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Sieving random iterative function systems
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It is known that backward iterations of independent copies of a contractive random Lipschitz function converge
almost surely under mild assumptions. By a sieving (or thinning) procedure based on adding to the functions time
and space components, it is possible to construct a scale invariant stochastic process. We study its distribution and
paths properties. In particular, we show that it is cadlag and has finite total variation. We also provide examples
and analyse various properties of particular sieved iterative function systems including perpetuities and infinite
Bernoulli convolutions, iterations of maximum, and random continued fractions.
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1. Introduction

Iteration is one of fundamental tools in mathematics going back to famous fixed point theorems for
contractive mappings. In probabilistic setting, one often works with iterated independent identically
distributed (i.i.d.) Lipschitz functions ( f;);cn defined on a complete separable metric space and study
the convergence of either backward f1(f2(f3(--- fx(-)))) or forward f, (fn—1(fn—2(-- f1(-)))) itera-
tions as n — 00. An incomplete list of early works on random iterations include [8,10,12,13,26] and
references therein. A comprehensive study of convergence regimes for contractive (a precise defini-
tion will be given below) iterated random functions goes back to the prominent paper by Diaconis and
Freedman [11].

An important special case of iterated random affine mappings (called stochastic perpetuities) was
studied in [4,19,20,24] and in many other works. The recent books [7,22] provide more comprehensive
lists of further references. A particular instance of perpetuities, infinite Bernoulli convolutions, have
been attracting enormous attention since 1930th, see, for example, [1,15,16,29,30,32].

We recall the main setting, restricting ourselves to the case of Lipschitz functions on the real line R.
Let G be the space of Lipschitz functions f : R — R endowed with the usual Lipschitz norm || f|Lip :=
| f(0)] + Ly, where

lf ) = fl

Ly:=
x,yER, x#y |x — I

is the Lipschitz constant of f € G. The composition of functions f o g defined by (fog)(x) := f(g(x))
for x € R endows G with the semigroup structure and is continuous with respect to || - [|Lip.

Equip G with a probability measure v on the Borel o -algebra of G. Since the composition operation
is continuous, the composition of two G-measurable functions is again G-measurable. If f is a random
function with distribution v such that

Ky ::EszfgLfdv(f)<oo, ElogszélogLfdv(f)<O, @))
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and

E|f(zo)—zo|=/g|f(zo)—zo|dV(f) <00 2
for some zg € R, then the sequence of backward iterations

Zp:=fro---0o fu(z0) 3)

converges almost surely as n — oo and the limit Z,, does not depend on the choice of zg, see The-
orem 1 and Proposition 1 in [11]. From this, one deduces that the sequence of forward iterations
fn o+ 0 f1(zp) converges in distribution to Z.,, see Theorems 1.1 and 5.1 in [11]. Furthermore, the
limiting random variable Z, satisfies the stochastic fixed-point equation

Zoo L f(Zoo). €

where f and Z, on the right-hand side are independent.

Many important distributions appear as limits for random iterated functions. This work aims to ex-
tend this construction in order to come up with stochastic processes (in general, set-indexed) whose
univariate distributions arise from iterations and joint distributions are related by leaving some itera-
tions out. For instance, assume that each of the functions f; is associated with a uniformly distributed
random variable U; and is deleted from the iteration chain in (3) if U; exceeds a given number x. The
limit of such iterations is a random variable ¢(x) whose distribution is the same as that of Z.,. The
properties of ¢ (x) considered a random function of x is the main subject of this paper.

As a preparation to a general construction of such stochastic processes presented in Section 2, we
shall provide a few examples.

Example 1.1. Consider an infinite sequence (Q,),en of independent copies of a random variable O
taking values O or 1 equally likely. For A € (0, 1), the Bernoulli convolution

o0

Zoo:=Y M'"'0,

n=1

results from the backward iteration of independent copies of the function f(z) = Az+ Q. Now consider
a sequence (Up),en of i.i.d. uniform random variables on [0, 1] which is independent of (Q,),en. Put
Tr(x) := Zl;zl Ly, <x}» k eN, x € (0,1], where 1yy,cqa) is the indicator of the event {x; € A}, and
further S, (x) :=inf{k e N: Ty (x) =n},n e N, x € (0, 1]. Let

t(x):=> M '0s,00. xe(0.1].

n=1

This yields a stochastic process, whose univariate marginals are all distributed like Z,. We will explore
path properties of this process, show that for A € (0, 1/2] it is Markov in both forward and reverse time
and find its generating operator. It is well known that if A = 1/2, then ¢(x) is uniformly distributed
on [0, 2] for every x € (0, 1]. We show that the bivariate distributions are singular for some x close
enough to 1, determine a bound on their Hausdorff dimension and calculate the local dimension on the
set of binary rational points.

Example 1.2. Generalising the previous example, consider a sequence (Z,),cn of backward iterations
of affine mappings f,(x) = M,x + Q,, n € N, applied to the initial point zo = 0, where (M,,, O)neN
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are i.i.d. random vectors in R2. A criterion for a.s. convergence of (Z,) is known, see [19], Th. 2.1. In
particular, by [19], Cor. 4.1, convergence takes place whenever Elog|M| € (—o0, 0), Elog™ | Q| < oo,
where log™ x :=log(x Vv 1), and an additional nondegeneracy assumption, see formula (38) below,
holds. Let (U, ), en be i.i.d. uniform random variables on [0, 1] which are independent of (M,,, Oy )neN-.
Consider a coupled family of processes

oo [/n—1
£(x) = Z(]‘[ M,i””k“") Qnliy,<x),  x € (0, 1].

n=1 \k=1
We establish the uniform convergence of partial sums of the above series to the limit ¢ (x) and explore
its path properties.

Example 1.3. Consider a continued fraction W,, = with (possibly i.i.d. random) coefficients

1
Wy—1+an
ay >0,neN.If } a, = 0o as., the continued fraction converges in distribution by the Stern-Stolz
theorem, see Theorem 10 in [25]. Given once again a sequence (U,),en of i.i.d. uniform random

variables on [0, 1] which is independent of (a;,),cN, we modify the continued fraction by letting

1
—, ifU, <x,
Wn(x) =1 Wu—1(x) +an x e (0,1].
Wi_1(x), ifU, > x,

Note that for every fixed x € (0, 1], W, (x) is the forward iteration of the mappings

Jux (@)=

1 +z1 , z>0.

ap +z {Un=<x} {Un>x}

The a.s. pointwise limits of the corresponding backward iterations Z,(x) as n — oo constitute a
stochastic process on (0, 1]. We show that this process has a finite total variation, and is Markov if
(an)nEN CcN.

Note that in all above examples we eliminate some iterations from the infinite sequence

Zeo=f10 f20-:0 fno---

by replacing the corresponding functions with the identity mapping in a coupled manner. In Section 2,
we suggest a sieving scheme for iterated functions, which is generated by an auxiliary Poisson point
process. As a result, we are led to a set-indexed stochastic process whose univariate marginals are all
the same and are distributed as the almost sure limit of Z,, in (3). By taking its values on the segments
[x, 1] with x € (0, 1], we obtain all constructions mentioned in the above examples as special cases.

The distributional properties of the set-indexed process are analysed in Section 3, in particular, it
is shown that a variant of this process on the half-line is scale invariant. By restricting the process to
a finite interval, it is possible to rephrase our sieving scheme as iteration in a functional space. With
this idea, in Section 4 we use tools from the theory of empirical processes to establish the uniform
convergence on some classes of sets. In Section 5, it is shown that the limiting process ¢ is cadlag and
has a finite total variation on any bounded interval separated from zero. We also discuss integration
with respect to ¢ and integrability properties of ¢. Section 6 establishes the Markov property of the
process, assuming a kind of a strong separation condition known in fractal geometry.

The most well-studied family of iterations are perpetuities, also known as autoregressive processes of
the first order, see Example 1.2 above. The sieving scheme is applied to them in Section 7, where also
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an important example of Bernoulli convolutions is considered, see Example 1.1. Section 8 outlines
several other instances of iterations that provide new examples of self-similar stochastic processes.
In the Appendix, we collect some technical proofs and provide several further examples related to
perpetuities.

2. Sieving scheme for iterated functions

Let X be a complete separable metric space with its Borel o-algebra B(X) and equipped with a o-
finite measure p. Recall that G is the family of Lipschitz functions on the real line with a probability
measure v satisfying (1) and (2).

