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The problem of density estimation on R on the basis of an independent sample X 1 . . . , X N with

common density f is discussed. The behaviour of the minimax Lp risk, 1 < p < 1, is studied when

f belongs to a Hölder class of regularity s on the real line. The lower bound for the minimax risk is

given. We show that the linear estimator is not efficient in this setting and construct a wavelet

adaptive estimator which attains (up to a logarithmic factor in N ) the lower bounds involved. We show

that the minimax risk depends on the parameter p when p , 2 þ 1=s.
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1. Introduction

Let X 1 . . . , X N be a vector of independent realizations of a random variable X with

cumulative distribution function F which possesses a density f (�) with respect to Lesbesgue

measure on the real line. Our objective is to recover the unknown density function

f : R ! Rþ given the sample X 1 . . . , X N .

This is a basic problem which has been extensively studied in the literature on

nonparametric estimation; for an overview of various methods and approaches, see Devroye

(1987) and Silverman (1986). When constructing an estimation algorithm, it is generally

supposed that the estimated density f has certain regularity properties. In other words, f

belongs to some functional class F . This a priori knowledge allows us to form an estimator

f N (a measurable function of observations) of f . However, its statistical properties can only

be studied asymptotically (when the sample size N tends to 1). Then in order to derive the

properties of the proposed estimator for finite N we have to establish the properties of the

maximal risk over F. This explains the common use of the so-called minimax approach.

In this set-up the risk

r( f N , f ) ¼ E f k f N � f k

is associated with an estimator f N , where k � k is a functional norm or a seminorm. Then the

minimax estimator f �N is the minimizer (over the set of all estimators) of the maximum risk

R( f N , F ) over the class F :

R( f N , F ) ¼ sup
f 2F

r( f N , f ):

Thus in the minimax framework f �N is the optimal estimator with accuracy RN (F ) ¼
R( f �N , F ). RN (F ) is also referred to as the minimax risk. The principal question in the
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minimax framework is how to form a minimax estimator and what is the value of the

minimax risk RN (F ).

We consider the following estimation problem. Suppose that the density f (x),

f : R ! Rþ, belongs to a Hölder class F ¼ F (s, L), that is, the derivative f (k) of f ,

k ¼ maxfi 2 Nji , sg, exists and

[ f ]s þ k f k1 < L, [ f ]s ¼ sup
x 6¼ y

j f (k)(x) � f (k)(y)j
jx� yjs�k

:

Our objective is to estimate f given independent observations X 1 . . . , X N with common

density f .

The results obtained can be summarized as follows. Consider the minimax risk

R
( p)
N (F (s, L)) ¼ inf

f N
sup

f 2F (s,L)

[E f k f̂f N � f k2
p]

1=2, 1 < p < 1;

here the infimum is taken over all estimates f N of f . We show that there exist ‘universal’

constants c and C depending only on the regularity parameters s and p such that, for

1 < p , 1, the minimax risk

cj(N ) < R
( p)
N (F (s, L)) < C(ln N )Łj(N ), (1)

where

j(t) ¼
L( p�1)=( p(sþ1)) t�s=(2sþ1) if 2 þ 1

s
, p , 1,

L( p�1)=( p(sþ1)) t�s( p�1)=( p(sþ1)) if 1 < p < 2 þ 1

s
,

8><
>:

with Ł ¼ Ł(s, p) . 0. Further, when p ¼ 1,

cj
N

ln N

� �
< R

(1)
N (F (s, L)) < Cj

N

ln N

� �
:

This result can be compared with the minimax rates for linear estimators. In the latter case

we consider the minimax risk

R
( l, p)
N (F (s, L)) ¼ min

f̂f
( l )

N

max
f 2F

(E f k f̂f ( l )
N � f k2

p)1=2,

where the minimum is taken over the class of linear estimators f̂f
( l )
N . Then we obtain

cr(N ) < R
( l, p)
N (F (s, L)) < Cr(N ),

where

r(t) ¼ L( p�1)=( p(sþ1)) t�s(1�1= p)=(2s(1�1= p)þ1) if 2 , p , 1,

j(t) if 1 < p < 2:

�

Note that the linear estimator is minimax (up to a constant) for 1 < p < 2. However, for

2 , p , 1, the rate of the linear estimator is worse than that of a general nonlinear

estimator.
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These results deserve some comment.

Remark 1. From the large literature on minimax density estimation it is known that, as far as

the estimation of a density on [0, 1] is concerned (cf. Ibragimov and Khas’minskij 1981), the

minimax risk R( p)
n (F (s, L)) satisfies

R
( p)
N (F (s, L)) � L1=(2sþ1)N�s=(2sþ1) for 1 < p < 1,

and

R
(1)
N (F (s, L)) � L1=(2sþ1) ln N

N

� �s=(2sþ1)

:

Except for p ¼ 1, this rate of convergence does not depend on p. Furthermore, let the

regularity class F be that of densities of ‘spatially inhomogeneous smoothness’, for instance,

let F be a Besov class F (s, p9, q, L) with small p9; see Donoho et al. (1996) for details. In

this case the rate of convergence starts to deteriorate when p . (2sþ 1) p9 and depends

heavily on p.

When the estimated density is supported on R, the known results are as follows.

Bretagnolle and Huber (1979) studied the behaviour of the maximal risk

R( p)( f̂f N , F ) ¼ sup
f 2F

[E f k f̂f N � f k2
p]

1=2

for a family of density classes F ¼ G(s, p, L), 2 < p , 1, of finite jauge. That is, a density

f 2 G(s, p, L) if its jauge rs, p( f ) ¼ k f (s)k p=(2sþ1)
p k f k p=2 is bounded by L. It is shown that

the maximal risk of the kernel estimator f N is of order N�s=(2sþ1) on f 2 G(s, p, L). Note

that here the parameter p is the same in the definition of the risk and of the functional class.

Ibragimov and Khas’minskij (1980) established minimax rates of convergence for Sobolev

classes on R, F ¼ F (s, p, L), 2 < p < 1, and the risk R
( p)
N . They showed that in this set-up

the maximal risk

R
( p)
N (F ) � N�s=(2sþ1):

When p ¼ 1 an extra logarithmic factor appears in the minimax risk:

R
(1)
N (F ) � ln N

N

� �s=(2sþ1)

:

Golubev (1992) gave the exact asymptotics of the minimax risk in this set-up when p ¼ 2.

On the other hand, Donoho et al. (1996) studied the behaviour of the risk R
( p)
N (F ),

1 < p < 1, for a family of Besov functional classes F ¼ F (s, p9, q, L) (here p9 and p

can be different). The result from their paper which is relevant to our study can be stated as

follows: when 2 < p9 < p, the minimax rates of convergence R
( p)
N (F (s, p9, q, L)) for the

density estimation on R are the same (up to a constant) as the minimax rates for the Besov

class F (s, p9, q, L) on [0, 1]. However, the problem of minimax density estimation on R

when p , p9 remains open: minimax rates of convergence and minimax estimators are

unknown in this case.
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Remark 2. We observe in (1) that the minimax risk R
( p)
N (F ) on a Hölder class F ¼ F (s, L)

on R is cardinally different when compared to that for F (s, L) on a compact. When

p . 2 þ 1=s, the minimax risk R
( p)
N (F ) is of the same order as in the equivalent estimation

problem on [0, 1]. However, the behaviour of the minimax risk changes dramatically when p

becomes smaller than the critical value 2 þ 1=s. In this zone the minimax risk depends

heavily on p. To the best of our knowledge, the phenomenon observed is new.

Remark 3. The lower and the upper bound differ by a logarithmic factor. We suppose that the

extra logarithm of N in the upper bound is due to the specific estimator we use. Note that in

the case p ¼ 1, the extra logarithm also appears in the lower bound, and in this case the

upper and the lower bound are equivalent up to a constant.

In fact, an interesting question can be asked: why do convergent nonparametric

estimators of a density on a real line exist at all? Note that we wish to estimate a function

on an infinite domain given only a finite number of observations. Then why would the

expected Lp error, 1 < p < 1, be small in this situation? The general (and sloppy) answer

to this question is quite simple: the function we estimate is a probability density. Therefore,

the function f not only belongs to a ‘regularity class’ F , but also satisfies the conditions

f (x) > 0 and
Ð
R
f (x)dx ¼ 1, that is, f 2 F \ Wþ

1 , where Wþ
1 is the intersection of an L1

ball of radius 1 with the positive octant. This condition provides an additional constraint

when maximizing the risk R( p), p . 1 over F. Note that this also provides an intuitive

‘explanation’ of the negative result in Devroye and Györfi (1985) on the rates of

convergence for the R(1) risk: this extra constraint is of no use when the error is measured

in the L1 norm.

