Bernoulli 25(3), 2019, 1770-1793
https://doi.org/10.3150/18-BEJ1035

Uniform behaviors of random polytopes
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We study the Hausdorff distance between a random polytope, defined as the convex hull of i.i.d. random
points, and the convex hull of the support of their distribution. As particular examples, we consider uniform
distributions on convex bodies, densities that decay at a certain rate when approaching the boundary of
a convex body, projections of uniform distributions on higher dimensional convex bodies and uniform
distributions on the boundary of convex bodies. We essentially distinguish two types of convex bodies: those
with a smooth boundary and polytopes. In the case of uniform distributions, we prove that, in some sense,
the random polytope achieves its best statistical accuracy under the Hausdorff metric when the support has
a smooth boundary and its worst statistical accuracy when the support is a polytope. This is somewhat
surprising, since the exact opposite is true under the Nikodym metric. We prove rate optimality of most our
results in a minimax sense. In the case of uniform distributions, we extend our results to a rescaled version of
the Hausdorff metric. We also tackle the estimation of functionals of the support of a distribution such as its
mean width and its diameter. Finally, we show that high dimensional random polytopes can be approximated
with simple polyhedral representations that significantly decrease their computational complexity without
affecting their statistical accuracy.

Keywords: computational geometry; convex bodies; convex hull; deviation inequality; Hausdorff metric;
high dimension; minimax estimation; random polytope

1. Introduction

A simple representation of random polytopes consists of taking the convex hull of random points
in the Euclidean space. Other representations have been suggested and studied, such as random
projections of high dimensional polytopes or intersection of random halfspaces (about random
polytopes, see [25,39,43] and the references therein).

The study of random polytopes goes back to Rényi and Sulanke’s seminal works [40,41],
where the authors studied the area and the number of vertices of the convex hull of independent
and identically distributed (i.i.d.) points uniformly distributed in a planar convex body. A long
series of work followed so as to better understand the behavior of the volume of the random
polytope in higher dimensions, depending on the structure of the supporting convex body [1,4,5,
7,13,17,18,37,45,46,49] also allowing for more general distributions (see [10] and the references
therein).

Combinatorial properties of random polytopes are well understood in expectation [3] as well
as very precise results about their functionals, such as intrinsic volumes [6,8,9,34].

Beyond these probabilistic results, random polytopes are useful to approximate convex bod-
ies by polytopes with few vertices [16,22,38,42] and they are also in order to estimate density
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supports under convexity restrictions [11,15,28-30,33] (see also [35] for weaker convexity type
restrictions) or their volume [2,20].

In the aforementioned works, the random polytope is described as the convex hull of i.i.d.
points whose distribution support is a convex body and an important quantity is its missing
volume, that is, the Lebesgue measure of the set-difference between the support and the random
polytope. When the support has volume one, it is well known that the expected missing volume
is of order at least (Inn)?~!/n and at most n=*/@+1 where n is the number of points and d
is the dimension of the Euclidean space [3,23]. Moreover, the former rate is achieved when the
support has a smooth boundary, whereas the latter is achieved when the support is a polytope
[3]. The Hausdorff distance between the random polytope and the convex support has attracted
less interest and most significant results appear in works on approximation and estimation of
convex bodies [16,30]. In [30], it is shown that the random polytope is a rate optimal estimator of
the support, in a minimax sense, when the distribution of the random points is uniform. In [16],
more general distributions are considered, including uniform on the boundary of a convex body,
or nearly uniform distributions in smooth convex bodies or in polytopes: Almost sure rates of
convergence are proven for the Hausdorff distance between the support and the random polytope,
as the number n of points goes to infinity. One of the objectives of this article is to refine these
results by proving general yet explicit deviation inequalities and show that the two extreme cases
mentioned above (smooth boundary vs. polytope) are reversed under the Hausdorff metric.

2. Notation, outline and contributions

Throughout this work, d is a fixed positive integer that stands for the dimension of the ambient
Euclidean space. A convex body in RY is a compact and convex set with nonempty interior. We
denote by Ky the class of all convex bodies in R? and by IC((JI) the class of all convex bodies
included in the closed unit Euclidean ball in R?.

