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We consider a family of general branching processes with reproduction parameters depending on the age of
the individual as well as the population age structure and a parameter K, which may represent the carrying
capacity. These processes are Markovian in the age structure. In a previous paper (Proc. Steklov Inst. Math.
282 (2013) 90-105), the Law of Large Numbers as K — oo was derived. Here we prove the central limit
theorem, namely the weak convergence of the fluctuation processes in an appropriate Skorokhod space. We
also show that the limit is driven by a stochastic partial differential equation.
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1. Introduction

A branching process is used to model a system of particles where each particle has a random
lifespan and gives birth to a random number of offspring at some point during lifetime or at death.
Classical frameworks of branching process include the Galton—Watson process in discrete time
and the Bellman—Harris branching process in continuous time. In the Bellman—Harris framework,
particles, independently of each other and with the same law, live for a random length of time
and reproduce at death a random number of offspring. In this paper, we consider a much more
general framework introduced by Jagers and Klebaner [13,14].

Consider a population of size z with ages (ai, aa, ..., a;). This age structure can be repre-
sented by the measure A = Zf: 1 8a; on BB, the Borel o -field of R, where §, denotes the Dirac
measure at a. In particular, for a measurable set B, A(B) represents the number of individuals
with ages in B. While the size of the population at time ¢ in the Bellman—Harris process is not
Markov, the measure-valued process of ages is. The Markov property remains even when the life
span and reproduction of individuals are allowed to depend on the whole population.

We allow reproduction and death to depend on not only the individual’s age and the size of
the population, but also the entire age structure of the population. In particular, as given in the
examples in Section 7, the reproduction and death could depend on the age, the population size,
as well as other demographic features, through a so-called demographic kernel. We allow also the
parameters to depend on some parameter K, which could play the role of the carrying capacity
of the habitat [14]. Multiple offspring during life and at death is possible, to have a rather general
model. We are interested in the approximations when K is large.
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Similar questions have been answered in [18] and [19] under the Galton—Watson setting, where
the reproduction of each particle depends on the carrying capacity, but is otherwise independent
and identically distributed conditionally on the carrying capacity and the size of the population.
Oelschlédger [24] also answered a similar question in the context of birth-death processes, deriv-
ing a Law of Large Numbers (LLN) and a central limit theorem (CLT) for the empirical processes
of age-structured populations as the population size tends to infinity.

Tran [25] (also [26] and [7]) obtained a LLN and a CLT for a population model structured
by traits and ages (not just the physical age). He generalises the standard model by including
the possibility of trait mutations and interactions (through a kernel) among individuals, while
keeping the dependence of the reproduction on just the state (traits and ages) of that individual.
In contrast, we allow the births and deaths to depend on the age structure of the whole popula-
tion. Kaspi and Ramanan ([16] and [17]) obtained LLN and CLT for measure-valued queuing
processes, which inspired this paper.

Convergence of measure-valued processes has been studied in various settings over the last
decades. This has been done also in the context of population or particle systems, either giving
results of the type of LLN only (e.g., [4,22,23]), or together with CLT(e.g. [3,20,21,24,25]).

The LLN for our model, given in [8], shows that under suitable assumptions on the parameters,
the sequence of measure-valued processes AKX = AKX /K converges as K — oo to a determinis-
tic process A in the Skorokhod space D(R, M, (R} )), where M (R, ) is the space of finite
positive measures on R, with its weak topology. The limiting process is identified as the weak
form of a generalised McKendrick-von Foerster Equation. In this paper, we establish the CLT
(see Theorem 8) for the age structure, that is, the convergence of ZX = VK(AX — A) in an
appropriate space, and identify the limit. In the limit (CLT), Fréchet derivatives of the rate func-
tions naturally appear. They replace the ordinary derivatives in the density-dependent case where
dependence is on the total mass of the measure. Our CLT yields new results even in the classical
case of constant parameters.

As usual, to establish convergence we show tightness and uniqueness of the limit. The tightness
is proved by using the Sobolev embedding approach and Aldous—Rebolledo tightness criteria, the
method used in Bansaye et. al. [3], Meleard [21], and Tran [25]. Since Z Kisa signed measure-
valued process, and the space of signed measures with the topology of weak convergence is
not metrizable [3,21,27], we embed the space of signed measures in suitable Sobolev spaces
(which are also Hilbert spaces), and apply Sobolev embedding techniques with some Hilbertian
properties.

While the Sobolev embedding technique has been much used (e.g., [3,4,21]) since being in-
troduced by Metivier [23], and there are seminal papers in the field such as [3] and [17], our
approach has a number of differences. We set up evolution equations for a branching process,
fusing branching and stochastic analysis. This is done by using the Ulam—Harris representa-
tion. A simplifying technical feature of our model is that we can work on the bounded domain
T*:=[0, T 4+ a*], where a* is the age of the oldest individual alive at time 0 and we consider a
finite time horizon T = [0, T']. (Thus, T + ™ is an upper bound to the age of the oldest individual
alive at time 7T'.) This boundedness of domain avoids the use of weighted Sobolev spaces (see
page 896).

Section 2 sets up the model and gives a semimartingale representation to the process, with the
proofs of some details postponed till Section 4. Main results are stated in Section 3, with the
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proof of the CLT in Section 5 and the proofs of further results in Section 6. Section 7 ends the
paper with some examples.

Throughout this paper, we use ¢ with and without subscript to denote constants that may be
different from line to line, but all independent of K. N stands for the set of natural numbers and
Np for the set of non-negative integers. For a Borel (positive or signed) measure 1 on E and a
measurable function f on E, we write (f, u) = fE f(x)u(dx). The Skorokhod space D(T, M)
consists of all cadlag functions from T to M. We will take M to be a space of measures (for
LLN) and the dual of a suitable Sobolev space of functions (for CLT).

2. Evolution equation and semimartingale decomposition

In this section, we set up the model and derive a semimartingale decomposition of the branching
model, but leave the technical proofs to Section 4.

We shall adopt the classical, well known in branching (e.g., [9]), Ulam—Harris labelling, as
presented in [11] and developed in [12]. We use the set

o0
=N
n=1

to denote all possible individuals; N corresponds to the possible individuals of the starting gener-
ation, N? corresponds to the possible individuals of the second generation, and so forth. We allow
an arbitrary finite number of individuals at the start of the process at time = 0. The individuals
in the first (starting) generation are labelled 1, 2, 3, ... . For each individual y € I, the children of
y are consecutively labelled y1, y2, y3, ... as they are born. Here yi is the concatenated vector
of the coordinates of y € I and i € N.

We assume that the age of each individual increases at rate 1 until the individual dies. Upon
death it may split into a random number of offspring. During its lifetime the individual may give
birth to a random number of offspring. The offspring generated in both situations are referred to
as the children of the individual, and both situations are considered as births.

We denote by 7y, Ay and oy = 7y + A, respectively the time of birth, the life span and the
death time of individual y. In particular, the maternal age for the birth of the jth child (during
lifetime or by splitting at death) of individual y is y; — 7). Also, if y has precisely n children,
then

Ty <Ty1 <=7y, <0y and Typ41) =00.
The population starts from an initial age distribution Ay with mass one at given ages
X1,X2,...,%(1,4 and the population size (1, Ag) is assumed to be finite. Put 7; = —x;, i =
1,2, ..., (1, Ag) for the birth times of these ancestors (first generation).

The age distribution A; at time ¢ > 0 allots a unit weight to the age (¢ — t,) of each individual
(y € I) that is alive at time 7,

A=) lo<ico,8i v, (1
yel
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For each ¢, A; is a finite discrete measure on R, in particular, A; € M (R.), and the collection
(A;)s>0 1s known as the age structure process of the population.

