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Abstract

In this paper, the Szdsz-Mirakjan-Kantorovich type operators are studied with the help of
direct result and weighted approximation properties. Some basic lemmas, theorems are given
and proved, at last, we discuss the rate of convergence and a comparison takes place with the
Szasz-Mirakjan-Kantorovich operators by graphical representations.
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1 Introduction

In 1912, Bernstein introduced the following operators, known as Bernstein polynomials or Bernstein
operators

Barin) =3 (7)ot (£) (1)

k=0

In 1930, L. V. Kantorovich [19] introduced operators by an extension of Bernstein’s operators
in integral space by considering the operators @,, : L1([0,1]) — C1([0,1]), for any function f €
Ly ([0,1]) by

Qn(fy n+1 Zan an dta YIS [07 1]3 (12)

where gy, 1 (z) = ( Z > 2%(1 — 2)"~* are Bernstein’s polynomials.

After long time, between 1941 and 1950, the two authors mentioned ([16], [27]) and Favard [17]
independently introduced so called Szasz-Mirakjan operators, defined by

Su(ri) = e 3 0 (£
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where f € C[0,00) and 0 < z < oo.

In ([28], [44]), various approximation properties of the classical Szdsz-Mirakjan operators are
studied. In 2007, Duman, Ozarslan [25] studied the modified Szasz-Mirakjan-type operators and got
better error estimation than classical one. The properties like global approximation in polynomial
and exponential weight spaces, uniform approximation, simultaneous approximation of modification
and generalization of the Szdsz-Mirakjan-type are studied in ([32, 34, 20, 21, 11, 10, 33, 42, 44, 13]).

After two decades, to study the approximation problems for generalization of the transform of
the Szdsz-Mirakjan operators S, (f;x) when f(z) is an integrable function, Butzer [29] introduced
an integral modification of the S, (f;z) by considering Lebesgue integrable function f : [0,¢] —

xX

R, ¢ > 0 and F(z) = O(z") as © — oo for some k, where F(z) = [ f(t) dt, then we have defined
0

operators as:

k+1
Ko(fir) =ne oS [ e e, (13)

k=0 %
The operators K, (f;x) were named in [44] as to Szdsz-Mirakjan-Kantorovich operators by analogy
with the Kantorovich operators that constitute a similar integral modification of Bernstein opera-

tors (see, e.g. [[14], pp. 333-335]).

On other hand many researchers ([36], [26], [24], [22], [39], [40], [41], [2], [1], [31], [3]) studied
many properties and some generalization are also regarding Kantorovich variant.

In 1957, it had been defined a new type of operators by V. A. Baskakov [8], so called the
Baskakov operators and the Kantorovich variant [46] of Baskakov operators is as:

k+1

n

k

) 7noo n+k—1 T - n
BK,(f;n) = kz_o( . )(1+$)n+k/f(t)dt, >0, neN. (1.4)

3=

In regard of the Kantorovich variant, there are many research papers which generalize the behavior
and properties of the corresponding operators, some of them are ([35, 18, 9, 12]). In [9], the authors
proposed integral modification of the generalization Baskakov operators constructed by Mihegan
[38]. In 2013, Altomare et al. [15], constructed the Kantorovich variant of the Szdsz-Mirakjan
operators defined as:

by
, N oL
Dolfiz) = e ;0 T / F)dtS. 2>0, nen, (1.5)
- ktan

where (ay,) and (b,,) are sequence of real numbers such that 0 < a,, < b, < 1. In same direction,
to study the approximation problems, Erengin and Biyiikdurakoglu [6], presented the modified
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Baskakov-Kantorovich operators as:

k+an
Ep— Py(n,an) xk by, h
E, =e THe t) dt > 1.
(i) =S e S s [t as sz men (0
= k+dn

k
where Py (n,an) = > (’f) (n);ak=% with (n)g = 1, (n); = n(n+1)--- (n+i—1), i > 1 and ay,, by, cn
=0

i=
are the real sequences related by

1. a, >0, bp>21, 0< ¢, <d, <1,
9. lim =1, lim 2% —o.

n—00 n n— oo n

The authors gave direct results and computed the order of approximation by the weighted modulus
of continuity for above operators (1.6).