For all positive integers p, the p-dimensional closed Euclidean ball with center a € R” and
radius r > 0 is denoted by B),(a, r) and the (p — 1)-dimensional Euclidean unit sphere is denoted
by SP~!. We write « p for the p-dimensional volume of B, (0, 1) and w1 for the surface area
of the (p — 1)-dimensional unit sphere (note that w,_1 = pkp). The p-dimensional volume of a
Borel set A in R” is denoted by Vol (A).

The Euclidean norm in R is denoted by || - || and the Euclidean distance is denoted by o (-, -).

The interior of a set A € R? is denoted by int(A) and its boundary by d A. The complement of
a set or event A is denoted by AC.

The support function /4 of a compact set A C R? is the mapping /4 (u) = max{(u, x) : x €
A}, u € R, where (-, -) stands for the canonical inner product in R¥: It is the largest signed
distance between the origin and a supporting hyperplane of A orthogonal to u.

Support functions have two important properties, which will be useful in the sequel. Let K be
a compact and convex set. Then, hg is positively homogeneous, that is,

hg ) = Ahg (w) (1
forall u e R4, A > 0, and it is subadditive:

hgu—+v) <hgu)+hg) (2
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for all u, v € RY. In particular, (2) implies the reverse triangle inequality
hg(u—v)=hg(u) —hg @) 3)

for all u, v € RY.

Let K € K4 with O € int(K). The pseudo-norm || - || ¢ (also called the Minkowski functional of
K)is defined as || x| x =min{A > 0:x € AK}, x € R?. Itis a norm if and only if K is symmetric,
thatis, K = —K.If K = B;(0, 1), then || - || ¢ is the Euclidean norm in R,

The polar set K° of a convex body K is the set of all x € R4 such that hg (x) < 1. Tt is clear
that O is an interior point of K° as soon as K is bounded. Moreover, if 0 € int(K), then K°
is compact and g (x) = ||x| o for all x € R?. In particular, if K is bounded and has 0 in its
interior, then K° € ICy.

The Hausdorff distance between two sets K, K’ € R is denoted by du(K, K’) and it is defined
as dy(K, K') = max{maxeg p(x, K'), maxycg’ p(y, K)}.If K and K’ are compact and convex,
it can be expressed in terms of their support functions: dy(K, K') = sup, cgi-1 |hgx ) —hgr (u)].

IfKeKyuec S9=1 and ¢ > 0, we denote by Ck (u, €) the cap of K in the direction of u and
of width &:

Cx(u,&)={x €K :(u,x)>hgu)—¢}.

In the paper, all random variables are defined on a probability space (2, F, P). For notation
convenience and with no loss of generality, if u is a given distribution in R¢ equipped with
its Borel o-algebra, we identify P and u (by assuming that = R?). The support of s is de-
noted by supp(). The uniform distribution on a compact set A € R? is denoted by P4 and the
corresponding expectation operator is denoted by E 4.

If (u,) and (v,) are two positive sequences, we write that u,, = O (vy,) or, equivalently, v,, =
w(up), if the sequence (u, /vy) is bounded.

The paper is organised as follows. In Section 3, we state and prove our main theorems. The
first one is a uniform deviation inequality that yields a stochastic upper bound for the Hausdorff
distance between the random polytope and the convex hull of the support of the random points.
It is uniform in the sense that the bounds do not depend on the probability measure of the points
or its support. The second one gives the rate of convergence of functionals of the random poly-
tope, such as the mean width or the maximal width, to those of the convex hull of the support
of the random points. Both theorems hold under an assumption on the probability mass of caps
of the convex hull of the support of the random points. That assumption is discussed in the last
part of Section 3, where we list particular cases that are most relevant to the stochastic geometry
and the statistics literature. In Section 4, we assume that the distribution of the random points
in uniform on a convex body and we prove rate-optimality of our first theorem in a minimax
sense. In Section 5, we use a different technique in order to prove a refined deviation inequality
for the convex hull of uniform points in polytopes. In addition, we show that up to a logarithmic
factor, the polytopal case is the least favorable for the statistical accuracy of random polytopes,
in some sense. This result is surprising since the opposite is true under the Nikodym metric (i.e.,
volume of the symmetric difference): polytopal supports are the most favorable, whereas convex
supports with smooth boundary are the least [3,23]. In Section 6, we focus on uniform distribu-
tions and we extend our results under a rescaled version of the Hausdorff metric, which allows
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to consider a broader class of convex bodies. In Section 7, we tackle the problem of computa-
tional complexity of high dimensional random polytopes and propose a random approximation
of random polytopes that achieves a significant gain in the computational cost without affecting
the statistical accuracy.

