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Abstract

In this paper, the Szász-Mirakjan-Kantorovich type operators are studied with the help of
direct result and weighted approximation properties. Some basic lemmas, theorems are given
and proved, at last, we discuss the rate of convergence and a comparison takes place with the
Szász-Mirakjan-Kantorovich operators by graphical representations.
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1 Introduction

In 1912, Bernstein introduced the following operators, known as Bernstein polynomials or Bernstein
operators

Bn(f ;x) =

n∑
k=0

(
n

k

)
(1− x)n−kxkf

(
k

n

)
(1.1)

In 1930, L. V. Kantorovich [19] introduced operators by an extension of Bernstein’s operators
in integral space by considering the operators Qn : L1([0, 1]) → C1([0, 1]), for any function f ∈
L1([0, 1]) by

Qn(f ;x) = (n+ 1)

n∑
k=0

qn,k(x)

k+1
m+1∫
k

m+1

qn,k(t)f(t) dt, x ∈ [0, 1], (1.2)

where qn,k(x) =

(
n
k

)
xk(1− x)n−k are Bernstein’s polynomials.

After long time, between 1941 and 1950, the two authors mentioned ([16], [27]) and Favard [17]
independently introduced so called Szász-Mirakjan operators, defined by

Sn(f ;x) = e−nx
∞∑
k=0

(nx)k

k!
f

(
k

n

)
,
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where f ∈ C[0,∞) and 0 ≤ x <∞.

In ([28], [44]), various approximation properties of the classical Szász-Mirakjan operators are
studied. In 2007, Duman, Özarslan [25] studied the modified Szász-Mirakjan-type operators and got
better error estimation than classical one. The properties like global approximation in polynomial
and exponential weight spaces, uniform approximation, simultaneous approximation of modification
and generalization of the Szász-Mirakjan-type are studied in ([32, 34, 20, 21, 11, 10, 33, 42, 44, 13]).

After two decades, to study the approximation problems for generalization of the transform of
the Szász-Mirakjan operators Sn(f ;x) when f(x) is an integrable function, Butzer [29] introduced
an integral modification of the Sn(f ;x) by considering Lebesgue integrable function f : [0, c] →

R, c > 0 and F (x) = O(xh) as x → ∞ for some k, where F (x) =
x∫
0

f(t) dt, then we have defined

operators as:

Kn(f ;x) = ne−nx
∞∑
k=0

(nx)k

k!

k+1
n∫
k
n

f(t) dt, (1.3)

The operators Kn(f ;x) were named in [44] as to Szász-Mirakjan-Kantorovich operators by analogy
with the Kantorovich operators that constitute a similar integral modification of Bernstein opera-
tors (see, e.g. [[14], pp. 333-335]).

On other hand many researchers ([36], [26], [24], [22], [39], [40], [41], [2], [1], [31], [3]) studied
many properties and some generalization are also regarding Kantorovich variant.

In 1957, it had been defined a new type of operators by V. A. Baskakov [8], so called the
Baskakov operators and the Kantorovich variant [46] of Baskakov operators is as:

BKn(f ;n) = n
∞∑
k=0

(
n+ k − 1

k

)
xk

(1 + x)n+k

k+1
n∫
k
n

f(t) dt, x ≥ 0, n ∈ N. (1.4)

In regard of the Kantorovich variant, there are many research papers which generalize the behavior
and properties of the corresponding operators, some of them are ([35, 18, 9, 12]). In [9], the authors
proposed integral modification of the generalization Baskakov operators constructed by Miheşan
[38]. In 2013, Altomare et al. [15], constructed the Kantorovich variant of the Szász-Mirakjan
operators defined as:

Dn(f ;x) = e−nx
∞∑
k=0

(nx)k

k!

 n

an − bn

k+bn
n∫

k+an
n

f(t) dt

 , x ≥ 0, n ∈ N, (1.5)

where (an) and (bn) are sequence of real numbers such that 0 ≤ an < bn ≤ 1. In same direction,
to study the approximation problems, Erençin and Büyükdurakoǧlu [6], presented the modified
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Baskakov-Kantorovich operators as:

En(f ;x) = e
−anx
1+x

∞∑
k=0

Pk(n, an)

k!

xk

(1 + x)n+k

 bn
dn − cn

k+an
n∫

k+dn
n

f(t) dt

 , x ≥ 0, n ∈ N, (1.6)

where Pk(n, an) =
k∑
i=0

(
k
i

)
(n)ia

k−i
n , with (n)0 = 1, (n)i = n(n+1) · · · (n+i−1), i ≥ 1 and an, bn, cn

are the real sequences related by

1. an ≥ 0, bn ≥ 1, 0 ≤ cn < dn ≤ 1,

2. lim
n→∞

n

bn
= 1, lim

n→∞

an
bn

= 0.