Two processes that determine the evolution of population are the way the individuals enter and
the way they exit. Denote by B(¢) the number of individuals born by time ¢, and by D(x, t) the
number of individuals who died by time ¢ and whose life span was x or less, then

BO)=) 1y,  DE.D=) Li<ro

yel yel

Before we give the fundamental equation for the evolution of the population, we make an impor-
tant observation (which allows us to work on a bounded time interval and to avoid using weighted
Sobolev spaces).

Recall that a* is the age of the oldest individual in the starting generation, that is,

a* =inf{x > 0: Ag((x, 00)) =0}.

Since we look at the convergence on a finite time interval [0, 7], the age of any individual at
time ¢ < T will not be more than T + a*, thus the support of A, is contained in [0, T + a*].
Henceforth denote by T* =T + a*.

While our focus is indeed on functions of a single variable, the proof of the CLT requires
a semimartingale decomposition for functions of two variables. Consequently, we consider test
functions of two variables f(x,¢) whose domain is limited to the bounded rectangle T* x T,
where T* = [0, T*] is the age space and T = [0, T'] is the time space. In what follows, we will
also write f;(x) to mean f(x, ) and use the two notations interchangeably.

We have the following basic equation, with proof in Section 4.

Proposition 1. Forany f € CV1(T* x T) and t € T, the age structure process A satisfies
t
(ft, Ar) = (fo, Ao) +f @1 fs + 02 fs, As)ds
0

+ f(Q0,s)B(ds) —/ f(x,s)D(dx,ds). 2)

[0,7] T*x[0,]

To arrive at compensators for the two processes in the RHS of (2), we assume the existence
of birth and death rates, dependent on the age and also upon the population age structure (cf.
[13]). The number of births by time ¢ consists of births by living mothers and births by splitting,
B = B + B. An individual aged x at time 7 gives birth at rate b4, (x) and dies at rate /4, (x),
allowing for multiple births.

Denote the random variables EA, (x) and EAt (x) the number of children at a bearing of a living

individual aged x at time ¢ and at splitting (i.e. death), respectively. Let 74, (x) = E[EA[ (x)]A]
and 7y, (x) = E[/?;‘\A, (x)|A;]. Thus, the mean intensity of births of an individual aged x at time ¢
isma, (x)ba, (x) +7ia, (x)ha, (x). We also denote the conditional second moment of the number
of children at a bearing of a living individual aged x at time ¢t by T4, (x), and similarly the
conditional second moment of the number of children at splitting by V4, (x).
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The compensators of the birth and death terms in (2) are given by the following results, with
proof in Section 4.

Proposition 2. For every f € C(T* x T) andt €T,
! 1 t
/ (fsha,, As)ds, / fsQ0)(ba, A, As)ds, and / fs0)(ha,mia,, As)ds
0 0 0
are the compensators of
/ f(x,s)D(dx, ds), / £(0,s)B(ds), and / £(0,5)B(ds)
T* %[0, ] [0,t] [0,t]

respectively.

Having found the compensators we identify the relevant martingales. The proof of the follow-
ing proposition is standard and is therefore omitted.

Proposition 3. The following processes are martingales

t
Mp, r (1) :=/ f(x,S)D(dx,dS)—/ (fsha,, As)ds,
T* x[0,¢] 0
t
My () 2=/ f(O,S)B(dS)—/ Js(0) (b gy, Ag)ds,
. [0,¢] 0

t
My (1) = /[O 7098 - /0 O haia, Ay)ds
it

with predictable quadratic variations
t t
oy = [ (S A)ds, Mg o= [ F2ObaTA AV,
t
(Mg ;) = / FEO)(ha V4, Ay) ds.
’ 0

We combine the rates n = b + hm and w = bvU + hv, and also the martingales. From the basic
equation (2) we obtain the following semimartingale decomposition, with proof in Section 4.

Proposition 4. Fort € T and f € CV1(T* x T),

t

i A0 = (fos Ao) + /0 (L, fyr Asyds + M, 3)

where

LAf(x,S) = 31f(x,s) +32f(-xas) - f(x,S)hAS +f(07s)nAs
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and Mtf is a locally-square-integrable martingale with predictable quadratic variation
! 2 2
(M), = / (SO wa, +ha,fi =2fOha,iia, fs, As) ds. (4)
0

Remark 5. The predictable quadratic covariation of the martingale with two test functions can
also be obtained. For f,g € C(T* x T) and ¢t € T,

. t
(M7, M), = /0 (fs(0)gsO)wa, + ha, figs — ha,iia, (f5(0)gs + 5(0) fy). Ay) ds.

In particular, taking f as a function of the first variable x only, we recover Equation (2.6) of
[13], stated again here for completeness.

Corollary 6. Fort € T and f € C1(T*),

t .
(vat):(f’AO)+/0 (La, f. A ds + M/, ®)

where
Laf=f —haf+ fOna

and M,f is a locally-square-integrable martingale with predictable quadratic variation

t
(M), = /O (2O wa, +ha, [ =21 OVha,iiia, f, As) ds. (6)

3. A central limit theorem

We now look at the case of a branching process dependent on some (large) index K; K may,
for example, represent the population carrying capacity, a threshold below which the process is
supercritical and above which it is subcritical. The notion of carrying capacity plays a great role
in biological population dynamics. The interest is to approximate such a process for large K.
This leads to consider a family of branching processes indexed by K. All objects introduced in
the previous sections will now carry the extra label K: AX, bX hX etc. The qualifiers ~ and ~
(of m and v) will be dropped in any statement that refers to either qualifier.

Throughout the remainder of the paper, we make one simplifying (and reasonable) assumption
in that the ages of all individuals in all starting generations are bounded. We denote (with a slight
abuse of notation) by a* “the age of the oldest individual” at r = 0:

a* := sup (inf{x > 0: A¥ ((x, 00)) = 0}) < c0.
K>1
As before, T* = [0, T*] with T* = T + a*. For each K, AX = (A,K),e']l' is a cadlag positive

measure-valued process on T*, i.e. (AIK )ieT € D(T, M4 (T*)). Without loss of generality, we
assume that A(’f is deterministic.
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As we shall focus on situations where AX := AX /K converges to a non-degenerate limit, a
new parametrisation of the intensities is needed, one that involves AK rather than AX itself.
We have, immediately from Equation (5), the following evolution of AX:

t
(£ A5 = (£ A8)+ [ (W s A ds o mt! ™ Q

where
LY f=f —nk r+ fomk 8)

and Mtf Kisa martingale. A similar representation with functions of two variables is also used
later in proofs.

3.1. The law of large numbers

The LLN was established in [8] under the following conditions, referred to as smooth demogra-
phy:

(C0O) The model parameters b, h, m and v are uniformly bounded, that is, sup K.Ax bf x) <
00, et cetera. Note that the supremum with respect to A is taken over A € M (T*).

(C1) The model parameters b, h and m are normed uniformly Lipschitz in the following
sense: there is a ¢ > 0 such that for all K > 1, [bX —bX || <c||A — B, where ||u|| :=
SUP|| £}l <1, f continuous | (f+ 1) |; the same applies to & and m.

(C2) The limit (pointwise in A and uniform in x) lim bf =: b exists; the same applies to

limits limhX =: A and limm& =:m%.
(C3) AKX = A, supgx (1, AK) < 0.
We remark that in [8], the Prokhorov metric is used for (C1). However, since we shall work in
spaces C~/ and W~/ (see Section 3.3) for the CLT, it is more natural to use the norms in these
spaces. In our context, the norm || - || coincides with || - ||--o defined in Section 3.3. It can be

shown that the LLN remains valid with this (C1).

