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Abstract

Assume GCH and that κ is the first uncountable cardinal such that there is a non-free κ-
free Abelian Whitehead group of cardinality κ. We prove that if all κ-free Abelian groups of
cardinality κ are Whitehead then κ is necessarily an inaccessible cardinal.
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An Abelian group G is called Whitehead if it satisfies the following condition: if H is an Abelian
group, Z ⊆ H and H/Z ∼= G, then Z is a direct summand of H. The book by Eklof and Mekler [2]
provides a good overview of the subject of Whitehead groups.

We call an Abelian group G free if it is the direct sum of copies of (Z,+). All free Abelian
groups are Whitehead and every Whitehead group is “somewhat free” (ℵ1-free, see below). Possibly
(i.e., consistently with ZFC) every Whitehead group is free and possibly not (in fact, it seems that
almost any behaviour is possible).

Recall that GCH, the generalized continuum hypothesis, says that 2λ = λ+ for every infinite λ.
A cardinal λ is called inaccessible if it is a strong limit (i.e., if µ < λ, then 2µ < λ) and regular. It
is well known that inaccessible cardinals are large, e.g., their existence is not provable in ZFC, the
usual axioms of set theory.

A central notion for the present paper is the notion of being “κ-free of cardinality κ”: an Abelian
group G is κ-free when the pure closure inside G of any subgroup generated by less than κ many
elements is free. Our main result restricts the behaviour of groups like this: assume κ is the first
cardinal λ such that there is a non-free λ-free Abelian Whitehead group of cardinality λ. The
conclusion is, assuming GCH and κ not strongly inaccessible, that not all such Abelian groups are
Whitehead.

We recall that in [8, §1] it was proved that if µ is strong limit singular, λ = µ+ = 2µ and
S ⊆ {δ < λ : cf(δ) = cf(µ)} is stationary, then, even though ♦S consistently fails, we can still prove
a relative of ♦S sufficient for constructing Abelian groups G of cardinality λ related to satisfying
Hom(G,Z) 6= {0}. We prove here in Claim 8 somewhat more and use it in the proof of the Theorem
4. This claim is complementary to [7] which shows that consistently there is such regular (in fact
strongly inaccessible) λ.

In this paper, we deal exclusively with Abelian groups, and whenever we say “group” we mean
“Abelian group”. In [7], we answered the following question:
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Question 1. (Göbel) Assuming GCH, can there be a regular κ such that

�κ (a) κ = cf(κ) > ℵ0 and there are κ-free not free groups of cardinality κ, and

(b) every κ-free group of cardinality κ is a Whitehead group?

Moreover, by [7] it is consistent that: GCH + for some strongly inaccessible κ we have ~κ where
the statement ~κ is defined by:

~κ (a) κ is regular uncountable and there are κ-free non-free (Abelian) groups of cardinality κ,

(b) every κ-free (Abelian) group of cardinality κ is a Whitehead group, and

(c) every Whitehead group of cardinality < κ is free.

[For clause (c), the following sufficient condition is used there: for every regular uncountable
λ < κ we have ♦∗λ. The proof starts with κ weakly compact and adds no new sequence of length
< κ, so, e.g., starting there with L this holds.]

The following question is natural:

Question 2. Assume GCH, is it consistent that there is an accessible κ such that ~κ holds? In
other words, there is a cardinal κ satisfying the following and the first such κ is accessible:

(∗) there is a κ-free non-free Whitehead group of cardinality κ.

Now Theorem 4 says that the answer is “No”. But another natural question is:

Question 3. Assume GCH Can there be a κ such that �κ but is the first such κ accessible?

This is [2, Problem F4] and it remains open.

For a cardinal κ ≥ ℵ1, an Abelian group G is called κ-free when every subgroup of G of
cardinality < κ is free. We say that Ḡ = 〈Gα : α < λ〉 is a filtration of the Abelian group G
of cardinality λ if Gα is a subgroup of G of cardinality < λ, increasing continuous with α and
G =

⋃
{Gα : α < λ}. Finally, an Abelian group G of cardinality κ, is called strongly κ-free when it

is κ-free and for every subgroup G′ of G of cardinality < κ there is a subgroup G′′ of cardinality
< κ such that G′ ⊆ G′′ and G/G′′ is κ-free.