Let Ry := [0, o0) be the positive half-line with the Lebesgue measure Leb. Consider a Poisson
process P on Ry x X x G with intensity measure Leb ® u ® v. Note that in a triplet (¢, x, f) € P
the function f may be considered as a mark of the point (¢, x), the marks of different points are
independent and v is the probability distribution of the typical mark denoted by f. For A € B(X),
denote by P4 the intersection of P with Ry x A x G.

For a sequence (f;;)nen of i.i.d. random Lipschitz functions, write

= fior o fu

and f ktoo for the almost sure limit of these iterations as n — 00 provided it exists. For k > n, we
stipulate that £%17 is the identity function Id.

For each A € B(X) with (A) € (0, 00), enumerate the points {(fx A, Xk, A, fk.A) : Xk.4 € A, k > 1}
of P4, so that the first component is a.s. increasing, and define the sieved backward iterations of
(fk,A)keN:

G(A) = fAMNO(z0) = fiao--o fuum.alzo), >0, (5)

where zo € R is fixed and nonrandom, and
Na(@):=suplk>1:t3, 4 <t, x4 €A}

with the convention sup @ = 0. Thus, ;(A) is a finite backward composition of marks f; for (7, xx)
from the rectangle [0, t] x A. Equivalently, ¢; (A) is the composition of functions fil{y;ea} +Id 1y, ¢4)
for #; <t applied to the starting point zo. This equivalent interpretation makes transparent the “sieved”
structure of ¢;(A) which might seem disguised in the definition (5).

In what follows, we always assume that conditions (1) and (2) are in force. Then ¢;(A) in (5) con-
verges almost surely as ¢+ — oo. The limiting random element is denoted by ¢(A); it is a random
set-indexed function defined on

B4+(X):={A€BX): u(A) € (0,00)}.

Furthermore, ¢ (A) does not depend on the choice of zg.

If X is the half-line R = [0, 00) and u is the Lebesgue measure, then we work with a Poisson
process on R, x Ry x G, and, for A = [0, x] with x > 0, the random variable ¢;(A) is the result of
iterating the functions f; ordered according to #; <t and such that x; < x. In this case, we write ¢ (x)
as a shorthand for ¢ ([0, x]), x > 0, and regard ({(x)),0 as a stochastic process on (0, c0). Note that
by passing from ¢ (x) to ¢ (y), we sieve some iterations out if y < x and insert additional ones if y > x.
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3. Distributional properties

3.1. Finite-dimensional distributions and scale invariance

Recall that £(A) is defined for A € B, (X), that is, for Borel A such that u(A) € (0, c0). Note the
following simple facts.

Proposition 3.1. The distribution of {(A) does not depend on A € B (X') and ¢ (A) 4 Zoo IfP{Zs =
0} < 1, the set function ¢ is not additive, and hence is not a measure on X. If A1 N Ay = & for
A1, Ay € B4 (X)), then (A1) and £ (A3) are independent.

Theorem 3.2. Let ¢ : X +— X be any measurable bijection such that ,u(¢‘1 (A)) =cu(A) for a con-
stantc > 0and all A € B (X). Then ¢ (¢p(A)) and ¢ (A) share the same finite-dimensional distributions
as functions of A € B4 (X).

Proof. By the transformation theorem for Poisson processes, the process with intensity measure
,u(d)_l(A)) can be obtained as (¢ (x;))ieN, Where (x;);en is the Poisson process with intensity u.
Thus, £(¢(A)), A € B4 (X), coincides with the limiting set-indexed process obtained by using Poisson
points from the process of intensity cLeb ® pu ® v. This process is obtained from the original one by
transform #; — ¢~ !#;, which does not change the order of the #;s and so the limit in (5). O

It is possible to describe two-dimensional distributions of the set function ¢ as follows. Let Ay, A>
be two sets from B (X'). Consider the triplet (¢, x4, fix) such that 7, is the smallest among all triplets
(ti, xi, fi) with x; € A1 U A>. Then

(2(AD), £(AD)) £ (£ (2(AD), £u(€(AD)) L irscarnay)
+ (2(AD, fe(£(AD))Lixseanar) + (f+(£(AD), E(A2)Lix,eanay).  (6)

A similar equation can be written for the joint distribution of ({(A1), {(A2),...,¢(Ay)) for any
AL, ..., Ay € BL(X).

In the special case of X = R with u being the Lebesgue measure, Theorem 3.2 yields that the
finite-dimensional distributions of (£ (x)),~0o do not change after scaling of its argument by any positive
constant, meaning that (£(x))y~o is scale invariant. After the exponential change of time, the process
C(s):=¢(e%), s €R,is strictly stationary on R.

3.2. Power moments
Using known results for perpetuities, it is easy to deduce the following statement.

Proposition 3.3. Assume that, for some p > 0, we have EL’; < 1 and E| f(z0) — z0l? < 00. Then
E|¢(A)|? < oo forall A € By (X). ‘

Proof. For every A € B, (X), the random variable {(A) has the same distribution as Z,. By the
triangle inequality

|fi@ —z0] <|fi(zo) —20| + Lplz—z0l. z€R, (7)
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and, therefore,

n k—1
|flTn(Z())—ZO| §Z|fk(10)_zo|l_[l‘f:f as.,n €N,
k=1

Jj=1

Letting n — oo yields

00 k—1 p
|Zoo —20l” < (Z’fk(ZO)—Zo’Hij) a.s.
k=1

j=1

The term in the parentheses on the right-hand side is a perpetuity. The criterion for existence of power
moments of perpetuities is given in [4], Th. 1.4. In particular, under our assumptions the right-hand
side of the last display is finite. The proof is complete. ]

Remark 3.4. The inequality E|Z|” < oo is stated under weaker assumptions in Theorem 2.3(d) in
[3]. However, in the claimed generality this result does not hold, see the corrigendum [2] for a correct
form which is weaker than Proposition 3.3.

If the conditions of Proposition 3.3 hold for p = 2, then ¢ (A) is square integrable for all A € B4 (X),
and (6) leads to an iterative equation for the second moments of ¢ as

(A1 U AD)E(L(A1)¢(A2))
= (A1 N ADE(f(2(A1) f(£(A2)))
+ 1A\ ADE(£(£(AD)(¢(A2)) + (A2 \ ADE(L(AD £(£(A2))), (8)

where f is a random element in G with distribution v independent of £(A;) and ¢ (A»). For processes
on the half-line, (8) becomes

YE(E)E() =xE(f(¢()) f(ED)) + O =0EC®) f(()), 0<x <y,

where f is independent of ¢ (x) and ¢ (y).

4. Iterations in a finite measure space

4.1. Iterations in a functional space

Assume that p is not identically zero and finite on X, that is, (X)) € (0, 0c0). Then, the construction
of the limiting process can be done as follows. Let ( f;);en be a sequence of i.i.d. copies of f from G
distributed according to v, and let (U;);cn be i.i.d. copies of a random element U € X with distribution

P{UeA}:M A e BX). )

n(X)’

Assume further that (f;);cn and (U;);en are independent.
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Let A € B4 (X). Then f; contributes to the iterations constituting {(A) if U; € A, and otherwise f;
is replaced by the identity map. In other words, we have the following identity

C(A) = f1"%(z0), A €By(X),

where the limit f ;Too(z()) of f;T" (z0), as n — 00, is understood in the a.s. sense, zp € R, and f ;T”
are backward iterations of i.i.d. copies of the function

fa@) = fOLweay + 1ALy ga)- (10)

The set function (§(A)) aeB. (x) is the solution of the following iterative distributional equation

f.d.
(((A))A€B+(X) = (f(¢(A)Lwea +§(A)1{U¢A})A€B+(X)’ (11)
where f, U and ¢ on the right-hand side are independent. Note that the Lipschitz constant of f4 is

Ly, =Lilwea +Livgay.
hence,
log Ly, = (logLf)lyea)-

Example 4.1. Assume that X = [0, 1] with the Lebesgue measure. Then U has the standard uniform
distribution on [0, 1], and

) = fI1%@0), xe,1],

where the a.s. limit does not depend on zp € R, and f)cl 1 are iterations composed of i.i.d. copies of
the function

fir ()= Ol +1dOLysy).

4.2. Uniform convergence of sieved iterations

We now aim to prove the uniform convergence of iterations as functions of Borel set A by reducing the
problem to the uniform convergence of empirical processes. Let A be a subclass of Borel sets in X.
A finite set  of cardinality 7 is shattered by A if each of its 2" subsets can be obtained as / N A for some
A € A. The Vapnik—Cervonenkis dimension of A is the supremum of cardinalities n of all finite sets
I in X shattered by A. The family A is called a Vapnik—Cervonenkis class if its Vapnik—Cervonenkis
dimension is finite. We refer to the classical book [31], see in particular Section 4.9 therein, for the
details of the Vapnik—Cervonenkis theory.

