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Given a sequence {Xp,},>1 of exchangeable Bernoulli random variables, the celebrated de Finetti repre-

sentation theorem states that % ?:1 Xi 2% ¥ for a suitable random variable ¥ : Q — [0, 1] satisfying

PIX|=x1,.... Xy =x3|Y]= yXizi i a- Y)”_Z?zl *i In this paper, we study the rate of convergence
in law of % " | X; to Y under the Kolmogorov distance. After showing that a rate of the type of 1/n%
can be obtained for any index « € (0, 1], we find a sufficient condition on the distribution of Y for the
achievement of the optimal rate of convergence, that is 1/n. Besides extending and strengthening recent
results under the weaker Wasserstein distance, our main result weakens the regularity hypotheses on Y in
the context of the Hausdorff moment problem.

Keywords: de Finetti’s law of large numbers; de Finetti’s representation theorem; Edgeworth expansions;
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1. Introduction

This paper contributes to the study of the rate of convergence of the law of large numbers for
exchangeable random variables (r.v.’s) in the sense of de Finetti [5]. For ease in exposition, we
confine ourselves to an infinite sequence {X,},>1 of Bernoulli variables defined on the probabil-
ity space (€2, ¥, P). The sequence {X,},> satisfies the exchangeability condition if

P[X1=x1,..., Xp =x,] =P[X1 =x5,(1), - - - » X = X5,,(m)]

for all n € N (x1,...,x,) € {0,1}" and permutation o, of the set {1,...,n}. De Finetti [5]

proved a strong law of large numbers for the exchangeable X;’s, that is, % Yo X 25 Y for
a suitable r.v. Y : Q — [0, 1] satisfying P[X| = x1,..., X;, = x,|Y] =YY% (1 — V)"~ where
sp = »_r_; x;. This identity yields the so-called de Finetti representation theorem [4], which

reads as

1
PIX1=x1,..., Xn =x4] =/ 0% (1 —0)" " u(dB) (1.1)
0
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for all » € N and (x1,...,x,) € {0, 1}", where u, the so-called de Finetti measure (or prior
measure), stands for the probability distribution (p.d.) of Y. See the monograph by Aldous [1]
and references therein for a comprehensive treatment of exchangeability and de Finetti’s theorem.
The above law of large number entails that the p.d. of % Y1 Xi, say ., converges weakly to

W asn — +00 (i, = W in symbols), meaning that lim,,_, o fol Y (@), (do) = fol Y (0)u(do) is
valid for all v : [0, 1] — R bounded and continuous.

The study of the rate of convergence of the empirical measure p, to u requires the choice of
a suitable distance that induces the weak convergence. A reasonable choice of such a distance
yields an explicit evaluation of the discrepancy between u, and u, as a function of the sample
size n, and also a practical interpretation of the approximation from various points of view. In this
paper, we focus on the Kolmogorov distance which, for any pair (v1, v2) of probability measures
(p-m.’s) on ([0, 1], B([0, 1])), is defined as follows

dg (vi;v2) := sup |vi ([0, x]) — v2([0,x])| = sup |Fi(x) —Fa(x)|.
x€[0,1] x€[0,1]

Recall that dx metrizes the weak convergence on the space P(0, 1) of all p.m.’s on ([0, 1],
B([0, 1])) when the limiting p.m. has a continuous distribution function (d.f.). The next theorem
is the main result of the present paper. It provides the first quantitative version, with respect to
dk, of de Finetti’s law of large numbers for 1,,. We denote by L°°(0, 1) the space of essentially
bounded function on (0, 1), with respect to the Lebesgue measure.

Theorem 1.1. If u has density function f with distributional derivative f' such that

[0 —0)]"|f'©®)] eL>(, 1), (1.2)
for some y € (0, 1), then
C
R (13)

is valid for all n € N, with C(w) that depends on p only through ess.supyco 1) f(0) and
ess. supy o, 101 — N1 0)].

Despite the long history of the celebrated de Finetti representation theorem, the study of
the rate of convergence of w, to u has been initiated very recently in the work of Mijoule,
Peccati and Swan [19]. In particular, they proved a quantitative version of de Finetti’s law of
large numbers with respect to the Kantorovich distance (or Wasserstein distance of order 1)

dw (vi; vo) = fol |[F1(x) — F2(x)|dx. In particular, they showed that for any n € N

1) < dw(un; n) < aw
n

hold for any u € P(0, 1), where C(u) := fol 0(1 — 0)u(dd). Thus, 1/n is precisely the best
possible rate of convergence to zero also for dx (u,; 1), since dg (t,; 1) > dw (un; 1), and it
follows that dw (1, ; i) goes to zero at least as fast as 1/4/n. Mijoule Peccati and Swan [19] also
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provided sufficient conditions for the achievement of the best rate of convergence. In particular,
if the p.d. w is absolutely continuous with a density f satisfying fol 01 —0)|f'(0)do < +oo,
where f’ stands for the (distributional) derivative of f, then

Ca(u)

dw (n; u) <

holds for any n € N with an explicit constant C, (). Finally, it is proved that, for every § € [%, 1],
there exists a suitable u € P(0, 1) for which dw (u,; ) ~ 1/ n% as n — +o00. Recall that the beta
distribution with parameters (a, b) € (0, +00)? is the element of P(0, 1) with density function

L@+b)

_o\b-1
ST ) (1—0)>1, (1.4)

0,1)20— BO;a,b):=
The work of Mijoule Peccati and Swan [19] generalizes bound of the form dw (u,; n) < C/n,
which was originally obtained in Goldstein and Reinert [15] under the assumption that p is a
beta distribution. See also Dobler [8] and references therein for some related results.

Our study of dg (u,; 1) is more challenging than the study of dw (u,; w). While results in
Mijoule Peccati and Swan [19] rely on classical Berry-Esseen bounds for the Gaussian approxi-
mation in the central limit theorem, the proof of Theorem 1.1 relies on novel refined version of
these Berry-Esseen bounds, usually known as Edgeworth expansions. See Chapter 5 and Chap-
ter 6 in Petrov [22], Chapter 3 in Ibragimov and Linnik [17] and references therein. To highlight
the difference between the study of dg (u,; 1) and dw (u,; 1), we state a simple result on beta
prior measures, whose proof can be obtain by direct computation. This shows that any rate n=¢,
with « € (0, 1], is actually achieved by dg (u,; ©).

Proposition 1.1. If u is the beta distribution with parameter («, 1) or (1, ), with a > 0, then
there exists a constant Cy for which, for any n € N,

1 anl
dK(Mn;u)SCa<;> (1.5)
is fulfilled, where A denotes the minimum value.

It is important to stress that, in view of results in Goldstein and Reinert [15] and Mijoule Pec-
cati and Swan [19], for the beta prior we have dw (u,,; ) ~ 1/n. This shows that the asymptotic
behaviour of dg (u,; u) is different from the asymptotic behaviour of dyw (i,; 1). In addition,
we notice that it seems not convenient at all to resort to the inequality

dg (v1; 12) < C(v2)y/ dw (v1; v2), (1.6)

which is valid whenever v, has a bounded density function. See, for example, Gibbs and Su [13].
Indeed, for the beta distribution with parameters (¢, 1) or (1, o), with o« > 1, (1.6) would lead to
an upper bound like C/./n, which is worse than the upper bound C/n given by (1.5).