Theorem 4 (GCH). Let κ be the first λ > ℵ0 such that there is a λ-free Abelian Whitehead group,
not free, of cardinality λ (and we assume there is such λ). If κ is not (strongly) inaccessible, then
there is a non-Whitehead group G of cardinality κ which is κ-free (and necessarily non-free).

Proof. The proof will proceed in six stages, called Stage A to Stage F.

Stage A. Let G be a witness for the choice of κ. Necessarily κ is regular, by singular compactness,
cf., e.g., [2, Ch.IV,3.5]. Let Ḡ = 〈Gα : α < κ〉 be a filtration of G: as G is κ-free, every Gα must
be free. Without loss of generality, each Gα is a pure subgroup of G. Let S := Γ(Ḡ) = {α < κ : α
be a limit ordinal and G/Gα is not κ-free}. Now since G is not free, Γ(Ḡ) must be stationary.

Stage B. G is strongly κ-free. Towards a contradiction, assume that it is not. Without loss of
generality κ is a successor cardinal. [Why? This follows from the assumption and the fact that κ
is regular. Also, if κ a limit cardinal, κ-free implies strongly κ-free.]
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By our present assumption towards a contradiction, for some α < κ for every β ∈ [α, κ), the
Abelian group G/Gβ is not κ-free. Hence, without loss of generality, α < λ⇒ Gα+1/Gα is not free
and if Gα+1/Gα is uncountable then for some κα, it is κα-free but not free. By the assumption
of the theorem (and since countable Whitehead groups are free), α < κ ⇒ Gα+1/Gα is not a
Whitehead group, i.e., Γ(Ḡ) = κ. But κ is a successor cardinal, so let κ = µ+; also 2µ < 2κ as we
are assuming GCH so the weak diamond holds for κ (see [1]) so by the previous sentence and, e.g.,
[2, 1.10, p. 369], we know that G is not a Whitehead group, in contradiction to the assumption on
G.

Stage C. Hence, without loss of generality, we have

(∗)1 if α is a non-limit ordinal then G/Gα is κ-free

and also (obviously), without loss of generality, we have

(∗)2 (a) if α ∈ S, then Gα+1/Gα is not free, and

(b) if α < κ, then Gα is a pure subgroup of G and is free (hence G/Gα is torsion free).

Also we can choose H̄ = 〈Hα : α ∈ S〉 such that

(∗)3 (a) Hα is a subgroup of G,

(b) Hα/(Hα ∩Gα) is not free,

(c) the rank θα of Hα/(Hα ∩ Gα) is minimal (hence θα is < ℵ0 or is regular uncountable
< κ), and

(d) the cardinality of Hα is ≤ θα + ℵ0 (in fact, equality holds).

Note that |Hα| may be < |Gα| so it is unreasonable to ask for Gα ⊆ Hα.

(∗)4 Without loss of generality, we also have

(a) Hα ⊆ Gα+1,

(b) Gα/(Hα ∩Gα) is free, and

(c) Gα +Hα is a pure subgroup of Gα+1.

[Why? For clause (a) we can restrict Ḡ to a club. For clause (c) let H ′′α be the pure closure of
Hα + Gα inside Gα+1 so H ′′α/Gα, (Hα + Gα)/Gα, Hα/(Hα ∩ Gα) has the same rank, which is θα.
As Gα+1/Gα is torsion free, also H ′′α/Gα is torsion free. Hence there is H ′α ⊆ H ′′α of cardinality
≤ θα + ℵ0 such that Gα + H ′α is a pure subgroup of H ′′α hence of Gα+1 and H ′α + Gα = H ′′α and,
e.g., the rank of H ′α/(H

′
α ∩Gα) is the same as the rank of H ′′α/Gα which is θα, so replacing Hα by

H ′α also clause (c) holds.
For clause (b) note that Gα is free; so there is G′α ⊆ Gα of cardinality θα+ℵ0 such that Gα/G

′
α

is free and Hα ∩Gα ⊆ G′α and replace Hα by H∗α = Hα +G′α noting that H∗α +Gα = Hα +Gα.]

By the hypothesis on κ, if K is a λ-free but not free group of cardinality λ and ℵ0 < λ < κ then
K is not a Whitehead group. Therefore, clearly (recall that countable Whitehead groups are free):

(∗)5 Hα/(Gα ∩Hα) is not Whitehead for α ∈ S.
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Hence by [3] or [2, Ch.VI, 1.13] we know that

(∗)6 ¬♦S .

