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Abstract

In this current work, we acquire the general solution and Hyers-Ulam stability for a new form of
Quattuorvigintic functional equation in Matrix Paranormed Space by using the direct and fixed
point methods.
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1 Introduction

In 1940, an interesting talk presented by S. M. Ulam [12] triggered the study of stability problems
for various functional equations. He raised a question concerning the stability of homomorphism.
In the following year, 1941, D. H. Hyers [4] was able to give a partial solution to Ulam’s ques-
tion. The result of Hyers was generalized by Aoki [1] for additive mappings. In 1978, Th. M.
Rassias [10] succeeded in extending the result of Hyers theorem by weakening the condition for
the Cauchy difference. The stability phenomenon that was presented by Th. M. Rassias is called
the generalized Hyers-Ulam stability. This concept actually means that if one is studying a Hyers-
Ulam stable system, one need not have to reach the exact solution, which usually is quite difficult
or time consuming. This is quite useful in many applications for example optimization, numerical
analysis, biology, life sciences, economics etc., where finding the exact solution is quite difficult.

In 1994, a generalization of the Rassias theorem was obtained by Gavruta [3] by replacing
the unbounded Cauchy difference by a general control function. A further generalization of the
Hyers-Ulam stability for a large class of mapping was obtained by Isac and Th. M. Rassias [5].
They also presented some applications in non-linear analysis, especially in fixed point theory.
This terminology may also be applied to the cases of other functional equations [2, 9]. Also, the
generalized Hyers-Ulam stability of functional equations and inequalities in matrix paranormed
spaces has been studied by number of authors [6} 8] [11].
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In this paper, we introduce the following new functional equation

Do(v,w) = (v + 12w) — 24¢(v + 11w) + 2760 (v + 10w) — 20240 (v + Jw)

+ 10626 (v + 8w) — 42504¢ (v + Tw) + 134596¢p(v + 6w) — 346104¢ (v + Sw)

+ 7354710(v + 4w) — 1307504¢0(v + 3w) + 19612560(v + 2w) — 24961440(v + w)

+ 2704156¢(v) — 2496144 (v — w) + 1961256 (v — 2w) — 1307504 (v — 3w)

+ 735471p(v — 4w) + 134596 (v — 6w) — 425040(v — Tw) + 10626 (v — 8w)

—2024¢p(v — Jw) + 276 (v — 10w) — 346104 (v — bw) — 24p(v — 11w)

+ (v — 12w) — 1.124000728 x 10*' p(w). (1.1)

is said to be Quattuorvigintic functional equation since the function f(x) = cz? is its solution. In
this paper, we determine the general solution of the functional equation (I.1) and we also prove
the Ulam-Hyers stability of the functional equation in matrix paranormed spaces by using
fixed point approach and direct method.

2 General Solution of Quattuorvigintic Functional Equation in (1.1

Theorem 2.1. Let F and G be the vector spaces. If ¢ : 7 — G be a function (1.1) for all v, w € F,
then ¢ is Quattuorvigintic.

Proof. Letting v = 0 and w = 0 in (1.I), we obtain that ¢(0) = 0. Substituting (v, w) with (v,v) and
(v, —v) in (L.1), respectively, and subtracting two resulting equations, we can arrive at p(—v) =
©(v), that is to say, ¢ is an even function.

Replacing (v, w) by (12v,v) and (0, 2v) respectively, and subtracting the two resulting equations,
we arrive at

24(23v) — 3000(22v) + 2024 (21v) — 10350¢(200) + 425040 (19v)

— 136620,0(180) + 346104¢(17v) — 7248450 (16v) + 1307504¢(150)

— 2003760¢(14v) + 2496144¢(13v) — 25695604 (12v) + 2496144 (11v)
— 23073600(100) + 1307504¢(9v) + 3461044 (7v) — 1442100,(60)

24!
+ 42504 (5v) + 1950630 (4v) + 2024 (3v) — 7@(21}) +24lp(v) =0 (2.1)