Besides extending and strengthening results obtained in Goldstein and Reinert [15] and Mi-
joule Peccati and Swan [19], Theorem 1.1 is also connected to the celebrated Hausdorff moment
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problem. The Hausdorff moment problem is known to be closely related to de Finetti’s theo-
rem. See, for example, Ressel [24], Diaconis and Freedman [6], Diaconis and Freedman [7]
and references therein. Within the context of the Hausdorff moment problem, the main result of
Mnatsakanov [20] shows the rate of convergence of dg (u,; i) under a certain assumption on
the prior measure . In the equivalent reformulation of our problem as the finding of the rate
of approximation in the Hausdorff moment problem, Theorem 2 in Mnatsakanov [20] provides
the existence of another constant C,(u) for which (1.3) holds for any n € N, with another con-
stant C,(w) in the place of our C(w). In spite of a very direct proof, the main difference is that
Cx(p) depends on ess. supgeo 17 | f '(9)|, which is tantamount to requiring that the density f of
u belongs to W10, 1), the Sobolev space of essentially bounded functions on (0, 1) with an
essentially bounded distributional derivative.

The comparison of Theorem 2 in Mnatsakanov [20] with Proposition 1.1 shows that the as-
sumption f € W12°(0, 1) is indeed too strong and far from capturing the whole class of prior
distributions for which (1.3) is met. Theorem 1.1 fills this gap by providing the general sufficient
condition (1.2) for the achievement of the best rate 1/n. This leads to a remarkable improvement
of Theorem 2 in Mnatsakanov [20]. For prior distributions p with a support strictly contained
in (0, 1), condition (1.2) boils down to the assumption that f € W-°°(0, 1), but, without this
restriction, it is evident that Theorem 1.1 improves Theorem 2 in Mnatsakanov [20] by allowing
f'(0) to diverge moderately at # =0 and § = 1. As a final remark, we show that Mnatsakanov’s
result cannot be re-adapted via a smoothing argument to obtain our sharper bound, thus justi-
fying the effort of providing a longer and more complex proof. In fact, given any prior p with
density f ¢ W!%(0, 1), one could try to smooth it by introducing a family of new priors, say
{ie}e=0, €ach with density f; € W10, 1), so that e = pase | 0. Letting {X,Sg)}nzl be a new
sequence of exchangeable Bernoulli r.v.’s having . as de Finetti’s measure, one could argue by
resorting to

dg (ns w) < dg (s pn,e) + dg (s pe) + di (e 1),

where (¢ (-) == P[% Z?:l Xl.(s) € -]. Since dg (fn.e; e) < Csx(ite)/n would follow from Theo-
rem 2 in Mnatsakanov [20], the achievement of (1.3) through this line of reasoning would entail
ess. SUPye(o, 1] |f€’(0)| < C < +oo0 for all ¢ > 0. Moreover, in order to have dx (ue; ) < C/n, the
parameter ¢ should depend on n, yielding ¢ = e(n) | 0 as n — +o00. But now, the Ascoli-Arzela
theorem implies that f € W1'°°(0, 1), leading to a contradiction.

As a corollary, we state a result for p being a beta distribution. It is worth pointing out that
this result agrees with Proposition 1.1, thus capturing exactly the elements of this class of priors
for which the bound (1.3) is valid. Indeed, since the beta density function belongs to W'>°(0, 1)
if and only if a, b > 2, we improve the assumption by the following corollary.

Corollary 1.1. If u is the beta distribution with parameters (a, b), then (1.3) is fulfilled if and
onlyifa,b>1.

To conclude, we state a proposition that deals with a larger class of priors than the class consid-
ered in Theorem 1.1. We show that a rate of convergence for dx (u,; 1), although not sharp, can
be obtained also for a non absolutely continuous prior u, provided that its d.f. F is Holder con-
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tinuous. This happens, for instance, if F coincides with the Cantor function. The determination
of the sharp rate in this setting remains an interesting open problem.

Proposition 1.2. If © € P(0, 1) has a y-Holder continuous d.f. for some y € (0, 1], then there
exists a suitable constant L, (u) for which, for any n € N

L,(w
ny/2

dg (ns ) < (1.7)

The paper is structured as follows. Section 2 contains the proof of Theorem 1.1, which requires
a few preliminary lemmas. Proofs of Proposition 1.1 and Proposition 1.2 are deferred to the
appendix.

2. Proof of Theorem 1.1

We start with some preliminary lemmas. First, a decomposition lemma for probability density
functions which will be used to justify the introduction of the additional hypothesis f(0) =
f (1) =0 in the first part of the proof of Theorem 1.1. As to notation, any relation involving the
symbols A+ and f1 must be intended as a short-hand for the two analogous relations which hold
with Ay, fi and with A_, f_, respectively, in place of Ay, fi.

Lemma 2.1. Given a probability density function f on [0, 1] which is expressed by a polynomial,
then there exist three non-negative constants A, Ay, A_ and three continuous probability
density functions foo, f+, f— on [0, 1] such that:

(1) Ao < |1 lloo :=supgepo. 1y [/ @) and Ax <1+ || fllos
(i) foo € W22(0, 1) with Asoll foolloo < Il flleo and Assll fiolloo < 211 f lloo;
(i) fi. f- e W20, 1), £+(0) = f1(D)=f-(0) = f-(1) =0, Az |l filloo <2l flloc and,
forany y € (0, 1),

2
Ay sup (0L =) [fL®)| < =Ifllsc+ sup [6(1—0)]"|f(©O)]; 2.1)
4 0€[0,1]

0€[0,1]
(V) f(0) =Acofoo(0) + Ay f1(0) — A_f-(0) forall 6 €0, 1].

Proof. If £(0) = f(1) =0, the thesis is trivial. Otherwise, we put Ao = L@ <y
and f () = w, so that (ii) holds trivially. Then, recalling that, for any a, b € R,
a=b+ (a—b)y — (b—a)s, where x; := max{0, x}, we set g4+ (0) := (f(0) — Aco foo(0))+
and g_(0) := (Ao foo(0) — f(0))+. Thus, we put Ay = fol g+(0)do and fL(0) =g+(0)/Ax
with the proviso that, if Ay =0 (A_ =0, respectively), the definition of fi (f_, respectively)
is arbitrary and can be chosen equal to 6x(1 — x). By definition, point iv) is met along with
f+0) = f+(1) = f-(0) = f—(1) = 0. Moreover, we have A+ <1+ Ay and point (i) follows.
To prove that f,, f— € WL2(0, 1), it is enough to notice that f(0) = Aso foo(6) for finitely
many 6’s, by virtue of the fundamental theorem of algebra, and, in the complement of this set,
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both fi and f_ are again two polynomials. To check that A+ | fillco < 2| fllco, it is enough
to observe that ||g+llco < | flloo + Acoll foolloo- Finally, we just note that, except on the finite
set {0 € [0, 1] f () = Aoo foo (0)}, we have AL|fL(0)] < |f'(0)] + Aol f5(0)], so that we can

deduce the validity of (2.1) from the previous bounds. (|

Another preliminary result deals with further regularity properties of the densities that satisfy
(1.2). We observe that, since [x(1 —x)]7Y € LY, 1) if y € (0, 1), the validity of (1.2) entails
fe WL1(0, 1) and, hence, the existence of a continuous version of the same density on the
whole set [0, 1]. See, for example, Theorem 8.2 in Brezis [2].

Lemma 2.2. Let f be a probability density function satisfying (1.2) for some y € (0, 1), and let
F(x)= fg f(y)dy. Then, there exists a positive constant R(y) such that

F(x +w) — 2F(x) + F(x — w)
sup  x(l—x) 5 <RWISfy (2.2)
x€(0,1), w
O<w<x(1—x)

is fulfilled with | f |1,y := ess.supyeo, 1[0 (1 — NN | f/(0)|. Moreover, if the additional condition
f(0) = f(1) =0 (referred to the continuous representative of f) is in force, then:
D f(0) < M()O'7, f6) < M(f)(1 —6)'"7 hold for all 6 € [0,1], with M(f) :=
v —
= 1y + 217701 flloos

(i) F(x) < M(f)fj;, 1—F(x) < M(f)% hold for all x € [0, 1].