Note that the class F \ Wþ
1 is that of functions of ‘non-homogeneous’ smoothness. It is

well known (cf. Donoho et al. 1995) that linear estimators are suboptimal on such a class.

The rest of this paper is organized as follows. The lower bound for the minimax risk in

(1) is given in Section 2. In Section 3 we study the properties of linear estimators, and in

Section 4 we construct a wavelet adaptive estimator f̂f n of f which provides the upper

bound in (1). The proofs of the results are gathered together in Section 5.

2. Lower bound for density estimation

Our objective here is to establish the lower bound for the minimax risk on the Hölder class

F (s, L).

Theorem 1. There is a positive constant c0 ¼ c0(s, p) such that, for any estimate f̂f N of f ,

the maximal risk R( p)( f̂f N , F (s, L)) satisfies

R( p)( f̂f N , F (s, L)) >

c0L
( p�1)=( p(sþ1))N�s( p�1)=( p(sþ1)), for 1 < p < 2 þ 1

s
,

c0L
( p�1)=( p(sþ1))N�s=(2sþ1), for 2 þ 1

s
, p , 1:

8>><
>>: (2)
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Moreover, when p ¼ 1, we have

R(1)( f̂f N , F (s, L)) > c0L
1=(sþ1) ln N

N

� �s=(2sþ1)

: (3)

Our next objective is to provide an upper bound for the risk RN (F ). We start with a

linear density estimator.

3. Linear estimation

We recall some basic properties of a biorthogonal wavelet basis.

3.1. Biorthogonal wavelet basis

Let the tuple (�, ł, ~��, ~łł) be such that f�(x� k), ł(2 jx� k), j > 0, k 2 Zg and

f~��(x� k), ~łł(2 jx� k), j > 0, k 2 Zg constitute a biorthogonal pair of bases for L2(R).

Some popular examples of such bases are given in Daubechies (1992). We require the

reconstruction wavelet ~łł and ~�� to be CMþ1 for some M 2 N, (�, ł, ~��, ~łł) to have

compact support and the analysis wavelet ł to be orthogonal to polynomials of degree no

greater than M .

This implies that any function f 2 L2(R) can be represented as

f (x) ¼
X
k

Æk
~��k(x) þ

X
j>0

X
k

� jk ~łł jk(x),

where

Æk ¼
ð
f (x)�k(x)dx, � jk ¼

ð
f (x)ł jk(x)dx:

For technical reasons, in the wavelet estimator below we use a specific choice of the

biorthogonal basis (�, ł, ~��, ~łł), due to Donoho (1994). This is the basis generated using the

function �(x) ¼ 1�1=2<x,1=2, and, following Donoho (1994), we call it a blocky biorthogonal

basis. The functions ł, ~�� and ~łł are compactly supported. We denote by � jk (�k) the support

set of ł jk(x) (�k(x)):

� jk ¼ x 2 R : � m

2
< 2 jx� k ,

m

2

n o
, �k ¼ x 2 R : � 1

2
< x� k ,

1

2

� �
:

for some m 2 R, m > 1.

The feature of this particular basis which is intensively used in the proof of Theorem 4

below is that there exists � . 0 such that the analysis wavelet ł(x) satisfies

jł(x)j > � for � m

2
< x ,

m

2
, (4)

that is, jł(x)j > � on the support of ł.
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3.2. Estimation algorithm

Consider the following estimation algorithm (cf. the linear wavelet estimator of f ,

suggested in Donoho et al. 1996):

Algorithm 1.

1. Let j0 satisfy

L1=(sþ1)N1=(2s(1�1= p)þ1) < 2 j0 < 2L1=(sþ1)N1=(2s(1�1= p)þ1), for 2 , p , 1,

L1=(sþ1)N1=(sþ1) < 2 j0 < 2L1=(sþ1)N 1=(sþ1), for 1 < p < 2:
(5)

2. Compute empirical wavelet coefficients

yj0 k ¼
1

N

XN
i¼1

� j0 k(X i) ¼
2 j0=2

N

XN
i¼1

12� j0 k,X i<2� j0 (kþ1),

and form the estimator

f̂f N (x) ¼
X
k

yj0 k
~�� j0 k(x):

Theorem 2. Let F (s, L), s , M þ 1, be a Hölder class. The linear wavelet estimator f̂f N
above satisfies, for N large enough,

sup
f 2F

[E f k f̂f N � f k2
p]

1=2 < r l(s, p, N , L),

where

r l(s, p, N , L) ¼ C(s, p)L( p�1)=( p(sþ1))N�s(1�1= p)=(sþ1), for 1 < p < 2,

C(s, p)L( p�1)=( p(sþ1))N�s(1�1= p)=(2s(1�1= p)þ1), for 2 , p , 1:

�

Remark 4. We observe that when 1 < p < 2 the maximal risk of the estimator f̂f N , computed

by Algorithm 1, corresponds up a constant to the lower bound (2) of Theorem 1. Otherwise,

for 2 , p , 1, the rate of convergence of such an estimator is much worse than that

suggested by the corresponding lower bound. It is important to note that this is a property not

of a particular wavelet estimator, but of the whole class of linear estimators f̂f
( l )
N (x) such that

f̂f
( l )
N (x) ¼

ð
T (x, y)dF̂FN (y) ¼ 1

N

XN
i¼1

T (x, X i) (6)

(we call the estimator linear if it is a linear functional of the empirical cdf F̂FN ). We have the

following lower bound for any estimator of that kind:

Theorem 3. Let p > 2. There exists c ¼ c(s, p) such that, for N large enough and any linear

estimator f̂f
( l )
N ,
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sup
f2F (s,L)

[E f k f̂f ( l )
N � f k2

p]
1=2 > cr l(s, p, N , L):

4. Adaptive wavelet estimator

Let (�, ł, ~��, ~łł) be a blocky biorthogonal wavelet basis as defined above. We suppose that

ł is orthogonal to polynomials of degree no greater than M . Consider the following

algorithm:

Algorithm 2.

1. Choose the parameters

r > 10
kłk2

1
�2

128kłk2
1

�2
þ 16

3

 !
and º > 14, (7)

where � is defined in (4). Set mN ¼ r ln N and compute j1 > 0 such that

2 j1 <
N

mN

, 2 j1þ1: (8)

2. For 0 < j < j1, compute empirical wavelet coefficients

yjk ¼
1

N

XN
i¼1

ł jk(X i), if #� jk > mN ,

0, if #� jk , mN ,

8><
>: zk ¼

1

N

XN
i¼1

�k(X i), if #�k > mN ,

0, if #�k , mN ;

8><
>:

here #� jk ¼
PN

I¼11fxi2� jkg is the ‘cardinality’ of the support set � jk of the wavelet

ł jk . Then, for j and k such that #� jk > mN, compute empirical estimates �̂� 2
jk of the

variance of yjk:

�̂� 2
jk ¼

1

N2

XN
i¼1

(ł2
jk(X i) � y2

jk):

3. Compute shrunk wavelet coefficients

�̂� jk ¼ yjk1j y jk j>ª̂ª jk
, (9)

where

ª̂ª jk ¼ º
ffiffiffiffiffiffiffiffiffi
ln N

p
�̂� jk :

4. Compute the estimate

f̂f N (x) ¼
X
k

zk ~��0k(x) þ
Xj1
j¼0

X
k

�̂� jk ~łł jk(x):
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The properties of the estimator f̂f N , computed by the above algorithm, are summarized in the

following result:

Theorem 4. Let F (M) ¼ fF (s, L), 0 , s , M þ 1, 0 , K , 1g be a family of Hölder

classes. Then, for any class F (s, L) 2 F (M), there exists a constant C ¼ C(s, p) such that,

for N large enough,

sup
f 2F (s,L)

E f k f̂f N � f k p < C

L( p�1)=( p(sþ1)) ln N

N

� �s( p�1)=( p(sþ1))

for 1 < p < 2 þ 1

s
,

L1=(2sþ1) ln N
ln N

N

� �s=(2sþ1)

for p ¼ 2 þ 1

s
,

L( p�1)=( p(sþ1)) ln N

N

� �s=(2sþ1)

for p . 2 þ 1

s
:

8>>>>>>>>><
>>>>>>>>>:

Remark 5. The choice of the parameters r and º in (7) is extremely conservative. We impose

the lower bounds on r and º in order to obtain very rough estimates of probabilities of

moderate deviations which underlie the proof of Theorem 4 (see Lemma 8 and Proposition

1). When implementing the method an appropriate choice of these parameters would be

º 2 [
ffiffiffi
2

p
, 2] and r 2 [1, 2].