Vv € F. Replacing v = 11v and w = v in and multiplying the resulting equation by 24, then
gives

276¢(220) — 4600 (21v) + 38226¢(20v) — 2125200 (19v) + 883476,(18v)

— 28842004 (170) + 7581651¢(16v) — 16343800¢(15v) + 293763364 (14v)
— 445740000 (13v) + 57337896¢0(120) — 62403600¢(11v) + 576000965 (10v)
— 457626400(9v) — 31380096¢(8v) — 173052004 (7v) + 6864396¢(6v)

24!
— 3187800, (5v) + 2070726p(4v) — 253000p(30) + Z-p(20) +241(25)p(v) =0 (22)



General Solution and Stability of Quattuorvigintic Functional Equation in Matrix Paranormed Spaces 99

Vv € F. Replacing v = 10v and w = v in and multiplying the resulting equation by 276, then
gives

2024¢(21v) — 37950¢(20v) + 346104¢(19v) — 20493004 (18v) 4 8846904¢(17v)

— 29566845¢(16v) 4+ 79180904p(15v) — 173613660 (14v) + 316297104 (13v)

— 483968760 (12v) + 626532144 (11v) — 688746960¢(10v) + 643173104¢(9v)

— 5099265600 (8v) + 343565904 (7v) — 1961256000 (6v) + 923369040 (5v)

24!
— 34177770 (4v) + 11478104 (3v) — 7(,0(21}) —241(301)p(v) =0 (2.3)

Vv € F. Replacing v = 9v and w = v in and multiplying the resulting equation by 2024, then
gives
10626¢(20v) — 2125200 (19v) + 2047276¢(18v) — 12660120p(17v) 4 56461251 (16v)
—193241400(15v) + 526900836 (14v) — 11722962004(13v) + 2162419336 (12v)
— 3343050000 (11v) + 43634484964 (10v) — 48300386409 (9v) + 4542268896 (8v)
— 36260162400(7v) + 2450262496 (6v) — 13962564000(5v) + 666336726¢(4v)

24!
—260946224¢(3v) + 7@(21}) —241(2325)p(v) =0 (2.4)
Vv € F. Replacing v = 8v and w = v in (1.1) and multiplying the resulting equation by 10626, then
(2.4) gives

42504 (19v) — 885500¢(18v) + 88469044 (17v) — 564506250 (16v)

+ 258406104¢(15v) — 903316260 (14v) + 2505404904¢(13v) — 5652695510¢(12v)

+ 10550487500¢(11v) — 16476857760 (10v) + 216939875000 (9v) — 24192092760¢(8v)
+ 22898009900 (7v) — 183900437604 (6v) + 12497281100¢(5v) — 7148788746 (4v)

24!
+ 3417009904¢(3v) — 7@(21}) —241(12951)p(v) =0 (2.5

Vv € F. Replacing v = 7v and w = v in (1.1) and multiplying the resulting equation by 42504, then
(2.5) gives

1345964 (18v) — 288420040 (17v) + 29577471¢(16v) — 193241400¢(150)

+ 903273756(14v) — 32154634804 (13v) 4 9058108906,0(12v) — 20709971880¢(11v)
+ 390972922604 (10v) — 61667237520¢(9v) + 819040118204 (8v) — 920394367204 (7v)
+ 877060608205 (6v) — 70863986420 (5v) + 48426381370 (4v)

24!
— 2783518058000(3v) — —-p(2v) — 241(55455)p(v) = 0 (2.6)

Yv € F. Replacing v = 6v and w = v in and multiplying the resulting equation by 134596,



100 J. M. Rassias, R. Murali, M. J. Rassias, V. Vithya and A. A. Raj

then gives

346104 (17v) — 7571025¢(16v) + 79180904¢(15v) — 5269433404 (14v)

+ 2505404904¢(13v) — 9057974310¢(120) + 258742421004 (110) — 59894162460, (10v)
+ 114317570900¢(9v) — 182073200800¢(8v) + 2439315611004 (7v)