Theorem 7 ([8]). Under the smooth demography condition, as K — 0o, AK converges weakly
in the Skorokhod space D(T, M (T*)) to the limiting process A, which is deterministic and
satisfies, for f € CY(T*) and t € T,

t

(Fodo = Ao + [ (L5 .40 ds ©)
where LY f = f' —h f + f(On and nY = by + hem.
It follows by the Monotone Class Theorem (e.g., [5], 1.22.1) that (9) also holds for test func-

tions of two variables, f € C L1 (T* x T), and ¢ € T. This fact will be used later in the represen-
tation of the fluctuation process.
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As remarked in [8], if Ao has a density, then A, has a density; call it a(x, 7). In such case,
Equation (9) is the weak form of the McKendrick-von Foerster equation for the density:

P P ~ t+a* ~
(a+§)a(x,t):—a(x,t)h&(x), a(O,t)z/O nAt(x)a(x,t)dx.

3.2. The fluctuation process ZX

For each 7 and K, ZK := VK (AKX — A,) is a finite signed measure that, in view of (7) and (9),
can be represented as

t t
(f,Zf):(f,Z§)+«/E/O (LAlgff—L%‘Zf,As)ds+/o (Lgb,v(f,Zf)ds+A7I,f’K, (10)

where ]\71tf K _ Mtf K /~/K is a martingale with predictable quadratic variation

t
(Mf’ff)t:/0 (fz(O)wIIg{( +h§§f2—2f(0)h§{(ﬁ§{<f, AK)as.

3.3. Relevant spaces and embeddings

Let C/ (T*), j € Ny, denote the space of continuous functions on T* with continuous derivatives
up to order j. Since T* is a bounded domain, the functions in C/ (T*) as well as their j derivatives
are bounded with the norm

£l = max. sup |00

The Sobolev space W/ (T*) is the closure of C*°(T*) with respect to the norm

; 12
Il crey = (Z /T (FOw))? dx> ,
i=0

where f (@ is the (weak) derivative of f (seee.g. [1]). The space WJ(T*) is a Hilbert space with
inner product (f, g)wi s = Y i_g Jps SO (x)g @ (x) dx.
For the rest of this paper, we assume, unless otherwise specified, that functions are defined on
the domain T* and suppress the label T*; e.g. W/ means W/ (T*).
The following embeddings hold:
Cl—w/, Wt/ and Wf'“;—; Wi,

where H.S. stands for Hilbert-Schmidt embedding. Let C —J(T*) and W~/ (T*) denote the dual
spaces of, respectively C/ (T*) and W/ (T*). Then,

Wiesc/, T w U and W woUTD,
H.S.
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In particular, we have

Clclew?oew?aw™
H.S. H.S.

As a signed measure, ZtK belongs to C~° for each ¢ and K. To make use of representation
(10), we consider the process ZX as a process taking values in C~!. The technicality in estab-
lishing Aldous’ tightness condition ((B) of Lemma 12) requires the embedding C~! < W2 <
W3 < W*. In particular, with C~! < W2, the boundedness of E[||Z,K||sz] is obtained
(Proposition 14), which is used to obtain the boundedness of E[sup,.r IIZ,K lw-31 (Proposi-
tion 21), which is in turn used to establish the Aldous tightness criterion of Z K in D(T, w—%)
(Proposition 22). The Hilbert-Schmidt embedding W > ;{—; W—* is used to identify a compact

set in order to establish coordinate tightness ((A) of Lemma ‘12).
We shall use the following general results, the proofs of which are standard and therefore
omitted. Forany f € C/ and g € W/, j € Ny,

I fellwi =cllflicillgliw- )

Let (plj )i>1 denote a complete orthonormal basis of W/, j € N. Then, for any x; € T* and
X € T*,

> pf ) p (x2)

=1

<c. 12)

3.4. Statement of the central limit theorem

Further to (C0)—(C3), we shall make the following assumptions.

(A0) Conditions (C1) and (C2) hold also for v.

(A1) E:=sup, o g EX(x) Vsup, 4 x EX(x)isin L2

(A2) The reproduction parameters b& (x), hX (x) and m¥ (x) and their limits (in the sense of
(C2)) are in C*, in the argument x, with convergence in C*. Moreover, v/ K sup A ||b§ —
b oo — 0 as K — 00, supg 4 ||b§I|C3 < o0 and supy, [|bY||c4 < oo; similarly for
parameters i and m.

(A3) The limiting parameters (as functions of A) are Fréchet differentiable at every A.
Namely, for every Ay, there exists a continuous linear operator 8Abf\‘g W L®
such that

1
lim ——— b, 5 — b — 946 (B =0.
||BHW74_>0 ”B”W*“ ” Ao+B Ao A Ao( )”oo
Moreover, sup 4, ||3Abf“g l-4 < c, where L=%=L(W—4, L®) denotes the space of con-
tinuous linear mappings from W% to L>. The same applies to parameters £ and m .
(A4) Z[ converges to Z3° in W* and supg | ZK || -2 < oo.
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Theorem 8. Assume (A0)—(A4) in addition to the smooth demography condition (C0)—(C3).

Then, as K — 00, the process (ZtK)tejl‘ converges weakly in D(T, W= 10 the process (Z;)teT
that satisfies the equation, for f € W*,

t
(f. Z0) = (f. Zo) + /0 (=0aRT (Z) f + (040 (Zy), A;) ds

t
+/ (f' = b f + FONX, Z,) ds + M), (13)
0 s S

where ng = bi’f%f +hme and le "% is a continuous Gaussian martingale with predictable

quadratic variation
t
(M7 =f0 (PO +hS 2 =2f OhT@T f.Ays)ds,
with w® = b¥Ty + hV.
Corollary 9 (SPDE). The limiting process (Z;);cT satisfies the following SPDE:

dZ,(dx) = —BAhZ-‘j(Z,)(x)A,(dx)dt + (aAnj-‘j(Z,), A;) dt8o(dx)

—(Z0)/ (@dx)dt — h () Zi(dx) dit + (n7, Z4) d18o(dx) + dM;® (dx),

where M® is a Gaussian martingale measure such that ( f, Mtoo) = M,f’oo, and (Z°) is defined
by (f, (Z°)) = —(f", Z7°).

Proposition 10. Suppose that 8Ahi‘(’)(B)(x) has the form fgh(Ao,x,y)B(dy) for some
gh(A,x,~) e W* with Sup4 ||gh(A,x,o)||W4 < 00, and similarly BAHZOO(B)(x) is of the
form fg”(Ao,x,y)B(dy) for some g"(A, x,-) € W* with supy . 18" (A, x, )|l < 0o. Then,
v . f = E[(f, Z;)] is a signed measure.

The proofs of Corollary 9 and Proposition 10 is postponed to Section 6.

4. Proofs of Propositions 1, 2 and 4

Proof of Proposition 1. Note that (f;, A;) = Zyel f—1y, 01t <t<0,. Letg(@t) = f(t —7y, 1),
then g'(t) =91 f(t — 7y, 1) + 2 f(t — 7y, 1) and

t
(1<, — g(O)1g, 2o = / 851, s <oy ds + g (2 l0<r, <1 — (o) o .
0

Summing over y, we get (2). (]
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Proof of Proposition 2. Let H/ = fO’(fShAX, Ay)ds and QF (r) = fT*x[o i f(x,)D(dx, ds).
By the very definition of death rate, and the convention that all rates vanish for negative argu-
ments, lgys, — fotmy ha,(s — ty)ds is a martingale. That is, for any bounded function g,

E[g(0))1g,= | Fi] = / N g(E[ha, (s — 1)1, Fi ] ds
where F = {F;} is the natural filtration of the age structure process A. Equivalently,
P(oy €ds N (t, +00)|F;) = 1(,,+oo)(s)E[hAS (s — ry)lay>s|]-}]ds
In particular

1
lim <P <0y <1+ 81F) =ha, (0 = 7)oy
Now, Qtf = Zyel lgystf(ky, oy) is adapted to the filtration F and for any u > 0,

