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Abstract. Our aim in this paper is to deal with the boundedness of the Hardy-

Littlewood maximal operator and the Hardy operator on non-homogeneous central

Herz-Morrey-Musielak-Orlicz spaces and to establish a generalization of Sobolev’s

inequalities for Riesz potentials of functions in such spaces.

1. Introduction

Let RN be the Euclidean space and let Bðx; rÞ denote the open ball

centered at x A RN with radius r > 0.

In harmonic analysis, the maximal operator is a classical tool when study-

ing Sobolev functions and partial di¤erential equations. This also plays a

central role in the study of di¤erentiation, singular integrals, smoothness of

functions and so on (see [8, 28, 50], etc.). It is well known that the maximal

operator is bounded on the Lebesgue space LpðRNÞ if p > 1 (see [50]). The

boundedness of the maximal operator was studied on Morrey spaces in [11, 42],

on Orlicz-Morrey spaces in [44], and also on non-homogeneous Herz spaces in

[29]. For Morrey spaces, which were introduced to estimate solutions of par-

tial di¤erential equations, we refer to [40, 46].

One of the important applications of the boundedness of the maximal

operator is Sobolev’s inequality; in classical Lebesgue spaces, we know Sobolev’s

inequality:

kIa f kL p� ðRN Þ aCk f kL pðRN Þ

for f A LpðRNÞ, 0 < a < N and 1 < p < N=a, where Ia is the Riesz kernel of

order a and 1=p� ¼ 1=p� a=N (see, e.g. [2, Theorem 3.1.4]). Sobolev’s inequal-
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ity for Morrey spaces was given by D. R. Adams [1] (also [11, 42]), and then

the result was extended to Orlicz-Morrey spaces in [43]. See also [29] for

non-homogeneous Herz spaces and [20] for non-homogeneous central Morrey

spaces. For local Morrey-type spaces, we refer the reader to [9, 10] and

so on.

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to

discuss nonlinear partial di¤erential equations with non-standard growth condi-

tion. For a survey, see [15, 19]. The boundedness of the maximal and Riesz

potential operators were studied for variable exponent Lebesgue spaces Lpð�Þ

(see [16, 17, 18]), variable exponent Morrey spaces (see [4, 22, 23, 34, 39]), Herz

spaces with variable exponents (see [3, 27, 47]), local variable exponent Morrey

type spaces (see [23, 24]) and non-homogeneous central Morrey spaces of vari-

able exponent (see [38]).

Recently, the boundedness of the maximal and Riesz potential operators

were studied for Herz-Morrey spaces with variable exponents (see [35, 36]) and

non-homogeneous central Herz-Morrey-Orlicz spaces in the constant exponent

case (see [37]).

Let W be a measurable set in RN . Given a general function Fðx; tÞ sat-

isfying certain conditions, we consider the associated Musielak-Orlicz space

(cf. [41])

LFðWÞ ¼ f A L1
locðWÞ;

ð
W

Fðy; j f ðyÞjÞdy < y

� �
;

which is a Banach space with respect to the norm

k f kLFðWÞ ¼ inf l > 0;

ð
W

Fðy; j f ðyÞj=lÞdya 1

� �

(see Section 2 for the definitions of F and F). For the recent development of

the theory of PDEs in Musielak-Orlicz spaces and Herz spaces with variable

exponents, we refer to [7, 12, 25, 48] and so on. Let oðrÞ : ð0;yÞ ! ð0;yÞ be
almost monotone on ð0;yÞ satisfying the doubling condition. Let 0 < q < y.

Given Fðx; tÞ and oðrÞ, we denote by HF;q;oðRNÞ the class of locally inte-

grable functions f on RN satisfying

k f kHF; q;oðRN Þ ¼ k f kLFðBð0;2ÞÞ þ
ðy
1

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r

� �1=q
< y;

where Að0; rÞ ¼ Bð0; 2rÞnBð0; rÞ. The space HF;q;oðRNÞ is referred to as a

non-homogeneous central Herz-Morrey-Musielak-Orlicz space (see Section 2).

Our first aim in this paper is to study the boundedness of the maxi-

mal operator on non-homogeneous central Herz-Morrey-Musielak-Orlicz spaces
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HF;q;oðRNÞ (Theorem 1 below), as an extension of [36, 37]. To this end,

we apply the boundedness of the Hardy-Littlewood maximal operator on LF

given in [30]. The case when q ¼ y was treated in [45], as an extension of

[35].

Next we study the boundedness of the Hardy operators ĤHy
b and ĤH 0

b on

HF;q;oðRNÞ (Theorems 2 and 3 below). See Section 4 for the definitions of

ĤHy
b and ĤH 0

b .

As an application of the boundedness of the maximal operator, we es-

tablish Sobolev’s inequality for Riesz potentials Ia f of functions in HF;q;oðRNÞ
(Theorem 4 below), as an extension of [36, 37]. When q ¼ y, we refer to

[35, 45].

Further, we discuss Sobolev’s inequality for generalized Riesz potentials

Ia;k f of functions in HF;q;oðRNÞ (Theorem 5 below), as an extension of [35,

36, 37]. See Section 6 for the definition of Ia;k f .

In Section 7, in connection with the study in [21, 24], we investigate the

space HF;q;oðRNÞ and its complementary space H
F;q;oðRNÞ.

In Section 8, we treat the case q is variable.

Throughout this paper, let C denote various positive constants independent

of the variables in question. The symbol g@ h means that C�1ha gaCh for

some constant C > 0.

2. Preliminaries

We consider a function

Fðx; tÞ ¼ tfðx; tÞ : RN � ½0;yÞ ! ½0;yÞ

satisfying the following conditions ðF1Þ–ðF4Þ:
ðF1Þ fð�; tÞ is measurable on RN for each tb 0 and fðx; �Þ is continuous

on ½0;yÞ for each x A RN ;

ðF2Þ there exists a constant A1 b 1 such that

A�1
1 a fðx; 1ÞaA1 for all x A RN ;

ðF3Þ fðx; �Þ is uniformly almost increasing; namely there exists a constant

A2 b 1 such that

fðx; tÞaA2fðx; sÞ for all x A RN whenever 0a t < s;

ðF4Þ there exists a constant A3 b 1 such that

fðx; 2tÞaA3fðx; tÞ for all x A RN and t > 0:
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Note that ðF2Þ, ðF3Þ and ðF4Þ imply

0 < inf
x ARN

fðx; tÞa sup
x ARN

fðx; tÞ < y

for each t > 0.

If Fðx; �Þ is convex for each x A RN , then ðF3Þ holds with A2 ¼ 1; namely

fðx; �Þ is non-decreasing for each x A RN .

Let fðx; tÞ ¼ sup0asat fðx; sÞ and

Fðx; tÞ ¼
ð t
0

fðx; rÞdr

for x A RN and tb 0. Then Fðx; �Þ is convex and

1

2A3
Fðx; tÞaFðx; tÞaA2Fðx; tÞ ð1Þ

for all x A RN and tb 0.

By ðF3Þ, we see that

Fðx; atÞ aA2aFðx; tÞ if 0a aa 1;

bA�1
2 aFðx; tÞ if ab 1:

�

We shall also consider the following conditions for Fðx; tÞ: Let pb 1,

qb 1, h > 0 and t > 0.

ðF3; 0; pÞ t 7! t�pFðx; tÞ is uniformly almost increasing on ð0; 1�, namely

there exists a constant A2;0;p b 1 such that

t
�p
1 Fðx; t1ÞaA2;0;pt

�p
2 Fðx; t2Þ for all x A RN whenever 0 < t1 < t2 a 1;

ðF3;y; qÞ t 7! t�qFðx; tÞ is uniformly almost increasing on ½1;yÞ, namely

there exists a constant A2;y;q b 1 such that

t
�q
1 Fðx; t1ÞaA2;y;qt

�q
2 Fðx; t2Þ for all x A RN whenever 1a t1 < t2;

ðF5; hÞ for every g > 0, there exists a constant Bg;h b 1 such that

Fðx; tÞaBg;hFðy; tÞ

whenever x; y A RN , jx� yja gt�h and tb 1;

ðF6; tÞ there exist a function g on RN and a constant By b 1 such that

0a gðxÞa 1 for all x A RN , g A LtðRNÞ and

B�1
y Fðx; tÞaFðx 0; tÞaByFðx; tÞ

whenever x; x 0 A RN , jx 0jb jxj and gðxÞa ta 1.
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Note that ðF3; 0; 1Þ þ ðF3;y; 1Þ ¼ ðF3Þ. If Fðx; tÞ satisfies ðF3; 0; pÞ,
then it satisfies ðF3; 0; p 0Þ for 1a p 0 a p; if Fðx; tÞ satisfies ðF3;y; qÞ, then

it satisfies ðF3;y; q 0Þ for 1a q 0 a q.

If Fðx; tÞ satisfies ðF3; 0; pÞ, then

Fðx; tÞaA1A2;0;pt
p for 0a ta 1;

if Fðx; tÞ satisfies ðF3;y; qÞ, then

Fðx; tÞb ðA1A2;y;qÞ�1
tq for tb 1:

If Fðx; tÞ satisfies ðF5; hÞ, then it satisfies ðF5; h 0Þ for all h 0 b h; if Fðx; tÞ
satisfies ðF6; tÞ, then it satisfies ðF6; t 0Þ for all t 0 b t.

In the following examples, we use the notation

f � :¼ inf
x ARN

f ðxÞ and f þ :¼ sup
x ARN

f ðxÞ

for a measurable function f on RN .

Example 1. Let pið�Þ, i ¼ 1; 2 and qi; jð�Þ, j ¼ 1; . . . ; ki, be real valued

measurable functions on RN such that p�i > 1 and q�i; j > �y, i ¼ 1; 2, j ¼
1; . . . ; ki.

Set LcðtÞ ¼ logðcþ tÞ for c > 1 and tb 0, L
ð1Þ
c ðtÞ ¼ LcðtÞ, L

ð jþ1Þ
c ðtÞ ¼

LcðLð jÞ
c ðtÞÞ. Let

Fðx; tÞ ¼
tp1ðxÞ

Qk1
j¼1ðL

ð jÞ
e�1ð1=tÞÞ

�q1; jðxÞ if 0a ta 1;

tp2ðxÞ
Qk2

j¼1ðL
ð jÞ
e�1ðtÞÞ

q2; jðxÞ if tb 1:

(

Then, Fðx; tÞ satisfies ðF1Þ, ðF2Þ and ðF3Þ. It satisfies ðF3; 0; pÞ for 1a p <

p�1 in general and for 1a pa p�1 in case q�1; j b 0 for all j ¼ 1; . . . ; k1; it

satisfies ðF3;y; qÞ for 1a q < p�2 in general and for 1a qa p�2 in case

q�2; j b 0 for all j ¼ 1; . . . ; k2.