Recall that κ is regular uncountable, so towards a contradiction assume that κ = µ+. Let
σ = cf(µ). But, by [4] or [2, Ch.VI, 1.13], GCH implies that ♦S′ for every stationary S′ ⊆ κ\Sκσ
where Sκσ := {δ < κ : cf(δ) = σ}. Consequently, we know that

(∗)7 for some club E of κ, we have S ∩ E ⊆ Sκσ so, without loss of generality, S ⊆ Sκσ , i.e.,
δ ∈ S ⇒ cf(δ) = σ.

Also, without loss of generality, (from the definition of “strongly κ-free”), we obtain that

(∗)8 δ ∈ S implies θδ + ℵ0 ≥ σ.

[Why? Let S1 = {δ ∈ S : θδ + ℵ0 < σ}; first assume S1 is stationary. For each δ ∈ S1, Hδ ∩Gδ
must have cardinality ≤ θδ + ℵ0 < σ = cf(δ). Therefore, for some αδ < δ, we have Hδ ∩Gδ ⊆ Gαδ .
By Fodor’s lemma, there is some α(∗) < κ such that the set S2 := {δ ∈ S1 : αδ = α(∗)} is stationary.
As σ = cf(µ), κ = µ+, clearly µ<σ = µ (keep in mind that we are working under GCH). Therefore,
{Hδ ∩ Gα(∗) : δ ∈ S2} has cardinality ≤ µ, and hence S3 = {δ ∈ S2 : Hδ ∩ Gα(∗) = H∗, θδ = θ∗}
is a stationary subset of κ for some θ∗ and H∗ ⊆ Hα(∗). Let αε be the εth member of S3 and
Hε = H∗ +

∑
{Hαζ : ζ < ε} for ε ≤ (θ∗ + ℵ0)+. Clearly, for ε = (θ∗ + ℵ0)+, the group Hε is not

free and has cardinality ≤ σ = cf(µ) < λ. This is a contradiction to the fact that G is κ-free. Thus,
S1 cannot be stationary, and as we can restrict Ḡ to a club, without loss of generality, S1 = ∅ so
(∗)8 holds indeed.]

Stage D. If α ∈ S, then θα < µ.
If this is not the case, then for some α ∈ S, we have that θα = µ. In particular, θα is infinite

and thus regular. Moreover, by (∗)3, θα is uncountable and there is a θα-free but not free group of
cardinality θα. From this, we get that µ must be regular, and there is a µ-free but not free Abelian
group of cardinality µ < κ, i.e., Hα/(Gα ∩Hα), hence this group is not Whitehead.

We obtain a purely increasing and continuous sequence 〈H∗ε : ε ≤ µ+1〉 of free groups such that
ε < µ implies that H∗µ+1/H

∗
ε is free, but H∗µ+1/H

∗
µ is not free and is isomorphic to Hα/(Gα ∩Hα).

[Why? Let 〈yε : ε < µ〉 be a free basis of Gα, so Gα =
⊕
{Zyε : ε < µ}. As {yε : ε < µ} ⊆ Gα

and cf(α) = µ, there is an increasing continuous sequence 〈γε : ε < µ〉 of ordinals < α with limit α
such that yε ∈ Gγε+1 .

Let H∗ε =
⊕
{Zyζ : ζ < ε} for ε < µ, H∗µ = Gα, H∗µ+1 = Gα + Hα as required. E.g., why is

H∗µ+1/Hε free? As Gα+1/Gαε+1 is free by (∗)1, also Gα/H
∗
ε is free since {yζ + H∗ε : ζ ∈ [ε, µ)} is

a free basis. But H∗ε ⊆ Gαε+1
⊆ Gα hence Gαε+1/H

∗
ε is free. Together, Gα+1/H

∗
ε is free which

implies that its subgroup H∗µ+1/Hε is free as promised.]

We can find H∗ and 〈Hη, hη : η ∈ µ≥2〉 such that:

1. H∗ =
⊕
{Zxt : t ∈ I} and |I| = µ,

2. I is the disjoint union of {Iη : η ∈ µ>2},

3. |Iη| = rk(H∗lh(η)+1/H
∗
lh(η)) for η ∈ µ>2,

4. Hη =
⊕
{Zxt : t ∈

⋃
{Iη�ε : ε < lh(η)}} ⊆ H∗ for η ∈ µ>2,
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5. hη is an isomorphism from Hlh(η) onto Hη, and

6. hη�ε ⊆ hη if ε < lh(η), η ∈ µ>2.

