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It is well known that the spectral distribution ', of a Wigner matrix converges to Wigner’s semicircle
law. We consider the empirical process indexed by a set of functions analytic on an open domain of
the complex plane including the support of the semicircle law. Under fourth-moment conditions, we
prove that this empirical process converges to a Gaussian process. Explicit formulae for the mean
function and the covariance function of the limit process are provided.
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1. Introduction and main results

A complex Wigner matrix of size n is a Hermitian matrix W, = (x;;)i<; <, Where the
upper-triangle entries (x;;)1<j<j<, are independent, zero-mean complex-valued random
variables satisfying the following moment conditions:

(i) for all i, E|x;|> = 02> 0;
(ii) for all i < j, Ex;]* =1 and [Ex?]. =0.

The set of these complex Wigner matrices is called the unitary ensemble (UE). Similarly, a
real Wigner matrix of size n is a real symmetric matrix W, where the upper-triangle entries
(x;j)1=i=j=<n are independent, zero-mean real-valued random variables satisfying the following
moment conditions:

(i) for all i, E|x;|> = 02> 0;
(i) for all i <, [E|x,»j|2 =1.

The set of these real Wigner matrices is called the orthogonal ensemble (OE). In both cases,
the entries are not necessarily identically distributed. If, in addition, the entries are Gaussian
(with 02 =1 and 2 for the UE and OE, respectively), the above ensembles are the classical
Gaussian unitary ensemble (GUE) and Gaussian orthogonal ensemble (GOE) of random
matrices.
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The empirical spectral distribution F, is the empirical distribution generated by the n
eigenvalues of the normalized matrix n~'/2W,. This distribution is supported by the real
line. Wigner (1955, 1958) first proved that as n — oo, EF, converges to the semicircle law
whose density function is given by

F(dx):%v4—x2dx, x €[-2,2].

It was later established that F, converges to F also in probability and almost surely. A review
can be found in Bai (1999).

The problem of the convergence rate has been considered more recently, and several
results are proposed in Bai (1993), Costin and Lebowitz (1995), Johansson (1998),
Khorunzhy et al. (1996), Sinai and Soshnikov (1998) and Bai et al. (2002). However, the
exact convergence rate remains unknown for Wigner matrices. Results from numerical
simulations lead to a ‘folklore conjecture’ of a rate of the order of O(1/n).

It thus seems natural to consider the asymptotics of the empirical process G,(x)
= n(F,(x) — F(x)). However, there is plenty of evidence to show that the process G,
cannot converge in any metric space. Thus, we have to draw back a little and consider the
linear functionals of the process G,(x).

More precisely, let u(f) denote the integral of a function f with respect to a signed
measure u. An open set U of the complex plane including the interval [—2, 2], the support
of F, will be fixed throughout this paper. Next, define A to be the set of analytic functions
f :U — C. We then consider the empirical process G, := {G,(f)} indexed by A, that is,

o0

Gu(f) = nJ SLF, — F](dx), feA (1.1)
To study the weak limit of G,, we need further conditions on the moments:
Condition 1.1 Homogeneity of fourth moments. M = E|x;|* for i # j;

Condition 1.2 Uniform tails. For any n >0, as n — oo,
1 4
iz 2 E [l v | = o)
ij

Note that Condition 1.2 implies the existence of a sequence 7, | 0 such that
/)™ " L 1y =iy ] = 0(1). (1.2)
i.j

The main result of this paper is that the empirical process G, converges to a Gaussian
process. As a consequence, for any p elements fi, ..., f, of A, the finite-dimensional
central limit theorem (CLT) holds, that is, the vector [G,(f1), ..., Gu(f),)] converges
weakly to a p-dimensional Gaussian distribution.

Let {7} be the family of Chebyshev polynomials and define, for / € A and any integer
(=0,
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w(f)==£;J7 F(2cos())e™ do

1 J" 1 1
=—1| [f(2cos(0))cos({0)do = —J fQHT(t) —=dt. (1.3)
2n ) 5 )1 V1—¢2

In order to give a unified statement for both ensembles, we introduce the parameter x with
values 1 and 2 for the complex and real Wigner ensemble, respectively. Moreover, set
B = E(Jx12]> — 1)> — k. In particular, for the GUE we have x = ¢ = 1 and for the GOE we
have k = 02 = 2, and in both cases 8 = 0.

Theorem 1.1. Under Conditions 1.1 and 1.2, the spectral empirical process G, = (G,(f))
indexed by the set of analytic functions A converges weakly to a Gaussian process
G :={G()) : | € A} with mean function

K —

-1 1
E[G()] == {/@)+ [(-D} == no(/) + (0> =0y + fra(f), (1)

and covariance function c(f, g) = E[{G(f) — EG(f)}{G(g) — EG(g)}] given by

o(fs ) = (07 = n(NT(Q) +260(/)ra() + kY 1 f)Te(g) (1.5

=1

1 2 2
= HJ,Z J,zf’(t)gl(S)V(t’ s)dzds, (1.6)

where

4—ts+ (4 — )24 —sH)/2
4 — tg — (4 _ t2)1/2(4 _ S2)1/2 '
(1.7)

V(t, s) = <02 — K+ %ﬂm) e T /e Klog(

Note that our definition implies that the variance of G(f) equals c( f, f). Let d,(d?) be
the Dirac measure at a point @. The mean function can also be written as

GO = | r@ov), (19
with signed measure
av(n) =" [0u(dn + 0, (d)]

+1 K—1
b1 2

+ (0% - K)Tz(f)+,3T4(f)} I-1(nde. (1.9)

1
V1—1¢
In the case of the GUE and GOE, the covariance reduces to the third term in (1.5). The
mean E[G(f)] is thus always zero for the GUE, and for the GOE we have
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ELG(/) = § (/@) + (-2} ~ 370(/)

Therefore the limit process is not necessarily centred.

Gaussian fluctuations in random matrices are considered by various authors, starting with
Costin and Lebowitz (1995). Johansson (1998) considers an extended random ensemble
whose entries follow a density proportional to exp[—ntr{ ¥V (W)}], where V is a polynomial
of even degree with positive leading coefficient. He established a CLT for the linear spectral
statistics. Therefore the Gaussian ensembles are special cases of both Johansson (1998) and
the present paper. For these ensembles, our theorem applied to polynomials coincides with
the results of Johansson; see Section 6 for a detailed comparison.

Another related work is Khorunzhy er al. (1996), where the authors consider the
orthogonal ensemble (with general entries) and established a CLT for n{s,(z) —
Esu(z1), ..., su(zg) — Esn(zy)}, where ¢ is an arbitrary integer, z; are complex numbers
such that |¥(z;)|=2 and s, is the Stieltjes transform (or resolvent) s,(z) =
Lte(W,/\/n—zI)"'. This CLT is very close to Proposition 4.1 below, corresponding to
the finite-dimensional convergence part of our Theorem 2.1. Note that Proposition 4.1 is
applicable without the restriction |¥(z;)| = 2 so that the points z; can approach the real axis
in a well-controlled manner. This improvement is fundamental for the contour integration
used for the derivation of the main Theorem 1.1 from Theorem 2.1. It is also worth
noticing that in many applications the functional CLT given in Theorem 1.1 is more useful
than the (finite-dimensional) CLT for the resolvent given in Proposition 4.1 (or in
Khorunzhy et al. 1996).