Moreover, we see that Fðx; tÞ satisfies ðF5; hÞ for every h > 0 if p2ð�Þ is

log-Hölder continuous, namely

jp2ðxÞ � p2ðyÞja
Cp

Leð1=jx� yjÞ ðx; y A RNÞ

with a constant Cp b 0 and q2; jð�Þ is ð j þ 1Þ-log-Hölder continuous, namely

jq2; jðxÞ � q2; jðyÞja
Cj

L
ð jþ1Þ
e ð1=jx� yjÞ

ðx; y A RNÞ

with constants Cj b 0, for each j ¼ 1; . . . ; k2.
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Finally, we see that Fðx; tÞ satisfies ðF6; tÞ for every t > 0 with gðxÞ ¼
ð1þ jxjÞ�ðNþ1Þ=t if p1ð�Þ is log-Hölder continuous at y, namely

jp1ðxÞ � p1ðx 0Þja Cp;y

LeðjxjÞ

whenever jx 0jb jxj ðx; x 0 A RNÞ with a constant Cp;y b 0, and q1; jð�Þ is ð j þ 1Þ-
log-Hölder continuous at y, namely

jq1; jðxÞ � q1; jðx 0Þja
C 0

j

L
ð jþ1Þ
e ðjxjÞ

whenever jx 0jb jxj ðx; x 0 A RNÞ with a constant C 0
j b 0, for each j ¼ 1; . . . ; k1.

In fact, if ð1þ jxjÞ�ðNþ1Þ=t < ta 1, then t�jp1ðxÞ�p1ðx 0Þj a eðNþ1ÞCp;y=t for jx 0jb jxj
and ðLð jÞ

e�1ð1=tÞÞ
jq1; jðxÞ�q1; jðx 0Þj

aCðN;C 0
j Þ for jx 0jb jxj.

The following example shows that our conditions are satisfied by the

double phase functional with variable exponents.

Example 2. Regarding regularity theory of di¤erential equations, Baroni,

Colombo and Mingione [5, 6, 7, 13, 14] have studied the double phase

functional

Fðx; tÞ ¼ tp þ aðxÞtq;

where 1 < p < q, að�Þ is non-negative, bounded and Hölder continuous of

order y A ð0; 1�. In [31], we studied the double phase functional with variable

exponents:

Fðx; tÞ ¼ tpðxÞ þ aðxÞtqðxÞ; x A RN ; tb 0;

where pð�Þ and qð�Þ are real valued functions on RN such that pðxÞ < qðxÞ
for x A RN , að�Þ is non-negative, bounded and Hölder continuous of order

y A ð0; 1�. This Fðx; tÞ satisfies ðF1Þ, ðF2Þ, ðF3Þ, ðF3; 0; p�Þ, ðF3;y; p�Þ and

ðF5; hÞ for hb supfx:aðxÞ>0gðqðxÞ � pðxÞÞ=y if 1a p� a pþ < y, 1a q� a

qþ < y, pð�Þ and qð�Þ are log-Hölder continuous. Further it satisfies ðF6; tÞ
with gðxÞ ¼ ð1þ jxjÞ�ðNþ1Þ=t for every t > 0 if pð�Þ is log-Hölder continuous

at y. See [31] for details.

Let W be a measurable set in RN . From now on, we assume that Fðx; tÞ
satisfies ðF1Þ, ðF2Þ, ðF3Þ and ðF4Þ. Then the associated Musielak-Orlicz

space

LFðWÞ ¼ f A L1
locðWÞ;

ð
W

Fðy; j f ðyÞjÞdy < y

� �
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is a Banach space with respect to the norm

k f kLFðWÞ ¼ inf l > 0;

ð
W

Fðy; j f ðyÞj=lÞdya 1

� �

(cf. [41]).

Remark 1. The Musielak-Orlicz spaces LFðWÞ include the following

spaces:
� Orlicz spaces defined by Young functions satisfying the doubling con-

dition;
� variable exponent Lebesgue spaces.

Remark 2. The dominated convergence theorem and ðF4Þ yieldð
W

F y;
j f ðyÞj

k f kLFðWÞ

 !
dy ¼ 1:

We consider a function oðrÞ : ð0;yÞ ! ð0;yÞ satisfying the following

conditions ðo1Þ and ðo2Þ:
ðo1Þ oð�Þ is almost monotone on ð0;yÞ; that is, oð�Þ is almost increas-

ing on ð0;yÞ or oð�Þ is almost decreasing on ð0;yÞ; namely there

exists a constant c1 > 0 such that

oðrÞa c1oðsÞ for all 0 < r < s

or

oðsÞa c1oðrÞ for all 0 < r < s

respectively;

ðo2Þ oð�Þ is doubling on ð0;yÞ; that is, there exists a constant c2 > 1

such that

c�1
2 oðrÞaoð2rÞa c2oðrÞ for all r > 0:

Let 0 < q < y. Given Fðx; tÞ and oðrÞ as above, we denote by

HF;q;oðRNÞ the class of locally integrable functions f on RN satisfying

k f kHF; q;oðRN Þ ¼ k f kLFðBð0;2ÞÞ þ
ðy
1

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r

� �1=q
< y;

where Að0; rÞ ¼ Bð0; 2rÞnBð0; rÞ. The space HF;q;oðRNÞ is referred to as a

non-homogeneous central Herz-Morrey-Musielak-Orlicz space.

Remark 3. The non-homogeneous central Herz-Morrey-Musielak-Orlicz

spaces HF;q;oðRNÞ include the following spaces:
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� non-homogeneous Herz spaces introduced in [26];
� local Morrey-type spaces introduced in [9];
� non-homogeneous central Herz-Morrey-Orlicz spaces introduced in [37]

where Fðx; tÞ ¼ FðtÞ;
� non-homogeneous central Herz-Morrey spaces with variable exponents

introduced in [36] where Fðx; tÞ ¼ tpðxÞ.

Lemma 1. For 1=2 < a < 1 < b < 2 with 2ab b, there exists a constant

C > 0 such thatð bt
at

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r
bCðoðtÞk f kLFðAð0; tÞÞÞ

q ð2Þ

for all t > 0.

Proof. For 1=2 < a < 1 < b < 2 with 2ab b, we haveð t
at

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r
bCðoðtÞk f kLFðBð0;2atÞnBð0; tÞÞÞ

q

and ð bt
t

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r
bCðoðtÞk f kLFðBð0;2tÞnBð0;btÞÞÞ

q;

so that we obtain

ðoðtÞk f kLFðAð0; tÞÞÞ
q

a ðoðtÞk f kLFðBð0;2tÞnBð0;btÞÞ þ oðtÞk f kLFðBð0;2atÞnBð0; tÞÞÞ
q

aC

ð bt
t

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r
þ
ð t
at

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r

� �

¼ C

ð bt
at

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r
: r

Lemma 2. For a bounded measurable set W, there exist constants CW and

C 0
W such that ð

W

j f ðxÞjdxaCWk f kLFðWÞ aC 0
Wk f kHF; q;oðRN Þ ð3Þ

for all f A HF;q;oðRNÞ.

Proof. If k f kLFðWÞ a 1, thenð
W

j f ðxÞjdxa jWj þ 2A1A3

ð
W

Fðx; j f ðxÞjÞdxa jWj þ 2A1A3
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by ðF2Þ, convexity of Fðx; �Þ and (1), where jWj denotes the Lebesgue measure

of W. This shows the first inequality in (3).

Next, suppose f A HF;q;oðRNÞ and W � Bð0; 2kÞ ðkb 1Þ. Then

k f kLFðWÞ a k f kLFðBð0;2ÞÞ þ
Xk�1

j¼1

k f kLFðAð0;2 jÞÞ

a k f kLFðBð0;2ÞÞ þ Ck

Xk�1

j¼1

oð2 jÞk f kLFðAð0;2 jÞÞ;

where C�1
k ¼ inf2ara 2k�1 oðrÞ > 0. Then, using Lemma 1, we obtain the

second inequality in (3). r

Lemma 3 (cf. [30, Lemma 5.1]). Let Fðx; tÞ be a positive function on

RN � ð0;yÞ satisfying the following conditions:

(F1) F ðx; �Þ is strictly increasing and continuous on ð0;yÞ for each

x A RN;

(F2) there exists a constant K1 b 1 such that

K�1
1 aF ðx; 1ÞaK1 for all x A RN ;

(F3) t 7! t�eFðx; tÞ is uniformly almost increasing for e > 0; namely there

exists a constant K2 b 1 such that

t�eFðx; tÞaK2s
�eF ðx; sÞ for all x A RN whenever 0 < t < s;

(F4) there exists a constant K3 > 1 such that

Fðx; 2tÞaK3Fðx; tÞ for all x A RN and t > 0:

Let F �1ðx; �Þ be the inverse function of Fðx; �Þ. Then:

(1) F �1ðx; �Þ is strictly increasing.

(2)

F �1ðx; ltÞa ðK2lÞ1=eF �1ðx; tÞ

for all x A RN, t > 0 and lb 1.

(3)

F �1ðx; ltÞa 2l1=log2 K3F �1ðx; tÞ

for all x A RN, t > 0 and 0 < l < 1.

(4)

min 1;
t

K1K2

� �1=e( )
aF �1ðx; tÞamaxf1; ðK1K2tÞ1=eg

for all x A RN and t > 0.
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Remark 4. Fðx; tÞ ¼ Fðx; tÞ satisfies (F1), (F2), (F3) and (F4) with K1 ¼
A1 maxfA2; 2A3g, K2 ¼ 1, K3 ¼ 2A3 and e ¼ 1.

We also consider a convex function FyðtÞ ¼ tfyðtÞ : ½0;yÞ ! ½0;yÞ such

that fyðtÞ > 0 for t > 0, fyðtÞ is increasing on ½0;yÞ and satisfies the doubling

condition and

ðFy1Þ there exists a constant Qb 1 such that

Q�1Fðx; tÞaFyðtÞaQFðx; tÞ whenever gðxÞa ta 1

for g in condition ðF6; tÞ.

Remark 5. Note from ðFy1Þ that for c1; c2 > 0, there exists a constant

Qb 1 such that

Q�1Fðx; tÞaFyðtÞaQFðx; tÞ whenever c1gðxÞa ta c2

for g in condition ðF6; tÞ.

Remark 6. Suppose Fðx; tÞ satisfies ðF6; tÞ. Set

FyðtÞ ¼ lim sup
jxj!y

Fðx; tÞ and fyðtÞ ¼ FyðtÞ=t:

Then note that fyðtÞ > 0 for t > 0, fyðtÞ is increasing on ½0;yÞ and satisfies

the doubling condition. Further, by ðF6; tÞ, we find that FyðtÞ satisfies ðFy1Þ.

We denote by wE the characteristic function of E and by F�1
y ðtÞ the inverse

of FyðtÞ.