Note that the wavelet shrinkage estimator described above is closely related to that of

Donoho et al. (1996). For the problem of adaptive estimation on the Besov classes on

[0, 1], the proposed estimator attains the same performance as the wavelet adaptive

estimator in the latter paper.

The main difference between the adaptive estimator of Donoho et al. and the estimator

given in Algorithm 2 is the implemenation of a data-driven thresholding procedure. The

idea of data-driven thresholds for wavelet estimators is not new and has been used, for

instance, in Birgé and Massart (2000), Donoho and Johnstone (1995) and Juditsky (1997),

among many others. However, it is implemented differently in Algorithm 1, where the

thresholds are computed individually for each wavelet coefficient. In other words, in order

to take the decision to keep or to cut the empirical coefficient yjk it is compared to the

estimate �̂� jk of its standard deviation. A closely related notion of spacing selection for B-

splines Bayesian density estimator was implemented in Ciesielski and Kamont (1999) – cf.

also the adaptive window selection procedure for kernel estimators in Juditsky and Nazin

(2001) and Butucea (2000).

Note that another implementation of the same idea is provided by the celebrated
ffiffiffiffi
f

p
-

estimator of a density (cf. Anscombe 1948; Nussbaum 1996), when the empirical wavelet

coefficients are ‘normalized’ to stabilize the value of � jk .

One may observe that the estimator f̂f N is adaptive. Indeed, the parameters of the

estimation algorithm do not depend on a particular functional class F (s, L), but the

maximal risk of f̂f N over F (s, L) coincides up to a logarithmic factor with the lower bound

(2) of Theorem 1. The extra logarithm factor is the price often paid in adaptation

procedures (cf. Lepskij 1992; Goldenshluger and Nemirovski 1997). However, we think that
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in our case (Lp risks and Hölder function classes) this extra factor is due to the particular

construction of the estimator. Note that in the density estimation problem on [0, 1] one can

get rid of the extra logarithm (Juditsky 1997). Nevertheless, at present we do not know of

an estimator of f which attains the lower bound in (2).

5. Proofs

In the proofs below, C, C9 and C 0 stand for positive constants whose values may depend

only on s, p and the wavelet parameters.

5.1. Proof of Theorem 1

The lower bound for the minimax risk R( p)( f̂f N , F (s, L)) when p . 2 þ 1=s can easily be

obtained using the construction of Theorem 5.1 in Ibragimov and Khas’minskij (1981). Our

objective here is to show the bound in (2) in the case 1 < p < 2 þ 1=s.
To this end, consider a density f 0 2 F (s, L=2) such that f 0(x) ¼ c1(s)L1=(sþ1)N�s=(sþ1) for

0 < x < L�1=(sþ1)N s=(sþ1) for some c1(s) . 0. Now let ª ¼ (LN )�1=(sþ1) and ªk ¼
](k � 1)ª, kª] for k ¼ 1, . . . , N ; and let ł0 be a finite function such that

ł0(x) ¼ 0, 8x =2 [�1
2
, 1

2
], kł0k1 ¼ 1,

ł0(�x) ¼ ł0(x), 8x 2 [�1
2
, 1

2
],

ð
ł0(x)dx ¼ 0:

Consider the set ˛N of 2N binary vectors � ¼ (�1, . . . , �N ), �k 2 f�1, 1g, k ¼ 1, . . . , N .

For each vector �, we define the function f (�) in the following way:

f (�)(x) ¼ f0(x) þ
XN
k¼1

�kłk(x), łk(x) ¼ ł(x� (k � 1
2
)ª),

where ł(x) ¼ Æ(s)Lªsł0(x=ª), in which Æ ¼ Æ(s) is a poitive constant small enough to

ensure that ł belongs to F (s, L=4) and that

jł(x)j < c1(s)L1=(sþ1)N�s=(sþ1):

Note that
Ð
f (�)(x)dx ¼ 1, so such a function is really a density. Further, due to the definition

of ł, the function f (�) � f 0 belongs to F (s, L=2). This immediately implies f (�) 2 F (s, L).

Now let rH (�, �9) be the Hamming distance between two vectors of ˛N , namely

rH(�, �9) ¼ #fk : 1 < k < N , �k 6¼ �9kg:

There exist (see Korostelev and Tsybakov 1993, Lemma 2.7.4, p. 79) M ¼ [2N=8] vectors

�1, . . . , �M such that rH (� j, � k) > N=16, 1 < j < k < M . We denote by FM the set of

functions f (�1), . . . , f (� M ). Note that the k � k p distance between two distinct functions f and

g of FM is at least C( p)N 1= pkłk p. The problem of proving the lower bound over F (s, L)

can be reduced to that over FM , that is,
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sup
f 2F (s,L)

[E f k f̂f N � f k2
p]1=2 > sup

f 2F M

[E f k f̂f N � f k2
p]

1=2:

We associate with any estimator f̂f N a method M for distinguishing between the M

hypotheses, the kth of the them stating that the observations X 1, . . . , X N are drawn from the

kth element of the set FM . This method M is as follows: given observations, use an

estimator f̂fN to find the closest element in FM to f̂f N in Lp norm (any one of them in the

non-uniqueness case) and claim that this is the density which underlies the observations.

Assume that the true hypothesis is associated with f 2 FM . Note that if the method M
fails to recognize the true density, this implies that f̂f N is at least at the same Lp distance

from f as from other g 2 FM. In other words,

k f̂f N � f k p > kg � f k p=2 > C9( p)N1= pkłk p:

On the other hand, the Fano inequality states that the probability of the wrong choice among

M hypotheses is not less than

1 � N max f , g2F M
K( f , g) þ ln 2

ln M
,

where K( f , g) is the Kullback distance between f and g (cf. Birgé 1983). Otherwise,

sup
f 2F M

E f k f̂f N � f k2
p > C 1 � N max f , g2F M

K( f , g) þ ln 2

ln M

� �
N2= pkłk2

p: (10)

We have the following lemma.

Lemma 1. There exists Æ . 0 such that

N

ln M
max

f (� j), f (� K )2F M

K( f (� j), f (� k )) <
1

2
:

Proof. Recall that the Kullback distance between f and g is defined by

K( f , g) ¼
ð
f (x)ln

f (x)

g(x)
dx:
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Then for f (� j), f (� k ) 2 FM , we have

K( f (� j), f (� k )) ¼
XN
l¼1

ð
ª l

[ f 0(x) þ � j
lł l(x)]ln

f 0(x) þ � j
lł l(x)

f 0(x) þ �k
lł l(x)

,

<
XN
l¼1

ð
ª l

[ f 0(x) þ � j
lł l(x)]

(� j
l � �k

l )ł l(x)

f 0(x) þ �k
lł l(x)

dx,

< 2N

ð
ª l

1 þ Æ=c1(s)

1 � Æ=c1(s)

Æ

c1(s)
f 0(x)dx,

< C
1 þ Æ=c1(s)

1 � Æ=c1(s)

Æ

c1(s)
:

Further, note that N=ln M ¼ 8=ln 2. Thus a positive Æ can be found such that the quantity

C
N

ln M

1 þ Æ=c1(s)

1 � Æ=c1(s)

Æ

c1(s)
<

1

2
:

h

Hence, from (10) and Lemma 1 we conclude that

sup
f 2F M

[E f k f̂f N � f k2
p]

1=2 > CN 1= pkłk p > c0L
( p�1)=( p(sþ1))N�s( p�1)=( p(sþ1)):

5.2. Translation into the sequence space

In what follows we will use some properties of the blocky biorthogonal multi-resolution

analysis f�(x� k), ł(2 jx� k), j > 0, k 2 Zg and f~��(x� k), ~łł(2 jx� k), j > 0, k 2 Zg,

described in Section 3.1.

Let f 2 L2(R). Let fÆk , � jk , j > 0, k 2 Zg be the wavelet coefficients of f . Then for

0 , p, q < 1, 1=p� 1 , s , M þ 1, the quantity

k f kspq ¼ kÆk p þ
X
j>0

2qj(sþ1=2�1= p)k� j:kqp

 !1=q

is equivalent to the norm k f kBs
pq

of the Besov space Bs
pq (Donoho 1994; Delyon and Juditsky

1997).