— 276262654800 (6v) + 265110241700 (5v) — 2155879797004 (4v)
24!
+ 148402050100¢ (3v) — 7@(21}) +241(190051 )¢ (v) = 0 (2.7)
Vv € F. Replacing v = 5v and w = v in and multiplying the resulting equation by 346104,
then (2.7) gives

735471(16v) — 16343800¢(15v) + 173571156¢(14v) — 11722962004(13v)
+ 56528301064 (12v) — 207099718804 (11v) + 598938163604 (10v) — 1402318841004 (9v)
+ 270459163700¢(8v) — 434867331600¢(7v) + 587671074700¢(6v) — 670904491200¢(5v)

24!
+ 649037957800p(4v) — 534074197600p(3v) — = (20) + 241(536155)p(v) = 0 (2.8)

Vv € F. Replacing v = 4v and w = v in and multiplying the resulting equation by 735471,
then gives

13075044 (150) — 29418840¢(14v) + 316297104¢(13v) — 2162284740¢(12v)
+ 10550487500¢(11v) — 390976383604 (10v) — 114317570900 (9v) + 270459163700¢(8v)
+ 526781594100¢(7v) — 8549788269004 (6v) + 1166425626000 (5v) — 1347605475000¢0(4v)

241
+ 1333027786000 (3v) — ~-(20) + 241(1271626)p(v) = 0 (2.9)

Vv € F. Replacing v = 3v and w = v in and multiplying the resulting equation by 1307504,
then (2.9) gives

1961256¢0(14v) — 44574000¢(13v) + 4841033565(12v) — 33430500005 (11v)
+ 164765116605(10v) — 616685450200(9v) + 1821045809004 (80)

— 435210551400¢(7v) + 857234271300 (6v) — 1411817977000 (5v) + 1971686940000 (4v)

241
— 237865180900050(3v) + - (20) — 241(2579130)¢o(v) = 0 (2.10)

Vv € F. Replacing v = 2vand w = v in and multiplying the resulting equation by 1961256,
then (2.10) gives

24961444(13v) — 57203300 (120) + 626532144 (11v) — 4365755856¢(10v)
+21739750140¢(9v) — 824139383804 (8v) + 24755757730040(7v) — 606052946600¢(6v)
+ 1235893313000¢(5v) — 2138815370000 (4v) + 3195724134000 (3v)
24!
— S5 p(20) + 241(4540386)0(v) = 0 (2.11)
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Vv € F. Replacing v = v and w = v in (L.1) and multiplying the resulting equation by 2496144,
then (2.11) gives

2704156¢(12v) — 64899744 (11v) + 7463470560(10v) — 5473211744 (9v)

+ 287343616600 (8v) — 1149374466009 (7v) + 363968581000¢(6v)

— 935919208200¢(5v) + 1988828317000, (4v) — 3535694787000 (3v)

+ 274!@(21;) — 241(7036530)0(v) = 0 (2.12)

Vv € F. Replacing v = 0 and w = v in (L.T), one gets

©(120) — 24¢(11v) 4+ 276 (10v) — 2024¢(9v) + 10626 (8v)
425040 (Tv) + 1345960(6v) — 3461040 (5v) + T35471(4v)
— 13075040(30) + 19612560(20) — 3.102242009 x 102 p(v) = 0 (2.13)

Vo € F. On simplification we arrive at

0(2) = (2**)p(u) (2.14)
Q.E.D.

3 Hyers-Ulam stability of in Matrix paranormed Spaces: A Fixed Point
Approach

Throughout this section, let (F,{|.||,,}) be a Matrix Banach Spaces and (G, {P,(.)}) be a Matrix
Frechet Spaces. Note that P(2v) < 2P(v) Yv e g.