Lemma 4. Assume

ðFy2Þ there exists a constant Qb 1 such that

FyðgðxÞÞaQð1þ jxjÞ�N

for all x A RN.

Then there is a constant C > 0 such that

kwBð0; rÞkLFðRN Þ aCfF�1
y ðr�NÞg�1

for all rb 1.

Proof. Note from ðFy2Þ and Lemma 3 (2) that

gðxÞaCF�1
y ðð1þ jxjÞ�NÞaCF�1

y ð1Þ

for all x A RN .
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Let Rb 1=2. We have by ðF3Þ, ðF4Þ, Lemma 3 (2) and ðFy1Þð
Að0;RÞ

Fðy;F�1
y ðR�NÞÞdyaC

ð
Að0;RÞ

Fðy;F�1
y ðð1þ jyjÞ�NÞÞdy

aC

ð
Að0;RÞ

FyðF�1
y ðð1þ jyjÞ�NÞÞdy

aC

ð
Að0;RÞ

ð1þ jyjÞ�N
dy

aC:

Hence we obtain

kwAð0;RÞkLFðRN Þ aCfF�1
y ðR�NÞg�1

for all Rb 1=2.

Here note from Lemma 3 (4) that

F�1
y ðR�NÞamaxf1;CR�NgaC;

so that

maxffF�1
y ðR�NÞg�1; 1gaCfF�1

y ðR�NÞg�1

for all Rb 1=2.

Fix rb 1. Let j0 be the largest integer such that 2�j0þ1rb 1. Now we

see from Lemma 3 (3) that t 7! t�efF�1
y ðt�NÞg�1 is almost increasing on ð0;yÞ

for some constant e > 0, so that

kwBð0; rÞkLFðRN Þ a
Xj0
j¼1

kwAð0;2�j rÞkLFðRN Þ þ kwBð0;1ÞkLFðRN Þ

aC
Xj0
j¼1

fF�1
y ðð2�jrÞ�NÞg�1 þ 1

( )

aC r�efF�1
y ðr�NÞg�1

Xj0
j¼1

ð2�jrÞe þ 1

( )

aCfF�1
y ðr�NÞg�1;

as required. r

Remark 7. If gðxÞaCð1þ jxjÞ�N , then ðFy2Þ holds by convexity of

Fy.
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Remark 8. Let Fðx; tÞ and gðxÞ be as in Example 1. Then there exist

constants p1ðyÞ > 1 and q1; jðyÞ A R for j ¼ 1; . . . ; k1 such that

lim
jxj!y

p1ðxÞ ¼ p1ðyÞ and lim
jxj!y

q1; jðxÞ ¼ q1; jðyÞ:

Set fyðtÞ ¼ sup0asatfsp1ðyÞ�1
Qk1

j¼1ðL
ð jÞ
e�1ð1=sÞÞ

�q1; jðyÞg and

FyðtÞ ¼
ð t
0

fyðrÞ dr
r
:

Then FyðtÞ satisfies ðFy1Þ and ðFy2Þ for 0 < t < ðN þ 1Þp1ðyÞ=N.

Lemma 5. Suppose that FyðtÞ satisfies ðFy2Þ. Then there is a constant

C > 0 such that

1

jAð0; rÞj

ð
Að0; rÞ

j f ðyÞjdyaCF�1
y ðr�NÞk f kLFðAð0; rÞÞ

when rb 1 and k f kLFðAð0; rÞÞ < y.

Proof. Fix rb 1. Let f be a nonnegative measurable function on Að0; rÞ
satisfying k f kLFðAð0; rÞÞ a 1. Then we have by ðF3Þ

1

jAð0; rÞj

ð
Að0; rÞ

f ðyÞdy

aF�1
y ðr�NÞ þ A2

jAð0; rÞj

ð
Að0; rÞ

f ðyÞ jðy; f ðyÞÞ
jðy;F�1

y ðr�NÞÞ
dy

¼ F�1
y ðr�NÞ þ A2F

�1
y ðr�NÞ

jAð0; rÞj

ð
Að0; rÞ

Fðy; f ðyÞÞfFðy;F�1
y ðr�NÞÞg�1

dy:

Since

gðyÞaCF�1
y ðð1þ jyjÞ�NÞaCF�1

y ðr�NÞaCF�1
y ð1Þ

for all y A Að0; rÞ by ðFy2Þ, we have by ðFy1Þ

Fðy;F�1
y ðr�NÞÞbCr�N

for all y A Að0; rÞ. Hence we obtain

1

jAð0; rÞj

ð
Að0; rÞ

f ðyÞdyaF�1
y ðr�NÞ þ CF�1

y ðr�NÞ
ð
Að0; rÞ

Fðy; f ðyÞÞdy

aCF�1
y ðr�NÞ;

as required. r
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3. Boundedness of the maximal operator

For a locally integrable function f on RN , the Hardy-Littlewood maximal

function Mf is defined by

Mf ðxÞ ¼ sup
r>0

1

jBðx; rÞj

ð
Bðx; rÞ

j f ðyÞjdy:

The mapping f 7! Mf is called the maximal operator.

By [31, Theorem 3.1], we have the following result.

Lemma 6. Suppose that Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ and

ðF6; tÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. Then

the maximal operator M is bounded from LFðRNÞ into itself; namely, there is

a constant C > 0 such that

kMf kLFðRN Þ aCk f kLFðRN Þ

for all f A LFðRNÞ.

For a nonnegative function f A L1
locðRNÞ and a real number b, set

Hy
b f ðrÞ ¼ rb

ð
RNnBð0;2rÞ

jyj�N�b
f ðyÞdy:

Lemma 7. For a real number b, suppose that FyðtÞ satisfies ðFy2Þ and

ðFyo1; bÞ te1�boðtÞ�1
F�1

y ðt�NÞ is almost decreasing in ½1;yÞ for some e1 > 0.

If 0 < e < e1, then there exists a constant C > 0 such that

Hy
b f ðrÞaCr eoðrÞ�1

F�1
y ðr�NÞ

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q

for all rb 1 and nonnegative functions f A L1
locðRNÞ.

Proof. Let f A L1
locðRNÞ be a nonnegative function on RN . Let rb 1

and 0 < e < e1.

First we consider the case 1 < q < y. Then we have by Lemma 5 and

Hölder’s inequality

Hy
b f ðrÞ ¼ rb

Xy
j¼1

ð
Að0;2 j rÞ

jyj�N�b
f ðyÞdy

aCrb
Xy
j¼1

ð2 jrÞ�b 1

jAð0; 2 jrÞj

ð
Að0;2 j rÞ

f ðyÞdy

aCrb
Xy
j¼1

ð2 jrÞ�bF�1
y ðð2 jrÞ�NÞk f kLFðAð0;2 j rÞÞ
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aCrb
Xy
j¼1

ðð2 jrÞe�boð2 jrÞ�1F�1
y ðð2 jrÞ�NÞÞq

0

 !1=q 0

�
Xy
j¼1

ðð2 jrÞ�e
oð2 jrÞk f kLFðAð0;2 j rÞÞÞ

q

 !1=q
:

Here note from ðFyo1; bÞ that

Xy
j¼1

ðð2 jrÞe�boð2 jrÞ�1F�1
y ðð2 jrÞ�NÞÞq

0

 !1=q 0

aCre1�boðrÞ�1F�1
y ðr�NÞ

Xy
j¼1

ð2 jrÞðe�e1Þq 0

 !1=q 0

aCre�boðrÞ�1
F�1

y ðr�NÞ:

By (2), we have

Xy
j¼1

ðð2 jrÞ�e
oð2 jrÞk f kLFðAð0;2 j rÞÞÞ

q

 !1=q

aC
Xy
j¼1

ð2 jrÞ�e

ð ð4=3Þ2 j r

ð2=3Þ2 j r

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

aC
Xy
j¼1

ð2 jþ1r

2 j�1r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

aC

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
:

Hence

Hy
b f ðrÞaCreoðrÞ�1

F�1
y ðr�NÞ

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
:

For the case 0 < qa 1, by the fact that ðaþ bÞq a aq þ bq for all a; bb 0

instead of Hölder’s inequality, we obtain the required inequality. r

For a nonnegative function f A L1
locðRNÞ and a real number b, set

H 0
b f ðrÞ ¼ rb

ð
Bð0; rÞnBð0;1Þ

jyj�N�b
f ðyÞdy:
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Lemma 8. For a real number b, suppose that FyðtÞ satisfies ðFy2Þ and

ðFyo2; bÞ t�e2�boðtÞ�1
F�1

y ðt�NÞ is almost increasing in ½1;yÞ for some

e2 > 0.

If 0 < e < e2, then there exists a constant C > 0 such that

H 0
b f ðrÞaCr�eoðrÞ�1F�1

y ðr�NÞ
ð r
1=2

ðteoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

for all rb 1 and nonnegative functions f A L1
locðRNÞ.

Proof. We show only the case 1 < q < y since the remaining case is

easily treated. Let f A L1
locðRNÞ be a nonnegative function on RN . Let rb 1

and 0 < e < e2. Let j0 be the largest integer such that 2�j0þ1rb 1. We have

by Lemma 5, Hölder’s inequality, ðFyo2; bÞ and (2)

H 0
b f ðrÞ ¼ rb

Xj0
j¼1

ð
Að0;2�j rÞnBð0;1Þ

jyj�N�b
f ðyÞdy

aCrb
Xj0
j¼1

ð2�jrÞ�b 1

jAð0; 2�jrÞj

ð
Að0;2�j rÞnBð0;1Þ

f ðyÞdy

aCrb
Xj0
j¼1

ð2�jrÞ�bF�1
y ðð2�jrÞ�NÞk f wRNnBð0;1ÞkLFðAð0;2�j rÞÞ

aCrb
Xj0
j¼1

ðð2�jrÞ�e�b
oð2�jrÞ�1

F�1
y ðð2�jrÞ�NÞÞq

0

 !1=q 0

�
Xj0
j¼1

ðð2�jrÞeoð2�jrÞk f wRNnBð0;1ÞkLFðAð0;2�j rÞÞÞ
q

 !1=q

aCr�e2oðrÞ�1F�1
y ðr�NÞ

Xj0
j¼1

ð2�jrÞðe2�eÞq 0

 !1=q 0

�
Xj0
j¼1

ðð2�jrÞeoð2�jrÞk f wRNnBð0;1ÞkLFðAð0;2�j rÞÞÞ
q

 !1=q

aCr�eoðrÞ�1
F�1

y ðr�NÞ

�
Xj0
j¼1

ðð2�jrÞeoð2�jrÞk f wRNnBð0;1ÞkLFðAð0;2�j rÞÞÞ
q

 !1=q
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aCr�eoðrÞ�1F�1
y ðr�NÞ

ð r
1=4

ðteoðtÞk f wRNnBð0;1ÞkLFðAð0; tÞÞÞ
q dt

t

 !1=q

aCr�eoðrÞ�1F�1
y ðr�NÞ

ð r
1=2

ðteoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q
;

which gives the required result. r

We present the boundedness of the maximal operator in HF;q;oðRNÞ.