When using classical injection theorems (see, for instance, Triebel 1992), we conclude

that there exist Ci, which may depend only on s, p, such that:

k f k1 < 1 implies that kÆk1 < 1 and sup
j>0

2� j=2k� j:k1 < C1; (11)

for any f 2 F (s, L), kÆk1 þ sup
j>0

2 j(sþ1=2)k� j:k1 < C2L; (12)
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k f k p < C3 kÆkup þ
X
j>0

2uj(1=2�1= p)k� j:kup

" #1=u

, u ¼ min(2, p): (13)

The latter inequality implies, in particular, that if

f̂f N (x) ¼
X
k

Æ̂Æk�k(x) þ
X
j>0

X
k

�̂� jkł jk(x),

then

k f̂f N � f k p < C
X
k

jÆ̂Æk � Æk j p
 !u= p

þ
X
j>0

2uj(1=2�1= p)
X
k

j�̂� jk � � jk)j p
 !u= p

2
4

3
5

1=u

(14)

Otherwise, when p > 2,

k f k p > C4 kÆk p
p þ

X
j>0

2 j( p=2�1)k� j:k p
p

" #1= p

: (15)

5.3. Proof of Theorem 3

In order to prove the lower bound we implement the following idea which is due to

Nemirovskii (1986) (cf. also the proof of Theorem 2 in (Donoho et al. 1996)). We construct

a family of densities G � F and a probability measure P on G. Then we replace the

original problem with the equivalent parameter one, that of estimating the vector of wavelet

coefficients (� jk) of f 2 G by those of the linear estimator f̂f
( l )
N , that is,

�̂� jk ¼
ð
f̂f

( l )
N (x)ł jk(x)dx ¼ 1

N

XN
i¼1

ð
T (x, X i)ł jk(x)dx: (16)

We use the Cramér–Rao inequality to show that the Bayesian risk of any esimator of that

type on the family (G, P) is bounded from below.

Let j satisfy

L1=(sþ1)N1=(2s(1�1= p)þ1) < 2 j < 2L1=(sþ1)N1=(2s(1�1= p)þ1): (17)

Consider a density v0 2 F (s, L=2) such that v0(x) ¼ C1(s)2� js L for 0 , x < 2 js=L with

some C1(s) . 0. Now let u0 be a density in F (s, L=2) such that u0(x) ¼ C2(s)L1=(sþ1),

C2(s)L1=(sþ1), C2(s) . 0, for 0 < x < L�1=(sþ1); it is a polynomial of degree [s] when x , 0

and x . L�1=(sþ1). Let l� ¼ [N s=(2(s�1= p)þ1)]. We set, for l ¼ 0, . . . , l� � 1,

gl(x) ¼ 1
2
v0(x) þ u0(x� L�1=(sþ1) l )
� �

: (18)

One can easily verify that gl 2 F (s, L=2). Let � be a random variable such that

P(� ¼ l ) ¼ 1=l� for l ¼ 0, . . . , l� � 1. We set r ¼ [2 j(sþ1)=L]. Now consider a random

vector � ¼ (�1, . . . , �r) with independent components such that P(�k ¼ 1) ¼ P(�k ¼ �1) ¼ 1
2

for k ¼ 1, . . . , r. For each realization of (�, �) we define the function
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f (��)(x) ¼ g�(x) þ
Xr
k¼1

�k� ~łł jk ,

where the coefficient

� ¼ C3(s)L2� j(sþ1=2) (19)

is chosen to ensure that f (��) 2 F (s, L) along with the condition

f (��)(x) < 1
2
g�(x):

We consider the family G of functions f (��) with the associated probability P ¼ P� � P� on

G. We denote by E� (E�) the expectation over the distribution of the vector � (�) and by E the

expectation associated with P.

Now let

f̂f
( l )
N (x) ¼ 1

N

XN
i¼1

T (x, X i)

be a linear estimator of f 2 G, and

�̂� jk ¼
1

N

Xn
i¼1

ð
T (x, X i)ł jk(x)dx

be the corresponding ‘estimate’ of the wavelet coefficient � jk ¼ �k� for k ¼ 1, . . . , r.

Lemma 2. Let �̂� jk be an estimator of � jk , k ¼ 1, . . . , r, as above and f 2 G. Then

E f ( �̂� jk � � jk)2 > Cjº jk j2N�1 min
x2� jk

g�(x) þ jE f �̂� jk � � jk j2,

where � jk is the support of ł jk and

º jk ¼
@E f �̂� jk

@� jk

¼
ð
T (x, y)ł jk(x) ~łł jk(y)dx dy:

Proof. Let f (x) ¼ f (��)(x) be a function in G. The Cramér–Rao inequality, applied to any

estimate �̂� jk , gives

E f ( �̂� jk � � jk)2 >
(@E f �̂� jk=@� jk)

2

NI jk
þ (E f �̂� jk � � jk)2,

where I jk is the Fisher information of the density f with respect to the parameter � jk :

I jk þ
ð

(@ f (x)=@� jk)2

f (x)
dx:
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Let us compute a bound for I jk. Note that

@ f (x)

@� jk

¼ @

@� jk

g�(x) þ
Xr
k¼1

� jk ~łł jk(x)

 !
¼ ~łł jk(x)

and

I jk ¼
ð ~łł2

jk(x)

f (x)
dx < min

x2� jk

f (x)

� ��1

< 2 min
x2� jk

g�(x)

� ��1

,

where � jk is the support of ~łł jk . Further,

@E f �̂� jk

@� jk

¼
ð
ł jk(x)T (x, y)

@ f (x)

@� jk

dx dy ¼
ð
ł jk(x)T (x, y) ~łł jk(y)dx dy ¼ º jk :

Putting all these results together gives the statement of the lemma. h

Lemma 3. E�jE f �̂� jk � � jk j2 > �2jº jk � 1j2.

Proof. First, note that if

f þk (x) ¼ g�(x) þ
Xr
l 6¼k

� l� ~łł jl(x) þ � ~łł jk(x),

f �k (x) ¼ g�(x) þ
Xr
l 6¼k

� l� ~łł jl(x) � � ~łł jk(x),

then

E f þ
k
�̂� jk � E f �k

�̂� jk ¼
ð
T (x, y)ł jk(x)[ f þk (y) � f �k (y)]dx dy

¼ 2�

ð
T (x, y)ł jk(x) ~łł jk(y)dx dy ¼ 2�º jk :

As jxj2 þ jyj2 > 1
2
jx� yj2, when averaging over the distribution of �k we obtain

E� k
jE f �̂� jk � � jk j2 ¼ 1

2
[jE f þ

k
�̂� jk � �j2 þ jE f �k

�̂� jk þ �j2]

> 1
4
jE f þ

k
�̂� jk � �� E f �k

�̂� jk � �j2 ¼ �2jº jk � 1j2:

h

Let us now bound from below the risk of the estimate f̂f
( l )
N on the family G. Recall (cf.

(15)) that for p > 2,

k f k p
p > C

X1
i¼0

2i( p=2�1)k�i:k p
p > 2 j( p=2�1)k� j:k p

p
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for any j > 0. Using Lemmas 2 and 3, by the Minkowski inequality,

EE f k f̂f ( l )
N � f (��)k2

p > C2 j(1�2= p)EE f

Xr
k¼1

j�̂� jk � � jk j p
 !2= p

> C2 j(1�2= p)
Xr
k¼1

(EE f j�̂� jk � � jk j2) p=2

" #2= p

> C92 j(1�2= p)
Xr
k¼1

jº jk j pN� p=2 E� min
x2� jk

g�(x)

� � p=2

þ � pjº jk � 1j p
 !" #2= p

:

(20)

Note that by definition of the family G (cf. (18)),

E� min
x2� jk

g�(x) >
CL1=(sþ1)

l�
,

and

N� p=2 E� min
x2� jk

g�(x)

� � p=2

> Lp=(2(sþ1))N� p(sþ1=2)=(2s(1�1=p)þ1) > C� p

since, by definition of � (cf. (19)) and j,

� ¼ CL2� j(sþ1=2) < C9L1=(2(sþ1))N�(sþ1=2)=(2s(1�1= p)þ1):

Thus, from (20) we obtain

EE f k f̂f ( l )
N � f (��)k2

p > C2 j(1�2= p)
Xr
k¼1

� p(jº jk j p þ jº jk � 1j p)
" #

> C92 j(1�2= p) r2= p�2:

Substituting the latter inequality into the bound for 2 j from (17), one finally obtains

EE f k f̂f ( l )
N � f (��)k2

p > CL2(1�1= p)=(sþ1)N�2s(1�1= p)=(2s(1�1= p)þ1):

Since

sup
f 2F (s,L)

E f k f̂f ( l )
N � f k2

p > sup
f 2G

E f k f̂f ( l )
N � f (��)k2

p > EE f k f̂f ( l )
N � f (��)k2

p,

this implies the desired bound.

5.4. Proof of Theorem 2

Let p . 2. We have the following simple lemma:

Lemma 4. Let f 2 F (s, L) be a density on R. Then there exists C ¼ C(s, p) , 1 such that
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k f ks(1�1= p), p,1 < CL1�1= p,

that is, f belongs to the ball of radius CL1�1= p, C , 1, of the Besov space Bs(1�1= p)
p1 .