E[0],.|F] =0/ + E[f(oy — 1y, 0y) 1o, <t4ul Fi]
yel

o +Z/ E[f (s — 7y, $)ha, (5 — T)1gy -, |5 ] ds

yel

and similarly, H Iis adapted to F, continuous and

[[+u|]-",] Hf+ZE|:/ [l —1y,8)hs (s — ry)lf\<s<g‘ds|]-",:|

yel

Hence, H f is the compensator of Qf, viewing that h4 (s — 7y) =0 for s < 1y.
The proof for other compensators follows from the fact that fot (ba,mma,, Ag)ds and
fot (ha,ma,, As)ds are compensators for Band B. |

Proof of Proposition 4. It remains to prove (4). Note that Mtf _Mv (t)+M B f(t) Mp (1),
and that the martingales Mp r, My B and Mg  are purely dlscontlnuous Since My . and
Mg do not jump together, [ME f,MB £l and thus (Mv B.f Mg, f) are Zzero. Slmllarly
for Mp,y and My o giving (MD,f,Mv )+ = 0. However, MD s and Mg » jump together
when there is a birth by splitting with AMD,f(t) = Z cl f(ky,t)lgy_, and AMB’f(t) =

> ver £O. D16 = 3 1r,, = Therefore,

(Mp.f, Mg ;Ji=Y > £0,8)f Gy, ) loymy D Loy

s<t yel ieN
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and its compensator
t
(MD,f,Mg,fh:/ fs©)(fsha,ma,, As)ds.
0

Thus, (M), = <M§, + (Mg’f), +{Mp,f) —2{Mp, ¢, Mgﬁf)t, and we have (4). O

f)
5. Proof of the central limit theorem

We establish the tightness of the sequence ZX, and show the uniqueness of the limit.

5.1. Tightness of ZX

First, we prove a result for the tightness of W/ -valued processes in the Skorokhod space
D(T, W=/), which we will apply to ZtK with j =4.

Theorem 11. Suppose (uX)k= is a sequence of W~/ -valued cadlag processes. Assume that
the dynamics of WX are given by

t
~ f,K
(ﬁuf)z(ﬁué‘ﬂ/o AKX fas+ ml ¥, (14)
where MK is a martingale with predictable quadratic variation of the form
. t
(MK =/0 rX fas, (15)

and AZK and 1",K are functionals on W/, The sequence ([,LK)Kzl is tight in D(T, w7 if the
following conditions are satisfied:

(T1) There exists i < j such that forallt €T,
K
sup E[ | 1/" | W—i] < 0.
K>1
(T2) There exists Ko > 1 such that

(i) sup E[supHA,K”W_j] =cr,
K>Ko Lr<T
ZF,Kplj i| <cr.

=1
This can be proved by showing that the Aldous—Rebolledo criteria for tightness, stated below,
holds. For more details see, for example, [2] and [15], pages 34-35.

(i)  sup ]E|:sup
K=Ky Li<T
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Lemma 12 (Aldous-Rebolledo). Let H be a separable Hilbert space. A sequence (uX)g=1 of
H -valued cadlag processes is tight in D(T, H) if the following conditions are satisfied:

(A) ForeveryteT, (M;K)Kzl is tightin H.
(B) Foreach ey, ez > 0, there exist § > 0 and Ko > 1 such that for every sequence of stopping
times tX <T,

S0 SUB(|s gy — ey > 1) <

If MIK admits a semimartingale decomposition, then for (B), it is sufficient to have it for the finite
variation part and the predictable quadratic variation of the martingale part.

Proof of Theorem 11. Note that, for i < j, Wi ;1_§ W=, thus, the closed ball By-i(R) :=

{we W= ||ullw- <R} iscompactin W=/, Also,

1
P ¢ By (R) =P([nf [y > B) = LB [y ]-

Therefore, if (T1) holds, there exists a compact set C. such that IP’(;L,K ¢ C¢) < € for all K, which
in turn implies (A).

Next, we show that (T2) implies (B). Since uX has the form u,K = V,K + M,K , it remains to
show (B) for VIK and predictable quadratic variation ((1\71 Kyy,, where ((1\71 Ky, is defined such
that (| M2, — ((M¥));)er is a martingale.

To obtain (B) for VX, observe that by (14)

X X @K +0AT P
|(f: Vaksopnr = Ver)| = /TK Ay fds
(@ +OAT @K +OAT
S/K |Aff|de/K [ AE Dy 1 i dis.
T T
Hence,
K X @ronr
[Vier oy = Vek lw-s < /TK [ A5 (- s

¢
= [ 1A&kyar s < asup[AF] .

(B) now follows frpm condition (T2)(i) by Markov’s inequality.
Write p; for pl]. Since ||1\;IIK||%V,j = lel(]fl,p”K)2 by the Riesz Representation Theorem
and Parseval’s Identity, we have ((MX)), = st (MP-Xy, To obtain (B) for ((MX)),, by (15),
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we have

(M Dk poynr = (M5 Do | =

S s = K

>1 >1

¢
K
ZA 1—‘(rK+s)/\TpldS

>1

@K +oAT <
Z/K Iy pids
T

>1

and taking expectation,
K
Z Pk syarPi

B0 oy~ 7 Derl) < [
Y TEp

¢
5/ ]E|:sup :|
0 t<T I>1

(B) now follows from condition (T2)(ii) by Markov’s inequality. O

Jas

:| ds <JE |:sup

t<T

> Tp

>1

The rest of the proof consists of checking conditions (T1) and (T2) in space W . The proof
is involved and requires somewhat different representations for ZX, and is split into sections.

5.2. Representation for ZX

As representation (10) involves the unbounded derivative operator (f — f’), we extend (10) to
functions of two variables f(x,s) = f;(x) and apply the extension to the special case f(x,s) =
¢ (x +t —s) (for some fixed ¢ and some function ¢). This results in the removal of the derivative

operator.
From (7) and (9), we have, for test function of two variables f € C!"!(T* x T) and ¢ € T,

(i Z5) = (fo. 2E) + \/E/Ot(—(hg{( BV ot SO ). ) ds
+ /Ol(al fo+ o fs =g fo+ f;Onfy. ZE) ds + mlx, (16)
where M,f Kisa martingale with predictable quadratic variation
(M7K) = fot(ﬁ(o)w/'fg« + hgf 12— 2ﬁ(0)h§§m§5ﬁ, AK)ds. (17)
As explained above, applying (16) to

f,s)=¢x+1—15)=:0;¢(x)

(for a fixed ¢) makes the term 01 f (x, s) + d2 f (x, s) vanish.
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Next, we obtain a representation for the corresponding martingale Mtf K Define the measure
M; as
- t
M;(dx) = 8o(dx) <B([0, 1) — / (ba,ima,, As) dS)
0

t
+ 8o(dx) (ﬁ([o, 1) — /0 (ha,iia,. As) ds>

t
- (ZSA‘,(dx)lqu - / Aﬁ’(dx)ds), (18)
’ 0

yel
where

APdx) =) 8 v, (dx)ha, (g </ <o,

yel

By direct calculations, it can be seen that the martingale Mtf in (5) is precisely the integral
of f with respect to M,, i.e. M,f = (f, M;). 1t is easy to extend the definition of the integral
to functions of two variables f € C(T* x T) so that fé (fs,dM;) coincides with M,f in (3).
Indeed, since ((g, M;));cT is a martingale for any g € C(T*), for any ¢ € C(T), the integral
fot o(s)d(g, M), t €T, is a well-defined martingale with predictable quadratic variation

. t
< fo so(s)d(g,Ms>> = /0 0% (5) (82O wa, +ha,g* —2g(0)haitia g, As)ds.
t

Write fot (p(s)g,dMy) for fot ¢(s)d(g, My). The extension to an arbitrary f € C(T* x T) is
obtained by the usual application of the Monotone Class Theorem (e.g., [5], 1.22.1).