Theorem 4.2. Let A be a collection of Borel subsets of X with (X)) < oo such that A is a Vapnik—
Cervonenkis class and infgc 4 L(A) > 0. Then

SUP|§(A)—f,iT"(zo)| 250 asn— oo. (12)
AeA
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Lemma 4.3. Assume that a family A satisfies conditions of Theorem 4.2. Further, let (& )reN be a
sequence of i.i.d. copies of an integrable random variable & such that E€ < 0, and let (Uy)reN be a
sequence of i.i.d. copies of the random element U with distribution (9), which is also independent of
(6t)ken- Then

sup ZZ:lSkﬂ{UkeA} as infacq (A)
AeA n u(X)

E£ <0 asn— oo. (13)

Proof. Define a random measure (or abstract empirical process) on B(X) by
n
Su(A) =) du(A), AeBQX),
k=1
where
1
Onk(A) := ;gk]l{UkGA}, k=1,...,n,AeBX).

Note that ES,, (A) = u(A)E&/u(X) does not depend on 7. For a function ¢ : A +— R, denote ||| :=

SUp e 4 [V (A)].
Assume first that |&;| < ¢ a.s. Then

n
E(Z ||¢nk||) <c, n=L
k=1

For § > 0,

n n
c
E(Z 1{|¢,,k|>a}||¢nk||> < ;E(Z ﬂ{§k|>n5}> = cP{|&|>ns} >0 asn— oo,
k=1 k=1

By results from the theory of empirical processes (see [14], Ch. 6),

E[IS, —ES,|| — 0 asn — oo. (14)

The sequence S,,(A) — ES,(A) is a reverse martingale for each A, and so ||S, — ES, | is a reverse
submartingale which is bounded, since |S,(A) — ES,;(A)| < 2c for all A and n. Thus,

1S: —ES, |l =3 0 asn — oo.
For a not necessarily bounded &;, decompose the random measure as
n n
Su(A) = S;(A) + S(A) =D duk (A Lijeri<c) + Y bk (AL 5c)-
k=1 k=1

Then ||S;, — ES, || — 0 a.s. as n — oo by the argument above applicable to the bounded &s. Further-
more,

1 & 1 —
IS, —ESs,| < o > Ll 5o + - > E(l& L 50))-
k=1 k=1



42 A. Marynych and I. Molchanov

The a.s. upper limit of the right-hand side can be made arbitrarily small by the choice of c. Therefore,

noeq A inf A
sup Li=1 Belivgen) 2% sup o )Eg _ Infacai( )Eé as n — 0o,
AcA n AcA M(X) ()
because E£¢ < 0. =

Remark 4.4. It is possible to impose weaker conditions that guarantee the uniform convergence of
Sy (A) over A € A. Let N(g, A, p,) be the cardinality of the smallest e-net in A with respect to the
random pseudometric

pu(A, Z|¢nk<A> Pk (A Z €k Liueana)-

k=1 kl

Then the Vapnik—Cervonenkis class assumption may be replaced by the assumption that N (¢, A, p,)
converges to zero in probability as n — co. A comprehensive treaty of uniform convergence for empir-
ical processes can be found in [31], Ch. 3. In particular, a necessary and sufficient conditions are given
in Theorem 3.5 on p. 101 therein.

Proof of Theorem 4.2. Let (L, ,);en be the Lipschitz constants of the i.i.d. copies (fi a)ien of the
function f4 given by (10). By the Lipschitz property,

1 1
64 = £, @0 < Ly Ll £ 20) = 20 (15)
for any A € B4 (X). Moreover, for each i € N and an arbitrary z € R, we have, similarly to (7),
| f1.4(2) — 20| = | 2L, ¢a) + fi @ Liy;ea) — 0]
= |(z = 20)L{v;¢a)} — 20L;ea) + fi(20)Lw;eay + (fi(2) — fi(20)) Ly, ey
<|fi(z0) — 20| + (L s Liv;ea) + Lwigaplz — 20l =: Qi + Ly, 12 — 2ol

Iterating the above inequality for | f; 4(z) — zo| yields

00 i—1
@) —z0 = Y Qi [] Lpia- (16)

i=n+1 k=n+1

Plugging this upper bound into (15), we obtain

2A) — 41" (20)| < Z Ql]"[Lka_ Z Q,<sup HLfM) (17)

i=n+1 k=1 i=n+1 AcA k=1

To show that the right-hand side of the above inequality converges to zero a.s., it suffices to check that

00 i—1
ZQ,(sup HLka><oo a.s. (18)

i=1 AeA
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This follows from Cauchy’s radical test. Indeed,

i—1
limsup — ; <log Q; + sup ZlogLka>

i—00 AeA; T

i—1

! 1 f A
<hmsup—10g Q; + limsup — sup Z(logLfk)]]-{UkEA infacan(4)

ElogLy <0,
i—>00 i—>00 lAe.Ak 1 n(X)

where the second lim sup was calculated in Lemma 4.3. The first lim sup is equal to zero by the Borel—
Cantelli lemma and the fact that Elog™ Q| = Elog™ | f1(z0) — zo| < 0o by the assumption (2). Thus,

1/i
: infyeq 1(A)
lim sup sup L < exp{iElogL <1, (19)
i—00 ( (Ae 1!_[1 ka)) u(X) !
and this completes the proof. |

Since the Vapnik—Cervonenkis dimension of a monotone family of sets is 2, we obtain the following
result.

Corollary 4.5. Let A = {A;,t > 0} be a nondecreasing (respectively, nonincreasing) subfamily of
B4 (X) of finite measure such that | J, A; (respectively, (), A;) is of finite positive measure. Then (12)
holds.

4.3. Uniform convergence for sieved iterations on the half-line

Let X =R be the half-line with u being the Lebesgue measure. Let us consider stochastic process
(& (x))x>0= ([0, x]))x~0- By Corollary 4.5, the iterations

&) = fo@o), =1, (20)

converge a.s. to ¢ uniformly over x € [a, b] for each 0 < a < b < co. The following result establishes
their uniform convergence in L?”.
Denote ®(x) := ELX and let

Z:={x>0:d(x) <1} 1)

The set Z is not empty under assumption (1), because it contains all sufficiently small positive numbers.
This follows from the following three relations: ®(0) =1, ®'(0) =Elog L y <0 and (1) < occ.

Proposition 4.6. For eacha > 0and p e ZN (0, 1],

E sup |§(x)—§n(x)|p—>0 as n — oo. (22)

x€la,l]

Proof. Repeat the arguments from the proof of Theorem 4.2, see (17), and use the subadditivity of the
function ¢ — P to arrive at

p
E sup |¢(x) —2,(0)]” < Z (EQ; )PE( sup 1"[Lko> : (23)

x€la,1] imnt1 x€la, 1
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Fix i > 2. In order to calculate the last expectation, recall that (t, xk, fi)k=1....i—1 i the enumeration
of the first i — 1 atoms of ’P[()_y]] ordered such that t; <t <--- < t;_;. Let Xi—1:1) <+ < X@i-1i-1)
be the ordered points x1, ..., x;—1, and let f(;_1.x),[0,x] be the corresponding functions. Note that

i—1 i—1

i—1 i—1 1 1

_ ‘ _ {a<x(i—1 k) =x} L -1, =4}
l_[ Lfk,[(),xj = 1_[ Lf(;—l.k).[o.xl - Lf(i—l,k) Lf(ifl,k) ’ @4
— = k=1 k=1

The two factors on the right-hand side of (24) are independent by the Poisson property, and the second
factor does not depend on x. Thus,

i—1 P } P si—l 1 } P
u<x(l 1 k)gx x(i—l,k)f‘l
E( Sup l_lLfk [M) = E( Sup l_[Lfo 1,k) ) E( Lf(ifl,k) ) :

x€la, 11,4 x€la, 11, 4 k=1

Further, since ( f) and (x;) are independent,

p i—1 P i—1 p
a<x(j_1,j)=x) _ ﬂ[a<x<,>_lyk)SX) i
( sup l_[Lf(, o ) —E< sup ank ) SE(suanfk>

x€la,l] xe[a,l]kzl iZlk:l

i—1

SZE(]_[Lfk) Z ®(p)'~ %(p) <00
i=I i=1

Therefore,
p | i-1 P
(xX(i—1,0)=al
sup Lfwag]l =7——E L,
(xe . 1]}_[1 S0, ) 1—®(p) (k:l Si-11
- .
L (i- : 1= (1—®(p)a)~!
= Y (1) ewtata —aymimk = SEEZ0PNA
—op &=\ & 1= a(p)

where the first equality holds by conditioning on the number of points x{, x2, ..., x;—; which fall in
the interval [0, a]. Summarising, we see that the series on the right-hand side of (23) converges and
(22) follows. O

5. Path regularity properties

5.1. Set-indexed functions

As we have already mentioned, the set function ¢ is not a measure, yet it is possible to show that it is
a.s. continuous from below and from above.