Recently, Mishra and Yadav [43], constructed new Szdsz-Mirakjan-type operators which preserve
x

a®, a > 1 fixed for all z > 0, by choosing a continuous sequence of functions s, (z) defined below:
1
(@)= ——55 Y 2>0, a>1,
(=14+a=)n
in the operators, defined below
k
Li(f; 8u(2)) = 750 (®) ns” 2, e o 1.7
n(f5 (@) Z - I €Co,00), (17)

then constructed new operators of the operators (1.7) are as:

Z (HG;)W’g‘I)kf(z). (1.8)

- 1+ aw)kEk!

Many properties are studied including convergence, Voronovskaya-type theorem etc. of the oper-
ators (1.8) and having better rate of convergence than classical Szdsz-Mirakjan operators under
certain conditions such as generalized convexity and also by graphics. Inspired by this work related
to Kantorovich type operators in the space of integral functions, we considered the Kantorovich
version of the operators (1.8) as follows:

Si ol —nz <—1+ﬂ">(x10ga)k/f(t)dt, (1.9)

14 aw)FE!

defined in paper [43]. Here we get the following identities. Let us define function e; = x%, where
1=0,1,2,3, then we have following lemma.
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Lemma 1.1. For each x € [0,00) and a > 1 fized, we have

1. S:L’a(eo;w) =1,

- 1 1
2.8 Jlenyz) = —+ Lg?,
2n (—lJraﬁ)n
~ 1 2xloga z?(log a)?
3. 5 Jleg;x) = a5t gl + (log )2 ,
3n (—].-F(l;) n2 <_1—|—an) n2
~ 1 7 zloga 9 2%(loga)? z3(loga)®
1.8, alesim) = T+ 2 gl 2 (log )2 (log a)
n (_1+a;)n3 (—1+an> n3 <—1+CL%> n3

Proof. Since we have = € [0,00) and a > 1 fixed,

- s —= 1 k
1. S;’a(eo;x):n2a<—1+“i>($()g?)/1dt

0o -z k 00 =r k
1Za<l+an) (xlogiz)k k+12a(1+an> (xIOgi)k
n—= (—1+aw)kK! 2n — (=1 +an)kk!
zloga 1

Similarly, we can prove other equalities.

2 Preliminary results

This section contains basic lemmas to prove our main theorem.

Q.E.D.

Let us define a function &,(t) by &, (t) = (¢t — ) then by Lemma 1.1, we can get following results.
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Lemma 2.1. For every x > 0, we have

-1+2 lo
( nfz:)+ zloga

L S a(&a(t);a) = —

2n n(—1+an)’
- (1-3nz +3n%22)  2(—1+a»)(—1+nz)zloga 2%(loga)?
2. Sn,a(fi(t);m) = 302 — 2 + 3 ,
(—1—|—a%) n2 (—1+a?) n2
3 & (3(): 1) = (=1 +4nz — 6n%z? + 4n323) (7 — 12nz + 6n%2?)loga
. n,a(fx(t)v x) - 4’[’L3 + 7
2 (—1 + an) n3

32%(—3 + 2nz)(log a)? + 423(log a)?
N2
2 (—1 + cﬁ) n3

)

4
1 ((—1 + a%> (1 — 5na + 10n22? — 10n®2® + 5nta?)
5 (71 + a%) n4

3
—-10 (—1 + a") z(—3 4 Tna — 6n’z? + 2n%z%) loga
2
+15 (—1 + cﬁ) 22(5 — 6nx + 2n%2%)(loga)?
—20 (—1 + a%) 23(=2 4+ nx)(loga)® + 52*(log a)*).

Proof. 1. Using the linearity property and by Lemma 1.1, we can get the proof.

k+1
& — |\ T log a)® /
1.8 (&:(t);z) = n a<—1+“">(ml/t— dt
ma(é- ( ) ) kZ_O (—1+aﬁ)kkz' ( 55')
B ¥
e () weeer grpm 1y e
(=1+an)kk! |2 \n?  n? n

—z k
a<—1+a%> (xloga)® 1 (2]@ N 12)

(—1 +aw)kkl 2

3
o
3

k=0
B zloga 1 x
B (=14 aw)n 2n n
B (=14 2nx) zloga
N 2n n(—=1+an)