Proof. Since f € wll, 1) by virtue of (1.2), the Taylor formula with integral remainder can
be applied to obtain

x+w x—w
F(x+w)—2F(x)+F(x—w)=/ (x—i—w—t)f’(t)dt—i—/ (x—w—1)f'(@t)dt

for all x € (0, 1) and w satisfying 0 < w < x(1 — x). Whence,

[F(x + w) — 2F(x) + F(x — w)|
X+w X
5/ (w+t—x)|f’(t)|dt+/ (w+x—0)|f'()|dr. (2.3)

At this stage, we show explicitly how to bound the former integral when x € (0, 1/2], the other
cases being analogous. Since 0 < x < x + w < 3/4, then we get | f/(¢)| < 47| f|1,,t~7 for all
t € [x, x + w], leading to

x+w
/ (w1t —x)|f(®)dt

<4Ifh w(x+w)1—y —al + (@ +w)* 7 — a7 _x(X—i-w)l—V —xl=r )
= Y 1—y 2_)/ 1_7/
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Then, we put  := w/x and we observe that n € (0, 1/2), so that the expression inside the brack-
ets can be written as

-y _
wxl_y(1+n) 1
I—y

+xz_y[(1+n)2_y—1—(2—7/)n B (1+n)1‘y—1—(1—y)n}
2—vy 11—y '

(2.4)

We conclude this argument by noticing that, for any » satisfying || < 1/2 and any « > O there
exists a constant H («) such that |(1 + ) — 1 — an| < H(a)n?. This remark implies that the
expression in (2.4) is bounded by the following quantity

[1+ HQ2—-y) 3Hd —V)}wzx_y’
2-y 20 -y)

yielding

x(1—x x+w
sup (72)/ (w1t —x)|f'@)|dt
xe€(0,1/2], w x

O<w<x(1—x)

2 -
523V—2[1+H§_yy)+3gf ]Iflw

As recalled, the treatment of the latter integral on the right-hand side of (2.3) for x € (0, 1/2]
is analogous. Lastly, when x € [1/2, 1) it is enough to change the variable ¢t = 1 — s, obtain-
ing f"+'”(w+t—x)|f(t)|dt 1 L, w+1—x—9f'(1—s)dsand [ (w+x—
O f @) dt = 1 x+w(w +s — 1+ x)|f(1 —s)|ds, where the integrals in the new variable
s are exactly the integrals studied above. To prove (i), we just write f(0) = fo f'(y)dy and,
confining to the case that 6 € [0, 1/2], we exploit (1.2) in the form | f'(0)| < 27| f]1,,0~". This
proves the first bound, after noticing that f(0) <277 f|leo68'~7 is valid for any 6 € [1/2, 1].

For the latter bound, we start from — f(0) = fel f’(y)dy and we argue in an analogous way. To
prove ii), it is enough to integrate the bounds obtained in point 1). |

The last preliminary result provides with a refinement of the well-known estimates of Berry—
Esseen type for the characteristic function of a normalized sum of i.i.d., centered r.v.’s. In fact, the
following statement can be viewed as a generalization of Lemma 4 in Chapter VI of Petrov [22]
and Theorem 3.2.1(2) in Chapter 3 of Ibragimov and Linnik [17] in the case that the summands
possess the 3 + & absolute moment for some § € (0, 1) but, in general, not the fourth moment.

Lemma 2.3. Let {V,},>1 be a sequence of i.i.d. rv’s defined on (2, ¥, P) such that Bz4s :=
E[|V1 |3+‘S] < +00 holds for some § € (0, 1), along with E[V1] =0 and E[Vlz] =:02>0. Upon

putting o3 1= E[V13] and Y, (&) == Elexpl{i§ Q_y_; Vi)/~'no?}], there holds

Q(a)%m”s(l +IEMe A @5)

Yn(§) — e /2{1+6f 3<zs>3}
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for any & satisfying |&| < 4\/— (" i YW AES) ywhere Q(8) is a numerical constant independent of
& and the p.d. of V1.

Proof. The proof is based on the arguments used to prove Lemma A.2 in Dolera, Gabetta and
Regazzini [9] and Lemma 3.1 in Dolera and Regazzini [10]. First, we put ¥ (§) := E[¢'$V1] and

we observe that () = | — 52 + %(i&)® + ps(£), where

217085 5 348
Ol T e

See, for example, Theorem 1 in Section 8.4 of Chow and Teicher [3]. Whence,

£ 1 o3 .
w( >=1__52+m(l%_)3+)0n,6(5)

l’l(72 2n

with

1-68
27 B3+s |3+3

|on,s ()| < a +3)(2+3)(3+5)03+5n(3+5)/z|§

Now, we notice that Lyapunov’s inequality entails o319 < 3, while Holder’s inequality shows

that
|Ot3|< 3+8)3/(1+5) - é<a3+5>3/(1+8) ’33( 3+8>1/(]+5) -
B3+s ~ 03\ Bags - Ba+s -

where B3 := E[|V;]?]. Therefore, for any & satisfying |&| < }T\/ﬁ(%)l/(““”, we have

'__S 6 3 3/2(l€) +Pn6($)‘_ 128

Thanks to this bound, we are allowed to consider the principal logarithm Log(l + z) :=
0o (=) i — 5 :
— > kz , |z| < 1 and, since ¥, (§) = [w(m)]”, we have:

IR |
L no

:exp{nLog 1——5 +6 3 3/2(l$) +pn6(§)]}

= 6_52/2 exp

6[ - (15)3} Tn,s (&)

where 1, 5(§) is defined to be

1 2 a3 .3 2 1 2 o3 Len3
nop,s(§) +n —%5 +m(lr§) +onsE)| T _EE +m(l<§) + on,5(8)
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with Y(z) := — Z,fiz for |z| < 1. Atthis stage, we put uz(§) := 6fa3 (zE)3 and O(z) :=
et —1—z,and we exp101t the elementary inequality |¢? — 1| < |z|e?! to obtain
_ . En 3
Yn(§) —e {1+6f 3(15)}‘

< o238 e ® _ 1| +e—52/2|@(u3)|
< efsz/ze|u3<sn+|rn,s(s>||tn 5E)| + 8752/2@0”30.
To conclude it is enough to notice that, for any £ satisfying |£| < 4f(“ )1/(”‘3) we have

u3(6)] < 557 [Tns E)] < €2,

B3+s

205 = Q1O 5555 617 (1 + 1E17)

and
B3+s
O(u31) < Q28) 5575 167
for suitable constants Q1(8) and Q»(8) independent of £ and the p.d. of V. O

The way is now paved for the study of Theorem 1.1. The first part of the proof, which requires
the major effort, is devoted to proving (1.3) when the density f of u, in addition to (1.2), satisfies
f(0) = f(1) =0. We recall again that (1.2) entails f € WL1(0, 1) and, hence, the existence
of a continuous version of this density on the whole set [0, 1], by virtue of Theorem 8.2 in
Brezis [2]. Obviously, the additional assumption f(0) = f(1) = 0 is referred to this version.
After these preliminaries, we get into the real proof by defining I (n, y) := [X,,), 1 —Xp,) ], with

1
Xn,y :=(1/n)?77, which is a proper interval provided that n > 4. Then, after denoting by F,, (F,
respectively) the d.f. associated to u, (u, respectively), we split the original quantity as follows:

di (s ) < sup  |Fa(x) —F)|+ sup |Fu(x) — F(x)]

x€[0,Xp,y] xel(n,y)

+  sup  |Fu(x) —F()]
x€[1=Xp,y,1]

<Fu(ny) +F(Xny) + sup [Fp(x) —F(x)]
xel(n,y)

+[1=Fu(1 =Xp )] +[1 = F(1 =X0p)]. (2.6)
To bound F(X, ,) and [1 — F(1 — X, )], we use point ii) of Lemma 2.2, which gives:

2M(f) 1 27
2—y n '

F(Xny) +[1 —F(1 =X,,)] <
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for all n > 4. To bound F,,(x,,,,,) and 1 — F, (1 — X, , ), we invoke equation (A.1) in the proof of
Proposition 1.1 which, in combination with point ii) of Lemma 2.2, yields

1
Fn(Xny) = M(f)/0 B(y; 10Xy ] + 1,0 — [nXuy 1) y* " dy

F(n+1) F(Lnfn,yj +3-py)f'(n— Lnfn,yj)
L([nXn,y ]+ DI (0 — [nXy,]) F'n+3—-y)

=M(f)

where § is the same as in (1.4) and |-] denotes the integral part. The last expression can be
majorized by means of Wendel’s inequalities (see (5) in Qi and Luo [23]) as

11Xy ) +2—y (InFny ]+ 1\ 77 (n+2-y\’
n+2—vy n+1 n+1

M(f)

which, for all n > 4, is less than 15—2M(f)/n. To study 1 —F, (1 —X,,, ), we argue as in the proof

of Lemma 2.2 by considering the exchangeable sequence {X},>1, where X, := 1 — X, for all
n € N. Since the de Finetti measure of this new sequence is the element of (0, 1) associated to
the d.f. 1 — F(1 — x), we resort again to (A.1) to obtain

_ oo
1_Fn(1_xn,y)fp|:z;xian,y:|
i=

1
=/0 B(y: InTy ]+ 1o — [y )[1 = F(1— )] dy.

Thus, by using the latter bound stated in point ii) of Lemma 2.2 and arguing exactly as above,
we conclude that 1 — F, (1 —X,,,) < 2M(f)/n.

Now, we study Sup,c ., |Fn(x) — F(x)|. First, we get P[Y_/_; X; =k|Y =6] = (Z)Qk(l -
9)"”‘ for any k € {0, ..., n}, thanks to de Finetti’s representation. Since

P|:ZXi5nx|Y=9:|=P|:Zi:1(Xi_9)< n(x —0) |Y=6],

Vno(1—0) = /né(1l—0)

i=1

we put

and
By (y; 0) = P[Z(xi —6) < yy/nb(1 —e>|Y=e}
i=1

for y € R. To study B, (-; #), we make the key remark that it coincides with the d.f. of a nor-
malized sum of i.i.d., centered r.v.’s, so that we can employ well-known results pertinent to the
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central limit theorem, as stated in Chapter 8 of Gnedenko and Kolmogorov, [14], Chapters 5—-6 of
Petrov [22], Chapter 3 of Ibragimov and Linnik [17], and in Osipov [21]. In particular, mimick-
ing the main theorem in Osipov [21], we introduce the functions G, (y; 8) := ®(y) + H,(y; 6)
and
H, (y; 0) 1 %yz{lu 26)(1 - y?)
10) = ——————¢ —(1- —
nty 2o =0) 6 Y

1-26 3
S(no + yv/no(1—0)) [1 + m(y - 3y):| } (2.8)

where ®(y) := f_voo \/Lz_ﬂe’xz/2 dx and S(x) ;= [x] —x + % Now, Theorem 2 in Chapter 8
of Gnedenko and Kolmogorov [14] (see also Theorem 2b in Chapter II of Esseen [11]) entails
SUpyer Bn(y;0) — G, (y;0)| <e€,(0) and provides the existence of three numerical constants

M1, A2 > 0 and ng € N (independent of n and ) such that

enw):xl/ Br(&:0) —Gu®:0)| o B2 iGn<y;9)'
—n & N y¢Yn.6)l 0y
sm/ B (& G)QG"@ 9)' s+7ce) (n = no) 2.9)

Whereg én (&;60) and én(é; 0) are Fourier—Stieltjes transforms of B, (-; #) and G,(-; 6), that is,
[ 0. €®7 dyB,(y;0) and [ €7 dyG,(y; 0), respectively; YV(n, 0) := {muc € 7} is the
set of the discontinuities of both B, (y; #) and G, (y; #); G > 0 is another constant (independent
of n and 0). Thus, since F, (x) = fol B,(u(x,0,n);0)f(0)do, we write

sup |Fn(x) — F(x)|

xel(n,y)
1
< sup f ®(u(x,0,n)) £(6)do — F(x)
xel(n,y)
sup / |Ha (u(x, 0, n); 9)|f(0)d9+f €n(0) f(0)do (2.10)
xel(n ¥)

and we try to bound each term on the right-hand side. Apropos of the first term on the right-
hand side of (2.10), we introduce a Gaussian r.v. Z,, : 2 — R with zero mean and variance 1/n,
independent of Y, so that

1
/ ®(u(x,0,n)) f(0)d0 =E[P[Y + Z,/Y(1 —Y) <x|Y]]
0
=P[Y+Z,/Y1-Y)<x].

This d.f. (in the x variable) plays an important role also in Mijoule Peccati and Swan [19],
where its closeness to F is proved with respect to the Kantorovich distance (see Proposition 4.1
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therein). In any case, the proof in Mijoule Peccati and Swan [19] is strongly based on a dual
representation of dy, which does not have any analog for dx . Therefore, we tackle the problem
by a direct computation which, after exchanging the order of conditioning in the above identity
and using some elementary algebra, leads to

+00
Py + 2 V=D )= [ el -2 0 2) + . o)
0

where
o152 2x + 72— zy/Z22 +4x(1 —x)
X,z7) =
1 222+ 1)
and
2x + 22 +z2y/22 +4x(1 —x)
02(x,z) =

22+ 1)
It is routine to check that 61 (x, z), 62(x, z) € [0, 1] whenever x € [0, 1] and z > 0. Whence,

1
V ®(u(x,0,n)) £(6)d6 — F(x)
0

oo [ no,
5/ —exp{——z }|F(91(X,Z)) +F(62(x,2)) —2F(x)| dz
0 2w 2
so that, introducing §,, := ,/ M, we have
oo [ n o,
/(; Eexp{—iz }|F(61 (x, Z)) + F(92(x» Z)) - 2F()C)|dZ

<2 —expy—=z pdz < . (2.11)
S 2z 2 (n+1)/mlogn+ 1)

It remains to study the integral on [0, §,], by noticing that, after this splitting, we can consider
the variable z2 much smaller than x and 1 — x, whenever x € [ (n, y). More precisely, given
y € (0, 1) it is possible to find an integer N(y) > 4 for which §, <X, , (1 —Xx,,,) for all n >
N (y). Therefore, we have that both 6 (x, z) :==x —z/x(1 — x) and 02 (x, z) :==x +z/x (1 — x)
belong to [0, 1] whenever z € [0, §,], x € I(n, y) and n > N(y). We now have

|F(@1) + F(62) — 2F(x)|
< |F(61) —F@D| + [F@1) + F(62) — 2F(x)| + |F(62) — F(62)|

2|F(1) — 2F(x) + F(62)

< flloo[161 — 611+ 162 — 62]] + 2 3

Z
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where both |6 — 81| and |6, — | are bounded from above by 3z2. To check this bound, it is
enough to consider the quantities

2x + 22+ z2/22 +4x(1 — x) = 2x(1 + 22 F z(1 + 2)V/Ax (1T = x)|
2(1+23)

which are less than 1= le 24134+ 10/22 +4x(1 — x) — V/4x (1 — x)]. The desired result now
2 2
follows by observing that [1—-2x]<1,z€(0,1) whenever_n > N()/),Elnd V2 +4x(1 —x) —
4x(1 — x) < z. To conclude this argument, we note that |w| is bounded by virtue
g 2 y

of (2.2) with w = z+4/x(1 — x), since z4/x(1 — x) < x(1 — x) holds under the restrictions z €
[0,8,],x € I(n,y) and n > N(y). Whence,