Proof. We have kÆk p < kÆk1 for any p > 1. Further, since k� j:k p
p < k� j:k1k� j:k p�1

1 , we

have from (11) and (12),

k� j:k p < k� j:k1= p
1 k� j:k1�1= p

1 < C2 j=2 pL1�1= p2� j(sþ1=2)(1�1= p) ¼ CL1�1= p2� j(s(1�1= p)þ1=2�1= p),

what implies the statement of the lemma. h

Now the upper bound of Theorem 2 when p . 2 follows from Theorem 1 of Donoho et al.

(1996).

Now let 1 < p < 2. Let � jk be the support bin of � jk and pjk ¼
Ð
� jk

f (x)dx. Note that

Æ jk ¼ E� jk ¼ 2 j=2 pjk and E�2
jk(X1) ¼ 2 j

ð
� jk

f (x)dx ¼ 2 j pjk :

As � jk and � jk9 are disjointed for k 6¼ k9, we conclude that
P

k pjk ¼ 1.

We have the following bound for the error of the estimation:

k f̂f N � f k p < C2 j0(1=2�1= p)kyj0 :� Æ j0 :k p þ C
X1
j¼ j0

2 j(1=2�1= p)k� j:k p ¼ �(1)
N þ �(2)

N :

The bound for the second term is an immediate consequence of (11) and (12):

�(2)
n < C

X1
j¼ j0

2 j(1=2�1= p) k� j:k p�1
1

X
k

j� jk j
 !1= p

< C9
X1
j¼ j0

2 j(1=2�1= p)L1�1= p2� j(sþ1=2)(1�1= p)2 j=2 p < C 0L1�1= p2� j0 s(1�1= p): (21)

Let us now estimate �(1)
N . To this end, we decompose the general term of the sum in �(1)

N :

jyj0 k � Æ j0 k j ¼ jyj0 k � Æ j0 k j(1 pj0 k>k=N þ 1PJ0 K,k=N ),

where k ¼ e� p=( p�1). First, notice that

[Ejyj0 k � Æ j0 k j21 pj0 k>k=N ] p=2 <
2 j0 pj0 k

N

� � p=2

1 pj0 k>k=N < 2 j0 p=2 pj0 k

kN p�1
: (22)

Further, let #� jk stand for the number of data points which hit � jk . We have

jyj0 k � Æ j0 k j1 p j0 k,k=N < jyj0 k j1 p j0
k,k=N þ jÆ j0 k j1 pj0 k,k=N

< jyj0k j1pj0 k,k=N , #�j0k¼1 þ jyj0k j1pj0 k,k=N , #�j0k>2 þ 2j=2pj0k : (23)

We now use the following result:

Lemma 5. Let k < e� p=( p�1). Then there exists C , 1 such that
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Ey2
jk1 pjk,k=N ,#� jk>2 <

2 j(Npjk)2= p

N 2
ffiffiffi
�

p :

Proof. From the Stirling formula we have

P(#� jk ¼ r) ¼ N . . . (N � r þ 1)

r!
pr
jk(1 � pjk)

N�r <
(Npjk)rerffiffiffiffiffiffi

2�
p

r rþ1=2
,

so that

E#�2
jk1 p jk,k=N ,#� jk>2 <

X1
r¼2

(Npjk)rerffiffiffiffiffiffi
2�

p
r r�3=2

¼ (Npjk)2= p
X1
r¼2

(Npjk) r�2=perffiffiffiffiffiffi
2�

p
r r�3=2

<
(Npjk)2= pffiffiffi

�
p

X1
r¼1

2�r ¼ (Npjk
)2= pffiffiffi
�

p ,

since (Npjk)2�2= pe2 < 1. To obtain the result of the lemma it suffices to note that

Ey2
jk1 pj k,k=N ,#� jk>2 ¼ 2 j

N2
E#�2

jk1 pj k,k=N ,#� jk>2:

h

Let us now gather together the terms of the decomposition of �(1)
N (cf. (23)). By the

Minkowski inequality, we have

E(�(1)
N )2 ¼ 2 j0(1�2= p)Ekyj0: � Æ j0:k

2
p < 2 j0(1�2= p)C

X
k

[Ejyj0 k � Æ j0 k j21 p j0 k>k=N ] p=2

 !2= p

þ 2 j0(1�2= p)CE
X
k

jyj0 k j p1#� j0 k¼1

 !2= p

þ 2 j0(1�2= p)C
X
k

[Ejyj0 k j21 p j0 k,k=N ,#� j0 k>2] p=2

 !2= p

þ 2 j0(1�2= p)C
X
k

2 j p=2 p
p
j0 k

1 pj0 k,k=N

 !2= p

< C92 j0(1�2= p) 2 j0 p=2

kN p�1

X
k

pj0 k

 !2= p

(by (22))
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þ C92 j0(1�2= p)2 j0 N�2þ2= p since yj0 k1# j0 k¼1 ¼ 2 j0=2=N
� 	

þ C92 j0(1�2= p) 2 j0 p=2

N p

X
k

pj0 k N

 !2= p

(by Lemma 5)

þ C92 j0(1�2= p) 2 j0 p=2

N p�1

X
k

pj0 k

 !2= p

< C 022 j0
(1�1= p)N�2(1�1= p): (24)

Substituting into (24) and (21) the value of 2 j0 from (5), we obtain the bound of the theorem.

5.5. Proof of Theorem 4

We start with some technical results. Let � jk be the support bin of ł jk , and �k that of �k .

We put

pjk ¼
ð
� jk

f (x)dx,

� 2
jk ¼ E�2

jk ¼
1

N
(E(ł2

jk(X 1) � �2
jk),

where � jk ¼ yjk � Eyjk ¼ yjk � � jk . We also denote v jk ¼ E�4
jk and

ª jk ¼ º
ffiffiffiffiffiffiffiffiffi
ln N

p
� jk :

Note that � 2
jk and ª jk are the deterministic counterparts of the empirical values �̂� 2

jk and ª̂ª jk,

that is,

E�̂� 2
jk ¼

N � 1

N
� 2

jk , Eª̂ª2
jk ¼

N � 1

N
ª2
jk :

Since 2� jm is the diameter of the support bin � jk , the wavelets ł j,mi and ł j,mi9 have disjoint

supports. Thus

X
k

pjk ¼
Xm
l¼1

X
i

pj,miþ l <
Xm
l¼1

ð
f (x)dx ¼ m: (25)

This relation will be often used in what follows.

Lemma 6.

� jk <
1

N
min(L1=(sþ1), 2 jkłk2

1 pjk), (26)

v jk < 22 jkłk4
1(pjk N

�3 þ p2
jk N

�2): (27)
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Proof. Note that

Eł2
jk(X 1) ¼

ð
� jk

ł2
jk(x) f (x)dx < k f k1

ð
� jk

ł2
jk(x)dx < k f k1

and

Eł2
jk(X1) ¼

ð
� jk

ł2
jk(x) f (x)dx < kł jkk2

1

ð
� jk

f (x)dx ¼ 2 jkłk2
1 pjk :

By the Kolmogorov inequality, as f 2 F (s, L), k f k1 < L1=(sþ1), which implies (26).

Further,

E�4
jk ¼ E

1

N

XN
i¼1

ł jk(X i) � Eł jk(X i)

 !4

<
Eł4

jk(X 1)

N3
þ

(Eł2
jk(X 1))2

N 2

< 22 jkłk4
1

pjk

N3
þ

p2
jk

N2

 !
:

h

Lemma 7. Let mN > 30 ln N. Then for any j, k and any N large enough,

P #� jk , mN , pjk >
2mN

N

� �
, pjk N

�4, (28)

P #� jk > mN , pjk ,
2mN

2N

� �
,

p3
jk

N 3
: (29)

Proof. We start with the proof of (28). By the Bernstein inequality,

P(#� jk , mN ) < P(#� jk � N pjk < �N pjk=2) < exp � (N pjk)2

8(N pjk ¼ 1
3
N pjk)

 !

< exp � N pjk

11

� �
< exp � mN

6

� 	
:

When mN > 30 ln N the latter probability is less than N�5, which implies (28).