Let MK = ﬁMK. Since, for a fixed ¢t € T, the function f(x,s) = ®;_s¢(x) satisfies
f(x,1) =¢(x), (16) reduces to (19) below.

Corollary 13. For¢p € Cl andt €T,
(#.25) = (9. 25)
l -
+ ﬁ/o (—(hA’S§ —h)Oi—s + @,_S¢(0)(n§§ —n%), Ag)ds

t

t
+/0 (—h§§@,_s¢+@t_sqb(O)ngg(,ZsK)ds—i—/o (Or—s¢,dMK).  (19)

The main step in proving tightness is the following bound.
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5.3. Boundedness of E[|| ZX || -2]

Proposition 14.

sup sup B[] 2|, ] < oc.
t<T K>1

We remark that Proposition 14 remains true with the norm taken in C —! However, for the ease
of presentation (as we work with spaces W' mostly throughout the paper), we prove the result
for W2, which is sufficient for our purpose. The proof is done using representation (19) with
¢ € W2. Each term on the RHS is dealt with separately using successive bounds.

First, we need to overcome the fact that the functions ¢ and 6;¢ are defined on different do-
mains, T* = [0, T*] and [0, T* — t], respectively. The following lemma constructs an extension
of 6;¢ to T* in a way that controls the norm.

Lemma 15. Let ¢ € W/ for some j e Nandt € T be fixed. There exists a function r : ™ - R
such that y (x) = ¢(x + 1) for x € [0, T* — t], and y € W/ with | |lw; <cll¢|lwi, where c is
a constant that depends on T* and j, but independent of ¢.

Proof. Take v such that ¥ (x) = ¢ (x +1) for x € [0, T* —¢], and YU~ D (x) = =D 2(T* —
t) —x +1) for x € (T* — ¢, T*]. That is, ¥ is extended by reflecting the (j — 1)th derivative
along x = T* —¢. Then, I/f(i) is continuous fori =0, 1, ..., j — 1. Note that l/f(j) does not exist
atx = T* —t, unless ¢/ (T*) = 0.

It remains to show that |||y, <cll@lly,. Fori=j—1, j,

T*

T*—t
/(w<f>(x))2dx=/ (w(i)(x))zdx+f (¥ (x))* dx
T* 0

T*—t

T* ) T* .
_ / (6D (x))” dx +/ (6D (2(T* = 1) —x +1)) dx.
t T

*f
Fori=0,1,...,j—2,
T*

T*—t
/ (w(">(x))2dx:/ (1p<f>(x))2dx+/ (v D)) dx
* 0

T*—t

T* T*
:f (¢<">(x))2dx+/T (v D)) dx.
t

*—t
For the last integral, note that for x € (T* — ¢, T*],

Yy D) =y O(T* —1) + f T dy

T*—t

. x .
= (T*) + ’ YT () dy,
*—t
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which can be obtained recursively and be expressed in terms of ¢. Finally, as ¢ € W/, we have

¢ € C/7" and ||pllci1 = maxosi<j—1supyers |9 ()] < co. Thus, with ¢llcj1 < lI$lly
and that T* is a bounded interval, we can bound ||y, in terms of 7* and ||¢||y; and write
¥ llwi <clldliwi- O

In the sequel, ®@;¢ will refer to its own extension to T*. We immediately get the following
inequalities:

10:¢llw; <cllglly;, and foranyx eT*, |@1p(x)| <cliglly; (20)
Next, we give some bounds that are useful in proving Proposition 14.
Proposition 16. Suppose (A2) and (A3) hold. Then, for t € T and for all x € T*,
VRIS = b0 <1+ 28]y
and
VEnix —n3 @ = (4125 o).
Proof. We prove only the first inequality, as the second is similar. By the triangle inequality,
W = 200 = [ = e o+ 5~ = aan (A — A1)
+[oan3, IIL—4 [AF - Azl} W
Multiplying by ~/K and with some manipulation, we have

\/E‘hgt,( —h%ﬂ(x) < «/?sgp”hf - h%"“o<>

K
I1Z5 [ly—s

TR AT W = = b (AF = &)+ er| 28y

where the bound in the last term is due to (A3). It then follows by (A2) and (A3) that VK|h Alf K=
h%‘jl(X)SCz+C3IIZf(IIW—4- u
The following result follows immediately from Proposition 16.

Proposition 17. Suppose (A2) and (A3) hold. Forany f e W/, j e N, andt € T,

sup [VR (L 1) £l < (1 + 128y 0 -
xeT*

As the operator LX maps W/ into W/~!, we introduce LX f = —hK f 4+ f(0)nX, so that
LK f=5r+ LK fs and let L/K = L(W/, Wk) the space of hnear operators from W/ to W¥.
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Proposition 18. Suppose (A2) holds. Then,
M sup|Zi| s <e j<3
K,A

(i) sup||LE | i <c 2<j<4.
K,A

Proof. For f € W/, using triangle inequality and (11),
TK K ,
HLA f”wj = ”hA ”C_/”f”WJ + 1 fllws ”nA ”W/ <cill fllwi
due to embedding and (A2). Thus, (i) follows. For (ii),
LK f i = 1 Vit + 12E £lwies < 0 Flwi +etll Flwior < el fllws
by (i) and embedding. Thus, (ii) follows. O
Recall also the following bounds, obtained in [8]:
(1,A) < (1, Ag)e”, (2D
E[(1,Af)] = (1, AK)e“". (22)

Proof of Proposition 14. Let ¢ € W2. We bound each term on the RHS of (19), and use repeat-
edly (20). For the first term,

|(019. Z§)| < 1019 llw2 | Z§ |12 < ctllw2 | Z§ || -

For the second term, with Proposition 17,

‘J—f (LEx —LF)Or1—c0. As)ds

t
< 02/0 (14 | ZK ] ) 10— blly2 (1, Ay ds

_ t
<csllpllya(1, Ag)e fo (1+ 28 ) ds

by (21) and the embedding W2 < W%, For the third term, by Proposition 18(i),

t
<es [ 1B 0 bl 26y oo

t
'/0 (—ng(@,_sqs,zf)ds
<c5f |Z% K||£zz||o, s@llw2 | 28| - ds

sc6||¢||wz/0 1z5] - ds.
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For the forth term, we write [; ©;  dMX for the map f > [3(O,_, f,dMX). Then,

< llgllw

t
[ @)
0

t
[ (o1 ai)

w2

Note that (fy (&—y f, dMX)),er is not a martingale, but for each fixed t, (fy (©—s f. dMK)) et
is. Let # € T be fixed. For r <1, by the Riesz Representation Theorem and Parseval’s Identity,

o[ [ o it ] =[S ([ @stait)) T-gel{ 0]

>1

—ZEU (Or-s 7 O) why + 1 (61— p7)*

>1

— 20,5 p Oy O pil, AT ) ds }
It then follows from (12), (CO) and (22) that this quantity is bounded by c¢7(1, A(’)( )e¢”r. Taking

r =t, we have
e[| [ o amt],

Now, putting all together with triangle inequality,

}gm@A@fw. (23)
W2

_ t
(¢, 2])] §C9{||¢||W2 1 Z5 |y + ||¢||Wz(1,Ao)eC4’/0 (1425 ,-2)ds

t
| or an
0

This gives a bound to || Z,K |ly—2. Taking expectation and using (23), we have, fort < T,

t
+ ||¢||Wz/0 125 -2 ds} + ll¢llwe

w-—2

Bl 28 2] < crof 128y + 1. Ao

t
(1 o) [TB[1ZE]y sas + (0 Ag)“zewzm}.
It follows by Gronwall’s inequality that
B|ZE 2] = ol 28 |ya + (1 AeTT + (1, AF) 2en 172} o000 st

Finally, taking supremum over ¢ and K, this quantity is finite due to (A4) and (C3). (]
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5.4. Proof of tightness