Similarly, we can prove other equalities with the help of Lemma 1.1. Q.E.D.
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Lemma 2.2. For the given operator S’Zaf defined by (1.9), we have
S aléa(t);z) < Ag(n) (2t + 2% +2° + 2 + 1),

where A,(n) = max{Ci(n), Ca(n), Cs(n), Cy(n), Cs(n)} with

V. N. Mishra, R. Yadav

| 4loga 6(log a)2 _ 4(log a) (log a)4
Glmy =1 n(fl+a%) i (—1+a%)2n2 ( 1+G’L) (—1+a%)4n4
2 12loga 18(log a)? 8(log a)®
CQ(TL)—n (71+a%> n2+ (_1+ai)2n3+ (_1+a%)3n47
_ 2 14loga 15(log a)?
Caln) = n? (—1 —Hﬁ) n3 " (—1 +a%)2n4’
1 6loga
Calm) = 15+ 7 B
1 ( a )n
Cs(n) = v

Proof. From the above Lemma 2.1, we can write

4loga . 6(loga)? 4(loga)3

(log a)*

4 1,4 _ —
mal&e(t);z) = 1 n<71+a%) (—1—1—(1%)2%2 (1—|—a

-2 12loga 18(log a)? 8(loga)?
IEE R gl B (g)2 (g)3
" (—1+cﬁ)n2 ( 1+ax) nd (—1+a%) nt
2 14loga 15(log a)?
2
+x ﬁ_ T + N2
(—1+an)n3 ( 1+a;> nd
-1 6loga 1
B E R arere el R
(71+an)n
<4l 410ga N 6(loga)®  4(loga)® (log a)*

33+ i44
) (—1+an)n

121 18(1 2
oga_, 15(loga)

2
” 1+a" ( 1—|—a%) 2 <1+a

8(log a)?

2 3
1+an>n2 (—1—!-(1%) n3 (—1+a%) nt

53— +
P G

4
)
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o 2 14loga 15(log a)?
E_F =) 3 * 1\?
—1+an)n (_1_|_an) n4
1 6loga 1
ﬁ ( 1 L) 4 W
—1l+an|n

= Ci(n)z* + Ca(n)z® + C3(n)a® + Ca(n)x + Cs(n),

+x

+x

Since each C;(n), i=1,2,3,4,5 converges, so one has
Sia(Edt)yr) < Aun)@ +ad 4+ +a+ 1)
Q.E.D.

3 Direct results

Consider Cg[0, 00), the space of all continuous and bounded functions defined on the interval [0, o),
endowed with the supremum norm:

Ifll = sup [f(x)],

0<z<o0o

and also Peetre’s K —functional is defined as:

Ky(f;0) = inf {||f — gl +dllg"|l}, for anyd >0,
geC%

where C3[0,00) = {g € Cp[0,) : ¢’,¢" € Cg[0,00)}. By De Vore and Lorentz ([30]), for an
absolute value Cf (independent of § > 0 and f), it exist as given below:

K»(f30) < Ciwa(f;V0), (3.1)

where wa(f;0) = sup |f(z+2h) —2f(x + h) + f(x)], is the second order modulus of smoothness
0<h<$
0<z<oo

of f € Cpl0,00) and for f € Cpl0,00), the modulus of continuity is given by:

w(f;0) = sup [f(z+h) = f(z)]
0558

Theorem 3.1. Let f € Cg[0,00). For each x > 0, there exists a positive constant D such that

zloga

9

Sralf52) — F@)] < D wnlfi Vo) o | g + (-1+at)n
— an | n

2
where &, = ¢ 55, ((t = )% ) + ( e )
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Proof. Let us define the auxiliary operators

1 zloga
I g

o m + f(x), (3.2)

8 fi2) = 8 (f2) — f

for every x € [0,00) and the operator (3.2) preserves eg, e;, while §;,a(§m(t); x) = 0, as using the
Lemma 1.1, we have

S: G* 1 zloga
Sy a(&a(t);z) = Sp o (Ee(t);x) — 5 + ﬁ o
14ai)n
N 5 L |
= S ) — a8 (La) - [ —+ —B0 g

2n (—1+a%)n
_—

Let g € C%[0,00) for all z € [0,00). By Taylor’s expansion we have
t
o(t) = 9(e) + (¢~ ') + [ (¢ = )g"(w) dy.