Theorem 1. Suppose that Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ
and ðF6; tÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p.

Assume that FyðtÞ satisfies ðFy2Þ, ðFyo1; 0Þ and ðFyo2;�NÞ. Then the

maximal operator M is bounded from HF;q;oðRNÞ to itself, that is,

kMf kHF; q;oðRN Þ aCk f kHF; q;oðRN Þ for all f A HF;q;oðRNÞ:

Remark 9. Let Fðx; tÞ be as in Example 1 and let FyðtÞ be as in

Remark 8. If oðrÞ ¼ rn, then ðFyo1; 0Þ and ðFyo2;�NÞ hold when

�N=p1ðyÞ < n < Nð1� 1=p1ðyÞÞ:

Proof (Proof of Theorem 1). Let f be a nonnegative measurable func-

tion on RN such that k f kHF; q;oðRN Þ a 1. First we showðy
2

ðoðrÞkMf kLFðAð0; rÞÞÞ
q dr

r
aC: ð4Þ

For rb 2, set

f ¼ f wBð0;1Þ þ f wBð0; r=2ÞnBð0;1Þ þ f wBð0;4rÞnBð0; r=2Þ þ f wRNnBð0;4rÞ

¼ f0 þ f1; r þ f2; r þ f3; r:

For f0, by Lemma 2 we have

Mf0ðxÞaCjxj�N

ð
Bð0;1Þ

f ðyÞdyaCjxj�N

for x A RNnBð0; rÞ. By Lemmas 6 and 4

rNk j � j�NkLFðRNnBð0; rÞÞ aCkMwBð0; r=2ÞkLFðRNnBð0; rÞÞ

aCkwBð0; r=2ÞkLFðRN Þ aCfF�1
y ðr�NÞg�1: ð5Þ

Hence

kMf0kLFðAð0; rÞÞ aCr�NfF�1
y ðr�NÞg�1:
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Since re2�NoðrÞfF�1
y ðr�NÞg�1 is almost decreasing in ½1;yÞ by ðFyo2;�NÞ,

it follows thatðy
2

ðoðrÞkMf0kLFðAð0; rÞÞÞ
q dr

r
aC

ðy
2

ðr�NoðrÞfF�1
y ðr�NÞg�1Þq dr

r

aC: ð6Þ

For f1; r, we find for x A RNnBð0; rÞ

Mf1; rðxÞaCjxj�N

ð
Bð0; r=2ÞnBð0;1Þ

f ðyÞdyaCðjxj=rÞ�N
H 0

�N f ðr=2Þ

aCjxj�N
rN�e 0

2oðrÞ�1F�1
y ðr�NÞ

ð r
1=2

ðte 02oðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q
ð7Þ

for 0 < e 02 < e2 by Lemma 8. Hence, using (5), we haveðy
2

ðoðrÞkMf1; rkLFðAð0; rÞÞÞ
q dr

r

aC

ðy
2

r�e 0
2
q

ð r
1=2

ðte 02oðtÞk f kLFðAð0; tÞÞÞ
q dt

t

( )
dr

r

aC

ðy
1=2

ðte 02oðtÞk f kLFðAð0; tÞÞÞ
q

ðy
t

r�e 0
2
q dr

r

� �
dt

t

aC

ðy
1=2

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t
aC: ð8Þ

For f2; r, by Lemma 6

kMf2; rkLFðAð0; rÞÞ aCk f2; rkLFðRN Þ ¼ Ck f kLFðBð0;4rÞnBð0; r=2ÞÞ;

which implies ðy
2

ðoðrÞkMf2; rkLFðAð0; rÞÞÞ
q dr

r
aC: ð9Þ

For f3; r, we find for x A Bð0; 2rÞ

Mf3; rðxÞaC

ð
RNnBð0;4rÞ

f ðyÞjyj�N
dyaCHy

0 f ð2rÞ

aCr e
0
1oðrÞ�1F�1

y ðr�NÞ
ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q
ð10Þ
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for 0 < e 01 < e1 by Lemma 7. Hence, by Lemma 4

kMf3; rkLFðAð0; rÞÞ a kMf3; rkLFðBð0;2rÞÞ

aCr e
0
1oðrÞ�1

ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q
;

so that ðy
2

ðoðrÞkMf3; rkLFðAð0; rÞÞÞ
q dr

r

aC

ðy
2

re
0
1
q

ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �
dr

r

aC

ðy
2

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q

ð t
2

re
0
1
q dr

r

� �
dt

t

aC

ðy
2

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t
aC: ð11Þ

Combining (6), (8), (9) and (11), we obtain (4).

Finally we show

kMf kLFðBð0;4ÞÞ aC

since

kMf kLFðBð0;2ÞÞ þ
ð2
1

ðoðrÞkMf kLFðAð0; rÞÞÞ
q dr

r

� �1=q
aCkMf kLFðBð0;4ÞÞ:

Set

f ¼ f wBð0;8Þ þ f wRNnBð0;8Þ ¼ f4 þ f5:

By Lemmas 6 and 2,

kMf4kLFðBð0;4ÞÞ aCk f kLFðBð0;8ÞÞ aC

and

kMf5kLFðBð0;4ÞÞ ¼ kMf3;2kLFðBð0;4ÞÞ

aC

ðy
2

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
aC

by (10). r
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4. Boundedness of the Hardy operator

For a locally integrable function f on RN and b A R, the Hardy functions

ĤHy
b f and ĤH 0

b f are defined by

ĤHy
b f ðxÞ ¼ jxjb

ð
RNnðBð0; jxjÞ[Bð0;1ÞÞ

jyj�N�bj f ðyÞjdy

and

ĤH 0
b f ðxÞ ¼ jxjb

ð
Bð0; jxjÞnBð0;1Þ

jyj�N�bj f ðyÞjdy;

respectively.

Lemma 9. For a real number b, suppose that Fðx; tÞ satisfies ðF3;y; qÞ
and ðF5; hÞ for qb 1 and h > 0 satisfying ha q=N. Assume that

ðFo; bÞ t�e3þbfF�1ð0; t�NÞg�1
is almost increasing in ð0; 1� for some e3 > 0.

Then there exists a constant C > 0 such that

k j � jbkLFðBð0; rÞÞ aCrbfF�1ð0; r�NÞg�1

for all 0 < ra 1.

Proof. Let 0 < ra 1. First note from (1), ðF2Þ and ðF3;y; qÞ that

r�N < jxj�N
a 2A1A2;y;qA3Fð0; jxj�N=qÞ

for x A Bð0; rÞ, so that we have by Lemma 3 (2) and (4)

jxjaCfF�1ð0; r�NÞg�q=N

for x A Bð0; rÞ and

F
�1ð0; r�NÞbF

�1ð0; 1Þ > 0:

Therefore we find by ðF5; hÞ and ha q=N

ð
Bð0; rÞ

Fðx;F�1ð0; r�NÞÞdxaC

ð
Bð0; rÞ

Fð0;F�1ð0; r�NÞÞdxaC;

so that

kwBð0; rÞkLFðRN Þ aCfF�1ð0; r�NÞg�1:

Hence we have by ðFo; bÞ

31Boundedness of maximal operator, Hardy operator and Sobolev’s inequalities



k j � jbkLFðBð0; rÞÞ a
Xy
j¼1

k j � jbkLFðAð0;2�j rÞÞ

aC
Xy
j¼1

ð2�jrÞbfF�1ð0; ð2�jrÞ�NÞg�1

aCr�e3þbfF�1ð0; r�NÞg�1
Xy
j¼1

ð2�jrÞe3

aCrbfF�1ð0; r�NÞg�1;

as required. r

Theorem 2. For a real number b, suppose that Fðx; tÞ satisfies ðF3;y; qÞ
and ðF5; hÞ for qb 1 and h > 0 satisfying ha q=N. Assume that Fðx; tÞ sat-

isfies ðFo; bÞ and FyðtÞ satisfies ðFy2Þ and ðFyo1; bÞ. Then there exists a

constant C > 0 such that

kĤHy
b f kHF; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.

Proof. Let f be a nonnegative measurable function on RN such that

k f kHF; q;oðRN Þ a 1. Let rb 2. Then we have by Lemmas 4 and 7

kĤHy
b f kLFðAð0; rÞÞ aCHy

b f ðr=2Þk1kLFðAð0; rÞÞ

aCr e
0
1oðrÞ�1

ðy
r=2

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

 !1=q

for 0 < e 01 < e1. Therefore, as in the proof of Theorem 1, we obtainðy
2

ðoðrÞkĤHy
b f kLFðAð0; rÞÞÞ

q dr

r
aC:

Finally we show

kĤHy
b f kLFðBð0;4ÞÞ aC:

Note from Lemmas 7 and 2 that

ĤHy
b f ðxÞa 2bjxjbHy

b f ð1=2Þ

aCjxjb
ðy
1

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
þ
ð
Bð0;2ÞnBð0;1Þ

f ðyÞdy
( )

aCjxjb:
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Hence we obtain by Lemma 9

kĤHy
b f kLFðBð0;4ÞÞ aCk j � jbkLFðBð0;4ÞÞ aC;

as required. r

In the same manner, using Lemma 8 instead of Lemma 7, we can prove

the following result.

Theorem 3. For a real number b, suppose that Fðx; tÞ satisfies ðF3;y; qÞ
and ðF5; hÞ for qb 1 and h > 0 satisfying ha q=N. Assume that Fðx; tÞ sat-

isfies ðFo; bÞ and FyðtÞ satisfies ðFy2Þ and ðFyo2; bÞ. Then there exists a

constant C > 0 such that

kĤH 0
b f kHF; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.

In fact, note that

ĤH 0
b f ðxÞaCjxjb

ð
Bð0;4ÞnBð0;1Þ

j f ðyÞjdyaCjxjb

for x A Bð0; 4Þ and f A HF;q;oðRNÞ with k f kHF; q;oðRN Þ a 1.

5. Sobolev’s inequality

For 0 < a < N, the Riesz potential Ia f is defined by

Ia f ðxÞ ¼
ð
RN

jx� yja�N
f ðyÞdy

for a locally integrable function f on RN .

Lemma 10. Assume that FyðtÞ satisfies ðFy2Þ and ðFyo1;�aÞ for e1 > 0.

