p. By calculations similar to those in

the previous sections, we obtain that the matrix ðHh2;h3;...;hm
ef3f3Þp is equal to
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ðh2h2 ef3f3Þp 0 0

0 �2BIl 0

0 0 2BIm�l�2

0B@
1CA:

We apply Theorems 1 and 2 to f2;3. The above form of the matrix shows

that kerðHh2;h3;...;hm
ef3f3Þp ¼ f0g if and only if ðh2h2 ef3f3Þp 0 0. It follows that p is

a fold point of f2;3 if and only if ðh2h2 ef3f3Þp 0 0. Note that kerðHh2;h3;...;hm
ef3f3Þp

is 1-dimensional if and only if ðh2h2 ef3f3Þp ¼ 0. If so, then kerðHh2;h3;...;hm
ef3f3Þp ¼

hðh2Þpi. It follows that p is a cusp point of f2;3 if and only if ðh2h2 ef3f3Þp ¼ 0

and ðdðh2 ef3f3ÞÞp 0 0 and ðh2h2h2 ef3f3Þp 0 0. Here, the condition that ðdðh2 ef3f3ÞÞp 0
0 holds if and only if ðh1h2 ef3f3Þp 0 0, since ðhih2 ef3f3Þp ¼ 0 for i A f2; 3; . . . ;mg.
The number of negative eigenvalues of ðHh2;h3;...;hm

ef3f3Þp is

l ðB > 0; ðh2h2 ef3f3Þp b 0Þ
lþ 1 ðB > 0; ðh2h2 ef3f3Þp < 0Þ
m� l� 2 ðB < 0; ðh2h2 ef3f3Þp b 0Þ
m� l� 1 ðB < 0; ðh2h2 ef3f3Þp < 0Þ:

8>>>>><>>>>>:
It follows that, if p is a fold point of f2;3, its absolute index is equal to either

minfl;m� l� 1g or minflþ 1;m� l� 2g, and that, if p is a cusp point

of f2;3, its absolute index is equal to minfl;m� l� 2g. Note that minfl;
m� l� 1g ¼ minfl;m� l� 2g ¼ l since lam� l� 2.

We also apply Theorems 1 and 2 to the restriction of f2;3 to the singular

set S of f . Since S coincides with the x1x2-plane, we have the local forms:

f2;3jSðx1; x2Þ ¼ ð f2jSðx1; x2Þ; ef3f3jSðx1; x2ÞÞ, and f2jSðx1; x2Þ ¼ f2ðx1; x2; 0; . . . ; 0Þ
and ef3f3jSðx1; x2Þ ¼ ef3f3ðx1; x2; 0; . . . ; 0Þ. We can see that ðdð f2jSÞÞp 0 0, and

ðdð ef3f3jSÞÞp ¼ 0. Since h2 is the sum of only derivations with respect to x1
and x2 multiplied by functions, and hence h2h2 and h2h2h2 are also, we may

regard them as defined on S. Then we have that kerðdð f2;3jSÞÞp ¼ hðh2Þpi,
and that ðh2Þs A kerðdð f2;3jSÞÞs for any singular point s of f2;3jS su‰ciently

close to p, and that ðHh2ð ef3f3jSÞÞp ¼ ðh2h2ð ef3f3jSÞÞp. It follows that p is a fold

point of f2;3jS if and only if ðh2h2ð ef3f3jSÞÞp 0 0. Note that kerðHh2ð ef3f3jSÞÞp ¼
hðh2Þpi if ðh2h2ð ef3f3jSÞÞp ¼ 0. It follows that p is a cusp point of f2;3jS if and

only if ðh2h2ð ef3f3jSÞÞp ¼ 0 and ðdðh2ð ef3f3jSÞÞÞp 0 0 and ðh2h2h2ð ef3f3jSÞÞp 0 0. Here,

the condition that ðdðh2ð ef3f3jSÞÞÞp 0 0 holds if and only if ðh1h2ð ef3f3jSÞÞp 0 0, since

ðh2h2ð ef3f3jSÞÞp ¼ 0.

We compare the results of the above two paragraphs. Note that ðh2h2 ef3f3Þp
¼ ðh2h2ð ef3f3jSÞÞp and ðh1h2 ef3f3Þp ¼ ðh1h2ð ef3f3jSÞÞp and ðh2h2h2 ef3f3Þp ¼ ðh2h2h2ð ef3f3jSÞÞp.
It follows that p is a fold point (resp. cusp point) of f2;3 if and only if p is

a fold point (resp. cusp point) of f2;3jS. Since f jS is an embedding from S to
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D, the point p is a fold point (resp. cusp point) of f2;3jS if and only if q is a

fold point (resp. cusp point) of PjD. Thus, we conclude that p is a fold point

(resp. cusp point) of f2;3 if and only if q is a fold point (resp. cusp point) of

PjD. r

Acknowledgement

The author would like to thank Kentaro Saji for valuable discussions and

conversations. He was also supported by JSPS and CAPES under the Japan–

Brazil research cooperative program, and supported by the Research Institute

for Mathematical Sciences, a Joint Usage/Research Center located in Kyoto

University.

References

[ 1 ] A. P. Francisco, Functions on a swallowtail, arXiv:1804.09664.

[ 2 ] M. Golubitsky and V. Guillemin, Stable mappings and their singularities, Graduate Texts

in Mathematics, Vol. 14, Springer-Verlag, New York-Heidelberg, 1973.

[ 3 ] J. Johnson, Stable functions and common stabilizations of Heegaard splittings, Trans.

Amer. Math. Soc. 361 (2009), no. 7, 3747–3765.

[ 4 ] L. F. Martins, K. Saji, M. Umehara and K. Yamada, Behavior of Gaussian curvature and

mean curvature near non-degenerate singular points on wave fronts, Geometry and topology

of manifolds, 247–281, Springer Proc. Math. Stat., 154, Springer, 2016.

[ 5 ] J. Milnor, Morse theory, Annals of Mathematics Studies, No. 51, Princeton University

Press, 1963.

[ 6 ] K. Saji, Criteria for Morin singularities for maps into lower dimensions, and applications,

Real and complex singularities, 315–336, Contemp. Math., 675, Amer. Math. Soc., Prov-

idence, RI, 2016.

[ 7 ] R. Oset Sinha and F. Tari, On the flat geometry of the cuspidal edge, Osaka J. Math. 55

(2018), no. 3, 393–421.

[ 8 ] K. Takao, Local theory of singularities of two functions and the product map, Pursuit of

the essence of singularity theory, 101–108, RIMS Kôkyûroku, 1868, Res. Inst. Math. Sci.,
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