Proposition 5.1. Assume that (Apy)meN is a nondecreasing sequence of sets from B, (X) such that
U(Axo) < 00, where Aog := Uy Am. Then

C(Am) =5 ((Aso) asm — oo.

The same holds for a nonincreasing sequence (A;;)men from B4 (X) such that 0 < u(As) with A :=

=1 An-
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Proof. Assume that (A,,),eN 1s nondecreasing. For fixed ¢ > 0, we can write

|£(As0) — £(A)| = [¢(Aco) = &i(Aso)| + |6 (Ase) = & (Am)| + | & (Am) — E(Aw)|
< [¢(As) = & (Aco) | + |6 (Ase) — & (Am)| + sug!;z(Am) —C(Am)

3

where ¢; was defined by (5). Letting m — oo yields

’

limsup|¢ (Aco) = £ (Am)| < £ (Axo) = &i(Aco)| + Sup1|§z(Am) —&(Am)

m— o0

since Ny, (t) = Na, (1) a.s., and so Ny, (1) = Na (¢) a.s. for all sufficiently large m. Letting ¢ go to
infinity and applying Corollary 4.5 yield the desired statement. The proof for nonincreasing sequences
is similar. ]

Remark 5.2. Proposition 5.1 also holds in the sense of L”-convergence for p € Z, see (21) for the
definition of 7.

The recursive equation (6) makes it possible to obtain bounds on the increments of ¢. Let A C B
with A, B € B (X), and let U be distributed in B according to the normalised w, see formula (9) with
X = B. Then

£(B) — £ (A)] < [(£(2(B)) = £ (M) Lweay + (£ (£(A) — $(A) Livenay
< Lsle(B) = ¢(A)] +]£(2(A) = £(A) | Lwep\ay,

with independent ¢, f and U on the right-hand side. If Ky =EL ¢ < 1 and (2) holds, then ¢(A) is
integrable by Proposition 3.3. Since ¢ (A) and f({(A)) share the same distribution, it holds

n(B) — (A)

E|c(B) — c(A)| < o2~
|c(B) —¢( )|5(1—Kf)u(3)

E|f(¢(A) — ¢ (A)].

Note that the latter expectation does not depend on A, since the distribution of {(A) does not de-
pend on A. A similar estimate can also be written for p-th moment, p > 0, assuming ®(p) < 1 and
E|f(z0) — z0|? < o0.

5.2. Stochastic processes on the half-line
In the special case of i being the Lebesgue measure on X' = R, we obtain the following result.

Proposition 5.3. The process (£(x))x=0 is a.s. continuous at every fixed (nonrandom) x > 0; it has
cadlag paths and it is not pathwise continuous and is not pathwise monotone.

Proof. Fix arbitrary x > 0. Let (x,),>1 and (x}),>1 be sequences such that x, | x and x, 1 x as
n — 00. By Proposition 5.1, we obtain

£(10, x,)) = ¢([0,x1) and ¢ ([0,x))) =3 £([0,x)) asn — oo.

Since ¢ (x—) :=¢ ([0, x)) = ¢(x) a.s. we deduce the first property.
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The process ¢, (x) from (20) is cadlag in x by construction, being a composition of cadlag functions
fi.10.x1- The uniform convergence established in Corollary 4.5 yields that (£ (x))x>0 has cadlag paths
a.s. on [a, b] for any 0 < a < b, being the uniform limit of cadlag functions.

To show that it is not pathwise continuous, consider the projection {(#;, x;) : i > 1} of the Poisson
process P and take an atom! (z, x) such that the rectangle [0, t] x [0, x] does not contain other atoms
of {(t;,x;) :i > 1}. Then ¢ is not left-continuous at x. More precisely, for such (random) x we have
¢(x) = f(&(x—)), where f is the mark of the atom at (¢, x). Since the jump f(¢) — ¢ has expectation
zero, see (4), the process is not pathwise monotone. g

Our next result concerns the total variation of ¢.

Theorem 5.4. The total variation of the process (£ (x))x=0 is a.s. finite on every interval [a, b] with
a>0.

Proof. Without loss of generality, we may consider an interval [a, 1] for a fixed a € (0, 1). Fix an
arbitrary partitiona =yp <y <y2 <--- <y, =1, and let

T =1(yj, Yj+1) :=inf{k2 1:x, € (yj,yj+1]}, j=0,1,....m—1,

be the index of the first point in P such that the second coordinate of this point falls in (y;, y;+1]. Note
that, for every fixed i € N,

m—1 m—1 i m—1 i
Z L=t =D D L=k < D D Lixeetyoyal)
j=0 k=1 j=0 k=1
i m—1 i
=) ) Mmetiye =P lne@iy < . (25)
k=1 j=0 k=1

Let us now consider the increments {(y;4+1) — ¢(y;) for j =0,...,m — 1. Write (f; y);en for theii.d.
copies of the function fy := fjo,y] from (10). We have

D) = O] < |G = fo T

"ol + ¢ = £ TV (20)]
= |t = G| + e = £V o)l

where the second equality holds because f,y;,, = fk,y; for k < 7 by the definition of 7;. By the
Lipschitz property,

e+ —t))] < Ly |fy,+1 (z0) — 20|

Tj=Lyj+1
7100
tLpy, Ly, | A @) =20l
and, with the help of (16),

(yje1) — 2| < ZQ,]"[ fk,m+ZQ,1"[Lfk <2ZQ,<sup l’[Lm) (26)

i=7; =T xeulkl

ISuch atoms are usually called (lower) records of the point process.
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where Q; :=|fi(zo0) — zo| as in the proof of Theorem 4.2. Summing over j =0, ..., m — 1 and subse-
quently taking the supremum over the set P of all partitions, we deduce

m—1
sulez(y,+1>—§<y,)| <supZQ,< sup ]'[Lf”> Zn{f,«}

)CE(Z

§ZiQ,( sup ]_[Lka> 27)
i=1

x€la,l] k=1

where (25) yields the last bound. It remains to note that the series on the right-hand side converges a.s.
by the Cauchy radical test using the same reasoning as in the proof of Theorem 4.2 in conjunction with
a trivial observation i /! — 1 as i — oo. The proof is complete. ]

Inequality (26) provides an upper a.s. bound on the increments of the process ¢ in terms of the tail
of a convergent series.

Denote by V,(¢; [a, b]) the p-variation of ¢ over the interval [a, b]. The next result demonstrates
that the p-variation of ¢ is integrable. Recall that the set Z was defined in (21).

Proposition 5.5. Forevery p e ZN (0, 1] and 0 < a < b, we have

EV,( 2E|Z|?
(¢ La, b]) (IOg(b/a))ﬁ(m' (28)

Proof. First of all note that E|Z|? is finite by Proposition 3.3. Further, it suffices to prove the state-
ment for the interval [a/b, 1] with 0 < a < b. The scale invariance property then yields the desired
result for the interval [a, b]. Thus, without loss of generality, assume that b =1 and a € (0, 1).
The process (£(x))xe(0,17 has a countable dense set of jumps occurring at points (xx)x>1, where the
enumeration (#, xk, fi)k>1 of the atoms of P issuchthat0 <t <t) <3 <--- and x; € [0, 1] a.s.
The size of a jump at x; € [0, 1], k € N, depends on the number of iterations applied before fi. More
precisely,

C0) — c—) £ IO (Zo0) — 1% (Zoo), keN,
where 6 := le;ll Lixj<xi)s and Z, is independent of (f;);<x and distributed like ¢(x) for any x.
Taking the expectation and using independence we obtain
E|¢ () — ¢ ()| Loy < E((@(0) *Liyoa))E| £ (Zoo) — Zoo|”
<E((@(p) " Liya)) 2B Zool”,
where (4) has been utilised on the last step. Since x; has the uniform distribution on [0, 1],

=1, o |
E((q)(p))ekﬂ{xk>“})=2<kj 1) (@D(p))]/ Y=y dy
=0 a
(1= (1 = (P(p)a) — (P(p)*

1 k—1
S o 4o . (29
/a (1=y+y(®@)) dy k(1= (@(p)) )
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Finally, note that

2E|Zw|?