For a mapping ¢ : F — G, define

Dy : F? — G and Dy, : M,,(F?) — M,(G) by and

Don([zi]; [Wis]) = e([mi5] + 12[ys5]) — 24 ([2i5] + 11[ys5])

+ 276, ([2:5] + 10[yiz]) — 20240, ([25] + 9[yi;]) + 106260, ([x:5] + 8[yi;])
— 42504, ([zi;] + Tlyij]) + 134596, ([xi;] + 6[ys;]) — 3461049, ([xi;]
+ 5[yij}) + 735471@n([$ij] + 4[y¢j]) — 1307504<pn([1:¢j] + 3[yij])
+ 1961256y, ([24;] + 2[yiz]) — 24961440, ([245] + [yi;]) + 27041566, ([2i;])
— 2496144y, ([x5] — [yi;]) + 1961256¢0n ([2i;] — 2[ys;]) — 1307504, ([z4;]
= 3lyis]) + 7354TLon ([zi5] — 4lyiz]) + 134596, ([2i;] — 6[yis))
— 42504y ([2ij] — Tlyi;]) + 1062690, ([245] — 8[yiz]) — 2024, ([x4]
= 9yis]) + 2765 ([75] — 10[ys5]) — 346104, ([245] — 5yis])
— 24n (i) — 11{yi5)) + on (23] — 12[yss]) — 1.124000728 x 10*! o, ([y45])

forallv,w € Fand all z = [z;],y = [yi;] € My (F).

Theorem 3.1. Let £ : F2 — [0, o) be a mapping such that there exists an p < 1 with

(v,w) < 246 (5.7 ) (3.1)
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Let ¢ : F — G be an mapping satisfying the inequality

n

1Den (2], Wi, < D &g, vis) (3.2)

i,j=1

forall x = [z4;], ¥y = [yij] € M, (F). Then there exists a unique Quattuorvigintic mapping
Qa4 : F — G such that

n

1

len([2i]) = Qaan (s, < m‘l’(%‘j)a (3.3)
ij=1
where
2 (1
\I/(x”) = @ 55(0, 2xij) + §(12:cij,xij) + 245(111‘@', a:ij) + 276€<10xij>37ij)

—|—2024§(9l‘i]‘, J)ij) + 10626§(8$i]‘, J)ij) + 42504§(7xij; J)ij) + 1345965(6.%‘1‘]‘, .Z‘ij)
+346104§(5{,C1], fij) + 7354715(4$”7 :Cij) + 13075045(3.%'”, xij)
19612566 (21, ;) + 2496144 (47, ;) + 1352078€(0, z:15)]

for all z = [x;;] € M, (F).

Proof. Letting n = 1in (3.2). Then is equivalent to

llo(v 4+ 12w) — 24p(v + 11w) + 276 (v + 10w) — 2024¢(v 4+ 9w) + 10626¢ (v + 8w)

—42504p(v 4+ Tw) + 134596 (v + 6w) — 346104¢(v + S5w) + 735471¢p(v + 4w)

—1307504p (v + 3w) + 1961256 (v + 2w) — 2496144 (v + w) + 2704156 (v) — 24961440 (v — w)
+1961256¢(v — 2w) — 1307504¢(v — 3w) + 735471p(v — 4w) + 1345960 (v — 6w)

—2024p(v — 9w) + 276 (v — 10w) — 346104 (v — 5w) — 24¢(v — 11w)

—42504¢(v — Tw) + 106260 (v — 8w) + (v — 12w) — 1.124000728 x 10*'p(w)|| < £(v,w) (3.4)
Applying the same procedure of Theorem [2.1|and using (2.14), we get

1 1
Jo(0) = gareten)| < e 65)
where ¥(v) = % Bg(o, 20) + £(12v, v) + 24£(11v,v) + 276€(100, v) + 2024£ (v, v)

+10626¢(8v,v) + 42504€(Tv, v) + 134596¢ (6v, v) + 346104€ (5v, v) + 735471€ (4, v)
+1307504£ (30, v) + 1961256 (20, v) + 2496144 (v, v) + 1352078¢(0, v)] .
We Consider the set M = {¢ : F — G} and introduce the generalized metric d on M as follows:

d(1,;m) = inf {1 € [0, 50]| [(v) = m(v)| < W¥(v) ¥ ve F}

It is easy to check that (M, d) is a complete generalized Metric([7], Lemma 2.1).