3. Behavior of the random polytope and its functionals
3.1. Behavior of the random polytope

Let K € Ky and u be a probability measure in R, whose support is contained in K. We make
the following assumption on the pair (u, K).

Assumption 1. Let o, L and gg be positive numbers with ¢g < 1. Forall u € ST and ¢ € [0, 0],
w(Ck(u,e)) > Le“.

Note that if (i, K) satisfy Assumption 1, then K is necessarily the convex hull of the support
of u. Indeed, K is convex and it is easy to see that every closed halfspace that contains either
supp(u) or K needs to contain the other as well.

Consider a collection X1, ..., X, of i.i.d. random points with probability distribution u, where
n is a positive integer and let K, be their convex hull. The following theorem shows that under
Assumption 1, 1%,1 concentrates around K under the Hausdorff metric, at an explicit rate that
depends on «. For all o > 0, we set

(140 1 ifa>1,
Ca = lnf == —1 .
>0 141% 2¢ otherwise.

Theorem 1. Let o, L, &9 be positive numbers with 0 < gy < 1. Assume Assumption 1 and that
K € B4(0,1). Set 71 = max(1, ﬁ), ap = (”Lﬂ)é and b,, = nw. Then, the random polytope
K, satisfies

Pdn(Ky, K) = 2a, + 2b,x] < 129 exp(—Cy Lx%),

for all x > 0 with a,, + byx < &9.

Proof. Let ¢ € [0, e9] and § = /4. For all u € SY~!, we have hg (u) <hg(u) — ¢ if and only if
all of the points X1, ..., X, lie outside of Ck (u, ). Hence,

Plhg () <hg@)—e] = (1—p(Ckw,e))"
@)
<exp(—Lne®).

The following lemma can be found in [19], Lemma 5.2.
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Lemma 1. Let K € Ky with 0 € int(K) and § € (0,1/2). There exists a subset N5 C 0K of
cardinality at most (%)d such that, for all u € 9K, there exist two sequences (u ;) j>0 Ns and

(6j)j>1 SR such that 0 < §; §8jf0rallj > 1,andu:u0+2?’;18juj.

Let Ns be a subset of S¢~! satisfying Lemma 1 applied to the unit Euclidean ball. Let us
denote by A the event {hkn (u) > hg (u) — &, Vu € Ns}. By (4) and the union bound,

3 d
P(A)>1-— (5) exp(—Lns“). 5)

Let A hold and u € S9!, By Lemma 1, we can write u = ug + Z?OZ] dju; where (1) >0 C N
and 0 <4; < 84 for all j = 1. Note that almost surely, 1%,, C K € B;(0,1), hence hl%,, (n) <
hg () <1, forall u € S*"!. Thus,

hkﬁ(u)==hkn(u04-j£:ajuj> >hg (wo)— » 8'hg (—uj) by (1)and (2)

j=1 j=1

> hg o) —& — ——=

1—36
(6)
© s
E:hK(u)——2{;81hK(uj)—-8——Ii:g- again by (1) and (2)
]:
25
>hgu)—e— 13 > hg(u) — 2e,
since § =¢/4 <egp/4 < 1/2.
Hence, by (5) and (6),
P@mka)z%jzppuegkhh&angth)—q
12\¢ "
<|— exp(—Lns ) (7
&

<124 exp(—Lnso‘ — dlns).