To show (29) we consider two cases: mN=e2N < pjk < mN=2N and pjk , mN=e2N . In

the first case we use the Bernstein inequality and the derivation is completely analogous to

that used to show (28). In the second case, from the Stirling formula,

P(#� jk ¼ r) ¼ N . . . (N � r þ 1)

r!
pr
jk(1 � pjk)N�r <

N r pr
jker

r rþ1=2
:

Then
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P(#� jk > mN ) <
X1
r¼mN

N r pr
jker

r rþ1=2
<

p3
jk

N 3

N 6e3

m
7=2
N

X1
r¼mN

Npjke

r

� �r�3

<
p3
jk

N3
N6

X1
r¼mN

e�r <
p3
jk

N 3
:

h

Lemma 8. Let the parameters r and º satisfy (7). We have, for any 0 < j < j1 (where j1 is

defined in (8))and k 2 Z:

(i) If � > max(1, 2L1=(sþ1) þ kłk1=54), then

P j� jk j . �

ffiffiffiffiffiffiffiffiffi
ln N

N

r !
< 2N�1: (30)

(ii) If pjk > r ln N=2N, then

P





 1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X1)





 . 2 j�2 pjk

8

 !
< pjk N

�4: (31)

(iii) Moreover, if r ln N=2N < pjk < �2=2kłk2
1, then

� 2
jk >

2 j�2 pjk

2N
, (32)

and for ª jk ¼ º
ffiffiffiffiffiffiffiffiffi
ln N

p
� jk we have

P j� jk j .
ª jk

4

� 	
< pjk N

�4: (33)

Proof. We use the Bernstein inequality. Since kł jkk1 < 2 j1=2kłk1 < kłk1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=(r ln N )

p
,

P j� jk j . �

ffiffiffiffiffiffiffiffiffi
ln N

N

r !
, 2 exp � �2 ln N=N

2� 2
jk þ 2

3
kł jkk1N�1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln N=N

p
 !

< 2 exp � �2 ln N

2L1=(sþ1) þ 2
3
kłk1�r�1=2

 !
(by (26))

< 2 exp � � ln N

2L1=(sþ1) þ kłk1=54

� �
(when � > 1)

¼ 2N��=(2L1=(sþ1)þkłk1=54)

(note that as kłk1=� > 1,
ffiffiffi
r

p
> 36). this implies (i).

Recall that
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Eł4
jk(X 1) ¼

ð
ł4

jk(x) f (x)dx < 22 jkłk4
1 pjk :

Then, by the Bernstein inequality,

P





 1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X 1)





 . c

 !
, 2 exp � c2N

2Eł4
jk(X1) þ 2

3
ckł2

jkk1

 !

< 2 exp � c2N

22 jþ1kłk4
1 pjk þ 2

3
c2 jkłk2

1

 !
:

Choosing c ¼ 2 j�2 pjk=8, we obtain, when pjk > r ln N=(2N ),

P





 1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X1)





 . 2 j�2 p jk

8

 !

, 2 exp �
22 j�6�4 p2

jk N

22 jþ1kłk4
1 pjk þ 1

3
22 j�2�2 pjkkłk2

1

 !

< 2 exp � �4 pjk N

27kłk4
1 þ (24=3)�2kłk2

1

 !
< 2N�5,

which implies (31).

On the other hand, we have a simple bound for � jk :

j� jk j < kł jkk1
ð
� jk

f (x)dx ¼ 2 j=2kłk1 pjk :

Recall that the absolute value of the blocky analysis wavelet ł(x) is bounded from below on

its support by �. This implies that

Eł2
jk(X 1) ¼

ð
� jk

ł2
jk(x) f (x)dx > 2 j�2 pjk :

Therefore, for pjk < �2=(2kłk1),

� 2
jk <

1

N
(2 j�2 pjk � 2 jkłk2

1 p2
jk) >

2 j�2 pjk

2N
,

and for those j and k we have 2 j < 2N� 2
jk=�pjk < 4N2� 2

jk=�
2r ln N , so that

kł jkk2
1º

ffiffiffiffiffiffiffiffiffi
ln N

p

N
¼ 2 j=2kłk1º

ffiffiffiffiffiffiffiffiffi
ln N

p

N
<

2kłk1� jkº

�
ffiffiffi
r

p : (34)

Now the bound (33) follows from the Bernstein inequality. Indeed,
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P j� jk j .
º
ffiffiffiffiffiffiffiffiffi
ln N

p
� jk

4

 !
< 2 exp �

º2 ln N� 2
jk

16(2� 2
jk þ 1

6
kł jkk1N�1º

ffiffiffiffiffiffiffiffiffi
ln N

p
� jk

 !

< 2 exp �
º2 ln N� 2

jk

16� 2
jk(2 þ 2ºkłk1=6�

ffiffiffi
r

p
)

 !
(due to (34))

< 2 exp � º2 ln N

32 þ º=6

� �
, 2N�5 (as

ffiffiffi
r

p
> 36kłk1=�)

for º > 14. h

Using lemma 8, we obtain the following propostion.

Propostion 1. Let r and º be as in the description of Algorithm 2.

(i) If j and k are such that pjk > r ln N=(2N ), then

P ª̂ª jk . ºkłk1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 jþ1 pjk ln N

N

s0
@

1
A < pjk N

�1: (35)

(ii) Moreover, if r ln N=(2N ) < pjk < �2=(2kłk2
1) then, for N large enough,

P(jª̂ª jk � ª jk j > 1
2
ª jk) < 2pjk N

�4, (36)

P(j� jk j > 1
2
ª̂ª jk) < 2pjk N

�4: (37)

Proof. (i) Using the bounds �̂� 2
jk < (1=N 2)

PN
i¼1ł

2
jk(X i) and Eł2

jk(X 1) < 2 jkłk2
1 pjk, we

obtain

P ª̂ª jk . ºkłk1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 jþ1 pjk ln N

N

s0
@

1
A ¼ P �̂� 2

jk .
kłk2

12 jþ1 pjk

N

 !

< P
1

N

XN
i¼1

ł2
jk(X i) . kłk2

12 jþ1 pjk

 !

< P
1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X 1) . kłk2
12 j pjk

 !
:

When pjk > r ln N=N , the latter probability is bounded by pjk N
�1 due to (31).

(ii) We define the following sets:
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A1
jk ¼ j� jk j <

ª jk

4

n o
,

A2
jk ¼





 1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X1)





 < N� 2
jk

4

( )
,

Bjk ¼ A1
jk \ A2

jk :

Then from (33), P(A1
jk) > 1 � pjk N

�4, and the bound in (31), with � 2
jk > 2 j�2 pjk=(2N ),

implies that P(A2
jk) > 1 � pjk N

�4. Thus P(Bjk) > 1 � 2pjk N
�4. In addition, we have

jy2
jk � �2

jk j < j� jk j(2j� jk j þ j� jk j) <
ª jk

4
2j� jk j þ

ª jk

4

� 	
on A1

jk :

Furthermore, j� jk j < 2 j=2 pjkkłk1 and � jk . 2 j=2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pjk=(2N )

p
by (32). Thus j� jk j <

� jkkłk1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pjk N=�

p
, and

jy2
jk � �2

jk j <
ª2
jk

16
1 þ

8kłk1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pjk N

p
�º

ffiffiffiffiffiffiffiffiffi
ln N

p
 !

on A1
jk :

Then on Bjk ,

j�̂� jk � � jk j <
j�̂� 2

jk � � 2
jk j

� jk

<
1

N� jk





 1

N

XN
i¼1

ł2
jk(X i) � Eł2

jk(X 1)





þ jy2
jk � �2

jk j
 !

<
� jk

4
þ � jkº2 ln N

16N
1 þ

8kłk1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pjk N

p
�º

ffiffiffiffiffiffiffiffiffi
ln N

p
 !

<
� jk

2

for N large enough. This establishes inequality (36). Moreover,

j� jk j .
ª̂ª jk

2

� �
� j� jk j .