Consider, for example, a bivariate function f(x, ) and the stochastic process

n 2
20 =Y fGu )= fis 0F@).
k=1 -

If both /" and Of (x, f)/Ot are analytic in x over a region containing [—2, 2], it follows easily
from Theorem 1.1 that Z,(#) converges to a Gaussian process. Its finite-dimensional
convergence is exactly the same as in Theorem 1.1, while its tightness can be obtained as a
simple consequence of the same theorem. However, such a result does not follow from the
results of Khorunzhy et al. (1996). Processes like Z,(f) are of undoubted importance for
applications of the random matrix theory.

A third related work is Sinai and Soshnikov (1998). Assume p = p(n) — oo and
p/+/n — 0. These authors establish a CLT for tr(2~'n~'/2W,)? — Etr(2~'n~'/2W,)? under
the assumptions that the underlying variables are symmetric and have all moments
satisfying an appropriate growth condition. They also prove that for f analytic on the disc
of radius 2, the centred random variable G,(f) — E[G,(f)] has a Gaussian limit. However,
neither the mean function nor variance function of the Gaussian limit is provided.

This paper is organized as follows. In Section 2 we give the main steps necessary to
prove Theorem 1.1. In particular, Theorem 2.1 will be introduced as an intermediate result.
We then introduce the truncation tool leading to a preliminary simplification of the proofs.
Some useful inequalities and a standard formula are also presented. Sections 3 and 4 are
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devoted primarily to the proof of Theorem 2.1. Also a much shorter proof of Theorem 1.1
using Theorem 2.1 and a proof of (2.3) are given at different places in these two sections.

In Section 5 we derive the mean and covariance functions given in Theorem 1.1. Then in
Section 6 we present applications to linear spectral statistics and to the Gaussian ensembles.
Finally, Section 7 presents two frequently used lemmas.

2. Strategy of the proof, simplifications and known formula

2.1. Strategy of the proof

Let y be the contour formed by the boundary of the rectangle with vertex (+a =+ ivy) where
a>2and 1 = vy > 0. We can always assume that y C U with sufficiently small (but fixed)
a and vy. Then, for every x € (—a, a), by Cauchy’s theorem,

[ se
109 =354 200

Recall that the Stieltjes transform sy(z) of any function H of bounded variation on R is
defined by

su(z) = Joc dH(x), zeC":={u+iv, v>0}.

X —Z

—00

This definition applies to a probability distribution function. Also, we may analytically extend
the Stieltjes transform to the whole complex plane, except for the support of H.

Let 5,(z) and s(z) denote the extended Stieltjes transforms of F, and F, respectively.
Then

Gl f) = Jf(x)n[Fn ~ Fl(d0)

n[F, — F](dx)

zZ—X

_ Zim J fi;y % n[F, — Fl(dx)dz = ;mi f(z)dzJ

- —%ﬁf@n[sn(z) ~ s(2)de. @.1)

The reader is reminded that the above equality may not be correct when some eigenvalues of
n~'2w, fall outside the contour. However, the probability of this event decays rapidly to
zero (see below).

This representation reduces our problem to showing that the following process, indexed

by z¢[-2,2],
En(2) = nlsu(2) — s(2)], 22

converges in some appropriate space to a Gaussian process &(z), z ¢ [—2, 2]. We will show
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this conclusion by the following theorem. Throughout the paper we set Cyp= {z =
u+iv: |v| = vy}.

Theorem 2.1. Under Conditions 1.1 and 1.2, the process {&,(z); Co} converges weakly to a
Gaussian process {&(z); Co} with the mean and covariance functions given in Propositions
3.1 and 4.1 below.

Since the mean and covariance functions of &(z) are independent of vy, the process
{&(2); Co} in Theorem 2.1 can be taken as a restriction of a process {&(z)} defined on the
whole complex plane, except for the real line. Further, by noticing the symmetry
&(Z) = &(z), and the continuity of the mean and covariance functions of &(z) on the real
axes except for z € [—2, 2], we may extend the process to {&(z); Rz ¢ [—-2, 2]}.

Split the contour 7y into the union y,+v;+y,+yo, where vy, ={z=—a+iy,
n2<lylsuv}), y,={z=a+iy, n?<|y|<uvi} and yo={z=da+iy, |y|<n?}.
By Theorem 2.1 we obtain the weak convergence

| iz | ez

To prove Theorem 1.1, we need only show that for j =1/, », 0 and some event O, with

I]:D(Qn) - 19

llrfé lim sup J E|é.(2)10, |?dz=0 (2.3)
oo Jy;
and
11ran E|&(z)|* dz = 0. (2.4)
1%

The estimate (2.4) can be verified directly by the mean and variance functions of &(z). The
definition of the random event O, and the proof of (2.3) for the case j = 0 will be given in
Section 2.3, and the proof of the non-random and random parts of the limits (2.3) with j =/
and r will be given in Sections 3.1 and 4.3, respectively.

2.2. Simplification by truncation

As proposed in Bai and Yin (1988) to control the fluctuations around the extreme
eigenvalues, under Conditions 1.1 and 1.2, we will truncate the variables at a convenient
rate without altering their weak limit.

Choosing 7, according to (1.2), we first truncate the variables as X; = x;1|, |<,,/z- We
must further normalize them by setting X; = (x; — EX;)/s;, where s; is the standard
deviation of x; for i # j and os; is the standard deviation of Xj;.

Let F, and F, be the empirical spectral distribution of the random matrices n '/z(x,j)
and n 1/z(x,]) respectively. Define G, and G, similarly by means of (1.1). First, observe
that
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P(G, # G,) < P(F, # F,) = o(1). 2.5)
Indeed,
P(F, # F,) < P{for some i, j, %; # x;}

= Z P{lxs| = n.v/n}
ij

< Onv/m) D E{ ey, 3] = 0(D).
ij
On the other hand, Condition 1.1 implies that
rr}3x|1 — 5] < max\l —sl]|
= max ({1 g =7y D) + QT {1y 20|
< (n 'y 2+ Mny,°n _S)max [EClxy {1 (gl=nnyiy D] — (2.6)
Therefore, by Conditions 1.1 and 1.2,

_ M
Z E(|xy*1 = s CZ(I Y > ECG T =g, 0m) — 0
n i

Consequently, as f is analytic, we obtain

n 2 n
EIGa(f) — Gu( /)P < C[E(Z Ay —Ml) < CnEY [y — Ayl
Jj=1 Jj=1

=CnEY |n 12k — %)
iJ

Z([E\m = s, +Z|[E(x,,)|2 ] = o(1),

where )I,U- and inj are the jth largest eigenvalues of the Wigner matrices nil/z(f,»j) and
n-/ 2(x;), respectively. Therefore the weak limit of the variables (G ,(f)) is not affected if we
substitute the normalized truncated variables xj; for the original x;.

From the normalization, the variables x; all have mean 0 and the same absolute second
moments as the original variables. However for the UE, the requirement Ex? =0 is no
longer satisfied after these simplifications. Indeed, we now have [E)Elz.j = 0(1/n).

We now assume that the above conditions hold and we use x;; to denote the truncated and
normalized variables x;.

Let Aoy be the smallest or the largest eigenvalue of the matrix n~ /2, (defined by the



1066 Z.D. Bai and J. Yao

truncated and normalized variables). An important consequence of the truncation (see the
proof of Theorem 2.12 in Bai 1999) is that, for any # > 0 and 7 > 0,

P(B)) = o), By={leu(n” " Wy)| =2+ n}. @7
This property will be used in the proof of Corollary 7.3 below.