Now we can find 〈H+
η , h

+
η : η ∈ µ2〉 such that

7. Hη ⊆ H+
η , and

8. h+η is an isomorphism from H∗µ+1 onto H+
η extending hη.

Without loss of generality

9. H+
η ∩H∗ = Hη,

so there is

10. H∗η which extends H+
η and H∗ such that H+

η ∪H∗ generates H∗η and H∗η/H∗ is isomorphic to
H∗η/Hη.

Lastly, without loss of generality,

11. the sets 〈H∗η\H∗ : η ∈ µ2〉 are pairwise disjoint,

so there is an Abelian group H such that

12. H∗η ⊆ H for η ∈ µ2,

13. H/H∗ =
⊕
{H∗η/H∗ : η ∈ µ2}, and

14. H has cardinality 2µ = κ.

Next we note

15. H is κ-free.

[Why? Note that
⋃
{H+

η : η ∈ µ2} includes {xt : t ∈ I}. Therefore, the subgroup it generates
includes H. Let H ′ ⊆ H be a sub-group of cardinality < κ ≤ µ. Thenthere are ηi ∈ µ2 for i < µ
such that H ′ ⊆

∑
{H+

ηi : i < µ} and j < i ⇒ ηi 6= ηj . We can choose ζ(i) < µ by induction on
i < µ such that 〈{ηi�ε : ε ∈ [ζ(i), µ)} : i < µ} is a sequence of pairwise disjoint sets.

For each i, let H∗∗i ⊆ H+
ηi be such that H+

ηi = H∗∗i ⊕ Hηi�ζ(i). Let us define H ′i for i ≤ µ
by: H ′0 ⊆ H is generated by {xt : t ∈ I but t /∈

⋃
{Iηi�ε : i < µ and ε ∈ [ζ(i), µ)}} and H ′i is⊕

{H∗∗j : j < i} ⊕H ′0. Clearly H ′ ⊆ H ′µ ⊆ H, 〈H ′i : i ≤ µ〉 is increasing continuous, H ′0 is free and
H ′i+1/H

′
i
∼= H∗∗i is free. It follows that H ′µ is free, hence H ′ ⊆ H ′µ is free. So clause 15. holds.]

Let 〈ηα : α < κ〉 be a list of µ2, let H∗∗α ⊆ H be
∑
{H+

ηβ
: β < α}+H∗ such that H̄∗∗ = 〈H∗∗α :

α < κ〉 is a filtration of H, and Γ(H̄∗∗) = κ and H∗∗α+1/H
∗∗
α+1 is isomorphic to H∗µ+1/H

∗
µ. Thus, it

is not free and not Whitehead. Hence, by [2, Ch.XII, 1.10, p. 369], H is not Whitehead. So H is
κ-free (see clause 15., considering that the cardinality is κ and H is not Whitehead, so not free)
the desired conclusion of the theorem. So indeed, without loss of generality, the desired conclusion
of Stage D holds.
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Stage E. The cardinal µ is singular: By the earlier stages, we know that cf(µ) = σ, that α ∈ S
implies cf(α) ≤ θα < µ, and that α ∈ S implies that σ = cf(α).

Stage F. Let σ = cf(µ), so σ is regular < µ; also choose θ = cf(θ) < µ such that S∗1 := {δ ∈ S :
θδ = θ} is stationary. Note that µ = µ<σ as GCH holds (keep in mind that σ = cf(δ) and if δ ∈ S,
then cf(δ) = σ by (∗)7). We shall now use [6, §3] and its notation, cf. also Theorem 5 and Claims
6 and 8 below.

By Theorem 5, we can find a κ-witness x, so it consists of n ≥ 1, S, 〈Bη : η ∈ Sc〉, 〈s`η : η ∈
Sf , ` < n〉, as in [6, 3.6] (the (λ, κ+, S) of [6, 3.6] will have to be instantiated by (κ,ℵ1,S) here),
such that

(∗) 〈α〉 ∈ S is equivalent to α ∈ S∗1 , i.e., W (〈 〉,S) = S∗1 .

