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Abstract

The main goal of this paper is to give applications of Hardy-type inequalities. We construct
new inequalities of G. H. Hardy for convex function using different types of fractional integrals
and fractional derivatives.
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1 Introduction

In recent years applications of fractional calculus in mathematical inequalities have great impor-
tance. Many authors use fractional integrals and fractional derivatives to construct new integral
inequalities. The Hardy inequality has fundamental importance in the mathematical analysis and
lot of rich literature and information concerning Hardy-type inequalities and related results for
Riemann-Liouville operators can be found in [4], [6], [9], [12], [15], [16], [17], [18], [20] including the
references cited therein. Many mathematicians gave generalizations and improvements of Hardy’s
inequalities. In this paper, we establish some more general inequalities of G. H. Hardy for different
kinds of fractional integrals and fractional derivatives like Riemann-Liouville fractional integrals,
Caputo fractional derivative, fractional integral of a function with respect to an increasing function,
Hadamard-type fractional integrals and Erdélyi-Kober fractional integrals. We will use different
weights in this construction to obtain new inequalities of G. H. Hardy for convex functions. Such
type of results are discussed in [9](see also [6]). Our particular interest is to give inequalities of G.
H. Hardy and discover results which involve fractional integrals and fractional derivatives.

Let us recall some facts about fractional derivatives needed in the sequel, for more details see
e.g. [1], [7].

Let 0 < a < b < co. By C™([a,b]) we denote the space of all functions on [a,b] which have
continuous derivatives up to order m, and AC([a,b]) is the space of all absolutely continuous
functions on [a,b]. By AC™([a,b]) we denote the space of all functions g € C™ 1([a,b]) with
g™~V € AC([a,b]). For any a € R we denote by [a] the integral part of o (the integer k satisfying
E<a<k+1)and [a] is the ceiling of a (min{n € N,n > a}). By Li(a,b) we denote the space
of all functions integrable on the interval (a,b), and by L. (a,b) the set of all functions measurable
and essentially bounded on (a,b). Clearly, Lo (a,b) C L1(a,b).

Let us recall the well known definitions of Riemann-Liouville fractional integrals, see [13] and
[5].
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Let [a,b], (—00 < a < b < 00) be a finite interval on real axis R. The Riemann-Liouville fractional
integrals I, f and I}* f of order a > 0 are defined by

12 /() /f (e~ ) dy, (@ > a)
and
L f /f y—2)* tdy, (z<b).

Here I'(«) is the Gamma function. These integrals are called the left-sided and right-sided frac-
tional integrals respectively. It is known that the fractional integral operators are bounded in
Ly(a,b), —0o <a<b< oo, 1<p<oo, that is

15+ fllp < Kl fllp, 1= fllp < K| fllp (1.1)
where
B (b—a)”
- T(a+1)°

G. H. Hardy proved the inequality (1.1) involving left-sided fractional integral in one of his initial
paper, see [8]. The calculation for the constant K is hidden inside the proof. The inequality (1.1)
has been investigated in many ways for convex function as well as superquadratic functions (see
[9], [10] and [11]). Inequality (1.1) refers to as inequality of G. H. Hardy.

Let (21,21, p1) and (22, 3o, p2) be measure spaces with o-finite measures and Ay, be an integral
operator defined by

Af(x / B, 9) F () dpa (), (1.2)

where k : Q1 X 25 — R is measurable and non—negatlve kernel, f is measurable function on 29, and

x) = /k(x,y)dug(y), xz €. (1.3)

Throughout the paper, we consider that K(x) > 0 a.e. on Q.

The following Theorem is given in [14].

Theorem 1.1. Let (21,31, 1) and (22, X, o) be measure spaces with o-finite measures, u be a
weight function on {24, k be a non-negative measurable function on €; x Q9 and K be defined on

Q1 by (1.3). Let 0 < p < g < oo and that the function z + u(z) (%&?;’;)Z is integrable on € for
each fixed y € 25, and that v is defined on 5 by

o) = | f u(x)(’“&f)))gdmm . (1.4)

951
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If ® is a non-negative convex function on the interval I C R, then the inequality

/U(O«“)[‘P(Akf(w))]%dm(x) < /v(y)‘b(f(y))duz(y) ; (1.5)

Ql Q2
holds for all measurable functions f : Q9 — R, such that Imf C I, where Ay, is defined by (1.2).