The authors gave direct results and computed the order of approximation by the weighted modulus
of continuity for above operators (1.6).

Recently, Mishra and Yadav [43], constructed new Szász-Mirakjan-type operators which preserve
ax, a > 1 fixed for all x ≥ 0, by choosing a continuous sequence of functions sn(x) defined below:

sn(x) =
x log a

(−1 + a
1
n )n

, ∀ x ≥ 0, a > 1,

in the operators, defined below

L∗n(f ; sn(x)) = e−nsn(x)
∞∑
k=0

(nsn(x))k

k!
f

(
k

n

)
, f ∈ C[0,∞), (1.7)

then constructed new operators of the operators (1.7) are as:

S∗n,a(f ;x) =

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

f

(
k

n

)
. (1.8)

Many properties are studied including convergence, Voronovskaya-type theorem etc. of the oper-
ators (1.8) and having better rate of convergence than classical Szász-Mirakjan operators under
certain conditions such as generalized convexity and also by graphics. Inspired by this work related
to Kantorovich type operators in the space of integral functions, we considered the Kantorovich
version of the operators (1.8) as follows:

S̃∗n,a(f ;x) = n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k+1
n∫
k
n

f(t) dt, (1.9)

defined in paper [43]. Here we get the following identities. Let us define function ei = xi, where
i = 0, 1, 2, 3, then we have following lemma.
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Lemma 1.1. For each x ∈ [0,∞) and a > 1 fixed, we have

1. S̃∗n,a(e0;x) = 1,

2. S̃∗n,a(e1;x) =
1

2n
+

x log a(
−1 + a

1
n

)
n
,

3. S̃∗n,a(e2;x) =
1

3n2
+

2x log a(
−1 + a

1
n

)
n2

+
x2(log a)2(
−1 + a

1
n

)2

n2

,

4. S̃∗n,a(e3;x) =
1

4n3
+

7

2

x log a(
−1 + a

1
n

)
n3

+
9

2

x2(log a)2(
−1 + a

1
n

)2

n3

+
x3(log a)3(
−1 + a

1
n

)3

n3

.

Proof. Since we have x ∈ [0,∞) and a > 1 fixed,

1. S̃∗n,a(e0;x) = n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k+1
n∫
k
n

1 dt

= n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

1

n

=

(
a

−x

−1+a
1
n

)(
a

x

−1+a
1
n

)
= 1.

2. S̃∗n,a(e1;x) = n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k+1
n∫
k
n

t dt

= n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

1

2

(
2k

n2
+

1

n2

)

=
1

n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k +
1

2n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

=
x log a

(−1 + a
1
n )n

+
1

2n
.

Similarly, we can prove other equalities. q.e.d.

2 Preliminary results

This section contains basic lemmas to prove our main theorem.
Let us define a function ξx(t) by ξx(t) = (t− x) then by Lemma 1.1, we can get following results.
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Lemma 2.1. For every x ≥ 0, we have

1. S̃∗n,a(ξx(t);x) = − (−1 + 2nx)

2n
+

x log a

n(−1 + a
1
n )
,

2. S̃∗n,a(ξ2
x(t);x) =

(1− 3nx+ 3n2x2)

3n2
− 2(−1 + a

1
n )(−1 + nx)x log a(
−1 + a

1
n

)2

n2

+
x2(log a)2(
−1 + a

1
n

)2

n2

,

3. S̃∗n,a(ξ3
x(t);x) = − (−1 + 4nx− 6n2x2 + 4n3x3)

4n3
+
x(7− 12nx+ 6n2x2) log a

2
(
−1 + a

1
n

)
n3

−3x2(−3 + 2nx)(log a)2 + 4x3(log a)3

2
(
−1 + a

1
n

)2

n3

,

4. S̃∗n,a(ξ4
x(t);x) =

1

5
(
−1 + a

1
n

)4

n4

(
(
−1 + a

1
n

)4

(1− 5nx+ 10n2x2 − 10n3x3 + 5n4x4)

