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Abstract

In this paper, we consider exponential change of Finsler metrics. First, we find a condition
under which the exponential change of a Finsler metric is projectively related to it. Then we
restrict our attention to the 4-th root metric. Let F' = v/A be an 4-th root Finsler metric on
an open subset U C R™ and F = €/FF be the exponential change of F. We show that F is
locally projectively flat if and only if it is locally Minkowskian. Finally, we obtain necessary
and sufficient condition under which F' be locally dually flat.
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1 Introduction

Let (M, F) be a Finsler manifold. For a 1-form B(z,y) = b;(z)y* on M, we have a change of the
Finsler metric F' which is defined by F(z,y) — F(z,y) = f(F, 3), where f = f(F, 3) is a positively
homogeneous function of F. This is called a S-change of F. If |[8||r := supp(, =1 |8 < 1, then
it is easy to see that F is again a Finsler metric [10]. Indeed, F is positive and strong convex if

18l < 1.
There is a special case of S-change, namely

F(z,y) = e F(z,y) (1)

which is called the exponential change. Here, we assume that 8 # 0. If F = a is a Riemannian
metric, then F = e%a is the exponential Finsler metric. Due to this reason, the transformation (1)
has been called the exponential change of Finsler metrics. For other S-changes, see [21], [23] and
[25].

For a Finsler metric F' = F'(z,y), its geodesics curves are characterized by the system of ODE
é + 2GY(¢) = 0, where the local functions G* = G*(z,y) are called the spray coefficients. Two
Finsler metrics F' and F on a manifold M are called projectively related if any geodesic of the first
is also geodesic for the second and vice versa. In this case, there is a scalar function P = P(x,y)
defined on T'Mj such that G* = G + Py’, where G* and G are the geodesic spray coefficients of I’
and F, respectively.

In this paper, we find a condition under which the exponential change of a Finsler metric is
projectively related to it. Let (M, F) be a Finsler manifold and 3 = b;(z)y* a 1-form on M. Put

1 1 -
ri = 5y +0j), sig = (i = bja)y - To0 = Tiy'y

where ” denotes the horizontal derivation with respect to the Berwald connection of F'. Then
we have the following.
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Theorem 1.1. Let (M, F) be Finsler manifold. Suppose that F' = ¢#/¥F be the exponential
change of F'. Then F is projectively related to F' if only if £ satisfies

1
Sij = 5 [Ajrie — Airjn] ¥, (2)

where A; := (8/F),:. In this case, the projective factor is given by P = %7‘00-

The theory of m-th root Finsler metric has been developed by Shimada and Matsumoto and
applied to Biology as an ecological metric [7, 11]. Let M be an n-dimensional C°° manifold,
TM its tangent bundle. Let F' = %/A be a Finsler metric on M, where A = A(z,y) is given by
Ai=a;, 4, (x)y"y® ... y"m with a;, ,; symmetric in all its indices. Then F is called an m-th root
Finsler metric (see [11, 14, 16, 17, 18, 19, 20, 22, 25]). The special m-th root Finsler metric in the
form F = %/yly?...y™ is called the Berwald-Modr metric [4, 5, 7]. Recently, physical studies due
to Asanov, Pavlov and their co-workers emphasize the important role played by the Berwald-Moér
metric in the theory of space-time structure and gravitation as well as in unified gauge field theories
[2, 12, 13]. In [3], Balan prove that the Berwald-Modr structures are pseudo-Finsler of Lorentz type
and for co-isotropic submanifolds of Berwald-Moor spaces present the Gauss-Weingarten, Gauss-
Codazzi, Peterson-Mainardi and Ricci-Kithne equations.

A Finsler metric is said to be locally projectively flat if at any point there is a local coordinate
system in which the geodesics are straight lines as point sets. It is known that a Finsler metric
F(x,y) on an open domain U C R is locally projectively flat if and only if G* = Py’, where
P = P(x,y) is called the projective factor and is a C'*° scalar function on TMy = TM \ {0}
satisfying P(x, A\y) = AP(z,y) for all A > 0.