It remains to check the tightness condition (T2), as (T1) holds by Proposition 14. The conditions
(i) and (ii) are verified in a few steps. Proceeding from Theorem 11, we let

AFF=VE(LEx ~ L)1 A) + (L £.2F)

and

FEf = (FPOwic +he f2 = 2f Ohjxiye £ AF).
Proposition 19. Let j € {3,4}). For f ¢ W/,

|AK £ < el fllws (14 (1L Ap)e) (14 || 2K yy—ion))-
Proof. For f € W/, we have Lft,( fewi=land

|AFf| = [VE((Lx = LE)f A+ |(Lx £, 2F))]

< (WK (LG = L3S A) + 15k g 1 s 125 [y

<cr(L+ | ZE ] yy-a) 1 llws (L A + 2l Fllws | 2K -0
due to Propositions 17 and 18. Then, by (21) and the embedding WU~ s W=/,

|AF I =es(UH [ Z8 | -g-o) L i (1 Ag)e + eall Fllwi | 25 | yy-ii-n -

The statement now follows by simple algebra. ]
Proposition 20.

er pl <c1 1 AK)

[>1
Proof. This follows directly from (CO) and (12). O

Proposition 21.

E[sup| 2K+ ] < oo.
sup | supl| 2|y | < o0

Proof. Let f € W3. Using Proposition 19, we have

(A2 < flws | 28]y

—_ t ~
el fllws (141, Ao)e“ﬂ)/0 (U285 =) ds + 1 Fllws | M s
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This gives a bound to ||Z,K ll-3 and consequently,
sup| Zi [y s < [ 2 [y
t<T

—_ T ~
+c1(1—|—(1,A0)eczT)/O (1—I—||ZSK||W_2)ds+su[T>||MtKHW_3. (24)
1=

Now, by the Riesz Representation Theorem and Parseval’s Identity, we have
~ K |2 ~ i K\2
B[ sup|| 47 [}, ] = B[ sup >~ (47"")
t<T t<T =1

< E[Zsup(Mf?'K)ﬂ <4y E[m7F),]

1=11=T =1

using Doob’s inequality. It then follows by Proposition 20 and inequality (22) that

T
E[sup”M,K Hé‘,,3] §4ZIE|:/ rkp? ds:| <cs(1, Af)es™T.
t<T I>1 0

Therefore, taking expectation in (24), we obtain
alsup] 2/ |-
<128 -
T
+ (14 (1L, AgeT) / (14 E[| 2K |, 2] ds + (1. AK) PesT 712 } 25)
0

Noting that E[]| Z SK l—-21 is bounded by Proposition 14, and using (A4) and (C3), complete the
proof. ]

Proposition 22. Conditions (i) and (ii) of (T2) hold for W—*, namely

() sup E[sup|[ A, ] <.
t<T

K>1
Sorfo]] e

>1
[ AF s = er (14 1L A)e ) (14 | 25 [ 3ys).

(i) sup E[sup
k>1 Li<T

Proof. From Proposition 19 with j =4, we have
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Taking supremum over ¢ < T and expectation, we have
E[sup”A,K || W,4] <c (1 + (1, Ao)eczT)<1 + E[sup” ZtK || W,3]>,
1<T t<T

which is bounded in K by Proposition 21. Thus, condition (i) holds.
Now we verify condition (ii). From Proposition 20,

E[sup ZFthf i| < C3E[sup(l, AtK)]
t<T =1 t<T
But,
_ _ t _ 1 -~
(1,AK) < (1,A{§)+C4/0 (1,A§)ds+ﬁM,1*K
andfor S <T,
S
E[sup(l, A,K)] < (1, A(If) + C4/ E[sup(l, Af)] ds + LE[SUPM:’K],
t<S 0 u=s t<T

It follows by Gronwall’s inequality that

]E[sup(l, A,K)] < {(1, A(I)() + %E[sup le'K] }€C4T,

t<T t<T

where by Doob’s inequality,

E[sup 7] < E[sup(i1¥)7] < 4E[(1" ), ] < e5(1. AF )"

t<T t<T

Therefore, condition (ii) follows, using (C3). O

Corollary 23. Both sequences ZX and MX are tight in D(T, W—4).

5.5. C-tightness of ZX and MX

It can be further shown that ZX and MX are C-tight, that is, the two sequences are tight and all
limit points of the sequences are continuous.

Proposition 24. The sequence ZX is C-tight and all limit points of ZX are elements of
C(T, W=).

Proof. We have established that ZX is tight, it remains to show that (see, e.g., [10], Proposi-
tion VI 3.26(iii)), for all u € T and € > 0,

Jim B(sup| Az, > ) =0
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Observe that ZX jumps when AKX jumps, which occurs when there is a birth or a death. Thus,
for f € W*, we have

(£ azB)=[(£.25 = 25)| = f|(f Af = AL
< —— max sup £ sup [ 000 = F
< =l lys(1+9)

by (A1), giving ||AZ,K||W_4 < \/Lf(l + E). Hence,

1 1
P(suplaZF i > €) = cE[swplazF ] = 7

which converges to zero as K tends to infinity. (]

(1+E[E]),

Corollary 25. The sequence of martingales MX is C-tight and all limit points of MX are ele-
ments of C(T, W™%).

Proof. As ZX and MX have the same discontinuities, AZX = AMX and it follows that M¥
satisfies the conditions of being C-tight. (I

5.6. Convergence of MX and zX

Proposition 26. The sequence MK converges weakly to M™ such that for any f € W*, I\;Itf =
(f, M®), t €T, is a continuous Gaussian martingale with predictable quadratic variation

X 13
(Ml =/ (FPOwT +h% f? —2fOrYms f. A 5)ds. (26)
0 5 5
Proof. Let f € W*. Recall from the proof of Proposition 24 that

1
sup| At K| = sup|A(/ Z) = 2 1710+ B

s<t
Thus,
~ 1K |2 1 -
mﬂmMWﬂ]ywﬂpW%&mﬂ,
K>1 bs=t K>1

which is finite by (Al). Therefore, sup;, |A1l7le Kis uniformly integrable and converges to

zero in probability for all # € T. All limit points of M7/-X are continuous (from Corollary 25) and
(MT-Ky, converges to (26). By [10], Theorem VIII 3.12(iv), M fK converges to a continuous
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martingale M/-°° with predictable quadratic variation in (26). The limiting process is Gaussian
as the predictable quadratic variation is deterministic.

Tightness of MX implies that there exists a subsequence that converges. Suppose M and N
both are accumulation points of MX _Then, we have ( M) = MT% = ( J, N) forevery f € w4,
and thus, we must have M = N in W—*. Therefore, we can conclude that MX converges to M,
where M is defined such that ( f, M) = M/ for every f € W*. O

Proposition 27. Every limit point Z of the sequence ZX satisfies, for € W* and t € T,
9. Z) = (0,9, Zo) + fo (0K (Z)Ors + O p(Oan (Z,), A,) ds
+ /Ot (=h3 Or—s¢ + Or—sp (O, Zs) ds + /Ot (Or—s¢p, dM°). (27)
Proof. First, we show that ﬁ(h§§ — h%‘z) converges to BAhZ-’i (Z):
|«/E(h§§< —h) = 04k (Z)]
< VK|S, —hG |+ VEhG —hF —0ah% (AF — A))|

+ 10405 (25) = 940 (Z5)]

N1ZE Ny
1AE = Ay
0anF -] 25 = Zs -

=< \/Estip”hf - hff“oo ||h%05< - hi‘i - aAhZ‘i (Af — Ay) ||oo

which converges to zero as K tends to infinity; the first term by (A2), the second by the definition
of Fréchet derivative (A3), and the last term due to Z being a limit. Similarly, VK (n AK —ng )

converges to aAn%" (Zs). Thus,

«/—/ h)Or-s¢ + Or—s¢(0) (nx —n%). A;) ds

- [ 0AhT (Z5)Or—sp + O1—sp (0)8anT (Zs)., As) ds

K—o0 Jo

by dominated convergence theorem.
Next, we show that fo( h «Or_sd+6O,_ s¢(0)nAK, ZX) ds converges to fo( h°° O s +

O;_sp(0)n® K Z)ds. Usmg a 31m11ar argument as for Proposition 18(i), with (A2),
t t
‘ /0 (—hjx Or—sd + Orsp Oy Z5 ) ds — fo (—h5 Or—s¢ + Orsp O . Zs) ds

t
< [ 1= = 13) 010+ Or-d O =13y |25 |-
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t
+ /0 | =15 O1-5¢ + 01— ONT || ZE = 24|y, ds

t
< /O ciligllws (1nge =5 [ s+ [n5e =1 N wa) 128 |y-s ds

t
[ ol (185 Do+ g )25 = 2l -,

which converges to 0 as K — oo. _
Together with the convergence of Zé( in (A4) and the convergence of MX established in
Proposition 26, the proof is complete. ]

It remains to show the uniqueness of the solution to Equation (27).