ª jk

4

n o
[ ª̂ª jk ,

ª jk

2

n o
and the bound (37) is a consequence of (33). h

Lemma 9. Let �̂� jk be defined as in (9). Then there exists C , 1 such that

j�̂� jk � � jk j < C j� jk j þ �

ffiffiffiffiffiffiffiffiffi
ln N

N

r !
þ j� jk j1ª̂ª jk.�

ffiffiffiffiffiffiffiffiffiffiffi
ln N=N

p (38)

for any � . 0, and

j�̂� jk � � jk j p < C j� jk j p1j� jk j.ª̂ª jk=2 þ min(j� jk j, ª jk) p
h i

þ j� jk j p1ª̂ª jk.3ª jk
=2: (39)

Proof. We have, by virtue of Lemma 2 of Delyon and Juditsky (1996),

j�̂� jk � � jk j p < j3� jk j1j� jk j.ª̂ª jk=2 þ min(j� jk j, 3
2
ª̂ª jk) p: (40)

This implies, in particular, that

Minimax density extimation on R 209



j�̂� jk � � jk j < j3� jk j þ 3
2
�

ffiffiffiffiffiffiffiffiffi
ln N

N

r
1
ª̂ª jk<�

ffiffiffiffiffiffiffiffiffiffiffi
ln N=N

p þ j� jk j1ª̂ª jk.�
ffiffiffiffiffiffiffiffiffiffiffi
ln N=N

p :

On the other hand, we have from (40),

j�̂� jk � � jk j p < j3� jk j p1j� jk j.ª̂ª jk=2 þ min(j� jk j, 9
4
ª jk) p1ª̂ª jk<3yjk=2 þ j� jk j p1ª̂ª jk.3yjk=2

< C j� jk j p1j� jk j.ª̂ª jk=2 þ min(j� jk j, ª jk) p
h i

þ j� jk j p1ª̂ª jk.3yjk=2

h

We return now to the proof of Theorem 4. Note that from (14) we have the following

bound for the estimation error:

k f̂f N � f k p <
X1
j¼0

2 j(1=2�1= p)k�̂� j:� � j:k p þ kz:� Æ:k p � rN : (41)

We decompose rN as follows:

rN <
X1
j¼ j1þ1

2 j(1=2�1= p)k� j:k p þ
Xj1
j¼0

2 j(1=2�1= p)k�̂� j:� � j:k p þ kz:� Æ:k p

¼
X1
j¼ j1þ1

2 j(1=2�1= p)k�: jk p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk,mN

 !1= p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk>mN

 !1= p

þ
X
k

jzk � Æk j p1#� k,mN

 !1= p

þ
X
k

jzk � Æk j p1#� k>mN

 !1= p

<
X1
j¼ j1þ1

2 j(1=2�1= p)k�: jk p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1#� jk,mN
1 pjk.2mN =N

 !1= p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1#� jk,mN
1 pjk<2mN =N

 !1= p

210 A. Juditsky and S. Lambert-Lacroix



þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk>mN
1 pjk,mN=2N

 !1= p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk>mN
1 pjk>mN=2N

 !1= p

þ
X
k

jzk � Æk j p1#� k,mN

 !1= p

þ
X
k

jzk � Æk j p1#� k>mN
1 pk<mN=2N

 !1= p

þ
X
k

jzk � Æk j p1#� k>mN
1 pk.mN =2N

 !1= p

¼
X8

i¼1

r
(i)
N :

The principal term in the above expansion is r
(5)
N . We first need to give the bounds for

the rest of the terms in the sum. Note that the bounds below are valid when N is large

enough:

Lemma 10. r
(1)
N < CL1�1= p(ln N=N )s(1�1= p).

Proof. Inequality (12) implies that k� j:k1 < L2� j(sþ1=2). Moreover, from (11) we conclude

that, for some C , 1,

2� j=2k� j:k1 < C:

Now

r
(1)
N ¼

X1
j¼ j1þ1

2 j(1=2�1= p)k�: jk p ,
X1
j¼ j1þ1

2 j(1=2�1= p)k� j:k( p�1)= p
1 k� j:k1= p

1

< CL1�1= p
X1
j¼ j1þ1

2 j(1=2�1= p)2� j(sþ1=2)(1�1= p)2 j=(2 p)

< CL1�1= p
X1
j¼ j1þ1

2� js(1�1= p) < C9L1�1= p2� j1 s(1�1= p):

h

Lemma 11. [E(r
(2)
N )2]1=2 < C=N .

Proof. Note that, for any p > 1, k� j:k p < k� j:k1. Thus, by the Minkowski inequality,
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[E(r
(2)
N )2]1=2 < E

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j1#� jk,mN
1 pjk.2mN =N

 !2
2
4

3
5

1=2

<
Xj1
j¼0

2 j(1=2�1= p)
X
k

Ej� jk j21#� jk,mN
1 p jk.2mN=N

h i1=2

Due to inequality (28) in Lemma 7 we obtain the bound

[E(r
(2)
N )2]1=2 <

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk jP1=2(#� jk , mN )1 p jk.2mN=N

< C
Xj1
j¼0

2 j(1�1= p) max
k

P1=2(#� jk , mN )1 p jk.2mN=N (as 2� j=2k� j:k1 < C)

< C
N

ln N

� �1�1= p

N�2 <
C

N
:

h

Lemma 12. r
(3)
N < CL(1�1= p)=(sþ1)(ln N=N )s(1�1= p)=(sþ1).

Proof. We split the sum r
(3)
N into two parts: when 0 < j < j0 we use the bound j� jk j <

2 j=2kłk1 pjk . When j . j0 we bound j� jk j1 by CL2� j(sþ1=2) (cf. (12)). Thus

r
(3)
N <

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1 p jk<2mN=N

 !1= p

< C
Xj0
j¼0

2 j(1=2�1= p)
X
k

2 jp=2 p
p
jk1 p jk<2mN=N

 !1= p

þ C
Xj1
j¼ j0þ1

2 j(1=2�1= p)k� j:k1�1= p
1

X
k

j� jk j
 !1= p

< C9
Xj0
j¼0

2 j(1�1= p)
X
k

2 jp=2 2mN

N

� � p�1

pjk

 !1= p

þ C
Xj1
j¼ j0þ1

2 j(1=2�1= p)L1�1= p2� j(sþ1=2)(1�1= p)2 j=(2 p)
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< C 0 2 j0(1�1= p) 2mN

N

� �1�1= p

þL1�1= p2� j0 s(1�1= p)

" #

(by (25)). Finally, choosing j0 such that

N

ln N

� �1=(sþ1)

L1=(sþ1) < 2 j0 , 2
N

ln N

� �1=(sþ1)

L1=(sþ1),

we obtain the statement of the lemma. h

Lemma 13. [E(r
(4)
N )2]1=2 < C max L(1�1= p)=(sþ1)(ln N=N )s(1�1= p)=(sþ1), N�1=2

� �
.

Proof. We first remark that j�̂� jk � � jk j < j� jk j þ j� jk j and

j�̂� jk � � jk j p < 2 p�1(j� jk j p þ j� jk j p):

Thus

r
(4)
N < C

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1#� jk>mN
1 pjk,mN=2N

 !1=p

þ C
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1 p jk,mN =2N

 !1=p

: (43)

We have already obtained a bound for the second term on the right-hand side of (43) in

Lemma 12:

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1 pjk,mN=2N

 !1= p

< CL(1�1= p)=(sþ1) ln N

N

� �s(1�1= p)=(sþ1)

:

Recall that, by (27),

Ej� jk j4 ¼ v jk < kłk4
122 j(pjk N

�3 þ p2
jk N

�2):

We can estimate the first term on the right-hand side of (43) as follows:

E
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1#� jk>mN , pjk,mN=2N

 !1=p
0
@

1
A

22
4

3
5

1=2
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<
Xj1
j¼0

2 j(1=2�1= p)
X
k

[Ej� jk j21#� jk>mN , p jk,mN =2N 	1=2

<
Xj1
j¼0

2 j(1=2�1= p)
X
k

(Ej� jk j4)1=4P1=4(#� jk > mN )1 p jk,mN =2N

< C
Xj1
j¼0

2 j(1�1= p)
X
k

p
1=4
jk

N3=4
P1=4(#� jk > mN )1 p jk,mN =2N

< C
Xj1
j¼0

2 j(1�1= p)N�3=2
X
k

pjk (by (29))

< C
N

ln N

� �1�1= p

N�3=2 < CN�1=2:

h

Lemma 14. r
(6)
N < C(ln N=N )1�1= p and [E(r

(7)
N )2]1=2 < CN�1.

Proof. The proof of this lemma is completely analogous to that of Lemmas 11 and 12. h

Lemma 15. [E(r
(8)
N )2]1=2 < Cmax(N1= p�1, N�1=2).

Proof. When p > 2,

E(r
(8)
N )2 ¼ E

X
k

jzk � Æk j p1#� k>mN
1 pjk.2mN =N

 !2= p

< E
X
k

jzk � Æk j2
 !