Throughout this paper, all measures are assumed to be positive, all functions are assumed to
be positive and measurable and expressions of the form 0 - oo, 2> and % are taken to be equal to
zero. Moreover, by a weight u = u(x) we mean a nonnegative measurable function on the actual

interval or more general set.

The paper is organized as follows: After introduction, in Section 2, we prove some new inequal-
ities of G. H. Hardy using different kind of fractional derivatives and fractional integrals.

2 The Main Results

Using Theorem 1.1, we will give some special cases for different fractional integrals and fractional
derivatives to establish new inequalities of G. H. Hardy.

We continue with definitions and some properties of the fractional integrals of a function f with
respect to given function g. For details see e.g. [13, p. 99]:

Let (a,b), —0o < a < b < oo be a finite or infinite interval of the real line R and a > 0. Also
let g be an increasing function on (a,b) and ¢’ be a continuous function on (a,b). The left- and
right-sided fractional integrals of a function f with respect to another function g in [a, b] are given
by

(1 1 / g (O)f(t)de

aJr;gf)(x) = F(Oz) J [g(l‘) _ g(t)]17a7 r>a
and
b
o 1 g'(t)f(t)dt
o) = o) / PO
respectively.

Our first result involving fractional integral of f with respect to another increasing function g
is given in the following theorem and from this we recover the case of Riemann—Liouville fractional
integrals and Hadamard fractional integrals.

Theorem 2.1. Let 0 < p < g < 0o, f > 0, u be a weight function on (a, b), g be increasing function

on (a,b) such that ¢’ be continuous on (a,b), I, o ;g denotes the left sided fractional integral of f
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with respect to another increasing function g. Let v be defined on (a,b) by

b . i
o e (@) =g\ -
o) i=ag' () / (o) (UELZII) e | <. (2.1)

If ® is a non-negative convex function on the interval I C R, then the inequality

/b u(a) [cb ((Q(F(“”I f(x))]gdx " /b o()® (£()) dy (22)

7) = gla))e "

S

holds for all measurable functions f : (a,b) — R, such that I'mf C I.

Proof. Applying Theorem 1.1 with Oy = Q3 = (a,b), du1(x) = dx, dus(y) = dy,

9'(®) .
k({E,y) = { T'(a)(g(z)—g(y))I—=> a S Y S x;

0, x<y<hb,
we get that K(z) = F(O}H)(g(x) —g(a)®, Apf(z) = %I&;gﬂx) and the inequality in
(1.5) reduces to (2.2) with v defined by (2.1). Q.E.D.

Corollary 2.2. Let 0 < p<g<oo,s>1,a>1- %, f >0, g be increasing function on (a, b) such
that ¢’ be continuous on (a,b), I a,;q/ denotes the left sided fractional integral of f with respect to
another increasing function g. Then the inequality

b a 1 g(as—1)+p b %
e e < 0P~ g@) e
a/ @iz ) | < e e / JWIWE) @)

holds.

Proof. For particular convex function ® : Rt — RT, ®(x) = 2%, s > 1 and weight function u(z) =
g (@)(9(x) —g(a) 7, x € (a,b) in (2.2), we get v(y) = (ag'(y)(9(0) —9(y))* " F*)/((a=1)L+1)1)
and (2.2) becomes

1

b
[ @@ — g(@)FOI 0y f o) F e

b P

/ J' () (9(®) — g() > 2 (y)dy

a

1

((@-1)%+1)

< s
(o +1))7

Q=

Since (g(a) — 9(a) 7 7 = (g(b) — g(a)) ¥ 7 and (9(b) — g(y))* " < (9(b) — g(a))* M,
a>1-2 we obtain (2.6). Q.E.D.
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Remark 2.3. Similar result can be obtained for the right sided fractional integral of f with respect
to another increasing function g, but here we omit the details.