Define the mapping P : M — M by Py(v) = Qﬂgo(?u) Vo € M, and Vv € F.
Letl,m € M and v be an arbitary constant with d(I,m) = v.
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Then ||i(v) — m(v)|| < v¥(v) forallv € F.
Utilizing (3.1), we find that

L 1(20) - e m(20)

521 5 < pr¥(v) Yv e F.

1Pi() — Pm(w)]| = \

1
It follows from that d(p, Pyp) < TS
Applying the Theorem 2.2 in [2], there existence a mapping Qa4 : F — G such that

Q04 (20) =222 Qou(v) Vv € F.

2’”
Moreover, we have d (P"y, Q24) — 0, which implies Q24(v) = lim,,_, o0 %.
1
Also, d(p, Qa4) < Tpd(Pg@, ) implies the inequality
1

o) — Qaa(v)|| < m‘l’(v) (3.6)

It follows from and that
. . 1

1D Qo4 (v, w)|| = limy, o S2in 1D (270, 2™w)|| < limy, o0 S3in = 0
Therefore the mapping Qa4 : F — G is Quattuorvigintic Mapping. By Using Lemma 2.2 in [6] and
(3.6), we reach at (3.3). Thus Qay,, : F — § is unique Quattuorvigintic mapping. Q.E.D.

Corollary 3.2. Let x and 6 be a non-negative real numbers with x < 24. Let ¢ : 7 — G be an
mapping satisfying

1Den ([i5], lyisDl,, < Z 0 (P(xi5)" + P(yi;)") (8.7)

for all x = [z45], ¥y = [yi;] € M, (X). Then there exists unique Quattuorvigintic mapping
Qouy, + F — G such that

n

leon 2] = Qaanlzislll, < Y (224”752%)13(9%-)” (3.8)
i,j=1

0
(12 + 24(11)% + 276(10)" + 2024(9)" + 10626(8)"* + 42504(7)"

241
3922513
+134596(6)" + 346104(5)" + T35471(4)" + 1307504(3)" + ~— —

where v,, = 2

(2)" + 10884752)

Proof. The proof follows from Theorem [3.1|by taking &(v, w) = 6 (P(v)" + P(w)") for all v, w € F.
Then we can choose p = 27724 and we get the desired result. Q.E.D.

Theorem 3.3. Let ¢ : G2 — [0, 00) be a function such that there exists p < 1 with

p
(v, w) < ﬂf (2v, 2w) (3.9)
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Suppose that ¢ : G — F be an mapping satisfying the inequality

P (Den ([wi5], [y3]) < D &(wijoys5) (3.10)

ij=1

forall = [x;5], y = [yi;] € M, (G). Then there exists a unique Quattuorvigintic mapping
Qo4 : G — F such that

n

Puln(lon]) = Qan(lei) < D7 o Wiay). (311)

for all z = [x;;] € M, (G).

Proof. Taking n = 1in (3.10). Then is equivalent to

P (p(v + 12w) — 24p(v + 11w) + 276 (v + 10w) — 2024¢(v 4+ 9w)10626p(v + 8w) — 42504 (v + Tw)
+134596¢(v + 6w) — 346104p(v + 5w) 4+ 735471 (v + 4w) — 13075040 (v + 3w)

+1961256¢(v + 2w) — 2496144p(v + w) 4 2704156 (v) — 2496144 (v — w) + 134596 (v — 6w)
+1961256p(v — 2w) — 1307504 (v — 3w) + 735471p(v — 4w) — 425040 (v — Tw) + 10626 (v — 8w)
—2024p(v — 9w) + 276 (v — 10w) — 346104 (v — 5w) — 24¢p(v — 11w)

+o(v — 12w) — 1.124000728 x 10*!p(w)) < &(v, w) (3.12)
Applying the same procedure of Theorem 2.1]and using (2.14), we get
v
P (¢(v) = 220(3)) < 257 (0) (3.13)

4]
+10626¢ (8v, v) + 42504&(Tv,v) + 134596€(6v,v) + 346104€ (50, v) + 735471€ (4w, v)
+1307504£ (3v, v) + 1961256 (2v, v) + 2496144& (v, v) + 1352078£(0, v)]

1
Also, d(p, Qa4) < ipd(P(p’ () implies the inequality

where ¥(v) = 2 Bf((), 20) + £(12v, v) + 24£(11v,v) + 276&(100, v) + 2024£ (v, v)

p
P(p(v) — Qau(v)) < m‘l’(v) (3.14)
By using Lemma 2.1 in [6] and (3.14), we get the result (3.11). Q.E.D.