Then, for 0 < e < e1, there exists a constant C > 0 such that, for all x A Bð0; 2rÞ
with rb 1 and nonnegative functions f A L1

locðRNÞ,

jIað f wRNnBð0;4rÞÞðxÞj

aCr eþaoðrÞ�1F�1
y ðr�NÞ

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
:

Proof. Let f A L1
locðRNÞ be a nonnegative function on RN . Let rb 1,

x A Bð0; 2rÞ and 0 < e < e1. Note from Lemma 7 with b ¼ �a that
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jIað f wRNnBð0;4rÞÞðxÞj

aC

ð
RNnBð0;4rÞ

jyja�N
f ðyÞdy

aCr eþaoðrÞ�1F�1
y ðr�NÞ

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
;

as required. r

Lemma 11. Assume that FyðtÞ satisfies ðFy2Þ and ðFyo2;�NÞ for

e2 > 0. Then, for 0 < e < e2, there exists a constant C > 0 such that for all

x A RNnBð0; rÞ with rb 1 and nonnegative functions f A L1
locðRNÞ,

jIað f wBð0; r=2ÞnBð0;1ÞÞðxÞjaCðjxj=rÞa�N
r�eþaoðrÞ�1F�1

y ðr�NÞ

�
ð r
1=2

ðteoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q
:

Proof. Let f A L1
locðRNÞ be a nonnegative function on RN . Let rb 1,

x A RNnBð0; rÞ and 0 < e < e2. Note that

jIað f wBð0; r=2ÞnBð0;1ÞÞðxÞjaCjxja�N

ð
Bð0; r=2ÞnBð0;1Þ

f ðyÞdy

¼ Cðjxj=rÞa�N
raH 0

�N f ðr=2Þ;

so that Lemma 8 with b ¼ �N gives the required result. r

We consider a function

Cðx; tÞ ¼ tcðx; tÞ : RN � ½0;yÞ ! ½0;yÞ

satisfying the conditions ðF1Þ–ðF4Þ with f replaced by c.

Now we consider the following conditions:

ðFy2 0Þ there exists a constant Qb 1 such that

Fyðg�ðxÞÞaQð1þ jxjÞ�N

for all x A RN , where g�ðxÞ ¼ maxfgðxÞ;MgðxÞg;
ðFaÞ r 7! reþaF

�1ðx; r�NÞ is uniformly almost decreasing on ð0;yÞ for
some e > 0;

ðCFaÞ there exists a constant Qb 1 such that

Cðx; tFðx; tÞ�a=NÞaQFðx; tÞ

for all x A RN and t > 0.
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Remark 10. Let Fðx; tÞ be as in Example 1 and let FyðtÞ be as in

Remark 8 with t ¼ 1. Assume

inf
x ARN

ðN � ap1ðxÞÞ > 0 and inf
x ARN

ðN � ap2ðxÞÞ > 0:

Then Fðx; tÞ satisfies ðFaÞ and FyðtÞ satisfies ðFy2 0Þ.
Set

Cðx; tÞ ¼
tp

�
1
ðxÞQk1

j¼1ðL
ð jÞ
e�1ð1=tÞÞ

�q1; jðxÞp �
1
ðxÞ=p1ðxÞ if 0a ta 1;

tp
�
2
ðxÞQk2

j¼1ðL
ð jÞ
e�1ðtÞÞ

q2; jðxÞp �
2
ðxÞ=p2ðxÞ if tb 1;

(

where

1

p�
i ðxÞ

¼ 1

piðxÞ
� a

N

for i ¼ 1; 2. Then Cðx; tÞ satisfies ðCFaÞ.

As Sobolev’s inequality for Riesz potentials of functions in Musielak-Orlicz

spaces LFðRNÞ, we give the following lemma ([30, Corollary 6.5]). Here we

shall state our result without assumptions

ðFy3Þ r 7! rgF�1
y ðr�NÞ is almost increasing on ½1;yÞ for some 0 < g <

N and

ðFyaÞ r 7! r eþaF�1
y ðr�NÞ is almost decreasing on ½1;yÞ for some e > 0,

which are assumed in [30] (see Remark 11 below).

Lemma 12. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ
and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. For

the function FyðtÞ, assume ðFy2 0Þ holds. Further, assume that Cðx; tÞ satisfies

ðCFaÞ. Then there exists a constant C > 0 such that

kIa f kLC ðRN Þ aCk f kLFðRN Þ

for all f A LFðRNÞ.

Remark 11. Assumptions ðF3; 0; pÞ and ðF3;y; qÞ imply ðFy3Þ and

ðFaÞ implies ðFyaÞ.
In fact, we see from ðF3; 0; pÞ and ðF3;y; qÞ that there exist constants

c > 0 and e > 0 such that

t�ð1þeÞFðx; tÞa cs�ð1þeÞFðx; sÞ

for all 0 < t < s, so that for 0 < t < samaxf1;F�1
y ð1Þg, there exists a point

x0 A RN such that gðx0Þa t < samaxf1;F�1
y ð1Þg and

t�ð1þeÞFyðtÞaQt�ð1þeÞFðx0; tÞa cQs�ð1þeÞFðx0; sÞa cQ2s�ð1þeÞFyðsÞ
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by ðFy1Þ and g A LtðRNÞ, where Q is the constant appearing in ðFy1Þ. Since

F�1
y ðr�NÞaF�1

y ð1Þ for all rb 1, we see that ðFy3Þ holds with g ¼ N=ð1þ eÞ.
Similarly we can show that ðFaÞ implies ðFyaÞ.

Further, as the definition of FyðtÞ, we consider a convex function CyðtÞ ¼
tcyðtÞ : ½0;yÞ ! ½0;yÞ such that cyðtÞ > 0 for t > 0, cyðtÞ is increasing on

½0;yÞ and satisfies the doubling condition and

ðCy1Þ there exists a constant Qb 1 such that

Q�1Cðx; tÞaCyðtÞaQCðx; tÞ whenever gðxÞa ta 1;

where g is the function appearing in ðF6; tÞ.
Now we show the Sobolev type inequality for Riesz potentials of functions

in HF;q;oðRNÞ.

Theorem 4. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ
and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. As-

sume that Cðx; tÞ satisfies ðCFaÞ. For the function FyðtÞ, assume ðFy2 0Þ,
ðFyo1;�aÞ and ðFyo2;�NÞ hold. Then there exists a constant C > 0 such

that

kIa f kHC ; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.

Remark 12. Suppose Fðx; tÞ satisfies ðFaÞ and Cðx; tÞ satisfies ðCFaÞ.
For the function FyðtÞ, assume ðFy2 0Þ holds.

To show Theorem 4, we need to verify that the following conditions hold:

ðCy2Þ there exists a constant Qb 1 such that

CyðgðxÞÞaQð1þ jxjÞ�N

for all x A RN ;

ðCyFyaÞ there exists a constant Q > 0 such that

sup
tb1

taF�1
y ðt�NÞfC�1

y ðt�NÞg�1
aQ:

First we show that ðCy2Þ holds. Since we have by ðCFaÞ and ðCy1Þ

Fðx; gðxÞÞbCCðx; gðxÞFðx; gðxÞÞ�a=NÞ

bCCðx; gðxÞFðx; 1Þ�a=NÞbCCðx; gðxÞÞbCCyðgðxÞÞ;

we find by ðFy1Þ and ðFy2Þ

CyðgðxÞÞaCFðx; gðxÞÞaCFyðgðxÞÞaCð1þ jxjÞ�N :
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Next we show that ðCyFyaÞ holds. For 0 < tamaxf1;F�1
y ð1Þg, there

exists a point x0 A RN such that gðx0Þa tamaxf1;F�1
y ð1Þg by g A LtðRNÞ.

Then note that

tFðx0; tÞ�a=N
bCtbCgðx0Þ

and tFðx0; tÞ�a=N
aC by ðFaÞ, so that we find by ðFy1Þ and ðCy1Þ

CyðtFyðtÞ�a=NÞaCFyðtÞ:

Since F�1
y ðr�NÞaF�1

y ð1Þ for all rb 1, we obtain that ðCyFyaÞ holds.

Proof (Proof of Theorem 4). Let f be a nonnegative measurable func-

tion on RN such that k f kHF; q;oðRN Þ a 1. For rb 2 set

f ¼ f wBð0;1Þ þ f wBð0; r=2ÞnBð0;1Þ þ f wBð0;4rÞnBð0; r=2Þ þ f wRNnBð0;4rÞ

¼ f0 þ f1; r þ f2; r þ f3; r:

For f0, we see that

Ia f0ðxÞaCjxja�N

ð
Bð0;1Þ

f ðyÞdyaCjxja�N

for x A RNnBð0; rÞ by Lemma 2. By Lemmas 12 and 4

rNk j � ja�NkLC ðRNnBð0; rÞÞ

aCkIawBð0; r=2ÞkLC ðRNnBð0; rÞÞ

aCkwBð0; r=2ÞkLFðRN Þ aCfF�1
y ðr�NÞg�1: ð12Þ

Hence

kIa f0kLC ðAð0; rÞÞ aCr�NfF�1
y ðr�NÞg�1;

and using ðFyo2;�NÞ, we have (cf. (6))ðy
2

ðoðrÞkIa f0kLC ðAð0; rÞÞÞ
q dr

r
aC: ð13Þ

For f1; r, by Lemma 11 and (12), we have

kIa f1; rkLC ðAð0; rÞÞ aCr�e 0
2oðrÞ�1

ð r
1=2

ðte 02oðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

for 0 < e 02 < e2, which implies (cf. (8))ðy
2

ðoðrÞkIa f1; rkLC ðAð0; rÞÞÞ
q dr

r
aC: ð14Þ
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For f2; r, we use Lemma 12 and have

kIa f2; rkLC ðAð0; rÞÞ aCk f kLFðBð0;4rÞnBð0; r=2ÞÞ:

Hence ðy
2

ðoðrÞkIa f2; rkLC ðAð0; rÞÞÞ
q dr

r
aC: ð15Þ

To treat f3; r, we remark that Lemma 4 holds for C by ðCy2Þ and

hence

k1kLC ðBð0; rÞÞ aCfC�1
y ðr�NÞg�1

aCr�afF�1
y ðr�NÞg�1

by ðCyFyaÞ. Thus, we find by Lemma 10

kIa f3; rkLC ðAð0; rÞÞ

a kIa f3; rkLC ðBð0; rÞÞ

aCr e
0
1oðrÞ�1

ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q
ð16Þ

for 0 < e 01 < e1. It then follows thatðy
2

ðoðrÞkIa f3; rkLC ðAð0; rÞÞÞ
q dr

r
aC: ð17Þ

Combining (13), (14), (15) and (17), we obtainðy
2

ðoðrÞkIa f kLC ðAð0; rÞÞÞ
q dr

r
aC:

Finally, Lemma 12 and (16) with r ¼ 2 yield

kIa f kLC ðBð0;2ÞÞ þ
ð2
1

ðoðrÞkIa f kLC ðAð0; rÞÞÞ
q dr

r

� �1=q

aCkIa f kLC ðBð0;4ÞÞ

aC k f kLFðBð0;8ÞÞ þ
ðy
1

ðoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �
aC;

which proves the theorem. r

Remark 13. Let F be as in Example 1 and let FyðtÞ be as in Remark 8.