Here, we give a first special case for the Riemman-Liouville fractional integral.
If g(z) = x, then I, . f(z) reduces to Ig, f(x) left-sided Riemann-Liouville fractional integral, so
the following result follows.

Corollary 2.4. Let 0 < p < ¢ < oo, f > 0, u be a weight function on (a,b), I, f denotes the
left-sided Riemann-Liouville fractlonal integral of f. Let v be defined on (a,b) by

e fun (Y ) ”

y (z —a)*

If ® is a non-negative convex function on the interval I C R, then the inequality

/b ) |# (L re s ))]qu ;s /b o()® (f () dy % (25)

a

holds for all measurable functions f : (a,b) — R, such that Imf C I.

Corollary 2.5. Let 0 < p < g < o00,s > 1, a >1- g, J >0, I f denotes the left-sided
Riemann-Liouville fractional integral of f. Then the inequality

1
b q 1 a(as—1)+p b p

a T % o a;(b_a’) pa s
Juz st T T [ rway (26)

a a

holds.

Now we continue with the definition of Hadamard-type fractional integrals.
Let (a,b) be finite or infinite interval of R™ and o > 0. The left and right-sided Hadamard-type
fractional integrals of order o > 0 is given by

x

a—1
Uz N = s [ (l2) L2 e
and
b
(S )@) = I‘L/ IOg (yy)dy, r<b
respectively.

Notice that Hadamard fractional integrals of order a are special case of the left- and right-sided
fractional integrals of a function f with respect to another function g(z) = log(z) in [a, b] where
0 <a < b< oo, the following result follows.
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Corollary 2.6. Let 0 < p<g<oo, s>1, a>1— 1;, [ =0, Jg, [ denotes the Hadamard-type
fractional integrals of f. Then the following inequality holds:

b a 1 —D+p p

g du ar (logh — loga P
JUza s §<<a_1)g+1)é( e /f e

a
Next we give result with respect to the generalized Riemann—Liouville fractional derivative. Let

us recall the definition, for details see [2].

Let o > 0 and n = [a] + 1 where [-] is the integral part and we define the generalized Riemann-
Liowville fractional derivative of f of order a by

00w = ot () [ e ) dy

In addition, we stipulate
DOf .= f=I0f I;%f:=D%f if a>0.

If o € Nthen DS f = the ordinary a-order derivative.

d,to( Y

The space I%(L(a,b)) is defined as the set of all functions f on [a,b] of the form f = I%yp for
some ¢ € L(a,b), [19, Chapter 1, Definition 2.3]. According to Theorem 2.3 in [19, p. 43], the
latter characterization is equivalent to the condition

I"°f € AC™[a,b], (2.8)

&

TSl f@)=0, j=01...n-1

A function f € L(a,b) satisfying (2.8) is said to have an integrable fractional derivative D f, [19,
Chapter 1, Definition 2.4].

The following lemma summarizes conditions in identity for generalized Riemann-Liouville frac-
tional derivative. For details see [2].

Lemma 2.7. Let 8 > a >0, n=[8]+ 1, m = [o] + 1. Identity

DE) = 17 [ =y, e fa (2.9)

L5 —a) )
is valid if one of the following conditions holds:
(i) f € I¢ (L(a,b)).
(i) I"=Pf € AC"™[a,b] and DI~ Ff(a)=0for k=1,...n
(iii) DE7Ff € Cla,b] for k=1,...,n, D?~1f € AC[a,b] and D% f(a) =0 for k=1,...n
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(i )feAcn[a,b] DﬁfeL(a b) D"‘feL(a b), B—a¢N, Dl*fla)=0for k=1,...,n and
D2 *f(a)=0for k=1,.

(v) f € AC"[a,b], DA f € L(a,b) Def e L(ab), B—a=1€N, Dl fla)=0for k=1,...,1I.
(vi) f € AC"[a,b], DIf € L(a,b), Dy f € L(a,b) and f(a) = f'(a) =--- = f"=(a) = 0.
(vii) f € AC™[a,b], D f € L(a,b), DSf € L(a,b), B ¢ N and D?~! f is bounded in a neighborhood
of t =a.