−10
(
−1 + a

1
n

)3

x(−3 + 7nx− 6n2x2 + 2n3x3) log a

+15
(
−1 + a

1
n

)2

x2(5− 6nx+ 2n2x2)(log a)2

−20
(
−1 + a

1
n

)
x3(−2 + nx)(log a)3 + 5x4(log a)4).

Proof. 1. Using the linearity property and by Lemma 1.1, we can get the proof.

1. S̃∗n,a(ξx(t);x) = n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k+1
n∫
k
n

(t− x) dt

= n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

{
1

2

(
2k

n2
+

1

n2

)
− x

n

}

= n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

1

2

(
2k

n2
+

1

n2

)

− n

∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

x

n

=
x log a

(−1 + a
1
n )n

+
1

2n
− x

n

= − (−1 + 2nx)

2n
+

x log a

n(−1 + a
1
n )
.

Similarly, we can prove other equalities with the help of Lemma 1.1. q.e.d.
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Lemma 2.2. For the given operator S̃∗n,af defined by (1.9), we have

S̃∗n,a(ξ4
x(t);x) ≤ Aa(n) (x4 + x3 + x2 + x+ 1), (2.1)

where Aa(n) = max{C1(n), C2(n), C3(n), C4(n), C5(n)} with

C1(n) =

∣∣∣∣∣∣∣1−
4 log a

n
(
−1 + a

1
n

) +
6(log a)2(
−1 + a

1
n

)2

n2

− 4(log a)3(
−1 + a

1
n

)3

n3

+
(log a)4(

−1 + a
1
n

)4

n4

∣∣∣∣∣∣∣ ,
C2(n) =

2

n
+

12 log a(
−1 + a

1
n

)
n2

+
18(log a)2(
−1 + a

1
n

)2

n3

+
8(log a)3(
−1 + a

1
n

)3

n4

,

C3(n) =
2

n2
+

14 log a(
−1 + a

1
n

)
n3

+
15(log a)2(
−1 + a

1
n

)2

n4

,

C4(n) =
1

n3
+

6 log a(
−1 + a

1
n

)
n4
,

C5(n) =
1

5n2
.

Proof. From the above Lemma 2.1, we can write

S̃∗n,a(ξ4
x(t);x) = x4

1− 4 log a

n
(
−1 + a

1
n

) +
6(log a)2(
−1 + a

1
n

)2

n2

− 4(log a)3(
−1 + a

1
n

)3

n3

+
(log a)4(

−1 + a
1
n

)4

n4


+x3

−2

n
+

12 log a(
−1 + a

1
n

)
n2
− 18(log a)2(
−1 + a

1
n

)2

n3

+
8(log a)3(
−1 + a

1
n

)3

n4


+x2

 2

n2
− 14 log a(
−1 + a

1
n

)
n3

+
15(log a)2(
−1 + a

1
n

)2

n4


+x

−1

n3
+

6 log a(
−1 + a

1
n

)
n4

+
1

5n2

≤ x4


∣∣∣∣∣∣∣1−

4 log a

n
(
−1 + a

1
n

) +
6(log a)2(
−1 + a

1
n

)2

n2

− 4(log a)3(
−1 + a

1
n

)3

n3

+
(log a)4(

−1 + a
1
n

)4

n4

∣∣∣∣∣∣∣


+x3

 2

n
+

12 log a(
−1 + a

1
n

)
n2

+
18(log a)2(
−1 + a

1
n

)2

n3

+
8(log a)3(
−1 + a

1
n

)3

n4


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+x2

 2

n2
+

14 log a(
−1 + a

1
n

)
n3

+
15(log a)2(
−1 + a

1
n

)2

n4


+x

 1

n3
+

6 log a(
−1 + a

1
n

)
n4

+
1

5n2

= C1(n)x4 + C2(n)x3 + C3(n)x2 + C4(n)x+ C5(n),

Since each Ci(n), i = 1, 2, 3, 4, 5 converges, so one has

S̃∗n,a(ξ4
x(t);x) ≤ Aa(n)(x4 + x3 + x2 + x+ 1).

q.e.d.