E D et - i) = (~loga) 7>~ o) -

xi€la,1]

By the subadditivity of the function ¢ — 7, Proposition 5.5 implies that the total variation of { over
[a, b] is p-integrable with a bound on its pth moment given by the right-hand side of (28).

For each ¢ > 0, the set J := {x > 0:|{(x) — {(x—)| > €} of jumps of size at least ¢ is a scale
invariant point process on (0, co). Indeed, since the p-variation of ¢ is finite on any interval [a, b] with
0 < a < b < oo and sufficiently small p > 0, the number of points in J N [a, b] is a.s. finite. For ¢ > 0,
cJ is the functional of (;(c’lx))po, which coincides in distribution with (¢ (x))x=0, hence J is scale
invariant.

5.3. Integration with respect to ¢

Since the process ¢ has finite total variation, it is possible to integrate continuous functions with respect
to ¢ on intervals bounded from O in the sense of Riemann—Stieltjes integration. For arbitrary 0 < a <
b < oo and continuous % : [a, b] — R, we have

/ h(x)d¢(x) = Z h(xi) (¢ (xx) — ¢ (=), (30)
(a.b] xx€(a,b)

and the series on the right-hand side converges absolutely a.s.
The following proposition shows that one can also integrate over intervals (0, b] provided # satisfies
an additional integrability assumption.

Proposition 5.6. Let h : [0, 1]+~ R be a continuous function such that fol |h(t)|Pt~1 dt < oo for some
p € LN (0, 1]. Then the limit f(o 1 h(x)d¢(x) of 30) as a | O exists a.s. and in LP.

Proof. It suffices to show that

p
E( > !h(mH;(xk)—;(xk—)]) < 0. 31

x,€(0,1]

This immediately implies

3 e - ca—)| < oo as.

x,€(0,1]

and, thus, by the dominated convergence

Y R () —c0a—) = Y hOw)(C0) — (k=) asa 0.

xx€(a,l] xx€(0,1]

<x(
P

Furthermore, (31) implies that

p
> |h<xk>||c(xk)—¢<xk—>|>

xr€(0,a]

H / 7o) dg (x) — f 7o) dg (x)
(a,1] 0,1]
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as a | 0. To prove (31), note that subadditivity of ¢ — ¢? yields
p o
E( D |G| - c<xk—)|> <Y E(|c) — ceao)|” - [hGen)[7).
x€(0,1] k=1

Let us prove that the series on the right-hand side converges. Using the same calculations as in (29),
we derive

E(|¢0a0) — )|’ - |h)|”) < 2EIZooPE((D(p)) * [ 00| )
1
:2E|Zoo|"/0 (1= y+30(p) " h)|” dy.

The right-hand side is summable to zllﬂi"a]‘)p fol |h(y)|?y~! dy, which is finite by assumptions. Note

that E|Z|? is finite by Proposition 3.3, since ®(p) < 1 and E| f(z¢) — z0|” < oo in view of (2). O

Let us now turn to integration of ¢ with respect to a continuous deterministic function /. The easiest
way to define such integrals is via integration by parts, that s, for 0 < a < b and continuous # : [a, b] —
R, put

/ £ () dh(x) = L BYh (D) — ¢ (@)h(a) — / h(x) dg (x)
(a,b] (a,b]
— WD) — t@h@ — S B (£ — ). 32)
xx€(a,b]

Under the additional integrability assumption, the definition can be extended to a = 0.

Theorem 5.7. Under assumptions of Proposition 5.6 and assuming also that h is continuous, the
integral f(a b] Z(x)dh(x) converges in L? as a | 0 to a limit which is denoted by f(O 1 h(x)d¢(x).

Proof. In view of Proposition 5.6 and definition (32), it suffices to check that
lim|(a)|"E|¢(a)|” =0.
al0

But this follows immediately from lim, o |A(a)| = [2(0)| =0 and E|¢(a)|? = E|{(1)]? < 0o, where
finiteness is secured by Proposition 3.3. g

In particular, if ®(p) < 1 for some p € (0, 1] then fol ¢(x)dx is well defined in L”. Hence,
fol ¢ (x)dx is well defined in L” for all sufficiently small p > 0.

6. Markov property

Assume that knowledge of the value y = f(x) allows one to recover in a unique way the value of the
argument x € R and also the realisation of the random function f(-) with the distribution v. To get a
better understanding of this assumption, suppose for a moment that v is supported by a finite set of
strictly monotone and strictly contractive functions hy, ..., h,, € G which satisfy the strong separation
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condition. The latter means that the unique attractor of the iterated function system {hy, ho, ..., hy},
that is the unique nonempty compact set /C such that

K=Jni 0,

i=1

satisfies additionally /; (KC) N h j(K) = @ for i # j. Thus, for every point y € K we can find the unique
index i such that y € i; (K), hence, uniquely recover a deterministic function #;, the realisation of f.
Since hy, ..., h, are assumed to be strictly monotone, it is further possible to find the unique x €
such that y = h; (x) = f(x). Moreover, since the support of Z,, the limit of iterations (3), is equal to /C,
given the event {Z,, = z} one can uniquely determine the full (deterministic) sequence (g3)neny C G,
such that

z= (gz)lToo(zo).

A typical example of a random Lipschitz mapping satisfying the above recovery property are Bernoulli
convolutions with A < 1/2, see Example 1.1 and Section 7.3 below, for which

m=2  h@=ix, h@=ix+1,  v({h})=v(h})=1/2.

An example where v is not finitely supported, yet the corresponding random function f satisfies the
recovery property, is given by random continued fractions with integer entries, see Example 8.3 below,
in which

1
f(X)Zm

with & € N a.s. From the value y = f(x) one can recover the function f by letting £ be the integer part
of 1/y and x the fractional part of 1/y.

The aim of this section is to show that the process ({(x))y~o generated by a random Lipschitz
function f which satisfies the recovery property, is Markov and calculate the corresponding generators.
Denote by §4,5) the o -algebra generated by ¢ (x), x € [a, b], where 0 < a < b < oo. Write §, for §Fqj.
The recovery property implies that §, is equal to the o -algebra generated by the projection of Pg 4
onto the last component G.

Theorem 6.1. Assume that each z € supp Zs, corresponds to a unique sequence (g5)neN from G such
that

2= (9" o). (33)

and, for all n € N, the mapping z — g} is measurable as a function from R to G. Then the process
(£ (X)) x>0 is Markov both in forward and reverse time, that is, with respect to filtration (§0,x]) x>0 and
(&x,00)) x>0, respectively.

Proof. Fix x,u > 0. Given {¢ (x) = z}, we know the projection of Pjo ] onto G, which is the sequence
(8%)nen. The o-algebra §( x) is generated by the family of sequences (g,i(y))neN with y < x. Note
that (g5©7),en is a subsequence of (g5° Ynen if y < '

Let ko := 0 and put

Kk+1 :=min{i >k :x; <x}, k>0,
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where (#, Xk, fi)ken is the enumeration of atoms of P[g x4,] such that (#)ken is a.s. increasing. We
have

tatwy = lim fDofi 000 Mo f,20), (34)

C(X)

where the limit is in the almost sure sense, fi, = and

f(k)(Z) —f((Kk 1+D ke — 1)( 2. keNl.

X, x~+u]

Note that Py x4 is independent of Pjg | by the Poisson property and, in particular, (kx — kx—1)keN
are i.i.d. with geometric distribution which are also independent of (o, ). Hence, ¢(x 4 u) is deter-
mined by ¢ (x) and Py x4, S0 that the conditional distribution of ¢ (x 4-u) given § (o, coincides with
the conditional distribution given J.

Let us now prove the Markov property in the reverse time. Given {¢(x) =z} and y < x, we have

t) = (¢5)" o)

where g% Gy is equal in distribution to g with probability y/x, is the identity function with probability
1 — y/x and the choices are mutually independent given {¢(x) = z}. That is to say, ¢£(y) is a func-
tional of (g2)nen, and Pjo x. Since ¢ (x) determines the sequence (g5)ken, and by the independence
of Poisson processes, we have the Markov property in the reverse time. U

The conditional distribution of ¢ (x + u) given {¢ (x) = z} can be determined as follows. Let (g7),eN
be a sequence recovered from {¢(x) = z}. In view of (34), ¢(x 4+ u) for u > 0 can be derived by
inserting between each consecutive pair of functions in the infinite iteration

Z:((x):gfogz(z)o~-~ogﬁo~--,

an independent copy of a mapping f*® composed of a geometric number of independent copies of f.
The aforementioned geometric random variables take values in {0, 1,2, ...}, are independent and all
have the same parameter u/(x + u). Similarly, it is possible to determine the conditional distribution
of £(y) given {¢(x) =z} with x > y by deleting each of the functions g% independently of others with
probability 1 — y/x.