Proposition 28. Suppose that Z and Y both are solutions to Equation (27) in Proposition 27
with Zoy = Yo, then Z =Y.

Proof. First, note that Proposition 18(i) remains true if Zﬁ is replaced with Z? cf =hYf+
f (O)nio, for j <4, due to (A2). Now, let ¢ € W4andt €T, by triangle inequality, we have

t
(@, Z0 = Y0) sfo (10ah% (Zs = %9)[|O1—s| + @19 (0)|[0anT (Zs — Ys)|. As) ds

t
+ /0 | =1 Or—s + O OnF | 41125 — Yl ds
t -
= /() crllgllws (| aAh%i ||]L—4 + aAn%i ||]L—4)||Zs — Ysllw-a(1, Ag)ds
t
+ fo IZ5 0 20s1Or—sllws | Z5 = Ysll s ds

t
<cldllws(1+, Ao)eC3T)/ 1Zs — Ysllw-a ds.
0
Thus,
o t
1Z = Yl < c2(1+ (1, Ao)e‘3T)/ 1Zs — Yslly-a ds.
0
It then follows by Gronwall’s inequality that ||Z; — Y|l yy-4 = 0. Therefore, Z = Y. ]

Lastly, we note that Equation (27) is the same as Equation (13). This is straightforward and
the proof is omitted.

Proposition 29. The limiting process Z satisfies Equation (13), for any f € W* andt € T.
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6. Proofs of Corollary 9 and Proposition 10

Proof of Corollary 9. The SPDE representation follows by direct calculation. To establish that

(A7I°°),,f is Gaussian, we use the Cramér-Wold device, by showing that for all fi, ..., f, in W*,
((Mtfl’oo, cee A;Itf”’oo))tzo is Gaussian. This is equivalent to showing that for all &y, ..., a, >0,
(ozlll;ltf"oo 4o an]\;ltf"’oo),ew is Gaussian, which is true observing that alﬂ;[,f"oo do
athfn’oo ZMt(Ollf1+“‘+0‘nfn)»Oo. 0

Proof of Proposition 10. From representation (27), we obtain, for ¢ € w4,

E[(#, Z)] = (619, Zo)

t
+[) /(—E[/gh(gs,x, Y)Zs(d)’):|@ts¢(x)

+ ot - S)E[/ g" (A, x, y)Zs(dy)DAs (dx)ds

t
+ f E[(—h% Or—¢ + ¢ (t — )n%Y, Z,)]ds
0 ' '

as E[fé(@,_sgb, d]l;ls‘x’)] = 0. Defining v; : f = E[(f, Z;)], the above becomes
(@, v) = (O1¢, v0)

t
+/0 /<_fg"(f5s»xfY)Vs(dY)@f—f¢(x)

+o—5) / g" (A, x, y)vs (dy)> As(dx)ds

t
+/ (—h%o O+ ot —s)n%o,vs)ds. (28)
0 5 5
Using (20), (21) and (A2), we have

|, v)| < I8llwsllvolly-s

_ ‘ t
+c1||¢||w4(sup||gh(A,x, ) s + sup| " (A, x, -)||W4>(1,A0)e‘2'/ gl ds
Ax Ax 0

t
T3l f v llyys ds,
0

which gives, by Gronwall’s inequality, v |ly-+ < crl[volly-4-

Now, let (¢r)x be a sequence of functions in C*° that converges to ¢ € CV. By dominated
convergence theorem, (28) holds for ¢ € C 0 Moreover, v : C 0 _ R is a bounded linear operator.
Therefore, v; can be seen as an element in C =0 thatis, itis a signed measure. O
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7. Example: Parameters that are essentially linear

In this section, we give some examples of the reproduction parameters that satisfy the assump-
tions that we imposed for the LLN and CLT. Suppose the reproduction parameters are of the
form qu(x) =q(x, (1,AK),fg(x,y)AK(dy)), where g could be any of b, h, m, v; and,
g:T*xT*— Rand g : T* x Ry x R— R. We shall refer to the function g as a demogra-
phy kernel. Suppose that:

1. The function g is element of C*+4.
2. The functions b, h, m are elements of C*!4; and for q=>b,h,m,
(a) supy y . 192g(x, y,2)| < o0;
() sup, (1 + 048] q(x, y,2)| <ocofor j=0,1,....,4—kandk=0,1,2,3,4,

where 81.] denotes the jth order partial derivative with respect to the ith variable.
3. The function v is bounded and Lipschitz in the second and the third variables, uniformly in
the first variable, i.e.

sup|v(x, y1,21) — v(x, y2. 22)| < c(ly1 — y2l + |21 — 221).
X

Then, together with assumptions (C3), (A1) and (A4), the LLN and CLT hold with q%o x) =
q(x, (1, A), [ g(x,y)A(dy)) and

d4qa,(B)(x) = dog <x, (, Ao),/g(x, y)Ao(dy)>(1, B)

+33Q(x,(1,Ao),/g(x,y)Ao(dy)>/g(x,y)B(dy)

It also follows from Proposition_lO that v; : f — E[(f, Z;)] is a measure and satisfies the fol-
lowing equation, with %, := (1, A;):

(fsv) = (f.vo)

t
+/(; {(l,Vs)/(f(0)32n<x,xs,/g(x,y)fis(dy)>

—32h<x,xs,/g(x,y)z‘is(dy))f(X)>As(dX)

+/(f(0)83n<x,xs,/g(x,y)fis(dy)>

- 33h<X,Xs, / g(x,y)As(dy)>f(X)) / g(x,y)vswy)/is(dx)}ds

t
- fo / (f’(x) — h(x, X, / g(x, y)fis(dy)>f(X)

+ f(O)n <x, X5, f g(x, y)As(dy))>vS(dX) ds.
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In what follows, we consider a few special cases. We will also see that when qu (x) is a

function of (1, AX) only, or is a constant, an explicit expression for the density of the measure
E[Z;] can be computed.

7.1. Special case

L8ty AX @dy)
1+(1,AK)
R — R and g € C**. In other words, we take ¢(x, y, z) = g (x, Ti3)- Conditions (2) and (3) on

Suppose that the reproduction parameters are of the form g (x, ), where g : T* x

g above then reduce to § € C** with

(@) sup, , [ud2q(x,u)| <oo,forg=>b,h,m,v

(b) sup |81]8§c}(x, u)| <oo,for j=0,1,...,4—k,k=0,1,2,3,4and g =b, h, m.
Note that (a) implies the Lipschitz condition. Moreover,
/ g(x,y)Ao(dy))

1+ (1, Ap)

(1+(1 Ap)) [ g(x,y)B(dy) — (1, B) [ g(x, y)Ao(dy)
(1+ (1, Ap))?