3 Direct results

Consider CB [0,∞), the space of all continuous and bounded functions defined on the interval [0,∞),
endowed with the supremum norm:

‖f‖ = sup
0≤x<∞

|f(x)|,

and also Peetre’s K−functional is defined as:

K2(f ; δ) = inf
g∈C2

B

{‖f − g‖+ δ‖g′′‖}, for any δ > 0,

where C2
B [0,∞) = {g ∈ CB [0,∞) : g′, g′′ ∈ CB [0,∞)}. By De Vore and Lorentz ([30]), for an

absolute value C ′1 (independent of δ > 0 and f), it exist as given below:

K2(f ; δ) ≤ C ′1ω2(f ;
√
δ), (3.1)

where ω2(f ; δ) = sup
0≤h≤δ
0≤x<∞

|f(x+ 2h)− 2f(x+ h) + f(x)|, is the second order modulus of smoothness

of f ∈ CB [0,∞) and for f ∈ CB [0,∞), the modulus of continuity is given by:

ω(f ; δ) = sup
0≤h≤δ
0≤x<∞

|f(x+ h)− f(x)|.

Theorem 3.1. Let f ∈ CB [0,∞). For each x ≥ 0, there exists a positive constant D such that

|S̃∗n,a(f ;x)− f(x)| ≤ D ω2(f ;
√
δn) + ω

f ;
1

2n
+

x log a(
−1 + a

1
n

)
n

 ,

where δn =

 ˜̃S∗n,a((t− x)2;x) +

(
1

2n + x log a(
−1+a

1
n

)
n
− x

)2
 .



182 V. N. Mishra, R. Yadav

Proof. Let us define the auxiliary operators

˜̃S∗n,a(f ;x) = S̃∗n,a(f ;x)− f

 1

2n
+

x log a(
−1 + a

1
n

)
n

+ f(x), (3.2)

for every x ∈ [0,∞) and the operator (3.2) preserves e0, e1, while ˜̃S∗n,a(ξx(t);x) = 0, as using the
Lemma 1.1, we have

˜̃S∗n,a(ξx(t);x) = S̃∗n,a(ξx(t);x)−

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x


= S̃∗n,a(t;x)− xS̃∗n,a(1;x)−

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x


= 0.

Let g ∈ C2
B [0,∞) for all x ∈ [0,∞). By Taylor’s expansion we have

g(t) = g(x) + (t− x)g′(x) +

t∫
x

(t− y)g′′(y) dy.

Applying the operators ˜̃S∗n,a on both sides, we get

˜̃S∗n,a(g;x)− g(x) = g′(x) ˜̃S∗n,a(t− x;x) + ˜̃S∗n,a

 t∫
x

(t− y)g′′(y) dy


= ˜̃S∗n,a

 t∫
x

(t− y)g′′(y) dy



= S̃∗n,a

 t∫
x

(t− y)g′′(y) dy

−
1
2n+ x log a(

−1+a
1
n

)
n∫

x

 1

2n
+

x log a(
−1 + a

1
n

)
n
− y

g′′(y) dy.

Using the inequalities ∣∣∣∣∣∣
t∫
x

(t− y)g′′(y) dy

∣∣∣∣∣∣ ≤ (t− x)2‖g′′‖
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and∣∣∣∣∣∣∣∣∣∣∣

1
2n+ x log a(

−1+a
1
n

)
n∫

x

 1

2n
+

x log a(
−1 + a

1
n

)
n
− y

g′′(y) dy

∣∣∣∣∣∣∣∣∣∣∣
≤

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x

2

‖g′′‖,

we have

| ˜̃S∗n,a(g;x)− g(x)| ≤

 ˜̃S∗n,a((t− x)2;x) +

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x

2
 ‖g′′‖ (3.3)

= δn‖g′′‖, (3.4)

where

δn =

 ˜̃S∗n,a((t− x)2;x) +

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x

2
 .