8"

/O ,/%eXP{—%zz}]F(el(x,z))+F(92(x,z))—2F(x)|dz
<(3 R Ry 224
< Gl flloo + (y)|f|1,y)fo : /Eexp{—iz} ;

1
— 561+ R [ 27 enpf 222 a:

3l flloo + RISy
- 2n '

(2.12)

To bound the expression in (2.10) that contains H,, we can exploit the inequalities |1 — y?| <
¢¥’/3 and |S(x)| < 1/2, valid for any x, y € R, to get

[Py " "
3270 (1 — ) no(1—0)

forally e R and 6 € (0, 1), where A3 := 12\/_ supyeg e ” /2|y — 3y|. Then, after writing

2 flloo [ e ulOim’/0 ot f6)
3v2nn Jo VOO —6) n Jo 6(1-06)

we have only to show that the former integral on the right-hand side is O(1/n) since, for the
latter integral, it is enough to notice that

1 +1 12
1) 27 vt o
| o<l [ e /(1 6)77 do

2v+2

e ELALL, 2.14)

1
H, (u(x,0,n); 0)| £(6)do < do, (2.13)
[ 1 )
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by virtue of the same arguments used to prove point i) of Lemma 2.2. Now, the above-mentioned
claim about the former integral follows after checking the boundedness of the expressions

b _p)2
Ju(a, b; x) ::ﬁ/ eXp{_n(x 0) } do

60(1—0) ) o1 —0)

by letting n and x vary in N and I (n, y), respectively, where [a, b] coincides with either [0, 1/2]
or [1/2, 1]. Therefore, taking the former case as reference, we have

(03 25 [ ool

00 (—nx)2 dy
<l P y NG

= \/E(nx)l/ze"xﬂl(]/z(nx/S)

where K/, stands for the modified Bessel function of the second kind. See formula 3.471.12

1—
in Gradshtein and Ryzik [16]. Since x € I (n, y) implies that nx > nﬁ > 1, we notice that
the expression +/2(nx)'/2e™/3 K ,2(nx/3) is bounded, in view of the asymptotic expansion

Ki2(2) ~ / e‘z, which is valid as z — +o00. Since an analogous bound holds also for
Tn (5, 1; x), we can combine (2.13)—(2.14) with the analytical study of J, (a, b; x) to obtain that

1 A
sup f|Hn(u(xa9»”);0)|f(9)d9§[”f”oo+|f|1,y]7 (n>4) (2.15)

x€l(n,y)J0

is valid with a numerical constant A4, independent of f and .

We conclude the first part of the proof with the analysis of the last term on the right-hand
side of (2.10). Taking account of (2.9), we immediately realize that the latter summand yields
%fol f@eea — 0)]1~1d6, which is of order O(1/n) by virtue of (2.14). The study of the
former summand in (2.9) is more laborious, and it will be conducted by mimicking the argument
used in Ibragimov and Linnik [17] to prove formula (3.3.10). As first step, we borrow from
Section 3.3 of Ibragimov and Linnik [17] the explicit expression of the Fourier-Stieltjes transform
d,(t) (see page 101 therein) and we combine it with the formulae displayed in Section VI.1 of
Petrov [22], to obtain

Dn(€;0) := / %Y dyD, (v: 0)
R
_%- eZﬂian

J/né(1 —9) r eI 0) 2mr

1-26 . . 3
x [1 + m(zg +2miry/n6(1 —0)) } (2.16)

exp{—%[é +2mry/n6(1 — 9)]2}
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where
D,(y; 0) := ;e_%yzS(nG + yy/nb(1—0)) [1 + i(ﬁ - 3y):|.
’ V2nno(1 = 0) 6/n6(1 —0)

Then, we split the integral in (2.9) into five terms, by dividing the domain [—n, n] into suitable
subdomains whose definitions depend on 77 (n, 6) := w4/n6(1 — 6) and

, nf (1 —0)
B =T 554307

We observe that, since 1 — 36 + 362 > 1/4 for any 6 € [0, 1], the relation T>(n,0) < Ti(n, 0)
is always in force, whereas 7T7(n,0) < n holds whenever n > 7?2 /4, which we now assume.
Therefore, the desired bound for the integral in (2.9) follows from

By (&;0) — Gu(£:6)

d
[P e
T»(n,0) | A . _\ . Ti(n,0) | A .
S/ 2 B.(§;0) V"(E’Q)‘dé—ir/ Dn(é,f?)‘dS
—Ty(n,0) 3 —Ti(n,0) &
+/ Vn($§9)‘d§_+/ B"(S;e)‘dg
(Loo<igl<nyl & (B(n0)<lEl<T(n0} ] &
+/ Bn($;9)—Dn($;9)‘dE 2.17)
{Ty(n.0)<&| <n} 3
where
. . 1 12 1-20
1 0) = iy -3y 1 — v2
Ua(:0) /Re dy(d><y)+ iy = (LB ))
e 1—-20 3}
—e [1+76m(15) .

For the derivation of \7(%’ ; 0), see Section VI.1 of Petrov [22]. Moreover, with reference to that
very same section, we note that the term J% coincides with the ratio between the third
cumulant and the third power of the standard deviation of a centered Bernoulli variable with
parameter 6, while y? — 1 coincides with the Chebyshev—Hermite polynomial of degree 2. In
addition, T»(n, 0) coincides with the product between /7 and the square root of the ratio between
the fourth power of the standard deviation and the fourth moment of the same centered Bernoulli
variable.

In view of these remarks, we provide a bound for the first integral on the right-hand side of

(2.17) by an application of Lemma 4 in Chapter VI of Petrov [22] with s = 4, namely

Tz(l‘l,@)
/_Tz(n,e)

Bn(£;0) — V,(&:6) 1—36+302 [ROO . oy _1g2
dé <As——— E1° +1617)e™ 125 dg
& nd (1l —0) —Tz(n,e)( )
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where A5 is a numerical constant specified in the proof of the quoted lemma. Whence,

T (n,0)

sz (n,0)

where Ag is another numerical constant (independent of n and 9).

Then, we study the second integral on the right-hand side of (2.17) by resorting to the explicit
expression of D, (£; 0), to obtain

T] (n,@)
/—Tl (n,0)

Bu(£;0) —V,(£;0)
£

’dé <% (2.18)
= no(1—0) '

D (:0)
£

‘dé < 14673 rPro(1 - 6)]

1 1

) [

(1 —0) re 0] 27 |r|
T1(n,0) 1 )

x/ exp{—§[$+2nr\/n0(1—9)] }dg. (2.19)

T (n.9)
At this stage, we exploit that 72 — |r| > 32 if [r| > 2 to write
[S 4+ 2mry/no(1 — @)]2 > 24 (an\/né(l - 9))2 — 4T (n,0)m|r|v/no(1 —06)
= &2 4472 (r2 = 1r))no (1 — ) > £ +- 220 (1 — 0).

After removing the two terms corresponding to »r = =1, the series on the right-hand side of (2.19)
can be bounded by

(2.20)

7o (1l —0)

< 5 )1/2 =X1ter3inea - 9)(3,7,2”e<170>r2
r
2

and then, taking cognizance that there is a suitable constant K (8) such that Z;":OS rBe=Ar : <
K (B)A~B+D/2 holds for all A > 0 if B > 0, we have that the expression in (2.20) can be bounded
by A7/[n6(1 — )], where A7 is a constant (independent of n and 6). To handle also the terms of
the series corresponding to r = 41, we take account that (x & 2)% > %xz + % holds for all x €

[—1, 1], to write [ 27 /n6(1 — 9)]2 > %SZ + ”Tzne(l —0) forall &£ € [—T1(n,0), Ti(n,0)].
Lastly, the sum of the two terms in (2.19) corresponding to » = 1 can be bounded by

1 12 3 22 16(1-6)
2l ———— 1+6 0(1 —0)|e e =9),
<rm9(1—0)) [1+6m°n6(1—~6)]e

Therefore, we can conclude that
Ti1(n,0)
/—T1 (n,0)

holds with a suitable numerical constant Ag (independent of n and 9).