Theo_rem 1.2. Let F = v/A be an 4-th root Finsler metric on an open subset U C R™. Suppose
that F = e#/F F be the exponential change of F. Then F is locally projectively flat if and only if
F' is locally Minkowskian.

In [1], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics when they study
the information geometry on Riemannian manifolds. In Finsler geometry, Shen extends the notion
of locally dually flatness for Finsler metrics [9]. A Finsler metric F' on a manifold M is said to be
locally dually flat if at any point there is a coordinate system (%) in which the spray coefficients
are in the form G* = —% g" H,;, where H = H(x,y) is a positively homogeneous scalar function on
T M.

Theorem 1.3. Let F' = Vv/A be an 4-th root Finsler metric on an open subset U C R™. Suppose
that F' = e®/F F be the exponential change of F. Then F is a locally dually flat Finsler metric if
and only if the following hold

16(Bor — 26,1) A% + 4(A1 By + Agb)) A — 48(Agr — 24,1)A + AgAif = 0, (3)
2(Aor — 24,)A = Ao Ay = 0, (4)
16bl60A2 — 46(140()1 =+ BOAZ)A =+ BQAoAl =0. (5)

Moreover, suppose that A is irreducible. Then, there exists a 1-form v = ~;5* on U such that (3),
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(4) and (5) reduce to following
1
Ay = 5 [21471 + VAI}, (6)
1
Bar = 5 |26y + Bu. (7)

2 Preliminary

Given a Finsler manifold (M, F'), then a global vector field G is induced by F' on T'Mj, which in a
standard coordinate (x%,y%) for T My is given by

.0 . 0
Y 5 (z,y) oy’
where 922 oF?2
i L k_
Ghi= e [ﬁxkﬁ'yl‘y Ox! }’ y € ToM. (8)

G is called the spray associated to (M, F). In local coordinates, a curve c(t) is a geodesic if and
only if its coordinates (c’(t)) satisfy & + 2G%(¢) = 0. Then two Finsler metrics F' and F on a
manifold M are called projectively related if any geodesic of the first is also geodesic for the second
and vice versa. In this case, G' = G + Py’, where G* and G' are the geodesic spray coefficients
of F and F, respectively, and P = P(z,y) is a positively homogeneous scalar function on 7M.
Indeed, two regular metric spaces are projectively related if there is a diffeomorphism between them
such that the pull-back metric is pointwise projective to another one. The following lemma plays
an important role.

Lemma 2.1. (Rapcsik [8]) Let F and F be two Finsler metrics on a manifold M. Then F is
projectively related to F if and only if F satisfies

F\k,lyk —F;=0. (9)

where “|” denotes the horizontal derivation with respect to the Berwald connection of F. In this
case, the spray coefficients are related by G* = G* + Py, where

F\kyk
P=—. 10
Y3 (10)
The P = P(x,y) is called the projective factor of F(x,y).

It is known that a Finsler metric F(z,y) on U C R™ is projective if and only if its geodesic
coefficients G* are in the form G(z,y) = P(z,y)y’, where P : TU = U x R™ — R is positively
homogeneous of degree one with respect to y. Much earlier, in [6], G. Hamel proved that a Finsler
metric F' on U C R™ is projectively flat if and only if it satisfies

kaylyk =F,. (11)

See [15], [22] and [24].
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A Finsler metric F' = F(x,y) on a manifold M is said to be locally dually flat if at any point
there is a coordinate system (z') in which the spray coefficients are in the form G* = 7%ginyj,
where H = H(x,y) satisfying H(x, \y) = M3H(z,y) for all A > 0. Such a coordinate system is
called an adapted coordinate system. In [9], Shen proved that the Finsler metric F on an open

subset U C R™ is dually flat if and only if it satisfies
(FQ)zky"yk = 2(F2)ml' (12)

In this case, H = — t[F?]ymy™.