We continue to use the notation of [6, §3]. Clearly, if α ∈ S∗1 , we get that λ(〈α〉,S) ≤ µ. Thus,
since it is regular, it must be strictly smaller than µ, and so, without loss of generality, constant
(in fact, it is θ by the proof). Now we apply Claim 8 with λ = κ.

Why does clause (d) of Claim 8 hold? If θ > ℵ0, by [6, 1.2], the group Gx(〈α〉), derived
from x(〈α〉) is a λ(< ∞,Sx)-free non-free Abelian group of cardinality λ(〈α〉,Sx) = θ, so is not
Whitehead by the assumption on κ from the statement of the theorem; note that Gx(〈α〉) was
derived in some way from Hα/(Hα ∩ Gα), but it is not necessarily equal to it. If θ ≤ ℵ0, then
Gx(<α>) is a non-free (Abelian) countable group hence is not Whitehead.

So the assumption of Claim 8 says that there is a strongly κ-free Abelian group G of cardinality
κ by the theorem’s assumption which is not Whitehead, so we are done. q.e.d. (Theorem 4)

Recall from [5, §5], [6, §3] or [2] the following theorem:

Theorem 5. For any λ > ℵ0 the following conditions are equivalent:

(a) There is a λ-free not free Abelian group.

(b) PT(λ,ℵ1).1

(c) There is a λ-witness x as in [6, 3.6, 3.7]; so x consists of

(α) a natural number n,

(β) a so-called λ-set S ⊆ {η ∈ n≥λ : η decreasing} closed under initial segments (cf. [6, 3.1]),

(γ) a disjoint λ-system B̄ = 〈Bη : η ∈ Sc〉 (cf. [6, 3.4]),

(δ) s̄ = 〈s`η : η ∈ Sf , ` < n〉, etc.

(d) Without loss of generality,
⋃
{Bη : η ∈ Sc} = λ, so S = Sx, etc.

(e) Let 〈a`η,m : m < ω〉 be a listing of s`,xη with no repetition for η ∈ Sx
f and ` < n such that

• a
`(1)
η(1),m(1) = a

`(2)
η(2),m(2) implies `(1) = `(2) and m(1) = m(2), and

• m < m(1) implies a
`(1)
η(`),m = a

`(2)
η(2),m,

1This means: “There is a family P of countable sets of cardinality λ with no transversal (i.e., a one-to-one choice
function) but any subfamily of cardinality < λ has a transversal.”
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so, without loss of generality, a`η,m < a`η,m+1 for every relevant η, `, and m; also δ =
sup

⋃
{s0,xη : 〈δ〉 E η ∈ Sf} when 〈δ〉 ∈ Sf and η 7→ λ(η,Sx) and η 7→ W (η, Sx) are well

defined.

The following definition and claim were used but not named in [6]:

Claim 6. For a λ-witness x and ν ∈ Sx, we define xν = x(ν) by

nx(ν) = nx − lh(ν),

Sx(ν) = {η : νaη ∈ Sx},
Bx(ν)
η = Bx

ηaν , and

s`,x(ν)η = s
lh(ν)+`,x
νaη

.

For a λ-witness x let Gx be the Abelian group G{〈α〉:α∈W (〈 〉,Sx)} defined inside the proof of [6, 1.2].

Remark 7. We may use the following:

1. For a λ-witness x let Kx := {I ⊆ Sx : I is a set of pairwise /-incomparable sequences such
that {β : ηa〈β〉 ∈ I} is an initial segment of W (η, S) for any η ∈ S}.

2. For a λ-witness x and I ∈ Kx, let Y [I] and GI be defined as in the proof of [6, 1.2] (before
Fact A). We may write η instead of I = {η}.

Claim 8. Assume that

(a) µ is singular strong limit cardinal, λ = µ+ = 2µ, and σ = cf(µ),

(b) S ⊆ {δ < λ : cf(δ) = σ} is stationary,

(c) x is a λ-witness (cf. Theorem 5) with W (〈 〉,S) ⊆ S,

(d) for each α ∈W (〈 〉,S), the Abelian group Gx(〈α〉) is not Whitehead (where Gx(〈α〉) is defined
as in the proof of [6, 1.2]).

Then

1. there is a strongly λ-free Abelian group G of cardinality λ which is not Whitehead, in fact
Γ(G) ⊆ S, and

2. there is a strongly λ-free Abelian group G∗ of cardinality λ satisfying HOM(G∗,Z) = {0}, in
fact Γ(G∗) ⊆ S (even the same Abelian group suffices).