By setting ¢ = a,, + b,x for some nonnegative number x, where a, and b,, are defined in Theo-

rem 1, we have that
T1lnn  x¢
ﬂz@<l +—)
n n

Inn
Ine >Inag, >——.
o

and

The conclusion of Theorem 1 follows. O
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If a,, + b,x > 1, the upper bound in Theorem 1 can be replaced with 0, since K and K, are
both subsets of the unit ball, and so the Hausdorff distance between them is at most 2. When
&0 <ap + byx < 1, the upper bound in Theorem 1 can be replaced with its corresponding value
at x = (g9 — ay)b,; ! since the left-hand side of the inequality is a nonincreasing function of x.
The constants in Theorem 1 do not depend on p and K: The deviation inequality is uniform in
all pairs (i, K) that satisfy Assumption 1, with K € B;(0, 1). It is important to notice that the
constant factors in Theorem 1 are much smaller than in [10], Theorem 1, when the dimension d
becomes large. However, we believe that the factor 12¢ cannot be replaced with a sub-exponential
factor in general.

Theorem 1 yields the following moment inequalities.

Corollary 1. Let the assumptions of Theorem 1 hold. For all real numbers g > 1,

E[dn(K., K)] = 0<<1n7">a>,

with constant factors that do not depend on p and K .

Proof. Let Z be a nonnegative random variable and g be a positive number. Then, by Fubini’s
theorem,

o0
IE[Z"]:qf t97'P[Z > 1] dt.
0

Let us apply this equality to Z = dy (Ky, K) (which we denote by dy for the sake of simplicity)
and ¢ > 1. Since dy (K, K) <2 p-almost surely,

E[du(K,. K)7]

oo
=q/ 97 Pldy > 1] dr
0

2ay, 2¢0
:qf t97"Pldy > ] dt +q/ 197 P[dy > 1]d¢
0 2

An
2
+q/ 197 '"Pldy > r]ds. (8)
2¢e0

In the first integral, let us bound the probability by 1. In the second and third integrals, we perform
the change of variable ¢ = 2a, + 2b,x. Then, by Theorem 1 and the remark that follows it, (8)
becomes:

. (s0—an)by!
E[dn(Kn, K)?] < (2a,)? + 2qby, / (ay + 2b,x)? " 'Pldy > 2ay, + 2b,x]dx
0

(1—ay)b,!
+2gb, / | (2a, + 2b,x)97'Pldy > 2a, + 2b,x]dx )
(

£0—an)by
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(e0—an)b;!
< Qay)? + qbn/ (2a, + 2b,x)? 129 exp(—Cy Lx*) dx
0
+q277 "1 — eolb, 129 exp(—Co L1 — 0]b, ).

In the second term, we bound (a, + b,x)?~! by 2‘7_1612_1 + b,Z_l)cq_1 , which yields

(e0—an)by!
/ (2ay + 2b,x)? 129 exp(—Cy Lx*) dx
0

1
T T o
< 129491 <a2 / exp(—CoLx®) dx + b~ / x4 exp(—Cy Lx*) dx>.
0 0
Since b,, = O(ayp), (9) and (10) yield Corollary 1. O
Corollary 1 implies an upper bound for the minimax risk for estimation of K € ICt(ll) under

Assumption 1, of order ((Inn)/ )Y/ (see [48], Chapter 2, for a formal definition of minimax
risks).

3.2. Estimation of functionals of K

In this section, we study a class of functionals of K that can be written in terms of integrals
involving its support function. We bound the performances of the corresponding functionals of
K, which are also called plug-in estimators. What we call a functional is a mapping 7 : Ky —>
R and the plug-in estimator of 7'(K) is T(Ie,,).

For all real numbers p > 1 and all measurable functions f : S*~! — R, denote by | fll, =

( de’l | f(@)|? do (u))%, where o is the uniform probability measure on the sphere and by
| fllooc = sup,ese—1 | f (w)], provided these quantities are finite.

For K € K4, denote by wg (u) its width in direction u € S*™!: wx (u) = hx (u) + hx (—u).
We are interested in the functionals 7, (K) = ||hk|lp and S, (K) = [[wk || p, for p € [1, 00] (ex-
tensions to broader classes of functionals would be possible). For instance, S; is the mean width
and S is the diameter. Asymptotics of the expected mean width of K, are known in the case of
uniform measures in K. When p is uniform in a smooth convex body K, it is well known that