If oðrÞ ¼ rn, then ðFyo1;�aÞ and ðFyo2;�NÞ hold when

a�N=p1ðyÞ < n < Nð1� 1=p1ðyÞÞ:
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Remark 14. Let Fðx; tÞ, FyðtÞ and Cðx; tÞ be as in Example 1, Remark

8 and Remark 10. Assume

inf
x ARN

ðN � ap1ðxÞÞ > 0:

Set cyðtÞ ¼ sup0asatfsp
�
1
ðyÞ�1

Qk1
j¼1ðL

ð jÞ
e�1ð1=sÞÞ

�q1; jðyÞp �
1
ðyÞ=p1ðyÞg and

CyðtÞ ¼
ð t
0

cyðrÞ dr
r
;

where

1

p�
1 ðyÞ ¼

1

p1ðyÞ �
a

N
:

Then CyðtÞ satisfies ðCy1Þ.

6. Sobolev’s inequality for the generalized Riesz potential

To obtain general results, for 0 < a < N and an integer kb 1, we define

the generalized Riesz potential Ia;k f of order a of a locally integrable function

f on RN by

Ia;k f ðxÞ ¼
ð
Bð0;1Þ

Iaðx� yÞ f ðyÞdy

þ
ð
RNnBð0;1Þ

Iaðx� yÞ �
X

fm:jmjak�1g

xm

m!
ðDmIaÞð�yÞ

8<
:

9=
; f ðyÞdy;

where IaðxÞ ¼ jxja�N (see [32, 33]).

Set

~IIa;kðx; yÞ ¼ Iaðx� yÞ �
X

fm:jmjak�1g

xm

m!
ðDmIaÞð�yÞ

and

~IIa;k f ðxÞ ¼
ð
RNnBð0;1Þ

~IIa;kðx; yÞ f ðyÞdy

for a locally integrable function f on RN .

The following estimates are fundamental (see [32], [33] and [49]).

Lemma 13. (1) If 2jxj < jyj, then j~IIa;kðx; yÞjaCjxjkjyja�N�k
.

(2) If jxj=2a jyja 2jxj, then j~IIa;kðx; yÞjaCjx� yja�N
.

(3) If 1a jyja jxj=2, then j~IIa;kðx; yÞjaCjxjk�1jyja�N�ðk�1Þ
.
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Lemma 14. Assume that FyðtÞ satisfies ðFy2Þ and ðFyo1; k � aÞ for

e1 > 0. Then, for 0 < e < e1, there exists a constant C > 0 such that, for all

x A Bð0; 2rÞ with rb 1 and nonnegative functions f A L1
locðRNÞ,

j~IIa;kð f wRNnBð0;4rÞÞðxÞj

aCr eþaoðrÞ�1F�1
y ðr�NÞ

ðy
r

ðt�eoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

� �1=q
:

Proof. Let f A L1
locðRNÞ be nonnegative, rb 1 and x A Bð0; 2rÞ. By

Lemma 13 (1),

j~IIa;kð f wRNnBð0;4rÞÞðxÞjaCjxjk
ð
RNnBð0;4rÞ

jyja�N�k
f ðyÞdy

aCraHy
k�a f ð2rÞ;

so that we obtain the required inequality by Lemma 7. r

Lemma 15. Assume FyðtÞ satisfies ðFy2Þ and ðFyo2; k � 1� aÞ for

e2 > 0. Then, for 0 < e < e2, there exists a constant C > 0 such that for all

x A Bð0; 2rÞ with rb 1 and nonnegative functions f A L1
locðRNÞ,

j~IIa;kð f wBð0; jxj=2ÞÞðxÞj

aCr�eþaoðrÞ�1
F�1

y ðr�NÞ
ð r
1=2

ðteoðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q
:

Proof. Let f A L1
locðRNÞ be nonnegative, rb 1 and x A Bð0; 2rÞ. By

Lemma 13 (3),

j~IIa;kð f wBð0; jxj=2ÞÞðxÞjaCjxjk�1

ð
Bð0; jxj=2ÞnBð0;1Þ

jyja�N�ðk�1Þ
f ðyÞdy

aCraH 0
k�1�a f ðrÞ;

so that we obtain the required inequality by Lemma 8. r

Now we give the Sobolev type inequality for generalized Riesz potentials

of functions in HF;q;oðRNÞ.

Theorem 5. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ
and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. As-

sume that Cðx; tÞ satisfies ðCFaÞ. Assume FyðtÞ satisfies ðFy2 0Þ, ðFyo1;
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k � aÞ and ðFyo2; k � 1� aÞ. Then there exists a constant C > 0 such that

kIa;k f kHC; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.

Proof. Let f be a nonnegative measurable function on RN such that

k f kHF; q;oðRN Þ a 1. For rb 2 and fixed x A Að0; rÞ, set

f ¼ f wBð0;1Þ þ f wBð0; jxj=2ÞnBð0;1Þ þ f wBð0;4rÞnBð0; jxj=2Þ þ f wRNnBð0;4rÞ

¼ f0 þ f1;x þ f2; r;x þ f3; r:

For f0, we note

Ia;k f0ðxÞ ¼ Ia f0ðxÞaCjxja�N :

For f2; r;x, by Lemma 13 (1), (2), we see that

jIa;k f2; r;xðxÞj ¼ j~IIa;k f2; r;xðxÞjaCIað f wBð0;4rÞnBð0; r=2ÞÞðxÞ:

Since Ia;k f1;x ¼ ~IIa;kð f wBð0; jxj=2ÞÞ and Ia;k f3; r ¼ ~IIa;kð f wRNnBð0;4rÞÞ, it follows

from Lemmas 15 and 14 that

Ia;k f ðxÞaC

8<
:jxja�N þ Iað f wBð0;4rÞnBð0; r=2ÞÞðxÞ

þ r�e 0
2
þaoðrÞ�1

F�1
y ðr�NÞ

ð r
1=2

ðt e 02oðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

þ r e
0
1
þaoðrÞ�1F�1

y ðr�NÞ
ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q9=
; ð18Þ

for x A Að0; rÞ, with 0 < e 01 < e1 and 0 < e 02 < e2.

Then, we obtain ðy
2

ðoðrÞkIa;k f kLC ðAð0; rÞÞÞ
q dr

r
aC

by the same arguments as in the proof of Theorem 4.

By Lemma 13, we see that j~IIa;kðx; yÞjaCIaðx� yÞ for jxja 4 and jyjb 1.

Hence, as in the proof of Theorem 4 we can show that kIa;k f kLC ðBð0;4ÞÞ aC,

which implies

kIa;k f kLC ðBð0;2ÞÞ þ
ð2
1

ðoðrÞkIa;k f kLC ðAð0; rÞÞÞ
q dr

r
aC: r
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Remark 15. Let F be as in Example 1 and let FyðtÞ be as in Remark 8.

If oðrÞ ¼ rn, then ðFyo1; k � aÞ and ðFyo2; k � 1� aÞ hold when

a�N=p1ðyÞ � n < k < a�N=p1ðyÞ � nþ 1:

7. HF;q;oðRNÞ and H
F;q;oðRNÞ

We further consider the space HF;q;oðRNÞ of locally integrable functions

f on RN satisfying

k f kHF; q;oðRN Þ ¼
ðy
1

ðoðrÞk f kLFðBð0; rÞÞÞ
q dr

r

� �1=q
< y

and the space H
F;q;oðRNÞ consisting of all measurable functions f on RN

satisfying

k f k
H

F; q;oðRN Þ ¼ k f kLFðBð0;2ÞÞ þ
ðy
1

ðoðrÞk f kLFðRNnBð0; rÞÞÞ
q dr

r

� �1=q
< y:

If oðrÞ satisfies

ðo3Þ
ðy
1

oðrÞq dr
r
< y,

then

LFðRNÞ ¼ H
F;q;oðRNÞ ,! HF;q;oðRNÞ ,! HF;q;oðRNÞ ð19Þ

and if o satisfies

ðo4Þ
ðy
1

oðrÞq dr
r
¼ y,

then

f0g ¼ HF;q;oðRNÞ � H
F;q;oðRNÞ ,! HF;q;oðRNÞ \ LFðRNÞ:

Therefore, it is natural to assume ðo3Þ when we treat the space HF;q;oðRNÞ;
and we assume ðo4Þ when we treat the space H

F;q;oðRNÞ.

Proposition 1. (1) Suppose oðrÞ satisfies

ðo5aÞ r 7! raoðrÞ is almost decreasing on ½1;yÞ for some a > 0.

Then, HF;q;oðRNÞ ¼ HF;q;oðRNÞ.
(2) Suppose oðrÞ satisfies

ðo5bÞ r 7! r�boðrÞ is almost increasing on ½1;yÞ for some b > 0.

Then, H
F;q;oðRNÞ ¼ HF;q;oðRNÞ.

Proof. (1) Assume ðo5aÞ. Let X ¼ HF;q;oðRNÞ and Y ¼ HF;q;oðRNÞ.
Since Y ,! X in general, we have to show X ,! Y .
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Let f A X and let K be a compact set in RN . Then note from Lemma 2

and ðo5aÞ (ðo5aÞ implies ðo3Þ) that k f wKkY < y. Set F ðrÞ ¼ k f wKkLFðAð0; rÞÞ
and GðrÞ ¼ k f wKkLFðBð0; rÞÞ. Then

Gð2rÞaF ðrÞ þ GðrÞ: ð20Þ

Set o�ðrÞ ¼ r�a inf1asar s
aoðsÞ for rb 1. Then

o�ðrÞaoðrÞaC0o�ðrÞ ð21Þ

by ðo5aÞ with a constant C0 b 1.

Set

A ¼
ðy
1

ðo�ðrÞF ðrÞÞq
dr

r

� �1=q
;

B1 ¼
ð2
1

ðo�ðrÞGðrÞÞq dr
r

� �1=q
and B2 ¼

ðy
2

ðo�ðrÞGðrÞÞq dr
r

� �1=q
:

All of these are finite values.