2.3. The proof of (2.3) for j =0

If we choose O, C B¢, then, when O, happens, for any z € yo we have [s,(z)| < 2/(a —2)
and |s(z)| < 1/(a — 2). Hence,

J El6,(2)10.12 < 4n2/(a — 2) |yl = 4n'@/(a — 2) — 0.
Yo

2.4. Known formulae and easy consequences

The Stieltjes transform s(z) of the semicircle law F is given by s(z) = —%(z— Vz2 —4)
which satisfies the equation s + sz + 1 = 0. Here /z is the square root of z with positive
imaginary part. By the symmetry principle, the extended Stieltjes transform of the
semicircle law can be found by solving s(z) = s(Z), if Iz < 0. To prove Theorem 2.1, we
only need to show that &,(z)15: = &(z) on Coy with B, defined in (2.7).

Define D = (n~'/2W, —zI,)"". Let ay be the kth column of W, with x4 removed and
W.(k) the submatrix extracted from W, by removing its kth row and kth column. Define
Dy = (n"'"2W,(k) — zI,_1)"". Let A* be the adjoint of 4 and define the auxiliary variables

Br = —n Pxg+z+ n’la’,':Dkak, (2.8)

b 2.9

&= Z e @9
Xk 1

ex :ﬁ—;a}tDkakJr[Esn(z). (2.10)

The Stieltjes transform s,(z) of F, has the representation

1 (W, -
Su(z) = ftrD = tr( n>

N
1< 1 1
:—;;E:—m‘i‘é(z). (211)
In particular,
Es,(z) = s(z + ES(z)) + ES(2). (2.12)

Moreover, under Condition 1.1, we have for z € Cy and some generic constant K,
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IES(z)| < Kn™'. (2.13)
This entails, in particular,
|Esn(z) — s(z)| < Kn~". (2.14)
Secondly, for any p > 1 such that sup; ; E|x;|? < oo,
Flak Dyay — trDy|? < KnP/?, (2.15)
EltrD; — EtrDy|? < Kn?/2. (2.16)

Inequality (2.13) follows from (4.26) of Bai (1993), and (2.15) and (2.16) follow from
Lemmas 2.1 and 2.6 of Bai ef al. (2002).

Finally, let us mention a ‘trick’ frequently played on the matrix D or Dy: as W, is
Hermitian (or real symmetric), the eigenvalues of D are of the form 1/(4; — z) w1th real 4;.
All these values are then bounded by 1/v, so that |trD| < n/v and |trDD| < n/v>. Another
useful equality from this spectral decomposition of D is the following differentiation rule
(with respect to z): dD(z)/dz = D?(2).

3. The mean function of &,

An expansion from (2.12) gives for the mean function b,(z) := E&,(2),
bu(2) == n[Es,(2) — 2] = [1 + 5 (1n ES){1 + o(1)}.

Let the index k& always run from 1 to n. When we derive a bound or a limit for some
expression g depending on k (e.g. trDy), the result holds uniformly in k (i.e. the bound or
the limit is independent of k), so that the same is true for the mean n='(g; + ... + g,).

Proposition 3.1. The mean function b,(z) uniformly tends to

b(z) = [1 +5'(2)]°(D)0% — 1 + (x — 1)s'(2)B5*(2)]
for z € Cy and for both the UE and OE.

Proof. By definition,

no(3) = Z T BT

We aim to prove that n[Ed tends to a limit d(z) = s3(z)[0? — 1 + (k — 1)s'(2)Bs?(2)]. Using
the identity
er b+l

ﬁ—’— uP(u—¢)

1 e
=—|14+—-+4+... +
u u

u—=e&

for any integer p, we obtain
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n n

— €k
W= RGP Z[z+Esn(z)]3 Zﬂk[z+[ESn<z)P

=851+8+S;.

First, we prove that ES; = o(1). We have |5, = v because

Xick _
|ﬁk| = ’Z———l— n latDkOLk

NG

Xk 1%
21m<z—+n ay Dray
Vn

=u(l + nila}';DkEkak).

Therefore, by Lemma 7.2 below,
ESs| < v |z + Esa(z)| P EY 3] = o(1).
k=1
For ES; we have

Ee, = [E<)\C/k%— n akaak> + [ES,,(Z)

= n '[EtrD — EtrDy].
On the other hand,

14+ nla¥Dia
trD —trD), = o k kT

n1\Pxy —z—nlafDroy
By inequalities (2.15) and (2.16), it is easy to see that

1/2

_ _ L,
n Xk —2Z—n la}‘:Dkakﬁfsz(Z),

1+ ntayDioy =1+ [n'a}f Drag]

=yl + s'(2).
Therefore, as 5| = v it follows that
L 1 +5'(2)
trD — trDy = — ————= = §(2)[1 + 5'(2)].
e
Hence,
Es; 2 —S@)[1 + 5'(2). 3.1

For the term ES,, by the previous estimate for Ee;, we have
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Fe? = E(ex — Eex)* + O(n?2).
Furthermore, by the definition of &;, we have
e — ke = xkk/ﬁ — nil[aj;Dkak — EtrDy]
= xu/V/n — n'[af Dyay — trDy] + n” ' [trDy — EtrDy].

Therefore

2
E[er — Eex]* = ‘77 + %[E[a}kaak — Dy + % E[trD; — FtrD;]%. (3.2)

It will be proved later that
E[trD; — EtrD > — ¢(2),

for some function c(z), so that we neglect the last term in (3.2). To evaluate the second term,
let us use the notation a; = (&;) and Dy = (d;;). We have

2
[E[akaak 7tI'Dk] = E[Z dljé 5; +Z du(|§ |2 - 1)‘|
i#]

+E

— [Elz > dydaEiE &, Z di(|&]* — ]

i#] s#t

= E€)’ E&)’E lz d;
i#j

+ E&PESPE lz dijdji]

i#]

+ (& - 1>2[El§j d;

+BE + o(n). (3.3)

i,j i

Here we see the main difference between the UE and OE. For the UE, we need the
assumption [E(x ) = 0 for the original variables, which implies [E(§ ) =o(1) for the truncated
ones. Without th1s assumption, it is difficult to deal with the limit of Z = tr(DkD ).
The introduction of the parameter x, taking different values on the two ensembles, allows us
to give a unified expression for the computation above.

Noticing that

d
Z dijdji = tI‘D?C = —tI'Dk,
¥ dz

we then have
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n[Eei =0’+k [E[n_ltrDi] +BE|n! Z d?i + o(1).

Furthermore, by Lemma 7.1 below,

1 1 '
lim —trD} = lim (;ter) =s'(z), in Ly,

n

2 .
ll}gnnz d = s(z)]2 =s5(2), in L.
Hence
D Ee} =0 +k5'(2) + Bs*(2) + o(1).
k=1

Summing the three terms, we obtain
nEd(z) = s> (02 —1+(k—1)s +ﬂsz) + o(1).