S1(K) — Eg[$; (1%,,)] — cKnd__Jrzl as n — 0o, where ck is a positive number that depends on
K, see [8,45] for explicit formulas. If px is uniform in a polytope K, Schneider [42] proved
that S1(K) — Ex[S$] (Ien)] — c/Kn%1 as n — oo, for some other positive constant C/K that
also depends on K. When pu is supported on the boundary of a smooth convex body K with
a positive density g with respect to the surface area measure of 9K, Miiller [34] showed that
S1(K) — ]EK[Sl(Ien)] — cg)Kn% as n — 0o, where the positive number cg)K depends on

g and K. Here, we prove moment inequalities for S1(K,) as well as for the other functionals
Sp, Ty, p €1, oo] under Assumption 1.
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Let p €[1,00] and ¢ > 1. If K and K’ are two convex bodies, then by the triangle inequality,
|Tp(K) = Tp(K')|" < lhg — g (11)

and
|Sp(K) = Sp(K')|* < lwg — wir 13 (12)

The next theorem states uniform upper bounds for the moments E[||hx — & 2, ||?,] and E[||lwg —

wg ||?,] when (u, K) satisfies Assumption 1. Note that the case p = 0o is treated in Corollary 1
and we only treat here the case of finite p.

Theorem 2. Let d be a positive integer, «, L >0, 0 < &9 <1 and p,q > 1 be real numbers.
Assume Assumption 1 and that K C B;(0, 1). Then,

&Y

7|

E[lhgx — hg, 1%]=0(n

)

and
E[llwg —wg 3] =0(n).
Proof. Letu € SY~1. By (4), for all & € [0, o],
P[hlgn (u) < hg (u) — €] < exp(—Lne®).
For ¢ € (&9, 2],

P[hkn (u) < hg (u) — &] <exp(—Lnef),

since the left hand side is a nonincreasing function of ¢ and if & > 2,
P[hkn(”) <hg)— s] =0.

Hence, by a similar argument as in the proof of Corollary 1, for all real numbers k > 1, there is
some positive number ¢ that depends neither on w, K nor on u and such that

E[|hg @) —hg @)]'] <cn. (13)

If g < p, Jensen’s inequality applied to the concave function [0, c0) 3 x x% yields

q/p
]E[(/ |h (u) — hkn(u)|pd0(u)> }
sd-1

q/p
E[/sd—l |hk ) —hg ()] da(u)} .

E[lhg —hll}]

(14)

IA
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By Fubini’s theorem, which allows switching the expectation and the integral and by (13) with
k = p, (14) yields

-9
Elllhg —hklly] <c§/Pn,

q
which proves the theorem in the case ¢ < p. If now ¢ > p, the mapping [0,00) S x > x7 is
convex and Jensen’s inequality yields

q/p
p q
(/Sdl!hz((w—h,gn(u)! ) S/Sd*l‘hK(M)—h,gn(u) ,
so again by Fubini’s theorem and using (13) with k = ¢,
Ellhg —hl}] < cqne . O

It is not surprising that in Theorem 2, there is no logarithmic factor when p # oo, as opposite
to the case p = oo (see Corollary 1). This is due to the fact that L°>° norms are more restrictive
than L? norms (p € [1, 00)), since they capture the largest values of a function, no matter the
size of the subset where large values are achieved. When p is the uniform probability measure
in a smooth convex body, Theorem 3 in Section 4 shows that the logarithmic factor cannot be
avoided for p = co. In [24], a convex body is estimated from noisy observations of its support
function, and the risk is evaluated in terms of the L2 norm of the support function, which exactly
corresponds to p =2 in Theorem 2. The risk of the least square estimator does not have loga-
rithmic factors, and it is proven to be rate optimal, in a minimax sense. However, we believe that
a logarithmic factor would be unavoidable if the risk was measured in terms of the L° norm of
the support function, i.e., in terms of the Hausdorff metric.

Another functional of interest, the thickness of K, exhibits a similar behavior as the diameter.
The thickness of K, denoted by A(K), is its minimal width, i.e., A(K) = min, cge—1 wg (u).
It is easy to see that |A(1€,,) — AK)| < ”wk,, — wg|loo- Hence, the plug-in estimator A(I%n)

converges at least at the same speed as K, converges to K under the Hausdorff metric.

3.3. Special cases of Assumption 1

Before listing special cases, we recall the definition of the reach of a set (see, e.g., [47], Defini-
tion 11).

Definition 1. Let A C R?. The reach of A is the supremum of the set of real numbers r > 0 such
that each x € AC with p(x,dA) <r has a unique metric projection on dA.