Corollary 3.4. Let k, 0 be a non-negative real number with x > 24. Let ¢ : G — F be an mapping
satisfying

n

Py (Den ([2is]s lyig) < D 0 (g™ + Il ™) (3.15)

ij=1
for all z = [zi;],y = [yi;] € M, (G). Then there exists unique Quattuorvigintic mapping Qaas, :
F — G such that

Py (@nlzij] — Qoanlzij]) < Z S — (EZrl (3.16)

= (2k — 224)
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o (12 + 24(11)% + 276(10)% + 2024(9)" + 10626(8)" + 42504(7)~

where v, = 2— 50

3922513
+134506(6)" + 346104(5)" + T35471(4)" + 1307504(3)" + = —(2)" + 10884752)
Proof. The proof follows from Theorem [3.3|by taking &(v,w) = 6 (||v[|" + |w]|") for all v,w € G.
Then we can choose p = 224=* and we get the desired result. Q.E.D.

4 Hyers-Ulam stability of in Matrix paranormed Spaces: Direct Method

Theorem 4.1. Let x, § be non-negative real numbers with x > 24. Let ¢ : 7 — G be a mapping
such that

Py (Dey ([2ij]; [vis]) Z 0 (wasllI™ + llyss1I™) (4.1)
1,j=1

for all = [x;5],y = [yi;] € M,,(F). Then there exists a unique Quattuorvigintic mapping
Qa4 : F — G such that

20
P (en([2ij]) — Qaan([245]) < Z ok _ 924 i || 024 (4.2)
ij=1
2
where §o4 = 2l [12% 4 24(11)" 4 276(10)" 4 2024(9)" 4 10626(8)" 4 42504(7)"
3922513
+134596(6)" 4 346104(5)" + 735471(4)" + 1307504(3)" + 5 (2)" + 10884752

for all z = [x;;] € M, (F).
Proof. Letn = 1in (&.I). Then (4.1) is equivalent to

P (D(v,w)) <O ([lv]l" + w]") (4-3)
Applying the same procedure of Theorem 2.1land using (2.14), we get

P (o) = 22%6(3)) < o o] 6os (4.4)

2
where §y4 = — [12% + 24(11)% + 276(10)" + 2024(9)" + 10626(8)" + 42504(7)"

241

+134596(6)" + 346104(5)" + 735471(4)~ + 1307504(3)" + 3923513 (2)" + 10884752} .
One can easily prove that
P (2p(2) ~ 2%p( ) < o qu ol 524 45)
o 207/ = 2r £~ orl

for all v,w € F and non-negative integers p, ¢ with p < ¢. It follows from (4.5 . ) that the sequence
{22‘”@(%)} is Cauchy for all v € F. Since G is Complete, the sequence {224l<p(2v )} converges.
So, one can define the mapping Qs4 : F — G by

Qi = Jim {265}
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Yv € F. Moreover, letting p = 0 and passing the limit ¢ — oo in (4.5), we reach that

20 .
P (p(v) = Q24) < 55 [0l]" 824 (4.6)
for all v € F. It follows from (4.3) that

P (GQau(v,w)) < li_>m P (g(p(224lv72241w))
241

< S0 (ol + lwl) = 0

Now let 7 : F — G be another Quattuorvigintic mapping satisfying (4.2). Then we have
v v
P (Qui(v) = T()) = P (24 (Quil(3) - T(3))
!