<
X
k

pk

N
< CN�1:

When 1 < p , 2, we use the bound

E(r
(8)
N )2 <

X
k

(Ejzk � Æk j2) p=21 pk.2mN =N

" #2= p

<
X
k

pk

N

� 	 p=2

1 pk.2mN=N

" #2= p

< CN�1
X
k

pk
N

mN

� �1� p=2
" #2= p

< C9N2= p�2m
1�2= p
N < C9N 2= p�2:

h
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We finally come to the principal term of the error decompostion (42):

r(5)
n ¼

Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk>mN
1 pjk>mN=2N

 !1= p

:

We split this again:

r(5)
n ¼

Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1#� jk>mN
1 pjk>mN=2N 1

pjk<�2=(2kłk2
1) þ 1

pjk.�2=(2kłk2
1)

h i !1= p

:

<
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1 p jk.�2=(2kłk2
1)

 !1= p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1
mN=2n< p jk<�2=(2kłk2

1)

 !1= p

: (44)

To bound the second term on the right-hand side of (44) we use inequality (39) from

Lemma 9,

j�̂� jk � � jk j p < C j� jk j p1j� jk j.ª̂ª jk=2 þ min(j� jk j, ª jk) p
h i

þ j� jk j p1ª̂ª jk.3y jk=2,

to obtain

r(5)
n <

Xj1
j¼0

2 j(1=2�1= p)
X
k

j�̂� jk � � jk j p1 p jk.�2=(2kłk2
1)

 !1= p

þ C
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j p1j� jk j.ª̂ª jk=21
mN=2n< pjk<�2=(2kłk2

1)

 !1= p

þ C
Xj1
j¼0

2 j(1=2�1= p)
X
k

min(j� jk j, ª jk) p1 pjk>mN=2N

 !1= p

þ
Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk j1ª̂ª jk.3y jk=21
mN=2N< pjk<�2=(2kłk2

1)

 !1= p

¼
X4

i¼1

�(i)
N : (45)

We start with the bound on �(1)
N .

Lemma 16. [E(�(1)
N )2]1=2 <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln N=N

p
.
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Proof. First, remark that as pjk < Ck f k12� j for some C , 1 which depends only on the

wavelet ł, the inequality pjk . �2=(2kłk2
1) implies that

2 j <
Ck f k1

pjk

< C9
k f k2

1kłk1
�2

< C 0: (46)

Moreover, for obvious reasons, there exists C (which depends only on the wavelet ł) such

that for any j,
P

k pjk < C and the number of bins such that pjk . �2=(2kłk2
1) cannot

exceed C9 ¼ 2Ckłk2
1=�2 at each level j. Now let j9 be the maximal j which satisifies (46).

Then for 0 < j < j9 and any k,

Ej� jk j2 <
Eł2

jk(X 1)

N
<

kł jkk2
1

N
<

C

N
:

Due to the bound (35) in Propostion 1, we have, for some � , 1,

P ª̂ª jk . �

ffiffiffiffiffiffiffiffiffi
ln N

N

r !
< N�1:

Using (38), we obtain

[E(�(1)
N )2]1=2 <

Xj9
j¼0

2 j(1=2�1= p)
X
k

Ej�̂� jk � � jk j21
pjk.�2=(2kłk2

1)

h i1=2

< C
Xj9
j¼0

X
k

Ej� jk j2 þ �
ln N

N
þ j� jk j2P ª̂ª jk . �

ffiffiffiffiffiffiffiffiffi
ln N

N

r !" #1=2

1
p jk.�2=(2kłk2

1)

< C9 N�1 þ �
ln N

N
þ N�1


 �1=2

< C 0

ffiffiffiffiffiffiffiffiffi
ln N

N

r
:

h

Lemma 17. [E(�(2)
N )2]1=2 < CN�1=2.

Proof. We have the bound

[E(�(2)
N

2]1=2 < C
Xj1
j¼0

s j(1=2�1= p)
X
k

Ej� jk j21j� jk j.ª̂ª jk=21
mN=2N< pjk<�2=(2kłk2

1)

h i1=2

< C
Xj1
j¼0

2 j(1=2�1= p)
X
k

(E�4
jk)1=4P1=4 j� jk j .

ª̂ª jk

2

� �
1
mN=2N< p jk<�2=(2kłk2

1)

< C9
Xj1
j¼0

2 j(1=2�1= p)
X
k

2 j=2 p
1=2
jk

N1=2
p

1=2
jk N�1 (by (37))
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< C 0
2 j1=2

N 3=2
< C(3)N�1=2:

h

Lemma 18. [E(�(4)
N )2]1=2 < CN�1=2.

Proof. Using (36), we obtain

[E(�(4)
N )2]1=2 < C

Xj1
j¼0

2 j(1=2�1= p)
X
k

j� jk jP1=2(ª̂ª jk .
3
2
ª jk)1

mN=2N< pjk<�2=(2kłk2
1)

< C
Xj1
j¼0

2 j(1�1= p) max
k

P1=2(ª̂ª jk .
3
2
ª jk)1

mN =2N< p jk<�2=(2kłk2
1)

< C9
Xj1
j¼0

2 j(1�1= p) max
k

p
1=2
jk N�21 p jk>mN =2N

< C 02 j1 N�3=2 < C 0N�1=2:

h

Lemma 19.

�(3)
N < C

L( p�1)=( p(sþ1)) ln N

N

� �s=(2sþ1)

for p . 2 þ 1

s
,

L1=(2sþ1) ln N
ln N

N

� �s=(2sþ1)

for p ¼ 2 þ 1

s
,

L( p�1)=( p(sþ1)) ln N

N

� �s( p�1)=( p(sþ1))

for p , 2 þ 1

s
:

8>>>>>>>>><
>>>>>>>>>:

Proof. We consider here the case 2 < p , 1 (the case 1 < p , 2 being completely

analogous). Let j9 and j 0 satisfy

L1=(sþ1) N

ln N

� �1=(2sþ1)

< 2 j9 , 2L1=(sþ1) N

ln N

� �1=(2sþ1)

,

L1=(sþ1) N

ln N

� �1=(sþ1)

< 2 j 0 , 2L1=(sþ1) N

ln N

� �1=(sþ1)

:

Recall that min(j� jk j, ª jk) < j� jk jqª1�q
jk , for any 0 < q < 1. Further, due to (26),

ª2
jk ¼ º2 ln N� 2

jk < Cmin
2 j pjk ln N

N
,
L1=(sþ1) ln N

N

� �
:
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Thus, we have

�(3)
N <

Xj9
j¼0

2 j(1=2�1= p)
X
k

ª p
jk

 !1= p

þ
Xj 0
j¼ j9þ1

2 j(1=2�1= p)
X
k

j� jk j p�2ª2
jk

 !1= p

þ
Xj1

j¼ j 0þ1

2 j(1=2�1= p)
X
k

j� jk j p�1j� jk j
 !1= p

< C
Xj9
j¼0

2 j(1=2�1= p)
X
k

ln NL1=(sþ1)

N

� � p=2�1
ln N2 j pjk

N

 !1= p

þ C
Xj 0
j¼ j9þ1

2 j(1=2�1= p) k� j:k p�2
1

X
k

ln N2 j pjk

N

 !1= p

þ C
X1

j¼ j 0þ1

2 j(1=2�1= p) k� j:k p�1
1 k� j:k1

� 	1= p

< C9
Xj9
j¼0

2 j(1=2�1= p)

ffiffiffiffiffiffiffiffiffi
ln N

N

r
L( p�1)=(2 p(sþ1))2 j= p

þ C9
Xj 0
j¼ j9þ1

2 j(1=2�1= p) L2� j(sþ1=2)
� 	1�2= p

2 j= p ln N

N

� �1= p

þ C9
X1

j¼ j 0þ1

2 j(1=2�1= p) L2� j(sþ1=2)
� 	1�1= p

2 j=(2 p)

< C 0 2 j9=2

ffiffiffiffiffiffiffiffiffi
ln N

N

r
L( p�1)=(2(sþ1)) þ L1�2= p ln N

N

� �1= p Xj 0
j¼ j9þ1

2� j(s�(2sþ1)= p) þ L1�1= p2� j 0s(1�1= p)

" #
:

When p . (2sþ 1)=s, the second term of the above decomposition can be estimated as

follows:

Xj 0
j¼ j9þ1

2� j(s�(2sþ1)= p) < C2� j9(s�(2sþ1)= p),

and when 2 < p , (2sþ 1)=s,

Xj 0
j¼ j9þ1

2� j(s�(2sþ1)= p) < C2� j 0(s�(2sþ1)= p):

Substituting the values for 2 j9 and 2 j 0, we obtain in these two cases
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�(3)
N < CL( p�1)=( p(sþ1)) ln N

N

� �s=(2sþ1)

þ ln N

N

� �s=(sþ1)
" #

:

If p ¼ 2sþ 1, an extra logarithmic factor appears in the sum

Xj 0
j¼ j9þ1

2� j(s�(2sþ1)= p) ¼ j 0� j9 < C ln N ,

and

�(3)
N < C ln NL(1�2)= p ln N

N

� �1= p

< C9 ln NL1=(2sþ1) ln N

N

� �s=(2sþ1)

:

h

Finally, to obtain the statement of the theorem it suffices to combine the bounds of

Lemmas 10–19 for the terms of the decomposition (42).
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