In our notation, we rely here on [6, §3]. This means that in clause (d), Gx(〈α〉) is the Abelian
group defined from x(〈α〉). If the reader does not like clause (d) of Claim 8, he or she can replace
it by “λ is as in Theorem 4”.

Proof. We start by proving 1.: let S = Sx, etc. Without loss of generality, we have

(∗)0
⋃
{Bx

η : η ∈ Sc} = λ.
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Let H (λ) =
⋃
α<λ

Mα where Mα ≺ (H (λ),∈) has cardinality µ, is increasing continuous with α

such that µ+ 1 ⊆M0 and 〈Mβ : β ≤ α〉 ∈Mα+1.
Let S0 = {δ ∈W (〈 〉,S) : Mδ ∩λ = δ}. Since W (〈 〉,S) is stationary and {δ < λ : Mδ ∩λ = δ} is

a club of λ, clearly also S0 is a stationary subset of λ. Since as µ is strong limit (and so µ = µ<σ),
for each δ ∈ S0, we get

(∗)1 if Y ⊆Mδ, |Y | < µ and cf(δ) = σ, then there is an increasing continuous sequence 〈Xi : i < σ〉
of subsets of Y with union Y such that Mδ ⊇ {Xi : i < σ}.

If α ∈W (〈 〉,S), then λ(〈α〉, S) ≤ µ < λ; therefore, for some θ, we have that

(∗)2 θ is regular < µ and the set S1 = {δ ∈ S0 : λ(〈α〉, S) = θ} is stationary.

For each δ ∈ S1, clearly x(〈δ〉) is a θ-witness. Now define

(∗)3 Xδ := {(ρ, s) : ρ ∈ S
x(〈δ〉)
f (i.e., is /-maximal in Sx(〈δ〉)) and s is a finite initial segment of

s0〈δ〉aρ which is a set of members of B〈δ〉 of order type ω}.

Then clearly,

(∗)4 Xδ ⊆Mδ has cardinality θ.

We can find X̄δ such that

(∗)5 X̄δ = 〈Xδ,i : i < σ〉 is as in (∗)1 above, i.e., is ⊆-increasing continuous. Thus, Xδ,i ∈
Mδ, |Xδ,i| ≤ θ. If we define Xδ,σ :=

⋃
{Xδ,i : i < σ} we have Xδ,σ = Xδ, we obtain that

(∗)6 Zδ,i := {(ρ, |s|) : (ρ, s) ∈ Xδ,i} for i ≤ σ.

We define an equivalence relation E on S1 by:

(∗)7 δ1E δ2 iff

(a) S〈δ1〉 = S〈δ2〉 (equivalently, Sx(〈δ1〉) = Sx(〈δ2〉)), and

(b) for each i < σ we have Zδ1,i = Zδ2,i.

Clearly, E is an equivalence relation. We have that θ < µ and µ is strong limit, and thus E has
≤ 2θ < µ < λ equivalence classes. Therefore, for some δ∗ ∈ S1, S2 := δ∗/E is a stationary subset
of λ. Clearly, there is F ∈ M0 which is a one-to-one function with range ⊆ {δ : δ < λ, δ = µδ
is < λ but > 0} and with domain H (λ). Thus, for every δ ∈ S2, the function F maps Mδ onto
Rang(F )∩δ. Furthermore, without loss of generality, if %1/%2 are from λ>H (λ) then F (%1) < F (%2)
and F (〈Xδ,j : j ≤ i〉) is > sup{s ∪ Rang(ρ) : (ρ, s) ∈ Xδ,i}.

Let α∗δ,i = F (〈Xδ,j : j ≤ i〉) for δ ∈ S2 and i < σ. Then clearly 〈α∗δ,i : i < σ〉 is increasing with

limit δ by the choice of F and of S2, as δ = sup
⋃
{s0,xη : 〈δ〉 E η ∈ Sf} (cf. Theorem 5). By [8, 4.2],

we can find 〈(νδ,1, νδ,2) : δ ∈ S2〉 such that

~ (a) νδ,` ∈ σµ,

(b) νδ,1(i) < νδ,2(i) for i < σ, and
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(c) if c : λ → 2θ + σ, then for stationarily many δ ∈ S2 we have: if i < σ and ε < θ, then
c(α∗δ,i + µε+ νδ,1(i)) = c(α∗δ,i + µε+ νδ,2(i)).