D"(? %) ‘ de < 8 2.21)

nf(1—0)
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_ As for the third integral on the right-hand side of (2.17), we just use the explicit expression of
V, (&;0) to write

/;Tz(n,G)flélsn}

+00 6725
<2 / dé + /
o= & 3vn9(1 —0) Jmoi=o)

Using that xPe™ < (p/e)?, which is valid whenever x, p > 0, we show that

v/{Tz(n,G)SSISn}

holds with a suitable numerical constant Ag (independent of n and 6).
We now consider the fourth integral on the right-hand side of (2.17). By definition, we have

V(€5 60) ‘ "

e 2 dk.

Va(§:0) ‘ dt < A9 2.22)

no(l —0)

B, (£:6) ’dé

ol

and, after changing the variable by the rule u = £//n6(1 —0) and noticing that (1 — 36 +
362)~1/2 > 1 is valid for any @ € [0, 1], we provide the following upper bound

n
/ E|exp iuZXj}W:O
{1=<|ul=<m} =1

Now, we just utilize the explicit form of the characteristic function of the binomial distribution
with parameters n and 6 to write

E[exp{mgx,}w:e]

Whence,

/{Tz(nﬂ)fSISTl (n,0)}

-1
= |

dg

[Tz(n,9)SISIST1(n,9)}

du.

=|1=0+0e"" =[1-20(1 —60)(1 —cosu)]"

M‘d& <2(r = D[1-26(1 —6)(1 — cos D]

/{sz,e)ﬂssﬂ (n.0)}
2t — 1) 1
~e(l—cos)nb(1—6)

(2.23)

To study of the last integral on the right-hand side of (2.17), we introduce the characteristic
function ¢ (-; 0) of the r.v. (X1 — 0) given ¥ =6, thatis ¢(§;60) =[(1 —0) + Bei€1e=  so
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that we have B, &;0) =[9p(E//nB(1 —0);6)]". After changing the variable in that integral
according to u =& /+4/n0(1 — 0) and recalling that ¢ (—&;0) = ¢ (§; 0), we get

/ én@;e)—f)n(s;e)‘dg
{Ty(n.0)<|£| <n) 3
_, /V"/ 0= [ (u; 0)]" — By (uv/nB — 0); 0) ‘ i
b4 u .

At this stage, we introduce the quantity

s ) 1/1 n 1
s 0)= {5(5\/90—6)_ )J

and we notice that 2r(n; 0) + 1) < 0(1"_9) < (2r(n; 0) + 3)7r. In this notation, we have

n/10(1-0)] . n_ A —. 7F(n;0)+1
/ [&(u; 0)] Dy (uv/nb(1 —0);0) ‘ du < Z 36 0) (2.24)
u
g k=1

where

(¢ (u; 0)]" — Dy (u/n8(1 — 0); 0)

u

Qk+1)m
Jk(n; 6) 2=/
k=D

‘du.

To bound the integrals Ji’s, we first isolate from the series (2.16) defining If),, (u/nb(1 —06);0)
the term corresponding to r = —k, which reads

1-26

ue—Zﬂian { n9(1—9)
expy —

— 2 .
T 5 (u 2k7r)} |:1+

no(1 —0)(iu — 2nki)3]
=8, (3 0),

so that we obtain

Qk+Dm | R — -0y _ S -0
3k(n;9)§/ Dy (ua/n6(1 —6);0) — 6,k (u; )’du
Qk—1)m u
Qk+1)r -0 n_S -0
+/ [¢(u;0)] .k (U )’du
Qk—1)7 u

=3 (n:0) + 37 (n: 0).
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To analyze 3,((1)(;1; 0), we write

. 9)<<Z+_%2) o4y 4y >2n|r|

r=—00  re{—(k+1)} re{—k+1} r=—k+2

k+1)m 0(1 —0
X / exp{—w(u—l—bﬂ)z}
(

2%—Dm 2

1
x |:1+6n9(1 —9)|u+27tr|31| du (2.25)

with the proviso that both the fourth and the fifth sum are void when k = 1, and that the fifth sum
is void when k = 2.

To deal with the series in (2.25) limited to r € N, we observe that (u + 27r)% > u? + 47272
ifu € [(2k — 1)mr, 2k + 1)7r] and we take account that |z; + Zz|3 <4(|zy |3 + |Z2|3), so that we
deduce, for the series at issue, the upper bound

=1
Z e—2n2n0(1—0)r2
2r

r=1
k+1)m 0(1 -6 2
xf exp{—L)uz}|:1+—n9(1—9)(u3+8713r3)j| du.

k=) 2 3
At this stage, recalling (2.24), we conclude that the sum over the index k of the last expression is
majorized by

o0
1 o0 0(1—6 2
Z e 2mno(-0)r? / exp{—in ( 5 )uz} [1 + §n9(1 — 9)(u3 + 87t3r3)] du
0

2mr
r=1

o0
L or2eea—ey2] ] 27 4 8v2n 3,3
— - — r’ynf(l —6
;27[}’6 2 n9(1—9)+3n9(1—9)+ 3 ( ik

Then, we use xPe™ < (p/e)p valid for any x, p > 0, with p = é + e(y), e(y), ; + e(y),

respectively, and (y) := , to produce the global bound S (y)[n6(1 — 0)]~ 140D for the
last series, where

1 [V2r /4 + 3+e) 4 &)
S1(y) =g[ﬁ(2—g(”) 4(2[1+s<y>])+§<ﬂ> ¢(1+2e(r)

2 272e 272e
3
87372 (3 +e(y)\2 W)
+— (22n26 ) ;(1+2e<y))]

¢ (-) denoting the Riemann zeta function. Now, we come back to (2.25) and we consider the
remaining four sums. The change of variable u = s 4 2k in the integral and the inequality
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|z1 + Zz|3 <4(|z1 |3 + |z2|3) lead us to rewrite the expression inside the sums in (2.25) as

[1+67°n0(1 —0)|r +&I*] /n exp{—w[s—i—Zn(k—l—r)]z}ds. (2.26)

27 |r| o 2

Therefore, for the second series in (2.25), relative to the set r < —(k + 2), we have

e ¢]

> ﬁ[lwnw(l—e)lk—m]/ﬂ exp{_w[s+2n(k_r)]z}ds

_ 2
r=k+2 T

ZL Z [1+67°n0(1 —6)h’] /

-

T 6(1—6

xp{—%(s - 2nh)2} ds.
After noticing that (s — 2h)? > s? 4 272h? for s € [—m, 7] and h > 2, we get the new upper
bound

1 [7 61 —6 >
ﬁ . exp{_%sz} dS X hX_;[l + 67T3n9(1 _ 9)h3]e—n2n9(1—9)h2

which is less or equal than %Sz ()[n6(1 —0)]~ 142D where, by another application of xPe™* <
(p/e)? for p= % + e(y) and 2 + ¢(y), respectively,

1 1 $+e()
Sa(y) == —[@(L‘g(”) ¢(1+2e(y))

27 72e
) 2+e(y)
+ 12;#(%2”) ¢ (2[1+ e(y)])]

For r = —(k + 1) the expression in (2.26) is majorized by

1+ 673n0(1 —0) 72n6(1 — 0)
k+1 P 2

which is, in turn, less or equal than ﬁSg ()[nO(1 — )]~ 1+ with

w2e w2e

1+e(y) 2+e(y)
0= (2[1+e<y)]) N 6n3(2[2+e<y)1> .