A geometric interpretation of the reach is the radius of the smallest Euclidean ball that can be
rolled up on the boundary of A, on the outside of A. If A has reach at least r > 0, we also say
that the complement of A satisfies the r-rolling ball condition. In particular, if K is a convex
body and its complement has reach r > 0, then for each point x € K, there exist a € K such
that x € By(a,r) C K.
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For all real numbers r € (0, 1], we denote by Kz, the class of all convex bodies in R4 whose

complement has reach at least r and by Kflll the class of all convex bodies included in B, (0, 1)
whose complement has reach at least r.

Nearly uniform distributions in a convex body with positive reach
complement

Let K € ICfil) and p be a probability measure with supp(u) = K and pu(A) > AVoly(A), for
all Borel sets A C K, where A is some given positive number. If 1 is the uniform probability
measure on K, take A = Kd .

d—1
2AKg—1r 2

y and

Proposition 1. The pair (i, K) satisfies Assumption 1 witha = (d +1)/2, L =
g =r.

Proof. Let u € SY~! and x* € 3K such that hg (u) = (u, x*). Since K satisfies the r-rolling ball
property, x* € By(a,r) C K for some a € K. Let B = By(a,r). Then, for all ¢ € [0, r],

n(Ck (u, €)) = AVolg(Ck (u, €))
> AVoly(Cp(u, €))

_)L/E(x(Zr—x))dTKd 1dx

>)\,K’d er/

_ 2hkg—1r o d+1

2.
d+1 O

Projection of a high dimensional uniform distribution in a convex body

Let D > d be an integer and K e IC([;’)r. Denote by 7, the orthogonal projection in R” onto the
first d coordinates and let K = 77(K). Then, if we identify R? to R? x {0}P—4, it holds that
K e IC(I) Let 1 be the image of the uniform distribution on K by 74, that is, the d1str1but10n of
nd(X ), where X is a uniform random variable in K .

D 1
2/(1) 1r

7KD(D+ ) and

Proposition 2. The pair (1, K) satisfies Assumption 1 withaa = (D +1)/2, L =
Eo=Tr.

Proof. This proposition follows from a similar argument as in the previous case. Indeed, let
ue S x* € 9K with hg (u) = (u, x*) and a € K such that x* € By(a,r) € K. Let ii be the
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(unique) unit vector in R? such that u = 74 (i1). Let i* € 9K with hg ()= (u,x*) and a € K
such that ¥* € Bp(a, r) € K. Denote by i the uniform distribution in K. Then, for all € € [0, r],
u(Ck (u,€)) = i(Cg (i, e)) and one can use the same argument as in the end of the proof of
Proposition 1. ]

More generally, one can consider distributions with densities that have a polynomial decay
near the boundary of K.

Densities with polynomial decay near the boundary of K

Let K € IC‘(;)V and p be a probability measure with supp(i) = K. Assume that u has a density
f with respect to the Lebesgue measure and that for all x € K with p(x,dK) <r, f(x) >
Cp(x,dK)?, for some real numbers C > 0 and y > 0. For instance, this is satisfied by the
previous case with y = DT_d and C = F¥Kp_d. Note that the exponent « in Proposition 2,
which we proved using geometric arguments, could also be deduced from this fact together with

the following proposition.

Proposition 3. The pair (i, K) satisfies Assumption 1 where a = w, L > 0 is a positive
constant that only depends onr,d and y and ey =r.

The explicit form of the constant L can be found in the following computation.

Proof. Let u € S ! and ¢ € [0, 7). Let x* € 9K with hg (1) = (u, x*) and B = By(a, r) a ball
of radius r containing x* and included in K. Then,

u(Crtw.0) = u(Catw) = C [

,o(x,i)K)”deC/ p(x, dB) dx
Cp(u,e)

Cp(u,e)

e N 2rt—12
=C(d — Z)a)d_z/ (/ t s (r — /52 4+ (r — 1)2) ds) dr
0

0

Cd—2wqg—o [ (4
. ( w4 2/ (/ sdz(Az—sz)yds>dt
2r 0 0
—wg— -1 1 é _
- Cd—-2)wg2Bd—1,y+ )/ (m)zwd ar
0