Maintaining assumptions of Theorem 6.1, we now aim at finding the generating operator of the
time-homogeneous Markov process Z (1) := ¢ (e'), ¢ € R. This generating operator in the forward time
is defined as the limit

1
(Ah)@) = lim <[E(h(¢ (7)) I¢ (') =2) = h@)].
and in the reverse time as
1
(A ) (@) :=lim S[E(h(s (€ ))z(e") =2) — h(2)]

for all functions 4 from their domains of definition.
We calculate the above generators under additional assumptions:

L ¢ < cy for some deterministic constant cy <1 and Zs, is compactly supported.  (35)

The above assumption holds, for example, for Bernoulli convolutions.
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Proposition 6.2. Assume that f possesses the recovery property and (35) holds. Then, for h €
Cl(supp Zwo), it holds

o0

(Arh)(2) = Z[Eh((gz)mk ofo ((gz)mk)fl(z)) —h(2)], z€suppZu, (36)

k=0
and also
W@ =Y [h((e9)"" o (e) o ()" @) k@], zesuppZoes (D)
k=0

where (gf ) jeN is a sequence of deterministic functions which is uniquely determined by z € supp Zy.

The proof of Proposition 6.2 if given in the Appendix.
We close this section by noticing that the Markov property holds without the recovery property but
with respect to a larger filtration generated by the Poisson process in horizontal strips.

7. Perpetuities

7.1. Moments and covariances

Let f(z) = Mz + Q, where (M, Q) is a random vector in R?, so that L = M. The iterations of
i.i.d. copies of the affine random mapping z — Mz + Q are known as perpetuities. In order to avoid
trivialities, we assume throughout this section that

P{Mx+ Q=x}<1 forall x e R. (38)

Assume that E|M| < 1 and Q is integrable. Then ¢(A) is integrable and

EQ

Ef(A)= 0

If EM? < 1 and EQ? < o0, then £(A) is square integrable for all A € B, (X), see [4] and Propo-
sition 3.3, Th. 1.4, and the general expression for the covariance can be found from (8). Assuming
additionally EQ = 0 and independence of M and Q, we obtain

_ EQ’u(A1N Ay
B (ADE(A2) = 530043 U Ay) + (M — EMD (A, A AD)|

From this, we deduce

»_ EQ?
EC(A) = — 5
and
2EQ%(1 —EM)1(A1 AA2)
(1 —EM2)((EM —EM2)u(A1 N Ay) + (1 —EM)u(A; U A7)’

E(¢(A1) — £(A2)’ =

Thus, ¢ is continuous in L? with respect to the convergence of its argument in measure.
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From now on, assume that ¥ =R, and ¢(x) = ¢ ([0, x]). Then

xEQ?
(1—-EM)y+ (EM —EM?)x’

E(()¢(y) = X <y.

By exponential change of time, we obtain the stationary process f(s) = (e%), s € R, with covariance

E(Z(0)¢(s)) =

a
celsl+1°

where a > 0 and ¢ > 1. Note that the covariance is not differentiable at zero, so the process is not
L2-differentiable.
If M and Q are independent, but Q is not centred, then

I EQ*(1-EM)+ (QEM — 1)(EQ)* + (EQ)*(y/x) .

B(E@E0) =gy (1—EM)(y/x) + EM — EM?

(39)

The covariance between ¢ (x) and ¢ (y) tends to (E Q)2/(1 —EM)? as y/x — 0o, which, in particular
means that correlation between ¢ (x) and ¢ (y) tends to 0, as y/x — oo.

7.2. The case of a finite interval

Now consider iterations of f(z) = Mz + Q on the finite interval (0, 1] as described in Section 4.
Equation (11) can be written as

(W), o = (ML + Ly=() + QLw=n) o (40)

The process ¢ (x) can be also expressed as the a.s. (pointwise) convergent functional series

o0
tx)=>_Mj My, 0. xe(0.1] (1)
n=1
where
Ly, <x
M}, = MyLiy, <x) + Lu,>x) = My "=, 0 = 0nl,=x;, n=1,x€(0,1].

If M =Xxe (0,1) is fixed, then

o0 o0
() =Y A=t L= g 1 g =) AT 0,1y, <, 42)

n=lI n=1

where T,,(x) := nl?n(x), with E(x) being the standard empirical distribution function for the sample
{Uy,...,U,}. Note that if Q is Gaussian, then the sum also has a Gaussian distribution, that is, the
univariate distributions of ¢ (x) are Gaussian. Recall that the distribution of ¢(x) does not depend on
x> 0.

Let us derive an alternative representation for ¢ (x). Put

k
Sp(x) = 1nf{k eN: ZE{UISX} = n} = 1nf{k eN: Ti(x) = n}, neN,
j=1
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and note that {Tx_1(x) = j, Uy < x} ={Sj41(x) =k} forall j > 0 and k € N. Thus,

o [ ole )
() =Y A1V, < =D Mg, =) Culiy,<u)
n=1 n=1j=0
o ) o o0 )
=> MY Oul{Sii) =n} =) 1 Qs 0.
j=0 n=l j=0

Summarising we derive the following representation

@)=Y M 1050, xe.1]. 43)

j=1

Note that S, (x) is distributed as a sum of n independent geometric random variables on {1, 2, ...} with
success probability x.

7.3. Bernoulli convolutions

If M=x¢€(0,1) and Q takes values 0 and 1 with equal probabilities, then ¢(x) = ¢ ([0, x]) is the
Bernoulli convolution for each x > 0, see [15,16,30].2 By (39),

x+y
(1 =22y +2x)’

If A < 1/2, then the distribution of ¢(x) and the finite-dimensional distributions of the process ¢

are singular. If A = 1/2, then ¢ (x) has the uniform distribution on [0, 2] for all x. Let ugc)’ 12 denote

the joint distribution of (¢(x), (1)) for A = 1/2. A sample from the distribution /L](SOC'S)I P is shown on

E(t(x)¢(y) = 1 x <y. (44)

Figure 1, suggesting that the ugé 12 is singular for x € (0, 1).
The probability measure //L](;C),l 2 is the invariant measure for the affine iterated function system on
R? generated by g;(z) :=M;z+Q;, i =1,...,4, where

. 12 0 o 1 0
Ml:M”:((/) 1/2)’ M3=M4:=(0 1/2)’

-~

Qi :=(,1), Q:=(0,0, Q3:=(0,1), Q4:=(0,0).

The corresponding probabilities

and

X 1—x

P1=P2-=§’ P3=p4-= )

(45)

determine a measure on {1, ..., 4} and then the product measure m on {1, ..., 4)Z . Then M](SXC) 12 is the
image of m under the map

(L., 4% 3 (g, i1,..) > nlglolo(@o +1\A’L‘065. +-- +Mi0 i ~1\A’lin_16i,,)-

2t is often alternatively assumed that Q takes values 1 and —1.
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1.0
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Figure 1. A simulated sample of values for (¢(0.8), ¢ (1)) for Bernoulli convolutions.

The above system of affine maps g1, g2, g3, g4 exhibits exact overlaps, for example, g1 0 g3 083081 =

83081°081083.
The top Lyapunov exponent is

R P
J(x) = lim ~log [V, ---M;, || = —xlog2.

where the limit holds for m-almost all sequences (i1, iz, . ..) by the strong law of large numbers. Since
the top Lyapunov exponent is negative, the iterated function system is contracting on average. Notic-
ing that m is ergodic, Theorem 1.2 in [17] applies and yields that 'U“](;C),l P is exact dimensional. By
definition, this means that the limit

(x)
log (Br(2))
. (x) := lim o2
dimyee (MBc,1/2’ 7) = lrlw logr (46)

which defines the local dimension of ,ul(;c) 12 at point z, exists and takes the same value for /L](;C) 12°

almost all z. Moreover, this common value coincides with the Hausdorff dimension dimH,ul(ng) 12
Here B, (z) is the Euclidean ball of radius r centred at z. The dimension formula of Feng [17], Th. 1.3,
applies in this case and yields that

hy—h hy—h
. x) 1— 1o 2—hy
dimpp = ) 47)
BEI2T 00 ) ho
where Ay = —log?2 is the second Lyapunov exponent, and kg, /1, h> are (conditional) entropies of the

system. First,
ho=—xlogx — (1 —x)log(1l —x) +1log2:=1(x)+log2

is the unconditional entropy of the distribution (45). While the exact calculation of A, constitutes a
hard combinatorial problem, /| can be determined by noticing that the first summand in (47) is equal
to the dimension of the invariant measure for the iterative system on the line composed of the functions
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x/24+1, x/2, x, x with probabilities (45).3 This invariant measure is the uniform distribution on [0, 2],
hence, h1 = hg — x log2. Finally, since h> > 0, we obtain

I <dimppugl |, <min(2,2—x + 1 (x)/log2). (48)

The upper bound alternatively arises from the calculation of the Lyapunov dimension of the iterative
function system, see [23] and [21]. Note that the right-hand side of (48) is smaller than 2 if and only
if x € (x*, 1) where x* & 0.772908 is the unique positive root of the equation 7 (x) = x log2. Thus,
,u,g% 12 is singular for x > x*. In particular, if x = 0.8, then the upper bound equals ~ 1.92, confirming

singularity of the distribution corresponding to Figure 1. We conjecture that M](;(): 12 is singular for all
xe(0,1).