The proposition is proved. O

3.1. Proof of the non-random part of (2.3) for j=1/r

Using the notation defined in this section, we proceed to prove, for j =1 or r

hm lim supJ |EE . (2)1, 2dz=0. (3.4)
uil0 oo Vi
By symmetry, we need only consider the case j = I. Let z € y,, that is, z = —a + iv with

n~% < |v| < v,. Without loss of generality we may assume that v; < a/2 — 1.
Note that Bs(z) > 0 for all z € y;. Thus, we have

V= inf R{—-(z+s(2))} = inf { ! } > 0.
z=—a-+iv,|v|<vy z=—a+iv,|v|<vy S(Z)

Let B, be the event defined in (2.7) with 5= 2(a —2). Now define O, = Bj

i {IBx] > v/3)} and B,y = {|Aex(n~>W})| = 1 + a/2}. By the interlacing theorem (see

Rao and Rao, 2001, p. 328), we have B, C B,. Multiplying both sides of (2.11) by 1, gives

the following expressions analogous to those used in the proof of Proposition 3.1:

§u(z) = — +6(2),

1
z+ Es,(2)

~ - ni 0 Ek On
no() = z+ ES,(2) Z [z+ [ESn(Z)]2 Z Bilz + Esu(2))?

=581 +85+S;, (-5
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where §,(z) = s,(z)10, and & = n~2xy — n"'a}f Dyay + ES,(2).

Note that [E$, — s uniformly on y,. From (3.5), we find that Ed(z) — 0 uniformly. Our
next goal is to show that for any fixed > 0,

P(Q;) = o(n™"), (3.6)

which is a consequence of
n
> P(Bil < v/3)=o(n"). (3.7)
k=1

Observe that |z + Es,| = 2v/3, for all large n, which, together with |3, < v/3, implies that
|éx| = v/3. Thus (3.7) follows from Corollary 7.3 below. Hence, (3.6) is proved.

_On the other hand, we have Es,(z) = s(z + Ed(2)) + Ed(2), which, together with facts that
ES — 0 and that s'(z) is uniformly bounded when |R(z)| = a/2 + 1, implies that

|ES.(2) — s(z)] < K|ES(2)].
Therefore,

n|E(sn(2) — s(2)1,

< n|s(2)|P(Q%) + n|ES,(2) — s(2)|

< o(n"") + Kn|[E(b(2))].

This reduces the proof of (3.4) to showing that ES;, j = 1, 2, 3, are all uniformly bounded on

Yi-
We obviously have that, for all large n,

[ES)| < (3/2v)nP(Q%) = o(n™"),

S| < (3/v)*272 > El&x|*1g, = O(1).
k=1

To complete the proof of (3.4), we need to prove that ES, is uniformly bounded for z € y,.
First, we have

|I’l [EgkﬂB;k

= | Etr D1 Q”U:D(B;’;k) — EtrD; 1 B,

< | E(trD — trDy)1 pe | + |Etr D o, [P(B 1)

+ ‘[EtI'Dﬂ 0 B¢

+ ‘[EtI'Dkﬂ BS, Bn|

< K+ Kn|2P(B,) + Y | P(&| =v/3, B))| < K.
k=1

Next, we have

|n [Eg‘kﬂBik - nﬂfékﬁ]Qn| = n[E|ék[ﬂQ,,Bn/( —|—ﬂQ;32k]|

< Kn[P(B) + P(Q;)] — 0.
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Hence,
ES)| < @2v/3) 7> [Eeiig,| < K.
k=1

The proof of (3.4) is then complete.

4. Convergence of the process &, =&, — E&,

In this section we consider the convergence of the random part of the process &, given by
En = {C8u(2) = &u(2) — EEu(2), z € Co}.

To this end we establish the finite-dimensional convergence and the tightness of ,(z).

4.1. Finite-dimensional convergence of ({,)

Let Fr=0(xj, k+1<i,j<n) for 0<k<n and Ex(-)=E(:|Fi). Note that the
filtration (F); is decreasing in k. Let us also mention that for each n, the entries x;
could depend on n; in that case we would have a sequence of filtrations F(" :=
(f(kn))lgksn. This possible dependence on n will be assumed throughout the paper.

The following martingale decomposition is well known (see (2.12) in Bai et al. 2002):

En(2) := En(2) — E&n(2) = trD — EtrD = zn: U,

k=1
where
up = (Ex1 —Ep)trD = (Ex—y — Eg)(trD — trDy)

= (Ex—1 — Ep)ag — Ex_1by,

; :_(1+n*1a>};Diak)gk by hy
k Bi(z+ n~1trDy) TG+ nuDy)’
gk = nil/zxkk - n’l(a’,':Dkak —trDy)
hy = n"Y(a} Diay — tr(DY)). 4.1)

We have
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1+ n'ay Diog gk

ar =
K z+ nil'[I'Dk ﬂk

_ 1+ n't(DDgx higk _(L+n'ayDiay)g;
(z+n~trDy)?  (z+4 n~trDy)? (z+ n~"trDy)*Bx

= ap t ap + ags.

By Lemma 7.2, for z € C,,

2
E

> (Ee —Ena| =Y ElE - Eanl’
k=1 k=1

n

sZ[E

k=1

(I +ntafDiay)g?
(z+ n~'trDp)*(gi — (z + n~trDy))

<0 %) Elgil* = o(D). (4.2)
k=1

We also have

2
E

Z([Ekfl —Enaw| = Z E[(Es_1 — Ex)ag)?
= =1

n

gZ[E

k=1

hiegk
(z+ n~1rDy)?

< v (Eh* ElgilH* = o(D), (4.3)
k=1

where we have used the facts that |(1+n'afDiay)/(gk — (z+ n~'trDy))| < v~ and
¥(z + n~"trDy) = v. Furthermore,

1+ n~'tre(D?%)

(Ek71 — [Ek)akl = ([Ek*l - [Ek) [_mgk

_ 1+ n~'tre(D?)
T (z + n~trDy)? gk

where the last equality follows from the fact that the conditional expectation with respect to
E, is zero. Hence,



1074 Z.D. Bai and J. Yao

z 1+ n~'te(D?)
S E |- P I
En(2) kzz:l k-1 [ G+ n D) 8k —bi| +o,(1)

= Z Er191(2) + 0,(1),
=

where we have denoted by ¢ (z) the term in the square brackets.
Let {z;, s=1,..., p} be p different points belonging to C,. The problem is then
reduced to seeking the weak convergence of the vector martingale

A, = ; Ev 1(pa(z0), - .., Pil(z,) = ; Ev 1. (4.4)

Proposition 4.1. Assume that Conditions 1.1 and 1.2 are satisfied. For any set of p points
{z¢, s =1,..., p} of Cy, the random vector (&(z1), ..., &(zp)) converges weakly to a p-
dimensional zero-mean Gaussian distribution with covariance matrix given by

2

1
. — 2 — . — . 2 — — Q.
I'(z}, z,) 52,0, {(0 K)S ;S5 + 2ﬁ(s]ss) K log(1 sjss)}
= s's! [02 — Kk +2Bs;s +L} (4.5)
Jjos Jjos (1 — Ssz)z P .

with s; = s(z;).