By (20)ðy
1

ðo�ðrÞGð2rÞÞq dr
r

� �1=q
a

Aþ ðBq
1 þ B

q
2 Þ

1=q if qb 1;

ðAq þ B
q
1 þ B

q
2 Þ

1=q if 0 < q < 1:

(

Since rao�ðrÞ is decreasing, o�ðr=2Þb 2ao�ðrÞ for rb 2, so thatðy
1

ðo�ðrÞGð2rÞÞq dr
r
¼
ðy
2

ðo�ðr=2ÞGðrÞÞq
dr

r
b 2aqB

q
2 :

Hence

2aB2 a
Aþ ðBq

1 þ B
q
2 Þ

1=q if qb 1;

ðAq þ B
q
1 þ B

q
2 Þ

1=q if 0 < q < 1;

(

which implies

ðBq
1 þ B

q
2 Þ

1=q
aCðAþ 2aB1Þ ð22Þ

with C > 0 depending only on a and q. Note that B1 aC1k f wKkLFðBð0;2ÞÞ
with C1 ¼ oð1Þðlog 2Þ1=q. By (21) k f wKkY aC0ðBq

1 þ B
q
2 Þ

1=q and k f wKkX b

Aþ k f wKkLFðBð0;2ÞÞ. Hence (22) implies

k f wKkY aCk f wKkX

with a constant C > 0 independent of K . By the monotone convergence

theorem, we obtain the required result.
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(2) Assume ðo5bÞ. Let X be as above and Z ¼ H
F;q;oðRNÞ. Since

Z ,! X in general, we shall show X ,! Z.

Let f A X and let K be a compact set in RN . Then note from Lemma 2

that k f wKkZ < y. Set F ðrÞ ¼ k f wKkLFðAð0; rÞÞ and HðrÞ ¼ k f wKkLFðRNnBð0; rÞÞ.

Then

HðrÞaF ðrÞ þHð2rÞ: ð23Þ

Set o�ðrÞ ¼ rb sup1asar s
�boðsÞ for rb 1. Then

oðrÞao�ðrÞaC2oðrÞ ð24Þ

by ðo5bÞ with a constant C2 b 1. Since r�bo�ðrÞ is increasing, o�ðr=2Þa
2�bo�ðrÞ for rb 2, so thatðy

1

ðo�ðrÞHð2rÞÞq dr
r
a 2�bq

ðy
2

ðo�ðrÞHðrÞÞq dr
r
:

Hence, by (23), we haveðy
1

ðo�ðrÞHðrÞÞq dr
r
aC

ðy
1

ðo�ðrÞF ðrÞÞq dr
r
;

which implies k f wKkZ aCk f wKkX in view of (24) with a constant C > 0 inde-

pendent of K . Hence, by the monotone convergence theorem, we obtain the

required result. r

The following example shows that there are oðrÞ satisfying ðo3Þ for which

LFðRNÞ0HF;q;oðRNÞ0HF;q;oðRNÞ; and also there are oðrÞ satisfying ðo4Þ
for which f0g0H

F;q;oðRNÞ0HF;q;oðRNÞ.

Example 3. Let Fðx; tÞ ¼ tp, pb 1 and

oðrÞ@ logðeþ rÞn; n A R:

(1) If n < �1=q, then oðrÞ satisfies ðo3Þ and

LpðRNÞ0HF;q;oðRNÞ0HF;q;oðRNÞ:

(2) If nb�1=q, then oðrÞ satisfies ðo4Þ and

f0g0H
F;q;oðRNÞ0HF;q;oðRNÞ:

In fact, consider the function

faðxÞ ¼ jxj�N=pðlogðeþ jxjÞÞ�awRNnBð0;2ÞðxÞ

for a A R. Then, k fakL pðAð0; rÞÞ @ ðlogðeþ rÞÞ�a for rb 2, so that

fa A HF;q;oðRNÞ if ðand only ifÞ a > nþ 1=q:
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On the other hand, for rb 3, k fakL pðBð0; rÞÞ @ ðlogðeþ rÞÞ�aþ1=p in case a < 1=p,

@ ðlogðlogðeþ rÞÞÞ1=p in case a ¼ 1=p and @C in case a > 1=p, so that

fa A HF;q;oðRNÞ if and only if a > nþ 1=pþ 1=q

when n < �1=q. Thus, fa A HF;q;oðRNÞnHF;q;oðRNÞ if nþ 1=q < aa nþ
1=pþ 1=q when n < �1=q.

Since fa A LpðRNÞ if and only if ap > 1, fa A HF;q;oðRNÞnLpðRNÞ if

nþ 1=pþ 1=q < aa 1=p. Such a exists when n < �1=q.

Next, for rb 2, k fakL pðRNnBð0; rÞÞ @ ðlogðeþ rÞÞ�aþ1=p in case a > 1=p and

¼ y in case aa 1=p. Hence, in case nb�1=q, fa A HF;q;oðRNÞnHF;q;oðRNÞ
if nþ 1=q < aa nþ 1=pþ 1=q. Since wBð0;1Þ A H

F;q;oðRNÞ, H
F;q;oðRNÞ0

f0g.

Remark 16. Since HF;q;oðRNÞ ,! HF;q;oðRNÞ, the second inequality (3)

also holds with k f kHF; q;oðRN Þ replaced by k f kHF; q;oðRN Þ.

Analogous inequality is trivial for k f k
H

F; q;oðRN Þ, since H
F;q;oðRNÞ ,!

LFðRNÞ.

For the boundedness of the maximal operator, we have the following

results (cf. [9]).

Theorem 6. Suppose that Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ
and ðF6; tÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p.

Assume that FyðtÞ satisfies ðFy2Þ and ðFyo1; 0Þ. Then the maximal operator

M is bounded from HF;q;oðRNÞ to itself.

Proof. Let f be a nonnegative measurable function on RN such that

k f kHF; q;oðRN Þ a 1. For rb 1, set

f ¼ f wBð0;2rÞ þ f wRNnBð0;2rÞ ¼ g1; r þ g2; r:

By Lemma 6,

kMg1; rkLFðBð0; rÞÞ aCkg1; rkLFðRN Þ ¼ Ck f kLFðBð0;2rÞÞ;

so that

ðy
1

ðoðrÞkMg1; rkLFðBð0; rÞÞÞ
q dr

r
aC

ðy
1

ðoðrÞk f kLFðBð0;2rÞÞÞ
q dr

r
aC:

For g2; r, we argue as for f3; r in the proof of Theorem 1 to obtain

Mg2; rðxÞaCre
0
1oðrÞ�1F�1

y ðr�NÞ
ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q
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for x A Bð0; rÞ with 0 < e 01 < e1, which impliesðy
1

ðoðrÞkMg2; rkLFðBð0; rÞÞÞ
q dr

r
aC

ðy
1

ðoðrÞk f kLFðBð0;2rÞÞÞ
q dr

r
aC: r

Theorem 7. Suppose that Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ
and ðF6; tÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p.

Assume that FyðtÞ satisfies ðFy2Þ and ðFyo2;�NÞ. Then the maximal oper-

ator M is bounded from H
F;q;oðRNÞ to itself.

Proof. Let f be a nonnegative measurable function on RN such that

k f k
H

F; q;oðRN Þ a 1. Then k f kLFðRN Þ aC.

For rb 2, set

f ¼ f wBð0;1Þ þ f wBð0; r=2ÞnBð0;1Þ þ f wRNnBð0; r=2Þ ¼ f0 þ f1; r þ h2; r:

By (5), we see that

kMf0kLFðRNnBð0; rÞÞ aCr�NfF�1
y ðr�NÞg�1

and using ðFyo2;�NÞ, we haveðy
2

ðoðrÞkMf0kLFðRNnBð0; rÞÞÞ
q dr

r
aC

by the same arguments as to obtain (6) in the proof of Theorem 1.

In view of (7) in the proof of Theorem 1, we seeðy
2

ðoðrÞkMf1; rkLFðRNnBð0; rÞÞÞ
q dr

r

aC

ðy
1=2

ðoðrÞk f kLFðAð0; rÞÞÞ
q dr

r

aC k f kLFðBð0;2ÞÞ þ
ðy
1

ðoðrÞk f kLFðRNnBð0; rÞÞÞ
q dr

r

� �

aC:

By Lemma 6,

kMh2; rkLFðRNnBð0; rÞÞ aCkh2; rkLFðRN Þ ¼ Ck f kLFðRNnBð0; rÞÞ;

so thatðy
2

ðoðrÞkMh2; rkLFðRNnBð0; rÞÞÞ
q dr

r
aC

ðy
2

ðoðrÞk f kLFðRNnBð0; rÞÞÞ
q dr

r

aC:
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Thus, ðy
2

ðoðrÞkMf kLFðRNnBð0; rÞÞÞ
q dr

r
aC:

Finally, since kMf kLFðRN Þ aCk f kLFðRN Þ aC by Lemma 6,

kMf kLFðBð0;2ÞÞ þ
ð2
1

ðoðrÞkMf kLFðRNnBð0; rÞÞÞ
q dr

r
aC: r

As to Sobolev’s inequalities, we have the following results (see also [10]).

Theorem 8. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ
and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. As-

sume that Cðx; tÞ satisfies ðCFaÞ. For the function FyðtÞ, assume ðFy2 0Þ and

ðFyo1;�aÞ hold. Then there exists a constant C > 0 such that

kIa f kHC ; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.

Proof. Let f be a nonnegative measurable function on RN such that

k f kHF; q;oðRN Þ a 1. For rb 1, set

f ¼ f wBð0;2rÞ þ f wRNnBð0;2rÞ ¼ g1; r þ g2; r:

By Lemma 12,

kIag1; rkLC ðBð0; rÞÞ aCkg1; rkLFðRN Þ ¼ Ck f kLFðBð0;2rÞÞ;

so thatðy
1

ðoðrÞkIag1; rkLFðBð0; rÞÞÞ
q dr

r
aC

ðy
1

ðoðrÞk f kLFðBð0;2rÞÞÞ
q dr

r
aC:

For g2; r, we argue as for f3; r in the proof of Theorem 4 to obtain

kIag2; rkLC ðBð0; rÞÞ aCr e
0
1oðrÞ�1

ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q

for 0 < e 01 < e1, which impliesðy
1

ðoðrÞkIag2; rkLC ðBð0; rÞÞÞ
q dr

r
aC

ðy
1

ðoðrÞk f kLFðBð0;2rÞÞÞ
q dr

r
aC: r

Theorem 9. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ
and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and ta p. As-

sume that Cðx; tÞ satisfies ðCFaÞ. For the function FyðtÞ, assume ðFy2 0Þ and
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ðFyo2;�NÞ hold. Then there exists a constant C > 0 such that

kIa f kHC ; q;oðRN Þ aCk f k
H

F; q;oðRN Þ

for all f A H
F;q;oðRNÞ.

Proof. Let f be a nonnegative measurable function on RN such that

k f k
H

F; q;oðRN Þ a 1 and for rb 2, set

f ¼ f wBð0;1Þ þ f wBð0; r=2ÞnBð0;1Þ þ f wRNnBð0; r=2Þ ¼ f0 þ f1; r þ h2; r:

Since
Ð
Bð0;1Þ f ðyÞdyaCk f kLFðBð0;1ÞÞ aC, we see that

kIa f0kLC ðRNnBð0; rÞÞ aCr�NfF�1
y ðr�NÞg�1;

and hence ðy
2

ðoðrÞkIa f0kLC ðRNnBð0; rÞÞÞ
q dr

r
aC

in the same way as in the proof of Theorem 4.