Theorem 2.8. Let 0 < p < ¢ < oo, u be a weight function on (a,b), 3 > a >0, D¥f >0, D2 f >0
and let assumptions of Lemma 2.7 be satisfied. Let v be defined on (a,b) by

b q q
(x—y)P o t\?
— (B — ) 2.1
o) = (-0 | [ute) () o) <o (2.10)
Y
If ® is a non-negative convex function on the interval I C R, then the inequality
1 1
b F(ﬁ n 1) q q b P
— p
Juta o (R0 pesw)| as | < [ [owe 02r) an (2.11)

holds for all measurable functions f : (a,b) — R, such that Imf C I.
Proof. Applying Theorem 1.1 with Q1 = Q5 = (a, ), dui(z) = dx, dus(y) = dy,

(z—y)P77? .
k(x,y) = ra—ay » *SYST;
0, Tz <y<hb,

we get that K(z) = % Replace f by DZf. Then Apf(x) = %Daﬂ ) and the
inequality given in (1.5) reduces to (2.11). Q.E.D.

If we take ®(x) = 2°,s > 1 and u(z) = (zr—a) (ﬁ;a)q, z € (a,b), similar to the proof of Corollary

2.2 we obtain the following result.

Corollary 2.9. Let 0 < p<g<oo,s>1, f—a>1— g and let assumption of Lemma 2.7 be
satisfied. Then for non-negative functions D f and D? f the following inequality holds:

1 1
b a a((B—a)s—1)+p a)e Dip b B

afin %x (ﬂ_a) (b ) B s
[zt S e Y — /ﬁ%ﬂ@)@

a

Q.E.D.

Now we define Canavati-type fractional derivative of f over [a,b] (v—fractional derivative of f),
for details see [3]. We consider

Ci/([a,b]) = {f € C"([a,b]) : ' f™ € C'([a, b))},
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v >0, n=[v],[] is the integral part, and P =v —n,0 <7 < 1.
For f € C¥([a,b]), the Canavati-v fractional derivative of f is defined by

D!f =DI, " f,
where D = d/dx.

The following lemma gives conditions in composition rule for Canavati fractional derivative.

Lemma 2.10. Let v >~y > 0, n = [v], m = [4]. Let f € C¥([a,b]), be such that ) (a) =0, i =
m,m+1,....n — 1. Then
(i) feCi(a])

(i) (DY) = iy

for every z € [a, b].

(=)'~ H(Dg f)(t)dt,

8 —xy

In the following Theorem, we will construct new inequality for the Canavati-type fractional
derivative.

Theorem 2.11. Let 0 < p < g < oo, v >~ >0, DYf >0, Dif > 0, u be a weight function
on (a,b) and assumptions in Lemma 2.10 be satisfied, D) f denotes the Canavati-type fractional
derivative of f. Let v be defined on (a,b) by

u(y) == (v —7) /bu(x) (W) ’ dz E < . (2.12)

If ® is a non-negative convex function on the interval I C R, then the inequality

/b ) | (F(”‘“?Dzﬂx))]zdx . /b o(y)® (DLF(y)) dy (213)

D=

(z —a)r

holds for all measurable functions f : (a,b) — R, such that Imf C I.
Proof. Applying Theorem 1.1 with Q1 = Qs = (a,b), dui(z) = dx, dus(y) = dy,

(G .
bay) = | ST aSyses
0, r<y<b

we get that K(x) = % Replace f by DY f. Then the inequality given in (1.5) reduces to

(2.13). Q.E.D.
Example 2.12. If we take ®(x) = 2%,s > 1, v—y > 1— %, DYf >0, DY f > 0 and weight function

(v=)
u(z) = (z — a) P xE (a,b) in (2.13), after some calculations we obtain

1 1
b a S(CELIES A8 b v

s (=77 (b—a)
D)f(z))7de| < 7 D f(y))*d
a/( (z)) T EEy TP a/( () dy
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Next, we give the result for Caputo fractional derivative, for details see [1, p. 449]. The Caputo
fractional derivative is defined as:
Let « > 0,n=[a]+ 1, g € AC™([a,b]). The Caputo fractional derivative is given by

NP S L)
D*ag(t)_ F(n_a)/(x_y)a,n+1 Y,

a

for all x € [a,b]. The above function exists almost everywhere for x € [a, b].