Let y = x�S′ where S′ = {〈 〉} ∪ {ρ ∈ S : ρ 6= 〈 〉 and ρ(0) ∈ S2}.
Now at last we shall define the group. Essentially it will be similar to the group Gx (cf. Claim

6) as defined in the proof of [6, 1.2] from the system x, restricted to S′. However, in the proof in
[6, 1.2] (before Fact A) in (∗)aI,η, we used 2yη,m+1 = yη,m +

∑
{x[a`η,m]) : ` < n and a`η,m ∈ Y [I]};

in this setting, we replace x[a`η,m] by the difference of two, related to ~; this may become clearer
after reading the proof. The λ-freeness will be inherited from S being λ-free. The fact that the
group is non-Whitehead will come from ~.

For δ ∈ S1 let gδ : Sx(〈δ〉) → θ be a one-to-one function, so by the choice of S2, there is some g
such that if δ ∈ S2, we have gδ = g.

We continue as in [6, §1]: for each η ∈ Sf and ` < n, we have that 〈a`η,m : m < ω〉 is a listing

of s`η ⊆ Bη�(`+1). We let Y =
⋃
{Bν : ν ∈ Sc}\Bx

〈λ〉. For η ∈ Sf and m < ω, we let im(η) be the

minimal i such that (η�[1, n), {a0η,` : ` ≤ m}) ∈ Xη(0),i. Finally, we define G as the Abelian group
generated by

Ξ = {yη,m : m < ω and η ∈ S′f} ∪ {x[a] : a ∈ Y } ∪ {zβ : β < λ}

freely except for the following equations: Let η ∈ S′f and m < ω, and define δ := η(0) ∈ S2 as well
as i := im(η). Recall the function g : Sf → µ such that g � {η ∈ Sf : η(0) = δ} is one to one, and
α∗δ,i = F (〈Xδ,j : j ≤ i〉). Then our equations are:

2yη,m+1 = yη,m +
∑
{x[a`η,m] : 0 < ` < n}

+zα∗δ,i+µg(η)+νδ,2(i)
−zα∗δ,i+µg(η)+νδ,1(i)

For α ≤ λ let Gα be the subgroup of G generated by

{yη,m : m < ω and η ∈ S′f and η(0) < α}⋃
{x[a] : a ∈ Y ∩ α and a+ 1 < α}⋃
{zβ : β < α and β + 1 < α}.

We get easily that

⊕1 Gα is a pure subgroup of G, increasing continuous with α, and

⊕2 if δ ∈ S2, then Gδ+1/Gδ is isomorphic to Gx(〈δ〉) (which is not Whitehead).

[Why? By clause (d) of the assumption; at first glance, it seems that the set of generators and
equations in the proof of [6, 1.2] and in this proof are different. But note that only yη, 〈α〉 / η ∈ Sf
and x[a], a ∈

⋃
{s`η : ` ∈ [1, n), 〈α〉 E η ∈ Sf} appear in the equation. Alternatively, use Remark 7

and prove Gα+1/Gα is isomorphic to Gx,α+1/Gx,α in the notation of [6, 1.2]; again note that the
zα here and x[a] for a ∈

⋃
{s0,xη : η ∈ Sf} disappear.]

Now recall that

⊕3 G is strongly λ-free, moreover if α ∈ λ\S2 and β ∈ (α, λ) then Gβ/Gα is free.

[Why? As in the proof of Fact A in the proof of [6, 1.2].]
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⊕4 G is not Whitehead.

[Why? We choose (Hα, hα, gα) by induction on α ≤ λ such that

(a) Hα is an Abelian group extending Z,

(b) hα is a homomorphism from Hα onto Gα with kernel Z,

(c) gα is a function from Gα to Hα inverting hα (but in general not a homomorphism),

(d) Hα is increasing continuous with α,

(e) hα is increasing continuous with α,

(f) gα is increasing continuous with α, and

(g) if α = δ + 1 and δ ∈ S2, then there is no homomorphism g∗ from Gα into Hα inverting hα
such that:

� if i < σ and ε < θ, then

g∗(zα∗δ,i+µε+νδ,1(i))− gδ+1(zα∗δ,i+µε+νδ,1)

= g∗(zα∗δ,i+µε+νδ,2(i))− gδ+1(zα∗δ,i+µε+νδ,2(i)).