2r

- Cld—2)wg—2Bd -1,y + 1)V(2V+d_3)/28(2y+d+1)/2
> 5 ,

where we identified the unit ball in the hyperplane that is orthogonal to u with By_1(0, 1), we
denoted by A = +/2rt — 2 and by B(:, -) the Beta function. ]
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Nearly uniform distributions on the boundary of a convex body with
positive reach complement

LetK € ICfll)r and p be a probability measure supported on d K with density f with respect to the
(d — 1)-dimensional Hausdorff measure on 0K, satisfying f(x) > A, for all x € K and some
A > 0. Note that if p is the uniform distribution on dK, then one can take A = 1/wy—1, since
K € B;(0,1).

Proposition 4. The pair (u, K) satisfies Assumption 1 with o = (d — 1)/2, L = Awg_1r@=D/2
and g =r.

Proof. Letu € S ' and 0 <& <r. Then, u(Ck (u, €)) > AHa—1 (0K N Cx (u, €)), where Hy_1
stands for the (d — 1)-dimensional Hausdorff measure. Since K satisfies the r-rolling condition,
Ha—10K NCk(u,e)) >Hys—1(0BNCp(u,¢)), where B is any d-dimensional Euclidean ball
with radius r. It follows that

Ha-1(0K NCk (u,&)) = Ha—1(3BN Cp(u, &)

e(2r—e)

1 2 d—3
> —wd,lrd—‘/ T (-0
2 0
1 s
= —wd—1rd_1 t 2 dt
2 0

In addition, since K is convex and is included in B;(0, 1), the surface area of its boundary is
bounded from above by that of S9! that is, wi_1. O

Nearly uniform distributions in a convex body with general boundary

LetK € IC;I) and let a € R? and > 0 such that By(a, n) € K. The existence of a and 7 is guar-
anteed by the fact that the convex body K must have nonempty interior. Let i be a probability
measure with supp(u) = K and that satisfies w(A) > AVol;y(A) for all Borel sets A C K, where
A>0.

Akd—1
3nd—l

Proposition 5. The pair (i, K) satisfies Assumption 1 witha =d, L = and g9 = 1.

Proof. Let u € S?~! and let x* € 9K such that hg(u) = (u,x*). Then, for all ¢ € [0, n],
Ck (u, &) 2 Ceone(ut, €), where cone is the smallest cone with apex x* containing the (d — 1)-
dimensional ball with center a, radius 5, in the affine hyperplane containing a, orthogonal to u

(cf. Figure 1). Hence, u(Ck (u, €)) > t(Ceone (U, £)) > k;zj‘ﬁl . U
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("I\'(" i} 5)

Ccone(”~ 5)

Figure 1. The case of general convex bodies.

4. Rate-optimality of the random polytope

Let n be a positive integer and Xi,..., X, be random variables mapping the probability
space (€2, F,P) onto RP, for some integer D > 1. A set-valued statistic is a set of the form
IE',,(X 1..., Xpn), where 15,! maps (RD )" onto the collection of all compact subsets of RY, such
that the function that maps (w, x) € Q x R? to 1 if x € K, (X (), ..., X,(®)) and is zero oth-
erwise is measurable with respect to the product of F and the Borel o -algebra of R¢. For the
sake of brevity, we write 12,, instead of IZ,,(Xl, ..., X,). For instance, if Xq,..., X, are i.i.d.
random points, then K n 18 a set-valued statistic. If a set-valued statistic K » 1S aimed to estimate a
compact set K which may be unknown in practice, it is called an estimator of K and dy(K,, K)
is a (measurable) random variable. More general definitions of set-valued random variables can
be found in [32], but they are not needed for our purposes.

Uniform distribution in a convex body with positive reach complement

Next theorem, together with Corollary 1, establishes rate minimax optimality of K, on the class
IC;li, under the Hausdorff metric.