Also |S̃∗n,a(f ;x)| ≤ ‖f‖, using this property, next we have

|S̃∗n,a(f ;x)− f(x)| ≤ | ˜̃S∗n,a(f − g;x)− (f − g)(x)|+ | ˜̃S∗n,a(g;x)− g(x)|

+

∣∣∣∣∣∣f
 1

2n
+

x log a(
−1 + a

1
n

)
n

− f(x)

∣∣∣∣∣∣
≤ 4‖f − g‖+ | ˜̃S∗n,a(g;x)− g(x)|+

∣∣∣∣∣∣f
 1

2n
+

x log a(
−1 + a

1
n

)
n

− f(x)

∣∣∣∣∣∣ ,
and using Equation (3.3), we reach on

|S̃∗n,a(f ;x)− f(x)| ≤ 4‖f − g‖+ δn‖g′′‖+ w

f ;
1

2n
+

x log a(
−1 + a

1
n

)
n

 .

Taking the infimum for all g ∈ C2
B [0,∞) on the right hand side and considering inequality (3.1),

we obtain

|S̃∗n,a(f ;x)− f(x)| ≤ 4K2(f ;
1

4
δn) + w

f ;
1

2n
+

x log a(
−1 + a

1
n

)
n


≤ 4C ′1ω2(f ;

√
δn) + ω

f ;
1

2n
+

x log a(
−1 + a

1
n

)
n


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= Dω2(f ;
√
δn) + ω

f ;
1

2n
+

x log a(
−1 + a

1
n

)
n

 .

q.e.d.

Theorem 3.2. Let f ∈ CB [0,∞) and if f ∈ LipM (α), α ∈ (0, 1] i.e.

|f(t)− f(x)| ≤M |t− x|α, t, x ∈ [0,∞),

then for each x ≥ 0, we have

|S̃∗n,a(f ;x)− f(x)| ≤Mδ
α
2
n,a,

where M is any positive constant and δn,a = (S̃∗n,a((t− x)2;x))
1
2 .

Proof. Since we have f ∈ CB [0,∞) ∩ LipM (α), now

|S̃∗n,a(f ;x)− f(x)| ≤ S̃∗n,a(|f(t)− f(x)|;x)

≤ MS̃∗n,a(|t− x|α;x)

= M

n ∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!

k+1
n∫
k
n

|t− x|α dt,

 .

Now applying Hölder inequality with p = 2
α and q = 2

2−α , we have

|S̃∗n,a(f ;x)− f(x)| ≤ M

n ∞∑
k=0

a

(
−x

−1+a
1
n

)
(x log a)k

(−1 + a
1
n )kk!


k+1
n∫
k
n

(t− x)2 dt,


α
2


≤ M(S̃∗n,a((t− x)2;x))

α
2

= Mδ
α
2
n,a.

Thus the proof is completed. q.e.d.

4 Weighted approximation

Now we introduce the convergence properties of the given operators (1.9) via the Korovkin type
theorem given by Gadjiev in [4] and [5]. Since the weighted function is w(x) = 1 + γ2(x), where
γ : R+ → R+ is an unbounded strictly increasing continuous function such that there exists M > 0
and α ∈ (0, 1] with the property

|x− y| ≤M |γ(x)− γ(y)|, ∀ x, y ≥ 0. (4.1)

Let w(x) = 1 + x2 be a weighted function and let Bw[0,∞) the space defined by

Bw[0,∞) = {f : [0,∞)→ R | ‖f‖w = sup
x≥0

f(x)
w(x) < +∞}.
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Also define the spaces

Cw[0,∞) = {f ∈ Bw[0,∞), f is continuous},

Ckw[0,∞) = {f ∈ Cw[0,∞), lim
x→∞

|f(x)|
w(x)

= kf < +∞}.

Theorem 4.1. Let S̃∗n,af be a linear positive operator defined by (1.9), then for each f ∈ Ckw[0,∞),
we have

lim
n→∞

‖S̃∗n,a(f ;x)− f(x)‖w = 0.

Proof. It is sufficient to prove the above theorem, if lim
n→∞

‖S̃∗n,a(ei;x)−ei‖w = 0 holds, for i = 0, 1, 2.

By using Lemma 1.1, it is obvious that

‖S̃∗n,a(e0;x)− 1‖w = 0.