4 K K
< S b (lvl™ + [l

which tends to zero as I — oo for all v € F. So we can conclude that Qq4(v) = 7 (v) forall v € F.
This proves the uniqueness of Qy4. By Lemma 2.1 in [6] and (4.6), we reach at (4.2). Q.E.D.

Theorem 4.2. Let x, § be non-negative real numbers with x < 24. Let ¢ : G — F be a mapping
such that

1Den (], i)l < D 0 (P(ai)™ + P(yi;)¥) 47)
ij=1

for all z = [zi;],y = [yi;] € M, (G). Then there exists a unique Quattuorvigintic mapping Qo :
G — F such that
20

lpn ([i5]) — Qaan (i DIl < > g21 —gn L (@1j)" 024 (4.8)
ij—1
2
where 620 = ——— [125 4 24(11)" + 276(10)" + 2024(9)" + 10626(8)" + 42504(7)" + 134596(6)"

241(221)

3922513
+346104(5)% + 735471(4)" + 1307504(3)" +

2
Proof. Letn = 1in (7). Then ([&.7) is equivalent to

@w+1%M%4mumx=umewu@y

Do (v, w)|| <0 (P(0)" + P(w)") (4.9)

for all v, w € G.
Applying the same procedure of Theorem.T|and using (2.14), we get

< HP(U)H624 (410)

1
2) —
H16777216¢( v) = elv)
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2
where 654 = TIeE) [127 + 24(11)" + 276(10)~ + 2024(9)" + 10626(8)" + 42504(7)~ + 134596(6)"
3922513

+346104(5)" + 735471(4)" + 1307504(3)" + ———(2)" + 10884752} .

One can easily show that

1 1 2 gk
’ ﬁap@pv) - 22490(2%) < Z ﬁHP(xij)“(S% (4.11)
l=p
The rest of the proof is similar to the proof of Theorem 4.1} Q.E.D.

5 Counter-examples

The following examples illustrates the fact that functional equation (I.1)) is not stable for x = 24 in
corollariesB.2land B.4]

Example 5.1. Let 5 : R — R be a function defined by

Blw) = {51)24, ] <1

g, otherwise

where € > 0 is a constant, and define a function ¢ : R — R by
> B(2™)v
plv) = 520
n=0

for all v € R. Then ¢ satisfies the inequality

6.204484017 x 1023

<
1D (v, wl| < 16777215

(16777216)2¢ (|v|24 + \w|24) (5.1)

forall v, w € R. Then there does not exists a Quattuorvigintic mapping Q24 : R — R and a constant
A > 0 such that

lp(v) — Qaa(v)] < A[** Vo eR. (5.2)
16777216
Proof. 1t is easy to see that ¢ is bounded by Te777a15C O R.
If [v]** + |w[** = 0, then 1i is trivial. If |v[** + |w[** > 531 then there exists a non-negative
integer k such that
1
24 24
5200kt 1) < o] 4 Jw]™ < 2%k (5.3)

Hence From definition of ¢ and (5.3)), we arrive that

Dol w)| < (6.204484017 x 1023)

16777216)2¢ (|v[** 24) .
= 16777215 ( )e ('”' + |l
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Therefore, ¢ satisfies for all v,w € R. Now, we claim that functional equation (1.1) is not
stable for k = 24 in Corollary and (3.4).
Suppose on the contrary that there exists a Quattuorvigintic mapping Q.4 : R — R and a constant
A > 0 satisfying (5.2).
Then there exists a constant ¢ € R such that Qa4 (v) = cv?* for any v € R. Thus we obtain the
following inequality

()] < (A ey [of** (54)

, then 2"v € (0,1) for alln = 0,1,2...m — 1 and for

1
Letm € Nwithme > A+ |c]. Ifv € (O’W)

this case we get

[e’e) m—1
B(2")v E(an)24 24
PW) =D i 2 Y g = mev™ > (At e o]
n=0 n=0

which is a contradiction to (5.4). Therefore the Quattuorvigintic functional equation (1.1) is not
stabel for x = 24. Q.E.D.
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