Proof (Part 1). We apply a CLT to the martingale A, defined in (4.4). Consider its hook
process:

Tozi 2)) = Y Ex[Ec19(z)Er1904(2)].
k=1

Then we have to check the following two conditions:
Condition 4.1. T, converges in probability to the matrix T';

Condition 4.2 Lyapunov condition. For some a > 2,

> E|Ec 19415 0.
k=1

The verification of Condition 4.1 and the computation of the limit I' are lengthy and
delayed to Section 4.4. Here we prove that Condition 4.2 is satisfied with a = 4. We will
prove that
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EY  EelllEc1pell*1 =D ElIEc1¢4]*] — 0.
k=1 k=1

Note that
IEc19ell* < KT Eem1gpu(z0)|* + ..+ |[Exc1gi(zp)]*,
so that it will be sufficient to establish that for any z € C,,

S, = Z ElEi_1¢4(2)[* — 0.
k=1

By Jensen’s inequality, we obtain S, < >_}_, E|p«(2)|*. By definition of ¢ and by, we have,
by the ‘trick’ explained at the end of Section 2,

1+ n't(D}) hi
P2 = (z + n~ltrDy)? 8k (z+ n=1trDy)
1+v! 1
< 02 ‘gk|+5|hk|a
Under Condition 1.1 and by Lemma 7.2, we thus have E|¢4(z)|* < Kn~'n?. Hence S, = o(1)
and Condition 4.2 is satisfied. O

4.2. Tightness of (¢,)

It is enough to establish the following Holder condition: for some positive constant K,
E[En(z1) — En(22)* < K|z1 — 2], z1, 22 € Co. (4.6)
By the definition of §,, we have
E|Eu(z1) — Ea(22)]* = |21 — 22 E|trD(z1) D(22) — EtrD(z1) D(z2)|*

=lz1 — 2> E[(Es1 — Ex)(trD(z1) D(z)) .
k=1

Using the formula

o of _17 of 1 —a*z! 0 := L
a =) " \-Zla (7' +Zlad*T! ) C o —afEla’
we obtain
|1+ n~'a} Di(z1) Di(z2)a|?
Bi(z1)Bi(z2)

of Di(z1)Di(z2) Di(z1 )t n of Di(z2) Di(z1) Di(z2)
nfi(z1) nfi(z2)

trD(z1)D(z3) — trDy(z1) Di(z2) =
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If M = Dy(z1)Dy(z2)Di(z1), then by Lemma 7.2 we have

o Mas I
[E‘([E"” BN
_ np(z1) nBi(z1)(z + n~'trDy)

= Kn_z[[E|a’,';Mak — tI’]W|2 + [E|a§;Dk(zl)ak — tI'Dk(Zl)|2]

< Kn~'.
Therefore,
3 E‘([Ek | Ey DD Dizas [
e - nB(z1)
Similarly,
3 [E’ (s — Ep D D) Delza [* _ o
k=1 - nﬁk(ZZ)
By a similar decomposition approach, one may prove that
n 1 —1 *D D 212
3 [E‘(Ek—l B [Ek)| + n~ ay Di(z1) Di(z2) ok
— Br(z)Bi(z2)
n —1 % 2 -1 2 2
B Z [E‘([Ek E) |1+ n~"ay Di(z1)Di(z2)ak] |1+ n='trDy(z1) Di(22)|
= - _
= Bi(z1)Bi(z2) (z1 + n71trDi(21))(z2 + n='trDy(22))

=K.
Then (4.6) follows from the above estimates and the fact that

(Ex—1 — Eptr(D(z1)D(z2)) = (Ex—1 — EQ)[tr(D(z1)D(z2)) — tr(Di(z1) Di(22))].

4.3. Conclusion of the proof of (2.3) for j =1/ r

By (3.4), to complete the proof of (2.3), we need only show that

2dz=0. 4.7)

U1 n—0o00

lim lim supJ E|(§u(2)10, — EEn(n)lg,)
Lo Yi

Using the same expansion as (4.1) and a slightly different decomposition, we have
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n

En(2)g, — EEn(n)Tg, = > (Exy — EQ)trDig,
k=1

= (Ex1 — Epuglg, + Y (Exy — EtrDilg,,
k=1 k=1

1+ nlaiDiay

Up = = Uro + Up1 + Ui

Br
where
1+ n~'tr(D?)
Uy = —————=
z+ Es,(2)
iy — afDiay —tr(D?)
n(z+Esu(2)
(1 + n ol Diay)é
Uk = —

Bi(z + Es,(2))

When z € y;, we have [trDy(z)| < nv~! < »’, and therefore

2 n

= Z [E|([Ek_1 — Ep)trDyA 0
k=1

E 2 < n*'P(Q) = o(1).

Z([Ek—l — EtrDy,
=1

Also, noticing that (E;_; — Ef)ugy = 0, to prove (4.7), we need only verify that

n 2

> (i1 — EQuygig,

k=1

E

=K, j=1,2.

Since z + E§,(z) is bounded away from 0, we have

2 n
< Kn* ) Elaf Diay — (D)1,
k=1

E

Z([Ek—l —Eurly,
=

n
< Kn Y Elaj Diag — (D)1 5,
k=1

< K/(aj2 - 1)*

and
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2

E < K> E(1+n o) lE g,

> (Eir — Euiay,
k=1

bt
3 Il 3
—_

n

= KY Elel*io, + Kmp, Y Eler*1g,0a,p=2m)
k=1 k=1

n
< K+Knd> EV2& "9, PV*(|ar?> =2n) < K.
k=1

Here we have used the fact that P(|a;|*> = 2n) = o(n™") for any fixed ¢ > 0 and uniformly in
k < n. This fact can be regarded as a consequence of Lemma 7.2.

4.4. Conclusion of the proof of Proposition 4.1

The goal is to check Condition 4.1 introduced in Part 1 of this proof. Recall that
Th(z1, 22) = >4 Ex[Ex—19#(z1)Ex—191(22)]. First, we have

1+ n~ D} 0 8k
N | S — b = — e Y
P i(2) (z+ n-1trD, 2 8k "oz \z ¥ n Dy

When z., z; € Cy and z; # z,, by exchanging the expectations and the derivation (here, the
exchangibility is a consequence of the dominated convergence theorem), we obtain

2 n
gk(zl) gk(ZZ)
To(z1, 22) = § Er|Ex -
(21, 22) 0210z, = k[ ot nuDi(z) ' 2+ n T D(z2)

and rn(zla Zl) = 1imzz—>zl Iﬂn(zla 22)'
As n'trDy(z;) — s(z;) in Ly, we obtain by substitution and using s?(z) + zs(z) + 1 = 0,

2 n
Lu(z1, 2) = ﬁ <S(21)S(22)Z B[ Ex-18x(z1) Ei1gu(22)] + Op(1)>

k=1
2
= 521822 (

To find the limit 0~f I, by the Vitali theorem (see Titchmarsh, 1939, p. 168), it is sufficient to
find the limit of I,,.
By the definition of g, we have

Ex[Ex—1gk(z0)Ex—1gk(22)]

s(z1)s(z2)T(z1, 22) + 0,5(1)).

2
X 1
= lEk %—Fﬁ [Ek_l(a}tDkak — tI‘Dk)(Zl) [Ek_l(a}tDkak — tI‘Dk)(Zg).

To evaluate the second term, by a computation similar to that leading to (3.3), we obtain
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Ex[Ex—1(af Dyay — trDi)(z1) Ex—1(af Dyo — trDy)(z2)]

=1 Y [Ex 1 Da)lEx1 Di(z2)]i + B Eie Y [Ex—1 Da(z0)]alEx—1 Di(22)]i-

ik i~k

Therefore,

~ K <
T,(z1, z2) = 0% + ;Z Z Ei—1 Di(z0)][Ex—1 Di(22)] i
=

[
ik
+%; Ex ;}EkflDk(zl)]ii[[Eklek(Zz)]ii
o ikt

=024 58 +5.. (4.8)

By Lemma 7.1, we find that
1
S — Eﬂs(zl )s(z2), in L.

In the following, let us find the limit of Sj.