Analogously, for any k > 2, the expression in (2.26) with » = —k + 1 is majorized by

1+ 673r0(1 —0) 72n6(1 — 0)
xpl 7Y
k—1 P 2

which is, in turn, less or equal than ﬁSg(y)[n@(l —0)]71+¢W)  Finally, for k > 3, it remains
to provide an upper bound for the sum of the expression (2.26) as r varies from —k + 2 to —1.
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Changing the variable in the sum, according to 7 = k + r, we obtain the equivalent expression
- 1 T né(l —0)
2:716391—9113/ ———(s+27h)* } d
h,2277(k_h)[ +67°n6( )] _nexp 5 (s +2mh)* ¢t ds

and i > 2. Then, we arrive at

k—1 2 2
ke 0(1 —6 —m“nf(1-6)h
[ |20y, SR T

-7

3 . 3
2 or i) [1+67°n6(1 —6)h°]

which is majorized by virtue of the inequality (s +27h)? > 5%+ 27 2h?, valid for any s € [—, 7]

and we now reahze that, in view of (2.24), we can exchange the order of summation according
D DACRARD S AL Zg”ﬁrl. At this stage, for the inner sum, we have

r(n;0)+1 n;0)
) Z 1 1 (L)
aret k p— r 2 0(1 —06)

Using this upper bound, we pass to the outer sum, which is majorized by

T 0(1—6
/ exp{—wsz} ds
- 2

n

1 = 2 2
—1 § —r bR 4 6m 0 (1 — 0)7].
e °g<9(1 9)> ‘ [t 6w ntL = O)h7)

The series in the above expression has been already treated above, yielding the further upper
bound

N -

2 1og (" V[no(1 — )],
2 0(1—6)
Therefore, gathering all the bounds that follow formula (2.25), we get

r(n;0)+1
~(1) S1(y) S2(y) + S3(y) n
,; WO = La = a0 T (1 — gyj0+e0 °g<9(1—9)>' 227

Now, we pass to analyze the integrals 3,((2)’5. We start again from the change of variable u =
s + 2k and we exploit the fact that ¢ (s + 2km; 0) = ¢ (s; 0)e= k9 to obtain

Qk+1)m

/(Zkl)n

/ [ (550" — (1 + 72=) exp{—"20-D2)[1 + 122 no (1 -
- s+2kn

[ (u; )" — 8.1 (ut; 0) q

u

NG
0)(is) ]l ds
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The last integral is majorized by

U Mol — expl A=) 1=20 01— oviis)?
=D ). [¢(s;0)] exp{ s }[H né(1 —0)(is) ] ds
v /oo {——”9(1_9) 2}[1+ no(1 —0) } (2.28)
+ n2k(2k— D Jo s exXp > K s .

For the first summand in (2.28), we change again the variable according to s =& //n6(1 —6) to
obtain the equality with

1 /T](ﬂ,@)
72k = 1)y/n0(1 = 0) J_1,(n,0)

which can be bounded, as before, the splitting the above integral as

By (€:6) — Vu(§;6)| d&

Ir(n,0)/4 N
/ 1B (E:0) — V(€1 0)| de

—T>(n,0)/4

Ti(n6)
+sz 1V, (62 0)] d

2(n,0)/4

Tl(n,G) R
+2/T B, (&:0)|dt.

2(n.0)/4

In fact, it is now crucial to observe that the expression

TI3(n,0,6) —1«/—<

[0(1 —6)]3+9 /2 1/(148)
(1 —6)[(1 — )3 +9(2+3)]) )

corresponding to the limitation for |£| given in Lemma 2.3 when the V,,’s are i.i.d., centered
Bernoulli variables, is not less than 73(n, 6)/4, by virtue of the Holder inequality. In fact, it is
enough to observe that, for a centered r.v. V, we have /o*/Bs < (cr3""s / ﬂ3+5)1/ (14+8) where
o2 :=E[V?] and Bs := E[|V|*]. Therefore, we can apply Lemma 2.3 with § =2e(y) =1—y,to
get

T(n.0)/4 R Ao
Bn(§;0) — Va(§;0)|dE < _
~/—T2(n,9)/4| n(5:6) n )| d [nO(1 — 6)]1/2+e(r)
Since an analogous bound is in force also for le (:90))/4 |\7n(§; 0)|dé and for le(;nee))/4 |én(‘§;

0)| d&, in view of the argument already used to prove (2.22)—(2.23), we conclude that

ne(1—0) , 1—
n(2k—1)/ o (s; 9) —ex{ — }~[1+

2
- A1 ) < n )
Sed -0 E\oa—9))

r(n 0)+1

260 . 3i|
no(1—0)@s)’ ||ds

k=1
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As to the latter summand in (2.28), it is enough to notice that it equals

1 ) T 1
72k(2k — 1) ( + E) no(1 —0)

yielding in the end that

r(n;0)+1 . )LB )
~(1)
0= I : 2.29

At this stage, we notice that, for any n > 0, [6(1 — 0)]" log(ﬁ) is bounded by a constant
which depends only on 1, and we can choose n = n(y) = (1 — y)/4. Then, we collect (2.17)-
(2.18)—(2.21)—(2.22)—(2.23)—(2.24)—(2.27)—(2.29) to draw the important conclusion that

I flloo + 1f 11,y
n

1
/ €n(6) £(6)d0 < Aa 230)
0

holds with a suitable constant 14 which is independent of n and f, thanks to point (i) in
Lemma 2.2 and

23+y+e(y)+n(y)

$£(0)d0 = ——————M(f).
-V

1
/o 61— 6)] T+

Therefore, the achievement of the bound (2.30) concludes the first part of the proof, culminat-
ing in the validity of (1.3) with a suitable constant C(u) proportional to 1 + || flleo + | fl1,y,
under the the additional hypothesis f(0) = f(1) = 0, thanks to the combination of (2.6)—
(2.7), the two bound 9IM(f)/n for both F,(x,,,) and 1 — F,(1 — X, ), and (2.10)—(2.11)-
(2.12)—(2.15)—(2.30). For completeness, we note that we have proved (1.3) only for n > N, :=
max{4, ng, N(y), |_772/4J + 1}, but now it is immediate to extend the validity of (1.3) to all the
set of positive integer: we just add the term N, /n to the right-hand side of (1.3) and we rename
the new constant as C ().

After proving the theorem under the additional hypothesis f(0) = f(1) =0, we show how to
get rid of this extra-condition. First, we assume that f is given by a polynomial, with generic
values of f(0) and f(1), and we apply Lemma 2.1. Since F,(x) = P[S, < nx] = fol PLS, <
nx|Y =0]u(df), we obtain F, (x) = AcoFoo,n(x) + AyF4 ,(x) — A_F_ ,(x) for all x € [0, 1],
where F, ,(x) := fol PLS, <nx|Y =0]f.(0)da, for x = 0o, + and —, respectively. Whence,

dk (s 1) < Aso SUP |Foon(¥) — Foo(X)| 4+ Ay sup |Fy,(x) — F(x)|
x€[0,1] x€[0,1]

+A_ sup |F_,(x) —F_(x)] (2.31)
x€[0,1]

where F,(x) := f(;‘ f+x(©0)do for all x € [0,1] and » = 0o, + and —, respectively. At this
stage, from Theorem 2 in Mnatsakanov [20], we can find a constant C(f~), proportional to
1+ || foolloo =+ Il o lloos such that sup, o 17 [Foon(¥) — Foo(x)| < C(foo)/n is in force for all
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n € N. For the last two terms on the right-hand side of (2.31), since f1(0) = f+(1) =0, the
problem is traced back to the first part of the proof. Hence, the inequality (1.3) holds for all
n € N with a constant C () proportional to 1+ || flleo + | f11,, thanks to the bounds provided
in points (i)—(ii)—(iii) of Lemma 2.1.