Theorem 7.1. The local dimension of the distribution l‘*g():,l/z of (£(x), ¢ (1)) in the Bernoulli convo-
lution scheme with A = 1/2 equals

log(1 + x)

49
log2 “9)

dimyec (/“‘1(3xc) 172 z7) =2

for arbitrary 7 := (z1, z2) € [0, 2] with finite binary expansions such that the expansion of z| is a
substring of the expansion of z5.

The proof is postponed to Appendix.
Since the binary rational points in [0, 2]2 have M](Sx(): 1 /- Measure zero, Theorem 7.1 does not allow
us to conclude that the dimension of p is given by (49). We leave the stronger variant of this statement

as a conjecture. Note that (49) complies with the bounds given in (48).

_ log(1+x)
log2

Conjecture 7.2. We conjecture that dimHug‘C) 2= 2

The following result shows that the right-hand side of (49) provides a lower bound on the dimension
(x)
of /’LBXC, 1/2:

Theorem 7.3. The dimension of the distribution [,Ll(gxc) 12 of (£(x), ¢ (1)) in the Bernoulli convolution
scheme with \ = 1/2 satisfies
(x) IOg(l + )C)

We close the section on perpetuities by referring the reader to the last subsection of the Appendix
where two further examples related to perpetuities are discussed in brief.
8. Other examples
Example 8.1. Assume that f(x) = Q for some random variable Q whose distribution we denote

by Pg. Note that this case corresponds to a degenerate perpetuity with M = 0 a.s. Let us assume
that X is [0, co) with p being the Lebesgue measure. The process P can be regarded as a marked

3The authors are grateful to D.-J. Feng for this argument.
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Poisson process on [0, 00)? with unit intensity and the marks being i.i.d. random variables (Qy) with
distribution Py which are also independent of positions of the points in P. Let (%, xx)kez be the set
of lower left records of P such that (o, xo) and (#1, x1) are separated by the bisectrix x = ¢. Using this
notation, the process (¢ (x))x~0 can be written as follows

C(x)= Qinf{neZ:xnfx}a x> 0.

In other words, ¢(x) = Q; if x € (x;_1, x;], i € Z. The jump points (xx)rcz form a scale invariant
Poisson point process, see, for example, [18], Prop. 2. After the exponential time change, we obtain a
process (Z(5))ser = (£(€*))ser that takes i.i.d. values distributed as Q between the points of a standard
two-sided Poisson process on R with unit intensity.

Example 8.2. Assume that f(z) = max(1l,efz), where E& < 0. Then Ly = min(l, ¢%). The back-
ward iterations converge a.s. to a random variable ¢’ such that Y satisfies the Lindley equation

y< max(0, & + Y) from queuing theory. It is well known that Y is distributed as

J
supza,

Jz0-1

where (§;);en are i.i.d. copies of &. In other words, ¢(x) is the supremum of a random walk with
negative drift. For the corresponding process (£ (x))xe(0,1] We have the representation

J
() =sup Y Ely,zx.  x€(0,1],

j=0 i=1
where (U;);en are i.i.d. uniform on [0, 1] which are also independent of (§;) jen.

Example 8.3. Let f(z) = 1/(z + &), where £ is a positive random variable and z > 0. The iterations
produce random continued fractions, see, for example, [27]. The Lipschitz constant of fis Ly =§ _2,
so (1) and (2) are fulfilled if Eg_z < oo and Elogé& > 0.

If £ is Gamma distributed, then the backwards iterations converge almost surely, and the limit ¢ (x)
has the inverse Gaussian distribution. Therefore, one obtains a stochastic process whose all univariate
marginals are inverse Gaussian.

If & takes values from N, then it is possible to uniquely recover the sequence of iterations from the
limit, so Theorem 6.1 yields the Markov property of the process (£(x))x=0.

9. Concluding remarks

Most of the presented results (with appropriate amendements) hold for Lipschitz functions taking val-
ues in an arbitrary Polish space; in this case, one obtains set-indexed functions with values in this Polish
space.

It is possible to amend the sieving construction in various ways. For instance, let P be the Poisson
process {(x;, fi)} in R? marked by i.i.d. random Lipschitz functions satisfying (1) and (2). For each
point x € RY, order the points (x;);cy of the process according to their distance to x and take the
backward iterations of the corresponding functions. This results in a random field indexed by R¢ whose
one-dimensional distributions are all identical and which is also scale invariant.
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For yet another alternative construction, let P be the Poisson process {(s;, #;, fi)} in R x Ry x G.
Fix a > 0, and for each x € R consider the points (s;, #;) such that |[x — s;| < at;. Order these points
by increasing second coordinates #; and let ¢ (x) be the limit of the backwards iterations of the corre-
sponding functions.

Finally, let us make a concluding remark that a different notion of probabilistic sieving related to
so-called generalized leader-election procedures has been recently considered in [5] and [6].

Appendix

In the Appendix, we collect the promised proofs and examples skipped in the main text.

Proof of Proposition 6.2

Let us prove (36), the proof of (37) is similar. Order all points of Pjg x+s] according to their arrival
times #;. Formula (33) implies that, conditionally on {¢(e!) = z}, the random variable ¢ (e'*?) is dis-
tributed as the following a.s. limit

lim (gz)lT(fl—l) ofio (gz)flT(tz—l) 6 fro--n0 (gz)tn—lT(tn_l) o f(20),

n—oo
where
70 :=0, Ty i=min{i > 7,1 1 x; e(et,e’+8]}, neN,

and (fix)ren are i.i.d. copies of f which are independent of everything else. Note that (t,, — T,,—1)neN
are 1.i.d. and

Piri=j}=e?V " D(1-¢7%), jeN.

On the first step we show that it is possible to neglect f2, f3, ..., which have been inserted after g; s
that is

1 _ _ _
lm S E (6" 0 10 (6)" 1 0 fro 0 (6)" V0 froa)

_ h((gz)lT(rl—l) o fio (gz)rlToo(ZO))) —o. 1)

Using the fact that &’ is continuous, hence, bounded on the compact set supp Zo, We derive using the
mean value theorem for differentiable functions

|h((gZ)1T(Tl_l) o fl o (gZ)TlT(TZ—l) o f2 0-+-0 (gZ)TnflT(Tn_l) o fn O (ZO))

_ h((gz)lT(nfl) ofio (gz)n?oo(zo)| < Const-c?.

Since 8‘1Ec}2 = _1(Ec;‘ )> — 0as 8 | 0, the generating operator is given by
.1 14(r—1
Ath @ =lim <[E((g) """ 0 fio (7)™ ) ~ ()]

1 T — z ==
=lim5[Eh((gZ)lT( Vo fo((e)" ) @) - )]



Sieving random iterative function systems 59

o0

=tim = > [ ((e) M o 7o (6)' ) @) —h@leH1-e ) 5

k=0

where for the second equality we have used that

(gZ)n TOO(Z()) _ ((gz)lT(ﬂ—l))_] o).

Using the inequality

Eh((gz)lTkofo(( )lTk) @) - h(z)fconst.cl}’ k>0,

by the Lebesgue dominated convergence theorem we can swap the sum and the limit on the right-hand
side of (52). This completes the proof of (36).

Markov processes generated by Bernoulli convolutions

As we have mentioned in Section 6, the process (£ (x))y=0 generated by the mapping f(x) = Ax + Q
with A € (0, 1/2) and Q equally likely taking the values O and 1, is Markov both in forward and reverse
time.