Now we have

‖S̃∗n,a(e1;x)− e1)‖w = sup
x≥0

 1

2n
+

x log a(
−1 + a

1
n

)
n
− x

 1

1 + x2

= sup
x≥0

 1

2n

1

1 + x2
+

x log a(
−1 + a

1
n

)
n

1

1 + x2
− x

1 + x2


= sup

x≥0

 1

2n

1

1 + x2
+

 log a(
−1 + a

1
n

)
n
− 1

 x

1 + x2


≤

 1

2n
+

 log a(
−1 + a

1
n

)
n
− 1


i.e.,

lim
n→∞

‖S̃∗n,a(e1;x)− e1‖w = 0. (4.2)

Similarly,

‖S̃∗n,a(e2;x)− e2‖w = sup
x≥0

 1

3n2
+

2x log a(
−1 + a

1
n

)
n2

+
x2(log a)2(
−1 + a

1
n

)2

n2

− x2

 1

1 + x2

= sup
x≥0

 1

3n2

1

1 + x2
+

2 log a(
−1 + a

1
n

)
n2

1

1 + x2
+

 (log a)2(
−1 + a

1
n

)2

n2

− 1

 x2

1 + x2


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≤

 1

3n2
+

2 log a(
−1 + a

1
n

)
n2

+

 (log a)2(
−1 + a

1
n

)2

n2

− 1


 .

i.e., we have

lim
n→∞

‖S̃∗n,a(e2;x)− x2‖w = 0. (4.3)

Thus the proof is completed. q.e.d.

For computing the order of approximation of the operators (1.9) in term of the weighted modulus
of continuity Ω2(f ; δ) (see [7],[23]) defined by

Ω2(f ; δ) = sup
0≤x<∞, 0<h≤δ

|f(x+ h)− f(x)|
1 + (x+ h)2

, f ∈ Ckw[0,∞),

we use some elementary properties of Ω2(f ; δ) given below:

Lemma 4.2. Let f ∈ Ckw[0,∞), then

1. Ω2(f ; δ) is monotone increasing function of δ,

2. lim
δ→0+

Ω2(f ; δ) = 0,

3. for each λ ∈ [0,∞), Ω2(f ;λδ) ≤ (λ+ 1)Ω2(f ; δ).

Theorem 4.3. Let {S̃∗n,a} be the sequence of linear positive operators defined by (1.9). Then for

each f ∈ Ckw[0,∞), we have

|S̃∗n,a(f ;x)− f(x)|
(1 + x2)3

≤ C Ω2(f ; (Aa(n))
1
4 ),

where Aa(n) is maximum of the C1(n) and C2(n) and is defined in Lemma 2.2.

Proof. For any x ≥ 0, t ≥ 0 then by definition of Ω2(f ; δ) and using the property (3) of above
Lemma 4.2 we have,

|f(x)− f(t)| ≤ (1 + x2)(1 + |t− x|2)Ω2(f ; |t− x|)

as well as,

|f(x)− f(t)| ≤ 2(1 + x2)(1 + (t− x)2) Ω2(f ; δn)

(
1 +
|t− x|
δn

)
(4.4)

Now using the monotonicity of the operators S̃∗n,a(f ;x) and following inequality (see [23])(
1 +
|t− x|
δn

)
(1 + (t− x)2) ≤ 2(1 + δ2

n)

(
1 +

(t− x)4

δ4
n

)
, (4.5)
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one can get,

|S̃∗n,a(f ;x)− f(x)| ≤ 2(1 + x2) S̃∗n,a

(
(1 + (t− x)2)

(
1 +
|t− x|
δn

)
;x

)
Ω2(f ; δn)

≤ 4(1 + δ2)(1 + x2) S̃∗n,a

(
1 +

(t− x)4

δ4
n

;x

)
Ω2(f ; δn)

= 4(1 + δ2)(1 + x2)

(
1 +

1

δ4
n

S̃∗n,a((t− x)4);x)

)
Ω2(f ; δn)

≤ C(1 + x2)

(
1 +

1

δ4
n

S̃∗n,a((t− x)4);x)

)
Ω2(f ; δn).