Applying the operators S’;a on both sides, we get

t

8 (gi1) - g(a) = ¢ (@) 85 ot — m2) + 87 /@fwwwww

x

n

= /u—wwwww

Using the inequalities

/@—ymwwdys@—xfmw
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and
1 z log a
T 71+a%)n )
1 zloga 1 zloga
[ o 7 ) < |5+ e ) )
J n (—1—|—aﬁ>n n (—l—l—cﬂ)n
we have
2
z. z, 1 zloga
[Sna(giz) —g@)] < §SLu(t—)%a)+ | o+~ @ "Il (3:3)
n (—1 —|—ai) n
nllg”ll, (3.4)
where
2
. 9 1 zloga
on =4St —2)%2)+ | -+ 77— — @
2n (—1—|—aﬁ)n
Also |§;§a(f,x)| < ||f|l, using this property, next we have
|Snalfiz) = f(@)] < ISk o(f = gi@) = (f = 9) (@) + 15}, o(9:2) — g(2)]
1 zloga
+|f o +— | — f@)
n (—1 + aﬁ> n
N 1 zloga
- f(x) ’

IN

7 = o+ 155l 0) - gl + |1 [ o+ 2B
1f =gl +155.algs2) —g@)l + | f | 5 (71+a%)n

and using Equation (3.3), we reach on

- 1 xloga
Salfia) = f@| < 4l =gl +0allg"ll +w | fi g+ 77—
n (—1+ai)n

Taking the infimum for all ¢ € C%[0,00) on the right hand side and considering inequality (3.1),

we obtain
~. 1 1 zrloga
Sralfsa) = F@) < AKa(fs 36 4w | fio 4 B
n (—1 + ai) n
1 1
< 4Ca(fi Vo) b | fign

(—1 + a%> n
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xloga

= Dun(fi Vo) b [ fign 4 Bl
(—1 +an> n
Q.E.D.
Theorem 3.2. Let f € Cp[0,00) and if f € Lipy;(a), € (0,1] i.e
[f(t) = f(o)] < M|t —z[*,  t,2€[0,00),
then for each x > 0, we have
Sra(fi2) = f@)] < Mo,

where M is any positive constant and 0y, 4 = (S;’a((t — )% 2))e.
Proof. Since we have f € Cg[0,00) N Lip,,(a), now

194 (fi2) = F@)] < So,(f() = F(@):)
< M3, (It -2l )

k+1

n

1 k
= nz (*14»(171)& / |t7$|a dt,
1+an)’fk'

n

Now applying Holder inequality with p = % and ¢ = ﬁ, we have

wlR

k+1

n

nz <_1+an>% /(t—x)2 dt,

(—1+ a%)

IN

S5 o (fr2) — f(=)]
< M(S; . ((t—2)%a)%
M62,.

)

Thus the proof is completed. Q.E.D.

4 Weighted approximation

Now we introduce the convergence properties of the given operators (1.9) via the Korovkin type
theorem given by Gadjiev in [4] and [5]. Since the weighted function is w(z) = 1 + v%(z), where
~v: Ry — Ry is an unbounded strictly increasing continuous function such that there exists M > 0
and « € (0, 1] with the property

|z —yl < M|y(x) —~(y)l, YVx,y>0. (4.1)

Let w(z) = 1+ 22 be a weighted function and let B,,[0, ) the space defined by

Bul0,00) = {f :0,00) % R | [|f ]l = sup 1) ool

w(x)
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Also define the spaces

Cyl0,00) = {f € By[0,00), f is continuous},
CFl0,00) = {f € Cyu[0,00), z—>o<>1{;(())| = ky < 4o0}.

Theorem 4.1. Let S:Laf be a linear positive operator defined by (1.9), then for each f € CF[0, ),
we have

lim |15, (f;2) = f(@)]lw = 0.

n— oo

Proof. Tt is sufficient to prove the above theorem, if lim ||S;: ,(ei; ) —eill, = 0 holds, fori = 0,1,2.
n— 00 ’

By using Lemma 1.1, it is obvious that

||‘§:;,a(60;‘r) - 1||w = 0.