The final act consists in removing the regularity of f by some approximation arguments. First,
we start from a probability density f belonging to C! ([0, 1]) and we consider an approximating
family of probability densities f®) expressed by a polynomial which converges to f uniformly
with the first derivative, as § — 0. See, e.g., Lorentz [18] for classical results about this kind of
approximation. Since || f®[|oc — || flloo and | £ @1, — | f|1,, are obvious, we pass to analyze
the behavior of dx (u,,; 1) under the approximation. After fixing », for any x ¢ {0, %, ..., 1}, we
have

[Fu(r) = F)| = Jim [ () — FO ()|

(%) (%)
glimcl+||f oo + 1f |1,y=C1+I|f||oo+|f|1,y’
§—0 n n

where the inequality follows from the previous argument. This relation entails the validity of
(1.3) forall n € N and f € C'([0, 1]), with a constant C () proportional to 1 + || f|lec + [fl1,y-
Finally, the removal of the C'([0, 1])-regularity follows by standard arguments based on the
convolution of a regularizing kernel.

Appendix
A.1. Proof of Proposition 1.1

We start by dealing with the case of a beta distribution with parameters (¢, 1). First, we note that
the associated density belongs to WH2°(0, 1) if a € {1}U[2, +-00), so that (1.5) follows as a direct
application of Theorem 2 in Mnatsakanov [20]. Therefore, we treat the case « € (0, 1) U (1, 2)
by starting from the direct computation of the d.f. F, associated to u,, namely

I_nxJ 1 1
Fn<x)=2<’,j)/0 9k(1—9)”_ku(d9)=/0 B(y: nx] +1Ln— [nx])F(n)dy (A.D)
k=0
T+ T(nx]+1+4+a)
S T+1+a) T(nx]+1

(A2)

for all x € (0, 1), where 8 is the same as in (1.4) and | -| denotes the integral part. For the validity
of the second identity in (A.1), see formulae (13)—(14) in Mnatsakanov [20], or Problems 44—-45
at the end of Chapter VI of Feller [12]. Now, for @ € (0, 1), we invoke Wendell’s inequalities (see
formula (5) in Qi and Luo [23]) to obtain

La(LnxJan) <Fu(x) < Ua(l_I’lXJ,Vl)
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foralln € Nand x € (0, 1), where Lq (Lnx], ) := (1 lnx]+1_yl—a Ll tlya ang 7, (|nx ], n) :=

nx]+1+o n+1
(”ﬂj“ Yl L”nxifl )%, Then, we observe that we can write

dg (ups )= max  sup  |F,(x) — F(x)|
kefl

,-~-,n}x€[k;17§)
k—1
Fn( n ) _xa

= max sup
kefl,..., (—
St et

and that, forany k € {1, ..., n},

k—1
()
n

< [Ustk—1,n) — Lo (k — 1,n)] +

sup
xel'5h 0

k o
Ua(k— 1,11) — (m)

AG) -G LG -5 =

For the first two summands on the above right-hand side, we can write
k o
Uytk—1,n)— [ ——
al n) (n T l)

n+l4+a)' ™ k \¢ k l—a
() ) -ER) [ e

At this stage, we observe that (%)1_“ —-1< % holds for all n € N, while for the latter
summand on the right-hand side of (A.4) we get

k a[l_ k 1—0{]< . - o L o
<n+1> <k+a) = a( o) ) <n+1> ’

Moreover, for the third summand on the right-hand side of (A.3) we have (%)“ — (nkﬁ)“ < %

while for the last summand on the right-hand side of the same relation we obtain (%)“ — (kn;l)“ <
(%)"‘. Putting these bounds together via (A.3)—(A.4), we get (1.5) fora € (0, 1). When « € (1, 2),
we start again from (A.2), which can be equivalently rewritten as

[Uo(k —1,0) — Lotk — 1,m)] +

'n+1) T(lnx]+1496) [nx|+1+6
Fn+1+468) I(lnx]+1)  n+146

with § := o — 1. Whence,

Inx] +oa
n+uo

lnx| +a

Ls(lnx],n) <Fp(x) < .

U(;(Lnxj , n)
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for all n € N and x € (0, 1). Then, we can establish a bound similar to (A.3), namely

k—1
()
n

sup
xel5 5
k+38 k+3 E\°
< Ustk —1,n) — Lg(k — 1, — —\Ustk—1,n) — | —
< +a[ 5 ( n) — Ls( n)]+n+a‘ s( n) (n—l—l)

k+6 k

n—+ao n

) () ]
SOV

We analyze the first two summands on the above right-hand side by resorting to (A.4), to obtain

k+6
n+1

() el ()

Now, the former summand on the above right-hand side has been already bounded by
so that we can focus the attention on the latter. Arguing as above, we get

2 k a|:1— L1_5}<281—8 1+6)° !
() - () J=ma-vaso

Lastly, the very same arguments used to handle the case a € (0, 1) lead to conclude that also the
last three terms on the right-hand side of (A.5) are bounded from above by a term of the type
Cy /n for some constant C, independent of k. The proof of (1.5) is therefore complete in the
case that the prior is a beta distribution with parameters (¢, 1).

The case of a beta distribution with parameters (1, ) is easily reformulated in terms a beta
distribution with parameters (¢, 1), in view of the following symmetry argument. First, we note
that the d.f. F(x) of a beta with parameters (1, «) coincides with 1 — F*(1 — x), where F* is
the d.f. of a beta with parameters (c, 1). An analogous argument is true for the d.f. F,(x), in
the sense that it coincides, for all x € [0, 1] \ {O, e 1}, with the d.f. F}(x) of the r.v.
% - X;, where X; := 1 — X; for all i € N. The conclusion is reached by observing that the
de Finetti measure of the (exchangeable) sequence {X;};>1 is exactly the beta with parameters
(o, 1), whenever the de Finetti measure of the sequence {X;};>; is the beta with parameters
(1, @), and that

d (pn; 1) = sup |Fa(x) — F(x)| = sup |F(x) — F*(x)|
xel0,1N0,1,2,. 1) xel0,1\0,1,2, 1)

)
[Ua(k—l n) — Lg(k — ln)]+—‘U5(k—l n) — (L>

20(1—a)
n+l

= sup |Fi(x) —F*(x)|.
xe[0,1]
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A.2. Proof of Proposition 1.2

By resorting once again to formula (A.1) in the proof of Proposition 1.1, we get

1
dg (ins ) < s%pl)/o B(0; [nx] +1,n — [nx])|F(x) — F(0)|do

1
< H,(F) sup / ﬂ(@; Lnxj+1,n—LnxJ)|x—6?|Vd9
x€[0,1) JO

where H, (F) denotes the Holder constant of F. Now, we exploit that |[x — 6|” < |x — n,|” +

|0y — 617, where n, := 2 = [1080; |nx] + 1,n — [nx])d6, to get

1
dK(Mn;M)SHy(F)[ sup |x —ny|” + sup / Inx — 6017 B(6: LnxJ+1,n—LnxJ)d9].
0

x€[0,1) x€[0,1)
Since sup,¢[o.1y |* — nx| < % follows from direct computation, we can focus on the second

summand on the above right-hand side, which can be bounded by means of the Jensen inequality
as follows:

1 1 v/2
/ |nx—9|yﬂ(0; l[nx]+1,n— Lnxj)d@f(/ Inx—leﬁ(O; Lnxj—l—l,n—LnxJ)d@) .
0 0

The proof is completed by observing that the integral fol Iny — 012BO; |nx| +1,n — |nx])do
represents the variance of the beta distribution with parameters (|nx] + 1,n — |nx]), which,

- +1)(n— - 1
being equal to %, is less than = for any x € [0, 1].
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