In order to calculate its generating operator, note that each z € supp Zo C [0, (1 —A)~!] corresponds
to a sequence (g/)penN from {0, 13N such that g5i(x) =Ax +¢gf and

2= (¢9)""% @) =Y a1t (53)

k=1
Direct calculations yield

k
gio-ogiofo(g) - (8) W=D A g +2kQ +ax, xeR
i=1
By (36),

o0

(Ath) (@) =Y [Eh(—(1 =)z + 250 +2) — h(2)].

k=0

where Q equally likely takes values 0, 1 and

Z A lql, k>0.

i=k+1
If h(z) =z, then
> E o E
M@ =~ -0 st T = (=0 Y i g+

1 4 1—X1
k=0 i=1
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A curious observation is that the sum in the last formula is the derivative of A > Az(A) in (53). The
generating operator in the reverse time is given by

Ay (@) =D [(—(1 = 27"z =25 %¢f +2) — h(2)].
k=0

Proof of Theorems 7.1 and 7.3

Proof. First of all, note that we may replace the Euclidean ball in (46) with the £,-ball. Further, for
any sequence r,, |, 0, there exist a sequence (k) 1 oo of integers such that 2=%» < r,, < 2~%+1 and by
the standard sandwich argument we see that it suffices to prove (46) along the sequence ry = 2% as
k — oo.

Order the points (t;, x;, fi)ieN of the point process P[o,1] so that #; <t <---. Recall the notation

n
T,(x)=) 1y;<g and S,(x)=inf{keN:Ti(x) =n}, neN.
j=1

Since x is fixed, in the following the argument x is omitted.

Letz1 =Y gy /2 L ym=1,and 20 = Y j_, v//2*~1, y, = 1, be the binary expansions of z;
and z, respectively. By the assumption, y1y2 ...y, is a substring of y{y, ...y, and, in particular,
m < n. Recalling the representation (43) for ¢, we can write

(=3B wa c=) 20
n=l1 n=1

For k > max(n, m), we have

M](SXC),I/Z(Z +[o, 271{]2) =P{c(x) e[z, 21 + 275, ¢ (1) €[22, 22 +27F]}
ZP{Q1=V1/~-~’Qn=Vy:7 Qn+l ="’=Qk+1 20’
05, =715, 08, =Vm> @5,y == Qs,,, =0}

Denote the event under the last probability sign by A. Since we assume y,, = 1, event A can occur
only if {S,, <n}U{S,, > k+ 1}. We proceed by bounding P{A, S,, > k + 1} as follows:

P{A, Sy, > k4 1)
<P{Syu>k+1,0p11=---=0441=0,05,.,=---=0g,, =0}

1 k—n-+1 1 k—m+1 k+1 1 k—n+1 1 k—m+1
=P{S k+ 1} — — <mPiS —_— — —
S > K }<2) (2) =m { - }<2> <2>

1 k—n+1 1 k—m+1 1 — x)l/m k
=m(1—x)(k+1)/m<§> <§) =(’)<%) as k — oo.
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In order to calculate P{A, S,, < n}, note that {S,, < n} = {T,, > m}. By definition, S7, < n and
S1,+1 > n. Therefore,

noon
P{A, Sy <n}=Y " PSy <n.T,=1.8=j S11>n Bun Cri)
I=m j=I
where
Bun={01=¥-.. Qn=",. 05, =V1.-.-. @8, =¥m: Q5,y; == Qs;, =0},
Cok ={Ont1=-=0k+1=0,0s, ,, == 0s,, =0}

Note that S;4; = 8 + S}, i > 1, where (S))en is a distributional copy of the random walk (S;);en.
Then

P{Sm S n, T}’l = 15 Sl = ja Sl+1 >n, Bm,l’la Cn,k}
ZP{Cn,ka Sl+1 >n|T,=1,8 = Js Bm,n}P{Sm <nT,=18= J» Bm,n}a

and further
P{Cn,ka Sl+1 >n|T,=1,5=j, Bm,n}
ZP{Qn+1 ="'=Qk+1 :07 Qj"rsi:”':Qj'i‘S]/(,lJrl

=P{Ont1="=0k+1=0, Qn+Si == Qn+Sl/\»71+1 = O}P{J + Si > n}’

=O,j+Si>n}

where the last equality relies on the memoryless property of the geometrically distributed S7. Let N be
binomially distributed Bin(k — n 4 1, x). Then

P{Ont1 =" =0kt1 = Qn+Si == Qn+S’ =0}

k—1+1

1 k—n+1 1 k—I+1—-N  k—n+1 k—ntl i o 1 2k—n—I+2—i
_ (2 - _ _ —n+l—i[ _
() eG) = x (E)rame()

i=0

1 k—I1+1 14+x k—n+1

-G) (%)
P{A, S, <n}

(1 krr4+x\F
2 2

n nl nfjl_l_H l1+x —n+1PS< Il 5
XZZ( —X) 5 ) {Sm <n, T, =1, | = ], OIl+1 >0, m,n}-

Thus,

I=m j=I

Note that the double sum does not depend on k. Hence,

N\ 1+x\* 1—x)l/m\k
Mg‘é,l/z(z—{—[O,Z_k]z):const(§> ( 2x> +O(%) ;
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where the constant does not depend on k (but might depend on m and n). The same expression holds
for 11521 /5 (z + =275, 0%).

Furthermore,
(x) —k —k
tpe.1p(z+[=2750] x [0,277])
=P{Q1=¥{..... Qn =¥, Onp1="--= Qi1 =0,
Qs =V1s--s 08—1 =¥m-1. 05, =0,0s,.,, == Q0s,,, =1}.

The event under probability sign occurs only if S,,+1 <n or S,,4+1 > k + 1. By taking the double sum
overT,=Iland S;=jform+1<Il<nandl <j <n as above, we arrive at

k
B e [-274,0]x 0.2 onse- (17

where the constant does not depend on k. Furthermore, y,g‘c) 1 /2(z +10, —27%] x [=27*, 0]) is bounded
by the same expression. Thus,

k k _ ey /m\k
x “k k2 AWARE (1—x)
wheap(z+ 275274 )=c<§> < 5 ) +O<74 ) :

Finally, (46) yields (49). (]

Proof of Theorem 7.3. All points z := (z1, z2) in the support of /L](;():’l /2 can be represented as binary
expansions zj = Y jpe, vi/25Vand 7o = Y e, y,é/2k_1, where the sequences Y := (Vi )ken and y' =
(¥))nen in {0, 1}V are such that y is a subsequence of y’. For almost all z, there is an infinite increasing
sequence (7 )ken of natural numbers such that y;, 41 = yt/k = O0and yg 402 = yr/k o= 1forall k > 1.
This follows from the Borel-Cantelli lemma applied to the sequence of independent events

B, :={Qy, =0,0y,+1=1,0s,, =0,0s, ,, =1}, n=1,

where Y1 =1, and Y,41 = Sy,4+1 + 1, n > 1. Note that the sequence (tx)reN i not random, it is
determined by the sequences y and y’. Given that u](;c) 12 is exact dimensional and the limit in (46)

exists, it is possible to take the limit along ry =27 %, k € N.
Consider 7 := (Z1, 7o) with

Tk Tk
7y = ZZ_U_I))/J- and Zp:= Zz—ﬁi—l)y;,
j=1 j=1
Then
74 [_2—(rk+1), 2—(rk+1)] ciy [(), z—rk] Cz+ [_2—11(, 2—rk]’

where we used that y;, 17 = yt’k 4o = 1. Therefore, it suffices to consider

P‘l(axc),l/z(Z + [0’ 24’(])

=P{Qi=yi=1 vl = i=1 e To Qg =vs [ =To +1,.... %),
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Note that Ty, := Z;": 1 Lxj<x) has the binomial distribution Bin(zg, x), so that
wie1pE+[0.27%]) <P{Oi=vi=1,.... 0, Qs =ys. I =Ty +1,.... 7}

()= -6 ()

The conclusion follows from (46). U

Further examples related to perpetuities

Example A.1. Assume that Q is standard normal and M = A € (0, 1) is constant. Then ¢ (x), x > 0,
has univariate Gaussian marginals, and its covariance is given by

E(C(x)f()’)) = m

By time change x = e*, we arrive at a centred stationary process £ (s), s € R, with univariate Gaussian
marginals and covariance

1
(I =) (ebl 1)

The bivariate distributions of this process are no longer Gaussian, see Figure 2.

E(Z(0)(s)) =

Example A.2. Let M = Q for the standard uniform Q. In this case, ¢(x) for each x > 0 follows the
Dickman distribution, see, for example, [28]. While the obtained stochastic process has all univariate
Dickman marginals, it does not have independent increments like the Dickman process constructed us-
ing the infinite divisibility property of the Dickman law, see [9]. In our case we have the representation

<x} (Uy, =x}
r(x) = }:ca =0, 00y, <)

Figure 2. A simulation of (£(0.7), {(1)) for normal Q and A = 1/2.
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