3 Proof of the Theorem 1.1

Throughout this paper, we use the Berwald connection and the h- and v- covariant derivatives of a
Finsler tensor field are denoted by “ | 7 and ¢, ” respectively. Now, let (M, F') be a Finsler manifold
and B = b;(2)y" a 1-form on M. Put

1 1
Sij 1= §(bi\j =bji),  Tij = §(bi\j +bj14),
Ti0 = Tijyja Too ‘= ﬁ‘jyiyj7 Si0 = Sijyj7
where “|” denotes the horizontal derivation with respect to the Berwald connection of F.

Proof of Theorem 1.1: The following hold
ob;

P15 as

S s _ S
bsF ijo I ij *Fjia

where I'? k= I j «(@,y) are the Christoffel symbols of the Berwald connection of F. Then we have

1 1,0b; Ob;
s = 500 = b0 = 5 (5,5~ 5,5) (13)
1 1,00, b .
Tij = §(bllj + bJ“) = 5(3:173 + ale — 2bSF ZJ) (14)
By (13) and (14), we get
i abl s %
Bu=biy' = (57 —T%b, )y, (15)
Biy® = biy'y" = (rix + sin)y'y" = roo, (16)
ob;
Byt = (W - bsrsm)yk- (17)
(15) and (17) imply that
Biieay® — By = suy® = 2si0. (18)
For F = eP/FF, we have
. 8
Fy = Bjer, (19)

w
—
)
(=)
S—

Fleay® = {ﬁ\k,lyk + (%)lﬁ‘kyk}e .
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Then by (16), (18), (19) and (20), we get the following
_ _ ]
Fay® — Fy = {B\k,lyk + (%)lﬁ\kyk - Bu}@F
B
e (2t 2

By the Lemma 2.1, F is projectively related to F if and only if

2810 + (%)lroo —0. (22)

Taking a vertical derivation of (22) yields

= 2[(2) i+ 2(2) o =

Since s;; = —s;;, then by (23) we get

(2w + ) =) 2]
(BB B =

w2 (D] .
By (25), we get (2).

Now, by (10) and (19) it follows that

or

By (23) and (24), we have

Fiy* 5\1&/166% 1
P = = = = = —=T00-
2F 2F 2F

This completes the proof. Q.E.D.
4  Proof of the Theorem 1.2
In this section, we are going to prove the Theorem 1.2. First, we remark the following.

Lemma 4.1. Let F = /A be an 4-th root Finsler metric on an open subset U C R™. Suppose
that the equation holds

VAT +EAT + DAT 4 QAT £ TAT +Q =0, (26)
where &, ¥ O, T, ), = are homogeneous polynomials in y. Then

VA2 + A+ T =0, (
EA+0 =0, (
Q=0. (

N NN
© oo
= I —
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Proof. By contracting (26) with v/ A we get
VA2 4 DA+ T 4 (EAT + OAT + Q)AT =0,

Thus

VA2 + DA+ T =0,

AT+ 04T +Q=0
Multiplying (32) with A7 implies that

(EA+ ©)A+ QAT =0

Then

EA+0 =0,
0=0

This completes the proof.

For an 4-th root metric F' = v/A, let us put

?A
Ozt Oyt g

0A 0?A 0A

— R — o — k _
@7 ij = W’ o = P Ag = Ay’ Ag = Aggkyly =

A=

_ _1
Proof of the Theorem 1.2: The following holds For F' = ef4 * /A, the following hold

F 2l = 1 szAig — 5szA71 + 48, GBA_T,

4
_ k 11, _9 3 7 _5 _3
[Flaryy” = 1 13 AgAjA™5F — ZAoAlA T — (Ao + Agb))A™1 4+ AgA™ 2

1 3 ,%
+4b o AT % + ZﬁAoAlA_2 — BAG AT + 4By | P T,

where

._ 9P L_ 98 _
ﬁxl i 8:1:7;7 Bl Ea 8yl -

Since F is locally projectively flat metric, then (11) holds

bia BO = Bxiyia ﬂOl = ﬁm’y’yl

[F]I’“y’yk - [F]wl =0.

Q.E.D.