Using the above definition, we will prove the following result as a special case of Theorem 1.1.

Theorem 2.13. Let 0 < p < g < 0o, f(™ >0, u be a weight function on (a,b) and D, f denotes
the Caputo fractional derivative of f. Let v be defined on (a, b) by

v(y) == (n— ) /bu(x) (M)n_a_l> ' dx E < o0. (2.14)

y (x —a)—@

If ® is a non-negative convex function on the interval I C R, then the inequality

=

(x —a)"—@

/b ) |2 (RS o, (x))]gdx " / w)@ (£7)) dy (2.15)

holds for all measurable functions f : (a,b) — R, such that Imf C I.

Proof. Applying Theorem 1.1 with Oy = Qg = (a,b), dui(x) = dz, dus(y) = dy,

(2=y)"="! .
k(x’y) = '(n—a) asy<w;
0, r<y<b

(z—a)" @

we get that K(x) = Toi—asDy - Replace f by f™. Then the inequality given in (1.5) reduces to
(2.15). Q.E.D.

Example 2.14. If we take ®(z) = 2°%,s > 1, n —a > 1 — g, f > 0 and weight function
u(z) = (v —a) (n;a)q, z € (a,b), in (2.15), after some calculations we obtain

b

[orsanFas) <

a

1
a((n—a)s—1)+p b P
q

(n— a)% (b—a) P - .
((n—a—l)%—l—l)%(ﬂn—a—i—l))% a/(f ()" dy

Now we present definitions and some properties of the Erdélyi-Kober type fractional integrals.
Some of these definitions and results were presented in Samko et al. in [19].
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Let (a,b) , (0 < a < b < 00) be a finite or infinite interval of the half-axis R*. Also let
a > 0,0 >0, and n € R. We consider the left- and right-sided integrals of order o € R defined by

x

N _gxmolatm) rgonto—l f(4)dy
Izl 0) = P [ G @20 (2.16)
and
- te=n=e)=1f(#)dt
(I i) (@) = & / o= x < b, (2.17)

(a)
x
respectively. Integrals (2.16) and (2.17) are called the Erdélyi-Kober type fractional integrals.

Now, we give the following result.

Theorem 2.15. Let 0 < p < g < 0o, f > 0, u be a weight function on (a,b), I3, .o [ denotes the
Erdélyi-Kober type fractional integrals of f, oF(a,b;c;z) denotes the hypergeometric function.
Let v be defined on (a, b) by

() = a /bu(a:)<( ow Ty )a)gdx E<oo. (2.18)

o — ya)lfa(xo' —a°
Y

If ® is a non-negative convex function on the interval I C R, then the inequality

holds for all measurable functions f : (a,b) — R, such that Imf C I.

B =

b

T(a+1) . %x ' )
) <(1_ Ok 2F1($)1a+-,a;nf( )ﬂ dr) < / ()@ (f(y)) dy (2.19)

a

Proof. Applying Theorem 1.1 with Q1 = Qs = (a,b), dui(z) = dx, dus(y) = dy,

1 —o(atn) o1 .
k(z,y) = { T@Gr—mrsy”" 77 a<y<a;
07 x<y§b7

we get that K(z) = ﬁ (1- (Q)J)a oFi(—n,aza + 1;1 — (9)0). Then the inequality (1.5)

x T

becomes (2.19). Q.E.D.
x%,s > 1, f >0, and weight function
u(z) =277 ((27 —a%)* 2 Y (x))%, x € (a,b) in (2.19), after some calculations we obtain
1 1
b q b P
JCR @) (12 0i@) " e | <0 | [R@)r G (220)

a a
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Where . B . (as—1)+
C = avo T b (b7 —a7)"
T (0 - )2+ 1) (D(a +1)F
o b ’
oF(x) = o Fy (777704;oz+ 11— (g) ) and 2Fi(y) = 21 (77,04;04+ e <) ) |
- Y

Remark 2.17. Similar result can be obtained for the right sided Erdélyi-Kober type fractional
integrals, but here we omit the details.
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