04 (B)(x) = 0 (x,

and the measure v; : f +— E[(f, Z;)] satisfies the following equation with x; := (1, Ap):

t /(1 5 , Vvg(dy) — (1, v V)AL (d
(f’vt)z(f,\)())—i—/ <( +x5) [ g(x, y)vs(dy) (zv)fg(x V)A(dy)
0 (1+Xs)

" [(f(O)E)zn(x, fg(x,y)As(dy)> B azh(x, fg(x,y)As(dy))f(x)>

1+ x4 1+ xg
x As(dx)ds

fg(xy)A(dy)
o (- L2520

+ f(O)n(x, M))vs(dx)ds.
1+ x4

7.2. Age-and-density-dependent case
Suppose that the parameters are of the form g (x, (1, AK)), q:T*xRy — R, thatis, g(x, y,2) =
G(x,y). Then, the conditions on ¢ reduce to § € C*! with

(a) supy |02g (x, y)| < oo, forg=>b,h,m,v,
(b) sup, ,10fG(x,y)| <oo,fork=0,1,2,3,4and G =b.h.m,
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and we have 9433 (B)(x) = 82q(x, (1, Ag))(1, B). With x, := (1, A,), the measure v, : f >
E[(f, Z;)] satisfies

t
(fov) =(f, V0)+/0 (va)f(f(o)azn(x,xs)—8zh(x,xs)f(x))15s(dX)dS

t
+_/0 /(f/(X)—h(x,xs)f(X)+f(0)n(xyxs))vs(dX)dS-

7.3. Density-dependent case

Suppose that the reproduction parameters are of the form §((1, AX)), where § : R, — R. We
remark that this case can be seen as that given by Ethier and Kurtz [6], Chapter 11, Theorems 2.1
and 2.3, with B;(x) = xb(x) P, (I) + xh(x)px (1), where p,(I) and p, (/) denotes the probability
mass functions of Ex and?x — 1.

Then, the conditions on g further reduce to g € C; and aAéX‘(’)(B)(x) =g'((1, Ap))(1, B).
Moreover, the measure E[Z;] has a density if E[Zo] does. Indeed, with x, := (1, A;),

(f.Z0) = (f. Zo) + /0 (W G (L Z) f + FOW Ge)(1, Z,), Ay) ds
+/Ot(f’ — h(x) f + fO)n(xy), Zs)ds + M.
Taking f; (x) = e** and writing M for the martingale, we have
(fos Zt) = (f, Zo) + /Ot(n(xs) +n' (x5)x5 — B (%) (fo, A)) (1, Zy) ds
—i—/ot()»—h(xx))(fk,Zs)ds+1\7l}. (29)

Taking expectation and letting ¢ (s, A) = n(x;) + n'(xs)xs — b’ (x5)(fo, Ag) and ¥ (s, 1) = A —
h(xs),

t t
E[(f. Z0] =E[(fs. Z0)] + /0 b(s, DE[(1, Z)]ds + /0 ¥ (s WE[(fy. Z0)] ds.
Solving this gives

t 4 S
E[(f3., Z)] = eho *”“WS{E[(fA, Zo)] +E[(1, Zo)] / B (s, M)elo WOV @) +p (0 dr ds},
0
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which reduces to
E[(f, Z)] = Mo hes)ds {E[(fk, Zo)] +E[(1, Zo)]
t s ’ ’
x / (}’l(XS) +}’l/(XS)XS _ h/(Xs)(f)“ A_S))e—)nS-Ffo (n(xp)+ ' (xp)—h'(x))x,) dr ds}
0

Inverting the transform, we obtain an expression for the density. Suppose that E[Z(] has density
30(x), then E[Z,] has density 3,(x) and

5:00) = e fohG) ds {30()6 — Olesr +E[(1, Z0)]
1—x 7 7
x {(n(x,_x) )3y el G =R G dry

t
— f h/(xs)ef(f(”(Xr)+(n/(xr)_h/(xr))xr)dra(x —t+ s, t) ds} }’
(

t—x)V0

where a(x, t) is the density of A;.
In fact, we can solve (29) and obtain

ot 1 ot ~
(for Z2) = o RG0S (1 70y 4 / els CTHED (5, 0)(1, Z5) ds + dDAY).
0

Note that

1 t S ~
(1, 7)) = elo#®ds (1, 7,) +efo<"<r>drf e~ Joemdr g g0
0
with @ (s) = n(xy) — h(xs) + (n'(x) — h'(x4))%,. Thus,
(fo, Z1) = ef(;(k—h(x,y))ds (o, Z0)

+ ft ols O—hGer))dr (¢(s, 2) <ef3 edr (1 7o)+ elo e)dr /S o~ Jo wrdr dM,‘j) ds
0 0
+dzt71§)
with
(M°, M*), = fo t(w(xoxs — h(xs)(xs)xs + h(x5) (1 — (%)) (fir As)) ds.

We can also write the SPDE of Z:

dZ, = ((”(Xt) + n/(Xl)Xt)(lv Z1)80 — h(x:)Zy — h'(x,)(1, ZI)AZ - (Zt)/) dr + dM;oo
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with

~ t -
(M7= = /0 (F2Ow) + k() f2 = 2f O () (x) f Ag) ds

t t t
— POwx) /0 sy ds + h(s) /0 (12 A,) ds — 2.£ OV (x) /0 (. Ay ds.

and x; = xqelo "G —hGx)ds

7.4. Classical case

Assume constant parameters b, h, m and v, then, for a test function f,

t

(fa Zl) = (f’ ZO) + A (f, - hf + f(o)nv ZS)dS + Mtf’oo‘
Taking f; (x) = e** and writing M for the martingale, we have
t t
(fas Zo) = (fa, Zo) + (A — h)/ (fa, Zs)ds +n/ (1, Zy)ds + M} (30)
0 0

with (A;IA), = fot (w + hfr — 2hm f3, Ay)ds. Taking expectation and solving it, we obtain

E[(f.. Z)] =" (e“lE[(fA, Zo)]+ (" —M)E[(, zo)]).

n
n—»a
Suppose that E[Z(] has density 30(x), then E[Z;] has density 3,(x) and

31(0) = e M30(x — N lms +nE[(1, Zo)Je" ™ e ™ 1 <.

In fact, (30) can also be solved to obtain
t
(20 =0 (i 2+ [ PP a1, 2 ds + A,
0

With (1, Z;) = e (1, Zy) + fot e(n=mt—s) dM?, we can write

(for Z) =M1 £, Zo)

' s
+/ P =M=s) <ne(”h)x ((1, Zo) + /v e~ "n=h d]\;IS) ds + dl&lf)
0 0

- n _ _
=W, Zo) + —— (1, Zo) (" TV = 0T

f . t
+ne<k—h>1/ 1=1s /A e—("—h>’d1\719ds+/ eHIU=) gagl
0 0 0
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where
(M°, M%), = /Ol(w — hint + h(1 — ) f, A) ds.
The SPDE of Z is
dZ,(dx) = (n(l, Z)8o(dx) —hZ;(dx) — (Z,)’(dx)) dt + d]l;ltoo(dx)
with

t t
(M), :fz(O)ﬁ(l,Ao)(e(”’h” —1) +h/ (f% Ay)ds —2f(0)hm/ (f, As)ds.
- 0 0

In the case where the density exists,

(¥25°), = F2 0 —— (""" — 1) f ao(x) dx

+h/tff2(x)a(x,s)dxds—Z.f(O)hn’iv/t/f(x)a(x,s)dxds,
0 0

where

a0t —x)e " x <t

ap(x — t)e_h’, x>t

a(x,t):{

with a(0,1) =n fa(x, t)dx and a(x, 0) = ap(x). In particular,

- _w+h—2hﬁz\
B h

(M), (1, Ag) (™M —1).
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