With the help of Lemma (2.1), we obtain

|S̃∗n,a(f ;x)− f(x)| ≤ C(1 + x2)

(
1 +

Aa(n)(x4 + x3 + x2 + x+ 1)

δ4
n

)
Ω2(f ; δn)

≤ C(1 + x2)Ω2(f ; (Aa(n))
1
4 )(x4 + x3 + x2 + x+ 1)

≤ C(1 + x2)3 Ω2(f ; (Aa(n))
1
4 ).

Thus the proof is completed. q.e.d.

5 Graphical representation and comparison to the
Szász-Mirakjan-Kantorovich operators

In this section, we shall analyze the graphics, conclude better rate of convergence.
By Figure 1, we can observe that the rate of convergence is good, but by comparing to the Szász-
Mirakjan-Kantorovich operators (1.3), we can see that the defined operators (1.9) have better rate
of convergence, for large value of n both converge to the given function and said operators (1.9)
have also better accuracy can be seen in last one graphic of same figure.

x4
- 2 x2

+ 4

S
�*

n,aH f ; xL for n = 10, a = 1.5

KnH f ; xL for n = 10

0.0 0.2 0.4 0.6 0.8 1.0
3.0

3.2

3.4

3.6

3.8
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x4
- 2 x2

+ 4
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�*

n,aH f ; xL for n = 500, a = 1.5

KnH f ; xL for n = 500
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f HxL = x2 ExpH2 xL
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0.0 0.2 0.4 0.6 0.8 1.0
0
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Figure 1. Convergence of the operators S̃∗n,a(f ;x) and Kn(f ;x)
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f HxL = xExpHx+ 1L

S*n,aH f ; xL for n = 2, a = 1.5

KnH f ; xL for n = 2

0.00 0.05 0.10 0.15 0.20
0.0
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f HxL = xExpHx+ 1L

S*n,aH f ; xL for n = 350, a = 1.5

KnH f ; xL for n = 350
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Figure 2. Convergence of the operators S̃∗n,a(f ;x) and Kn(f ;x)

Same as in Figure 2, the convergence behavior can be seen and is as good as we want. If we
turn for comparison with Szász-Mirakjan-Kantorovich operators Kn(f ;x), above figure represents
the better rate of convergence.
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[38] V. Miheşan, Uniform approximation with positive linear operators generated by generalized
Baskakov method, Automat. Comput. Appl. Math., 1998, 7, no. 1, 34-37.

[39] V.N. Mishra, K. Khatri, L.N. Mishra, Deepmala; Inverse result in simultaneous approxima-
tion by Baskakov-Durrmeyer-Stancu operators, Journal of Inequalities and Applications, 2013,
2013:586. doi:10.1186/1029-242X-2013-586.



Some estimations of summation-integral-type operators 191

[40] V.N. Mishra, K. Khatri, L.N. Mishra; Statistical approximation by Kantorovich type
Discrete q-Beta operators, Advances in Difference Equations 2013, 2013:345, DOI
:10.1186/10.1186/1687-1847-2013-345.

[41] V.N. Mishra, P. Sharma, L.N. Mishra; On statistical approximation properties of q-Baskakov-
Szász-Stancu operators, Journal of Egyptian Mathematical Society, 2016, Vol. 24, Issue 3, pp.
396-401. DOI: 10.1016/j.joems.2015.07.005.

[42] V.N. Mishra , R.B. Gandhi, F. Nasaireh, Simultaneous approximation by Szász-Mirakjan-
Durrmeyer-type operators. Boll. Un. Mat. Ital. 2015, 8(4), 297-305.

[43] V.N. Mishra, R. Yadav, Construction of Szász-Mirakjan-type operators which preserve ax, a >
1, submitted.

[44] V. Totik, Uniform approximation by Szász-Mirakjan type operators. Acta Math. Hungar. 41,
291-307.

[45] V. Totik, Approximation by Szász-Mirakjan-Kantorovich operators in Lp, p > 1., Anal. Math.
1983, 9, 147-167.

[46] Z. Ditzian, V. Totik, Modli of Smoothness, Springer-Verlag, Berlin, 1987.


	Some estimations of summation-integral-type operators Vishnu Narayan Mishra1,2,, Rishikesh Yadav3,† 
	Introduction
	Preliminary results 
	Direct results
	Weighted approximation
	Graphical representation and comparison to the Szsz-Mirakjan-Kantorovich operators 