4.4.1. A decomposition tool

To evaluate the sum S; in (4.8), we need the following decomposition. Let e; (j =1,
ooy k=1, k+1,..., n) be the (n— 1)-vector whose jth (or (j — 1)th) element is 1, the
rest being 0 if j < k (or j > k). By definition,

D;l(z) = n—l/ZWn(k) = Z n—1/2xijeie} _
by

Multiplying both sides by D; gives a useful identity,

zDp(z)+ 1 = Z nil/zxi,-e,-e}Dk(z). 4.9)
ik

Let (i, j) be two indices different from k. To make D; ‘independent’ of x;;, we introduce the
matrix Dy

-1
Dy = (nfl/z[W,,(k) — dy(xyerel + xjiejeh)] — zl) , (4.10)

where 0; =1 for i # j and 0;; = % The idea is that Dy; is a perturbation of Dj independent
of x;. It is easy to verify that

Dy — Dy = —Digin 2 (xjeie) + xie;e)) Dy.. (4.11)
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4.4.2. The limit of S,
From (4.9) and (4.11) we obtain

Dy = — 1+ Z n~12x;e:ei Dy — Z n~'2x;ee Dgin~ 1 (xjeie) + xjie;e)) Dy
ik Lk
n—3/2
= -1+ Z n’l/zxi,-e,-e}Dk,-j —5(2) / Z e;e;Dy
ik no Tk

= 0y(n xPLUDwy) i — (] + n (1xy* = 1s(2)) eref Dy

i,j#k
— Z niléijxlz»j(Dkg,-)j,-eie}Dk. (412)
i,j#k
Therefore,

Zy Z [Ex—1Dr(z0)][Ex—1 Di(22)]i

iL,j>k

- _ Z[[Ek,le(Zz)]n‘

i>k

+ 12 Z Xie[Ex—1Drie(z1)]e,j[Ex—1Di(22)] i
ik

n—3/2

Z [Ex—1 Di(z1)]j[Ex—1 Di(22)]i

i,j>k

—s(z1)

12— 1 e
- Z Oir Ex—y K'xldn s(zy) + |XZ| (Drie(z1)ee — S(Zl))> [Dk(zl)]ij] [Ei—1Di(z2)]i
=Y
ik

1
- > 0y Ex1x3 [ Diae(z0)]ul Di(z0)] e j[E k1 Di(22)] i
i,j>k
P

=T +D+Tx+ T3+ Ty

First, note that the term 7 is proportional to the left-hand side. We now evaluate the
contributions of the remaining four terms to the sum S; in (4.8). For 77 we have

n 23 S (B Diz)]i — s(z2)) — 0, in Lo,

k i>k
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T3 and T4 turn to be negligible (we do not provide more details here as the computations are
lengthy but elementary). 75 is not negligible and we simplify it progressively. We have

> Eea—= [Dk,é(zl)]je[[Ek 1 Di(22)]i

i,j 0>k

Eio 1—[Dkw(21)]/,[[Ek 1(Dx — Dyig)(22)]i
Lj 0>k \/_

Z Er1—= [D/a/(zl)]tz][Ek 1 Die(22)] -
i,j 0>k

= T2a+T2b~

Again the contribution from 7%, can be proved to be negligible. As for the remaining term
T>,, we have

n 2N xalEeo1 Driez0)] o [Ex1(Dk — Diae)(22)]i
P>k

=—n"" Y [Ex1 Diae(20)]ejlEi-1 Diir(22)0u(xeieh + |xyl* ered) Di(z2)]ji
i,j 0>k

=J1 + Jy,

where

ElJif = n"" Y ElIEx 1 Die(z0)1ej [ Drie(z2)] il Dic(z2))ii]
ik

12

< nl< PR e [T TEN AR S IR R D) [El(Dk(Zz))Mz)
i,j1,J2.0>k il>k

< Kn'/?.

Hence, the contribution of this term is negligible. Finally, we have

Jy=— Z Er 1|le| [ Drij(z)]e/[Ex—1 Drij(22)] el Di(22)]ii
i,j 0>k

1

—5(22) Z Ei 1*[Dk11(21)]//[[Ek 1 Drie(z2)1 ¢

iL,j 0>k

S(Zz) Z [Es—1 Dr(z0)][E—1 Di(22)]j¢ + 0 (1),

Jl>k



1082 Z.D. Bai and J. Yao

where the last approximation follows from
[Diie(z0)]ej[Ex—1 Drie(22)]j¢ = [Ex—1 Di(21)]¢;[Ex—1 Di(22)]j¢ + 0 ,5(1).

Summing the estimates of 7, i =1, ..., 4, we have proved that

20 Y [k De(e)]ylEs 1 i)

i,j>k
= —s(z1) Y [Ex1 De(z)]ylEx-1 Di2)] i — (n = K)s(z2) (4.13)
i,j>k
n—k

5(z2) Z [Er—1 Di(z0)]ij[Ex—1 Dr(22)]1i + Ri,

n ik

where the residual term Ry is of order o,(n) uniformly in k=1, ..., n. Let us define

Xi =Y [Ee1 De(z)Iy[Ex 1 Di(z)]jie

P>k
So (4.13) becomes

n—k

21X = —=s(z) Xk — (n — k)s(z2) — s(z2) X —+ Ry. (4.14)
By z1 + s(z1) = —1/s(z;), identity (4.14) is equivalent to
—k
Xi = (n— B)s(z)s(z2) + = s(z1)s(z2) X — s(z1)Ry.. (4.15)

n

Consequently,

X, — (n — k)s(z1)s(zz) — s(z1)Ry
T = BsGsz)

Summing and letting n — oo yields

1 & » 1 {
s x e 1 (s og(] — 5150,
n? k; kHSISZL 1 — 515, (s152)7 log(l — s152)

with s; = s(z;). Finally, r 2(z1, z2) converges in probability to
- 1
Tz, ) =0 — Kk + Eﬂsls2 — k(5152) og(1 — 5157).

The proof of Proposition 4.1 is then complete.
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5. Computation of the mean and covariance function of G(f)

5.1. The mean

Let v be a contour as defined in Section 1. By (2.1) and Proposition 3.1, we have

1
E(Ga(f) = = 5= ¢ f(DEE(2)dz
v

2mi

1
— EG() = —5 ¢ S(DES.(2)dz
v

1

= 5 SN+ @I — 1+ 6~ D) + s
Tt y

Select p < 1 but so close to 1 that the contour
y' ={z= —(pe? +pleT0<0< 27}

is completely contained in the analytic region of f. Note that when z runs a cycle along o’
counterclockwise, s runs a cycle along the circle |s| =p counterclockwise because
z= —(s +s71).! By Cauchy’s theorem, the above integral along y equals the integral along
y’. Thus, by changing variable z to s and noticing that s' = s?/(1 — s%), we obtain

S2

1 —s2

2

E(G(f)) = —L§ | f(=s—s s [02 —14+@x-1) +ﬂsz} ds
s|=p

By setting s = —e'? and then ¢ = cos 0, using Tj(cos 0) = cos(kf),

b f(—s—s_l)s[02—1+(;c—1)

2mi s|=1

S2

1 —s2

+ ﬁsz} ds

Ai0

1 (" . e .
=5 L{f(Z cos 6) [(oz — D 4 (= D+ ﬂe“} do

_%rf(Z cos 0) {(02 — 1)cos 260 — %(K — 1)(1 4 2 cos26) +ﬂcos4¢9} 40
0

!
:%Jlf(%)[—%(x— 1)+(02_K)T2(f)+ﬁ74(f)} dr

1 — 2
1
= =3k = Dr(f) + (@ = )2 f) + Bra( ).
Let us evaluate the difference

IThe reason for choosing |s| = p < 1 is that the mode of the Stieltjes transform of the semicircle law is less than
1; see Bai (1993).
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1 -1 2 Sz 2
7 Hls_l —ii;s_p]f(—s—s )s{a —1+(k— 1)1 0 + Bs ]ds.