Also, as in the proof of Theorem 4, we seeðy
2

ðoðrÞkIa f1; rkLC ðRNnBð0; rÞÞÞ
q dr

r
aC:

For h2; r, we use Lemma 12 to obtain

kIah2; rkLC ðRNnBð0; rÞÞ aCkh2; rkLFðRN Þ ¼ Ck f kLFðRNnBð0; r=2ÞÞ;

which implies ðy
2

ðoðrÞkIah2; rkLC ðRNnBð0; rÞÞÞ
q dr

r
aC:

Finally, since kIa f kLC ðRN Þ aCk f kLFðRN Þ aC,

kIa f kLC ðBð0;2ÞÞ þ
ð2
1

ðoðrÞkIa f kLC ðRNnBð0; rÞÞÞ
q dr

r
aC: r

Theorem 10. Suppose Fðx; tÞ satisfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ,
ðF6; tÞ and ðFaÞ for p > 1, q > 1, h > 0 and t > 0 satisfying ha q=N and

ta p. Assume that Cðx; tÞ satisfies ðCFaÞ. For an integer kb 1, assume

FyðtÞ satisfies ðFy2 0Þ, ðFyo1; k � aÞ and ðFyo2; k � 1� aÞ. Then there

exists a constant C > 0 such that

kIa;k f kHC; q;oðRN Þ aCk f kHF; q;oðRN Þ

for all f A HF;q;oðRNÞ.
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Proof. Let f be a nonnegative measurable function on RN such that

k f kHF; q;oðRN Þ a 1. Noting that

jIa;kð f wBð0;4rÞnBð0; jxj=2ÞnBð0;1ÞÞjaCIað f wBð0;4rÞnBð0;1ÞÞ

for rb 1 and jxj < r, by the same arguments as to obtain (18) in the proof of

Theorem 5, we have

Ia;k f ðxÞaC

8<
:Iað f wBð0;4rÞÞðxÞ

þ r�e 0
2
þaoðrÞ�1F�1

y ðr�NÞ
ð r
1=2

ðte 02oðtÞk f kLFðAð0; tÞÞÞ
q dt

t

 !1=q

þ re
0
1
þaoðrÞ�1

F�1
y ðr�NÞ

ðy
r

ðt�e 0
1oðtÞk f kLFðAð0; tÞÞÞ

q dt

t

� �1=q9=
;

for rb 1 and x A Bð0; rÞ, with 0 < e 01 < e1 and 0 < e 02 < e2.

Now, by Lemma 12

kIað f wBð0;4rÞÞkLC ðBð0; rÞÞ aCk f kLFðBð0;4rÞÞ:

Thus, in the same way as in the proof of Theorem 4 (with Að0; rÞ replaced by

Bð0; rÞ), we obtain ðy
1

ðoðrÞkIa;k f kLC ðBð0; rÞÞÞ
q dr

r
aC: r

8. Variable exponent H-M-M-O spaces

Let qðrÞ be a measurable function on ½1;yÞ satisfying

(Q1) 0 < q� :¼ ess inf r A ½1;yÞ qðrÞa ess supr A ½1;yÞ qðrÞ ¼: qþ < y.

Given Fðx; tÞ, oðrÞ and qðrÞ as above, we denote by HF;qð�Þ;oðRNÞ,
HF;qð�Þ;oðRNÞ and H

F;qð�Þ;oðRNÞ the classes of locally integrable functions f

on RN satisfying

k f kHF; qð�Þ;oðRN Þ ¼ k f kLFðBð0;2ÞÞ þ koð�Þk f kLFðAð0; �ÞÞkLqð�Þðð1;yÞ;dr=rÞ < y;

k f kHF; qð�Þ;oðRN Þ ¼ koð�Þk f kLFðBð0; �ÞÞkLqð�Þðð1;yÞ;dr=rÞ < y

and

k f k
H

F; qð�Þ;oðRN Þ
¼ k f kLFðBð0;2ÞÞ þ koð�Þk f kLFðRNnBð0; �ÞÞkLqð�Þðð1;yÞ;dr=rÞ < y;
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respectively, where

kgkLqð�Þðð1;yÞ;dr=rÞ ¼ inf l > 0;

ðy
1

jgðrÞj
l

� �qðrÞ
dr

r
a 1

( )
:

Proposition 2. Suppose qðrÞ satisfies

(Q2) there exists a constant qðyÞ A ð0;yÞ such that

jqðrÞ � qðyÞja Cq;y

logðeþ rÞ

whenever rb 1 with a constant Cq;y b 0.

Then

HF;qðyÞ;oðRNÞ ¼ HF;qð�Þ;oðRNÞ;

HF;qðyÞ;oðRNÞ ¼ HF;qð�Þ;oðRNÞ

and

H
F;qðyÞ;oðRNÞ ¼ H

F;qð�Þ;oðRNÞ:

Proof. We only prove that HF;qð�Þ;oðRNÞ � HF;qðyÞ;oðRNÞ, since the

remaining assertions can be proved similarly. Let f be a measurable function

on RN satisfying k f kHF; qð�Þ;oðRN Þ a 1. Then note that there exists a constant

c > 0 such that ðy
1=
ffiffi
2

p ðoðrÞk f kLFðAð0; rÞÞÞ
qðrÞ dr

r
a c:

First we show that

oðrÞk f kLFðAð0; rÞÞ aC for rb 1: ð25Þ

Let JðrÞ ¼ oðrÞk f kLFðBð0;
ffiffi
2

p
rÞnBð0; rÞÞ. If r=

ffiffiffi
2

p
a ta r, then Bð0;

ffiffiffi
2

p
rÞnBð0; rÞ �

Að0; tÞ, so that

JðrÞa c1c2oðtÞk f kLFðAð0; tÞÞ

by ðo2Þ. For rb 1, if JðrÞb c1c2, then

cb

ð r
r=
ffiffi
2

p ðoðtÞk f kLFðAð0; tÞÞÞ
qðtÞ dt

t
b

log 2

2
ðc�1

1 c�1
2 JðrÞÞq

�
;

which implies

JðrÞa c1c2ð2c=log 2Þ1=q
�
:

Therefore,
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oðrÞk f kLFðAð0; rÞÞ ¼ oðrÞk f kLFðBð0;
ffiffi
2

p
rÞnBð0; rÞÞ þ oðrÞk f kLFðBð0;2rÞnBð0;

ffiffi
2

p
rÞÞ

a JðrÞ þ c1c2Jð
ffiffiffi
2

p
rÞaC;

which shows (25).

If r�1 < oðrÞk f kLFðAð0; rÞÞ, then we have by (Q2)

ðoðrÞk f kLFðAð0; rÞÞÞ
qðyÞ

aCðoðrÞk f kLFðAð0; rÞÞÞ
qðrÞ

for rb 1, which gives

ðy
1

ðoðrÞk f kLFðAð0; rÞÞÞ
qðyÞ dr

r

aC

ðy
1

ðoðrÞk f kLFðAð0; rÞÞÞ
qðrÞ dr

r
þ
ðy
1

r�qðyÞ dr

r
aC:

Thus, we obtain the required result. r

By this proposition, Theorems 1, 2, 3, 4 and 5 are valid with HF;q;oðRNÞ
replaced by HF;qð�Þ;oðRNÞ, provided that qðrÞ satisfies (Q2), namely we have

the following corollaries.

Corollary 1. Assume that qðrÞ satisfies (Q2). Suppose that Fðx; tÞ sat-

isfies ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ and ðF6; tÞ for p > 1, q > 1, h > 0 and

t > 0 satisfying ha q=N and ta p. Assume that FyðtÞ satisfies ðFy2Þ,
ðFyo1; 0Þ and ðFyo2;�NÞ. Then the maximal operator M is bounded from

HF;qð�Þ;oðRNÞ to itself.

Corollary 2. Assume that qðrÞ satisfies (Q2). For a real number b,

suppose that Fðx; tÞ satisfies ðF3;y; qÞ and ðF5; hÞ for qb 1 and h > 0 satisfy-

ing ha q=N. Assume that Fðx; tÞ satisfies ðFo; bÞ and FyðtÞ satisfies ðFy2Þ
and ðFyo1; bÞ. Then there exists a constant C > 0 such that

kĤHy
b f kHF; qð�Þ;oðRN Þ aCk f kHF; qð�Þ;oðRN Þ

for all f A HF;qð�Þ;oðRNÞ.

Corollary 3. Assume that qðrÞ satisfies (Q2). For a real number b,

suppose that Fðx; tÞ satisfies ðF3;y; qÞ and ðF5; hÞ for qb 1 and h > 0 satisfy-

ing ha q=N. Assume that Fðx; tÞ satisfies ðFo; bÞ and FyðtÞ satisfies ðFy2Þ
and ðFyo2; bÞ. Then there exists a constant C > 0 such that

kĤH 0
b f kHF; qð�Þ;oðRN Þ aCk f kHF; qð�Þ;oðRN Þ

for all f A HF;qð�Þ;oðRNÞ.
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Corollary 4. Assume that qðrÞ satisfies (Q2). Suppose Fðx; tÞ satisfies

ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ and ðFaÞ for p > 1, q > 1, h > 0 and

t > 0 satisfying ha q=N and ta p. Assume that Cðx; tÞ satisfies ðCFaÞ. For

the function FyðtÞ, assume ðFy2 0Þ, ðFyo1;�aÞ and ðFyo2;�NÞ hold. Then

there exists a constant C > 0 such that

kIa f kHC ; qð�Þ;oðRN Þ aCk f kHF; qð�Þ;oðRN Þ

for all f A HF;qð�Þ;oðRNÞ.

Corollary 5. Assume that qðrÞ satisfies (Q2). Suppose Fðx; tÞ satisfies

ðF3; 0; pÞ, ðF3;y; qÞ, ðF5; hÞ, ðF6; tÞ and ðFaÞ for p > 1, q > 1, h > 0 and

t > 0 satisfying ha q=N and ta p. Assume that Cðx; tÞ satisfies ðCFaÞ. For

an integer kb 1, assume FyðtÞ satisfies ðFy2 0Þ, ðFyo1; k � aÞ and ðFyo2;

k � 1� aÞ. Then there exists a constant C > 0 such that

kIa;k f kHC; qð�Þ;oðRN Þ aCk f kHF; qð�Þ;oðRN Þ

for all f A HF;qð�Þ;oðRNÞ.

Also, Theorems 6, 8 and 10 hold with HF;q;oðRNÞ replaced by

HF;qð�Þ;oðRNÞ, and Theorems 7 and 9 hold with H
F;q;oðRNÞ replaced by

H
F;qð�Þ;oðRNÞ, when qðrÞ satisfies (Q2).
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