Now we have

155 (ers ) — 1) L wloga !
e;z)—€)|lw = sup| —+——"———2| ——
1 1 o\ 2n (_1+a%)n 1+ 22

1 1 zloga 1 T
= sup | — —
oo\ 201 + 22 ( 1+an)n1+x2 1+ 22

1 1 loga x
= sup | — + -1
>0 2n1+x2 ( 1—|—a%)n 1+$L’2
1 loga

< —+ | —-1
2n (fl+a%)n

ie.,
hm HS Jersx) —eql|lw =0. (4.2)

Similarly,

1 2zloga n 2?(log a)? 5 1

gfmeg;x —ées|lw = sup | =— ¢ | ——
I ’ ( ) | 2>0 | 3n? (—1+a%)n2 (—l—i—a%)QnQ 422

1 1 2loga 1 4 (log a)? . x?
2 - 2
(71 I a%> n2 1+z

= sup | —
oo | 32 1422 (1rat)m 14
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< RS 2loga N (log a)? 1
3n2 _ 1) o 1)2
l4a»)|n (—]_-|—an) n2
i.e., we have
lim ||S% ,(e2; @) — 22w = 0. (4.3)
n—00 ’
Thus the proof is completed. Q.E.D.

For computing the order of approximation of the operators (1.9) in term of the weighted modulus
of continuity Qa(f;9) (see [7],[23]) defined by

T S RS R ()]

cklo
0§$<m70<h§5 1+((E+h)2 ) f€ ’u)[ 7OO>7

we use some elementary properties of 5(f;0) given below:

Lemma 4.2. Let f € C¥[0,00), then
1. Qa(f;9) is monotone increasing function of 4,
2. lim Qs(f;6) =0,
i 9750

3. for each A € [0,00),  Qa(f;A0) < (A4 1)Qa2(f;9).

Theorem 4.3. Let {S';‘La} be the sequence of linear positive operators defined by (1.9). Then for
each f € Ck[0,00), we have

|S5.a(f32) = f(2)|

(1+$2)3 S C QQ(f?(Aa(n»%),

where Aq(n) is mazimum of the C1(n) and Cy(n) and is defined in Lemma 2.2.

Proof. For any > 0, t > 0 then by definition of Q5(f;d) and using the property (3) of above
Lemma 4.2 we have,

[f(x) = fFO)] < A+ A+ [t —2)Qa(f; ]t - 2))

as well as,

@) = FO] < 201+ 21+ (t - 2)?) Qalf:6,) (1 Ll 5;") (4.4)

Now using the monotonicity of the operators ST*W( f;x) and following inequality (see [23])

(1+ ténx>(1+(tx)2) < 21+82) (1+ (t(S;)4>, (4.5)
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one can get,

1S5 o (f32) — f(2)]

IN

21 +22) S, <(1 +(t—12)?) <1 L 6;”') ;:17> Qs(f:6,)

IN

4(146%)(1 4 %) S';’;a (1 + (t 64x)4;x) Qo(f;0n)

n

= 400+ (14 55 5l 0)%0) ) 2l

< ctra®) (14 57 Sialle - 2)%a0) ) ulfid)

With the help of Lemma (2.1), we obtain

4 3 2
Srafio) = f@) < Cat) (14 2ONTEEEETIE D Y g5
< CA+2?)N(f; (Aan)) (@ + 2 + 2 + o+ 1)
< O +a2)? Qo(f; (Aaln))?).
Thus the proof is completed. Q.E.D.

5 Graphical representation and comparison to the
Szasz-Mirakjan-Kantorovich operators

In this section, we shall analyze the graphics, conclude better rate of convergence.

By Figure 1, we can observe that the rate of convergence is good, but by comparing to the Szédsz-
Mirakjan-Kantorovich operators (1.3), we can see that the defined operators (1.9) have better rate
of convergence, for large value of n both converge to the given function and said operators (1.9)
have also better accuracy can be seen in last one graphic of same figure.

— 0= ¥ EpRY
— Swfinfon=10a=15

— Ky(f; 0 forn =10

F1GuRE 1. Convergence of the operators g,*w(f; x) and K, (f;x)
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—— 100 = xExp(x+ 1)
— Sn(fixforn=2a=15

— Ka(finforn=2

FIGURE 2. Convergence of the operators S:L,a(f; x) and K, (f;x)

Same as in Figure 2, the convergence behavior can be seen and is as good as we want. If we
turn for comparison with Szdsz-Mirakjan-Kantorovich operators K, (f;z), above figure represents
the better rate of convergence.
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