(36)

(37)
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By putting (36) and (37) in (38) and multiplying the result with A2, we get
—ZAoAlA% + Ag AT + BAgA; — AqAB + 4By A2
— A + AGuh AT — By AAPAT — By Ay At
% B2AGAIATT — A At — 4B, A2 + BAA, =0, (39)

Simplifying (39) results that
16b,B0 AT +4(Ag — A, )AT — 4B(BoA; + biAg)AT — BAgA Ad

+52A0AlA_% + 16(50[ — /BIZ)AQ — 4ﬂ(A01 — Aml)A + 3ﬁAOAl =0. (40)

By Lemma 4.1 and (40), we have
160,80 A% — 4B(BoA; + biAg)A + B2 AgA; = 0, (41)
4(Ags — Ag)A = BA0A,, (42)
16(60[ — Bmz)AQ — 4ﬁ(A0l — Axl)A + 35A0Al =0. (43)

By (42) and (43), we obtain

/BOl - /B.'L'L =0. (44)
Since fBo; — By = 2810, then by considering (22) it follows that rgp = 0 and then P = 0. Thus
G* =0 and F reduces to a locally Minkowskian metric. Q.E.D.

5 Proof of the Theorem 1.3

In this section, we are going to characterize locally dually flat Finsler metrics which is obtained by
an exponential change of m-th root metrics. First, we remark the following.

Lemma 5.1. Let F = v/A be an 4-th root Finsler metric on an open subset U € R™. Suppose
that the following equation holds

OAT + DAZ + WAT + TAZ +EAT +Q =0, (45)
where &, ¥, 0, T, ) and Z are homogeneous polynomials in y. Then
QA + VA +E =0, (46)
PA+T =0, (47)
Q=0. (48)
Proof. By contracting (45) with AT we get
OA® + ®AT + WA2 + TAT + EA 4+ QAT =0, (49)
Thus
QA+ VA + = =0, (50)
PAT L+ TAT + Q=0 (51)

By (51), we have (47) and (48). Q.E.D.
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Proof of the Theorem 1.3: The following holds

= 1 1 1 _1
[F2 = 5 [AzlA—f 4B AY 5AIIA—%}62BA i (52)
— 1 1 : :
Folonyy = 5 | = A1A0A™2 + AqA™% + Aifo A~ 40 AT — bAoA~

+ZAZAOBA‘% — AgBATT +240hA7F — %MOAIA—%

1 1
—2BBo AjA™Y — 20, BA0ATE + 552A0A1A‘2 + 8bifBo| e . (53)

Since F is locally dually flat metric, then
[F2)uyry — 2[F2]0 = 0. (54)
Putting (52) and (53) in (54) and multiplying the result with A% imply that
16(80r — 28,) A% + 4(Aor — 24,0) A% + 4[ 4By + Aoby + B2, — Agr)| AT
—2A0A1AT + Ag A BAT + 326,80 A% — 8B(Agby + BoA) A + 282 Ag A, = 0. (55)

Then by Lemma 5.1 and (55), we get (3), (4) and (5).
Now, suppose that A is irreducible. By (4), irreducibility of A and deg(A4;) = 3, it follows that
there exists a 1-form v = ;%' on U such that

A = 7A. (56)
Taking a vertical derivative of (56) implies that
Ag = Ay +~A; — A, (57)
By putting (56) and (57) in (4), we get (6), and by putting (56) in (5), we obtain
(480 — By)(4bjA — BA;) = 0. (58)
If 4b;A — BA; = 0, then A is reducible which contradicts with our assumption. Then, we get
fo = 367 (59)
Putting (4), (56) and (57) in (3) yield
16(Bor — 2B41) A+ (480 — By) Al + 4y Ab = 0. (60)

By (59) and (60), we have
4(Bor — 2B41) + iy = 0. (61)
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On the other hand, taking a vertical derivation of (59) implies that

1
Bot + B = 7 [bry + Bu). (62)
By (61) and (62), one can obtain
1
o = 15 [Qbﬂ + 5%] (63)
This completes the proof. Q.E.D.
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