(Note that the subtraction is in Z, the kernel of hα.)

For α = 0 or a limit ordinal and α = β + 1, β /∈ S2, this is obvious. For α = δ + 1, δ ∈ S2

it is known that if instead of � in clause (g) we know g∗�Gδ, this is possible. But � gives all the
necessary information.

Let us give more details: letG′δ be the subgroup ofGδ generated by {zα∗δ,i+µε+νδ,2(i)−zα∗δ,i+µε+νδ,1(i) :

ε < θ and i < σ}. Let G′δ+1 be the subgroup of Gδ+1 generated by G′δ ∪ {yη,m : 〈δ〉 E η ∈ S′f}.
Clearly, G′δ is a pure subgroup of G′δ+1 and of Gδ and

Gδ+1 = G′δ+1⊕
G′δ

Gδ.

Let H ′δ = h−1δ (G′δ), clearly hδ�H ′δ is a homomorphism from H ′δ onto G′δ with kernel Z. Clearly,

⊕4.1 if g′, g′′ ∈ Hom(Gδ, Hδ+1) invert hδ and both satisfy � of clause (g), then g′�G′δ = g′′�G′δ.

So |Gδ| ≤ 1 where

Gδ = {g�G′δ : g is a homomorphism from Gδ to Hδ

inverting hα and satisfying � in clause (g)}.

Let g∗ be the unique member of G if G is non-empty, and otherwise let it be any homomorphism
from G′δ into H ′δ inverting hδ�H ′δ (this exists as G′δ is free). We now choose (H ′δ+1, h

′
δ+1) such that

H ′δ ⊆ H ′δ+1, h′δ+1 ∈ Hom(H ′δ+1, G
′
δ+1), h′δ+1 has kernel Z, h′δ+1 extends hδ�G′δ, and g∗ cannot be

extended.
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Next, without loss of generality, H ′δ+1 ∩Hδ = H ′δ. Let

Hδ+1 = H ′δ+1 ⊕
H′δ

Hδ,

and let hδ+1 ∈ Hom(Hδ+1, Gδ+1) extend hδ, h
′
δ+1. Let gδ+1 ⊇ gδ invert hδ+1 but is not necessarily

a homomorphism. So we have chosen (Hα, hα, gα) such that the following holds: if Gδ 6= ∅, then
we cannot find g′ ∈ Hom(G′δ+1,Z) inverting hα such that g′�G′δ ∈ Gδ. This suffices for carrying out
the induction.

Having carried out the induction, clearly h = hλ is a homomorphism from H = Hλ onto Gλ = G
with kernel Z. To show that G is not a Whitehead group, it suffices to prove that h is not invertible
as a homomorphism. But if g ∈ Hom(G,H) inverts h then x ∈ G⇒ g(x)− gλ(x) ∈ Z.

We define a function f with domain λ as follows: for α < λ and ζ < µ, we let

f(µα+ ζ) = 〈g(zµ2α+µε+ζ)− gλ(zµ2α+µε+ζ) : ε < θ〉.

So for stationarily many δ ∈ S2, we have that if i < σ, then f(α∗δ,i + νδ,1(i)) = f(α∗δ,i + νδ,2(i)).
For any such δ, we get a contradiction by clause (g) of the construction, so we have proved ⊕4.
This finishes the proof of part (1), as G = Gλ is as required.

For the proof of part 2., we can use the following:

� for regular uncountable λ, the following conditions are equivalent

(a) every λ-free Abelian group of cardinality λ is Whitehead, and

(b) for every λ-free Abelian group of cardinality λ we have that Hom(G,Z) 6= 0.

[Why? If (a) and G as in (b), let h be a pure embedding of Z into G, let G′ = G/Rang(h) and use
the definition of “G′ is a Whitehead group”. If G,H and h ∈ Hom(H,G) form a counterexample,
then we can find a purely increasing continuous sequence 〈Gα : α ≤ λ〉 and 〈xα : α < λ〉 such that
{xα : α < λ} = {x ∈ Gλ : Zx is a pure subgroup of Gλ} and for each α, there is a pure embedding
hα of H into Gα+1 such that h(1Z) = xα and

Gα+1 = Gα ⊕
Zxα

hα(H).

Easily Gλ contradicts clause (b).] q.e.d. (Claim 8)
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