Note that the integrand has two poles on the circle |s| = 1 with residuals —% f(£2) at points
s = F1. By contour integration, we have

Rl H; -
2mi [s|=1 |s|=p

K —

@+ ).

S2

1 —s?

f(—s—sl)s{az— 1+(k—1) +,3s2]ds

Putting together these two results gives formula (1.4) for F[G( f)].

5.2. The covariance

Let y;, j=1, 2, be two disjoint contours with vertex +(2 + ¢;) & iv,;. The positive values
of &; and v; are chosen so small that the two contours are contained in ¢/. By (2.1) and
Theorem 2.1, we have

VG ), Gol@) =~ S g0 E e, En(e2)izr 0
Y1 Jy2
=5 b FEengEINE, 2z bz + o)
Ty
~ ) =gz § ST, 2 b
Y1 Jy2

where I'(z;, z;) is given by (4.5).
By the proof of Proposition 4.1, we have

2

821 (922

I(zy, ) = s(zl)s(zz)f(zl, ).

Integrating by parts, we obtain

1
ofe =339

ﬁé 7 )s()sG)EGr, 2)dz des
Y1 JY2

A(Z] 5 Zz)dZ] de,

1
4 Y1972

where

Az, 2) = ()8 @) {s(zl )5(22)(07 — )+ 57 (z2) — gl — s(z)s(z2)|.
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Let v; — 0 first and then &; — 0. It is easy to show that the integral along the vertical edges
of the two contours tends to 0 when v; — 0. Therefore, it follows that

1 2 2 o B B
ofo )= —gmz | | AT ) = AT ) = aGT )+ G Dln

where th = t; £ i0. We first consider the case where f and g are real-valued on the real
axes. Recalling that s(# £10) = %(—t +iv4 — £2), we have

['(t0)g ()Is(t)s(ty) — s(1)s(ty) — s(t)s(ty) + s(17)s(13)]

= /(g (14— 2[4 - £,

[ (L) (1)s7(1) = s2(1)s* (1) = 2(1))s (1) + 7 (1)s*(1])]

= _f’(fl)g’(l‘z)ﬁtz\/él—it%\/m’
St g (22)[log(1 — s(17)s(17))

—log(1 — s(1{)s(£; ) — log(1 = s(17)s(£5) + log(1 — s(1{)s(£3))]

4—th—JE—DE= z§)>.

4—tih+/(4—-1)4-1)

1= s(t)s(8)
1= s(t7)s(7)

= f'(1)g'(t2)log

2
= f’(fl)g’(tz)10g<

We thus recover formula (1.6). Moreover, if f and g can take complex values on the real
axes, the above expression remains true since we have the decomposition f(z) = f;(z)
+ ifi(z) and g(z) = gi(z) +igi(z) where f;, fi, g and g; are analytic on I/ and are real-
valued on the real axes.

To derive the second representation, formula (1.5), let p; < p, <1 and define contours
yj as in the previous subsection. Then

1
(. 9= gl § SE8CTE 2 b

1
= % i; f(—sq —sl’l)g(—sz —321)<02 — K+ 28s152 +L>ds1 ds,.
Istl=p1 Jls2|=p2

4n? (1 — 515)

By the Cauchy integral, we may set p, = 1 without changing the value of the integral.
Rewriting p; = p, expanding the fraction with a Taylor series and then making the changes
of variable s; = —pe'® and s, = —el®, we obtain
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o= g | S e g2 o0~ pet
4ﬂ: [77-[)”]2

[o.¢]
+ 2ﬁp2612(91+02) + KZ kpkeik(91+92)1 del dez
k=1

= (07 = p1i(f> PTI(R) + 2801, PYa(2) + 1 Y kp*Tu(f, p)TA(2),
k=1
where
1 (" i0 —1 -0\ 1k0
wfo ) =g | Sl ol o,

By integration by parts, for £k =3 we have
-1

(f, p) = —Tk 1(f P)——Tk+1(f p)

2 72

2
= R D B ) T o)

Since f” is uniformly bounded in U, we have |tx(f, p)| < K/k(k — 1) uniformly for all p
close to 1. Then (1.5) follows by the dominated convergence theorem and letting p — 1
under the summation.

6. Application to linear spectral statistics and related results

First, note that W,/(2/n) is a scaled Wigner matrix in the sense that the limit law is the
scaled Wigner semicircular law 2t~'v/1 — x2dx on the interval [—1, 1]. To deal with this
scaling, we define for any function f, its scaled copy f by the relation f(2x) = f(x) for
all x.

6.1. Chebyshev polynomials

Consider first a Chebyshev polynomial 7 with k£ = 1 and define ¢; such that ¢, = T}. Set
0; =1 for i =j and 0; = 0 otherwise. Using the orthogonality property

1 J‘ 1
—| T(OT(t)——=dt =
<) (DT )m {éég, otherwise,

it is easily seen that 7/(¢;) = %c‘} w for any integer £ = 0. Thus by (1.4) we have for the mean
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K—1 r , 1
i = EG@0] = (T(1) + T(=1) + 5 (0% = 190042 + 5 B

1
= E[(K = De(k) + (0% — ©)0x2 + O al, (6.1)
with e(k) =1 if &k is even and e(k) = 0 otherwise.

For two Chebyshev polynomials 7T and 7y, by (1.5) the asymptotic covariance between
G.(¢pr) and G,(¢y) equals 0 for k # ¢, and

2
S = (;) [(0'2 — K)Op +2B0n + Kﬂ (6.2)

for k = {. Application of Theorem 1.1 readily yields the following result.

Corollary 6.1. Assume that Conditions 1.1 and 1.2 are satisfied. Let T\, ..., T, be p first
Chebyshev polynomials and define the ¢y such that ¢ = Ty. Then the vector
[Gu(@1), ..., Gu(Ppp)] converges in distribution to a Gaussian vector with mean

wy, = (my) and a diagonal covariance matrix D, = (Zy) with their elements defined in
(6.1) and (6.2), respectively.

In particular, these Chebyshev polynomial statistics are asymptotically independent. Now
consider the Gaussian case. For the GUE, we have k = 02 = 1 and B =0. Then m; =0
(already known!) and 2y = k(3)>. As for the GOE, since k = 62 =2 and 8 = 0, we obtain
my = se(k) and Zy = 2k(})*. Therefore with Corollary 6.1 we have recovered the CLT
established by Johansson for linear spectral statistics of Gaussian ensembles (see Johansson
1998, Theorem 2.4 and Corollary 2.8).

6.2. Linear spectral statistics

Let Q be an arbitrary polynomial of degree k& and define ¢ be such that (i& = Q. Then Q
has an unique expansion on the basis of Chebyshev polynomials:

0=a( DTk + ...+ a(QTo.
Furthermore, it is easily seen that a;(Q) = 2t;(¢p) for j = 1 and a¢(Q) = To(¢).

Now consider s polynomials O, ..., Qs and denote by p the maximum of their degrees.
Define the ¢, such that ¢, = Q. There is a unique matrix decomposition
Ql T P
=l | ruT
Qs Tl

where A4 is an s X p matrix and u an s X 1 vector. Application of Corollary 6.1 gives the
following result.

Corollary 6.2. Assume that Conditions 1.1 and 1.2 are satisfied. Then the vector
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[Gu(P1), ..., Gu(@p)] converges in distribution to a Gaussian vector with mean Aw, + u
and covariance matrix AD,A", where w, and D, are defined in Corollary 6.1 for Chebyshev
polynomials.

7. Two useful lemmas
With the notation defined in the previous sections, we prove the following two lemmas.

Lemma 7.1. Suppose vy > 0 is a fixed constant. Then, for any z € Cy, we have

max [Ex(Diglee = 5| = 0, in L,
where the maximum is taken over all k, i, j # k and all /.

Proof. Recall the identity
D;l/l = D' — n7120(x eie) + xjie el).

Since |(D;1)M| =v>0 and |x;| <n,/n we have |(Dwj)w — (Di)w| =< Kn, for some
constant K independent of the indices. On the other hand, we know that (Dy)y =
(D)y + O(n~"). Moreover, by definition,

1
n_l/sz —Zz— n_langOLg

(D) =

1 —s(z) — [nil/zxeg — nila;"Dgag]

—z—s(z2) (nVxy—z— n~la; Dag)[—z — s(z)]

By writing
|n’la2kDgag —s(2)| < n’1|az<Dgag — EtrDy| + |n*l EtrDy — s(2)],

for any z € C,, the first term here converges to zero in L, (see (2.15)) and the second also
tends to 0.

Noting that | —z —s(z)|"! = |s(z)] has a positive lower bound, as does |n'/xy
— z— n'af Dyay|, we obtain

(D) = s(2)| < K(yn + |n”" o Dycty = 5(2)))-
The conclusion follows from the fact that s(z)* 4 zs(z) + 1 = 0. O
Lemma 7.2. Suppose that Ex; = 0, E|x;|> = 1, sup E|x;|* < 0o and |x;| < n,/n with 7, — 0

slowly. Assume that A is a Hermitian matrix of order n bounded in norm by M. Then, for any
given 2 < p < blog(n?) with some b > 1, there exists a constant K such that

Elu™ Au — tr(4)|7 < np(nﬂi)_l(MK”i)P’

where u = (xy, -+ -, x,)".
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Proof. Without loss of generality, we may assume that p = 2s is an even integer. Write
A = (a;). We first consider

S = Zl a5 — 1) = Zl a;;&;.
i= i=

By noticing that |a;| < M, we have, for p/log(nn?) = 1

, ay ; |EIE} |
SIS M)

(=1 1=ji<..<jysn i|+..+i=p t=
Iyl =2

Mpz Z (””7 ) 2((1 ) . - (i)

i1+ +i=p
i1yeeip=2

< (M) S gty 07
(=1

_ nm?
< s(Mn?)P ()~ /18 (p [log(ngt))”
< nP(MKip2)"(nyt)~".

Here we have used the facts that ¢’¢? is maximum for £ = —p/loga if a € (0, 1), p = 2 and
sl/Pp/Z log(np?) < K as p < blogn. Note that the last inequality is still true when
p/log(nn*) < 1 since (ny*)~07 < (np*)~!.

Next, let us consider

I<i#j<n
Then we have
[E‘S2|p = Z a,-ljl a_kl)[l e aixjsdkh@éExil.fkl)EJI.X[I e x,‘x.kafjxxa.
Draw a directional graph G of p = 2s edges which link i, to j, and ¢, to k,, t=1, ..., s

Note that if G has a vertex of degree 1, then the graph corresponds to a term with
expectation 0. That is, for the non-zero term, the vertices of the graph have degree either 0 or

greater than 1. For vertices of non-zero degree, denote by pi, ..., p, the degree of vertex
Uy, ..., Uy. We have m < 5. By assumption,
o o 2\ p—m—¢/2
|Exi1xk1xj1x€1 T xil\,xkl\,le\,xll\w = K(”’?,,)p m=¢/ 5

where ¢ is the number of vertices of degree 3 plus twice the number of vertices of degree
greater than 3. Now, suppose that the graph can be split into g disjoint connected subgraphs
Gi, ..., G, with my, ..., m, vertices, respectively. As an example, consider the contribution
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by G to E|S,|?. Assume that G| has s; edges, ey, ..., ;. Choose tree subgraph G| of G|

and assume its edges are e, ..., e,,—1, without loss of generality. Note that
m)— 1
R I
AAAAA Umlin 1=
and

Here the first inequality follows from the fact that ), |ayp,|* < M? since it is a diagonal
element of 44™. The second inequality follows from the facts that S lav |t < MY, for any
¢=2, and that s; = m; since all vertices have degree no less than 2. Therefore, the
contribution of G is bounded by

1/2
my—1

O | AR D Ol | WD Dl | 2N IR

DUl sy U,,11<n =1\ U, u,,11<n =1 U, U,,,l<n t=m

Noticing that m; + ...+ my,=m and sy + ...+ s, =35, we eventually obtain the
contribution from all graphs isomorphic to a given in-homogeneous subgraph, which is
M?n™/2. Because the two vertices of each edge are not equal, we have ¢ < m/2. The
number of inhomogeneous graphs is less than (;”)p < m?”. We finally obtain

E|Sy|? < Mzsz nm/z(nni)p_m_wzmzl’

m=2

.
< n?(M)? > (") ") P mP < nP (mp)” (MKp)P .
m=2

Combining the estimates of E|S;|? and E|S,|?, the proof of of the lemma is complete. [

Corollary 7.3. For any positive constants v and t, when z € Cy, all the following
probabilities have order o(n™"):

P(lex| = ), P(ex] = ), P(lgil =), P Al = v)

When z ¢ Cy but |R(z)| = a, the same estimates remain true.

Proof. Recalling the definition of &;, we have
_ 1
|€k| = |n l/zxkk — ;a;’;Dkak + [ES,,(Z)

<, + nai Dyag — te(Dy)| + n~ttr(Dy) — Etre(D)].
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By the decomposition (4.1), the Burkholder inequality (Burkholder 1973) and the fact that
z € Cy, we have
P(n~'|tr(D) — E(tr(D))| = v/3) < 3Py~ Pn P E|te(D) — E(te(D))|?
n r/2
<3Py PK,n " [E(Z Ek(uk)2> <3Py PK,n Py, "
k=1
(7.3)

Choosing p fixed and p > 21, we then have
P{n '|te(D) — E(te(D))| = v} = o(n").

When z € Cy, the norm of Dy is bounded by 1/vg. Thus, by Lemma 7.2 with p = [log n], we
have

P{n "o} Dyay — tr(Dy)| = v/3} < 3Py P E{n"'|a} Dyay; — te(Dy)| "}
< (3v 'MK»n,)? = o(n"). (7.4)

Therefore P(|ex| = v) = o(n™") since 17, — 0 and n~!|tr(D) — tr(Dy)| < /nv.
When z ¢ Cy but R(z)| = a, the eigenvalues of Dy are bounded by 2/(a — 2) when B¢,
happens. Thus, inequalities (7.3) and (7.4) can be modified as

P{n '|t(D) — Etr(D)| = v/3, B¢} < [I:D{nl

Z([Ekq — Euil pe,
K=

= V/3} =o(n "

and
P{n '|a} Doy — tr(Dy)| = v/3, BS} = o(n™).

This also proves P(|ex| = v/3) = o(n~") since P(B,) = o(n™").
The proofs of the other probabilities are similar and hence omitted. The proof of the
lemma is complete. O
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