Theorem 3. Let r € (0, 1). For all real numbers q > 1,

2q
. Inn\ 71
inf sup EK[dH(Kn,K)q]za)((ﬂ) ),

Kn gerc n

d,r

where the infimum is taken over all set-valued statistics K "
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Note that for r = 1, the class ICEII,)1 reduces to the singleton {B;(0, 1)} and the trivial estimator
K, = B4(0,1) satisfies sup . _.-0) Ex[dn(K,, K)]=0.
A a

Proof. Here, we extend the arguments of the proof of [30], Theorem 3, to higher dimensions.
This standard method was also exploited in [27]. We fix R € (r, 1] and set Go = B;(0, R). Let
8 be a positive and small enough real number. For u € S?~!, we define the set G (u) as follows.
Let n : R — R be a given nonnegative function, twice continuously differentiable, such that
n(x) = 0 for all x of norm at least one and max,r n(x) = n(0) = 1. For instance, one can
take n(x) = e4g(2x —1)g(2 — 2x), for all x € R, where g(x) = exp(—1/x)1,~0. Let H be the
supporting hyperplane of G at the point Ru € 3Gy. Identify this hyperplane with RY~!, with
origin at the point Ru. Then, a parametrization of G is

Go={(t.y) e HxR:|lt| <R, R—\/R*—|l1|> <y <R+/R>—||1]?}.

We define the set G (1) by modifying the parametrisation of d G in a small neighborhood of Ru:

G(M)={(l,y)€HXRIIIIIISR,

21t
R—/R2— ||t||2+a82n<%> <y<R+,/R>— IIIIIZ},

where « is a positive number that can be tuned independently of § so that G (u) € Ky, for small
enough §. Note that for all u € sd-1 G(u) € Gg and

2
<o ()

a8d+1Rd_l

S fRdn(utu)dt (15)

— C8d+l,

for some positive constant ¢ that depends on R and d only. In addition, if (u,u’) € S~ x §¢~!
is such that |lu — u’|| > 6,

dn(G ), G(u')) = as®. (16)

Let now N be a maximal §-packing of S?~1, that is, a finite subset of S?~! with maximal car-
dinality, satisfying that for all (u,v) € N with u # v, |lu — v|| > 8. Let us denote by N its
cardinality and by u1, ..., uy its elements and, for j =1, ..., N,set G; = G(u;). By a standard

argument (see, e.g., [26]), N > c5~¢, for some positive constant c. Now, by setting § = (I"T") ﬁ,
we apply [27], Lemma 1, to the sets Go, G, ..., G, whose assumptions are satisfied due to (15)
and (16) and this proves Theorem 3 for ¢ = 1. The lower bound for larger values of ¢ is then
obtained by Holder’s inequality. (]
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Projection of a high dimensional uniform distribution in a convex body
with positive reach complement

The same idea as for the previous proof can be carried over in order to prove that n=2/(P+1 is the
minimax rate of estimation of the projection of a D-dimensional convex support with positive
reach (D > d).

Let D > d be an integer. Let K € Kp and K = 4(K) be the orthogonal projection of K on

the first d coordinates. Let X 1,..., Xp be iid. uniform random variables in K and X1, ..., X,
be their orthogonal projections on the first d coordinates. We denote by IE’;;OJ"’ the expectation
operator associated with the distribution of X1, ..., X,,.

Theorem 4. Let D > d be a positive integer and O < r < 1. Then, for all real numbers q > 1,

2q
. , 5 N Inn\ B
inf sup E?gojd [dn (K. 7 (K))q] = w((%) )

Kn g excD
nKely,
where the infimum is taken over all set-valued statistics K,.

Proof. Let R € (r, 1] and § > 0. Consider a §-packing A of the (d — 1)-dimensional sphere
se-1 % {O}D’d. Let K = Bp(0, R) and for u € NV, let IZ(u) be defined exactly as G(u) in
the proof of Theorem 3. Let K = nd(lz ) and K (u) = rrd(k (u)) for all u € N. Then, similarly
to (15) and (16), Volg(K \ K (u)) = ¢8P*! and dy(K (1), K (u')) = a8 for all u, u’ € N with
u # u’. Denote by KL the Kullback-Leibler divergence between probability measures (cf. [48],
Definition 2.5). Then, by the data processing inequality (cf. [21], Lemma 2), for all u € NV,

Voly(K) >
KL(tPg, P2 <KLPg,Pg: =In[ ———
( dbU g, 7td K(u)) ( K K(u)) <Vo|d(K(u))
_ Vo (R\KG) _ opir

Voly (K (1))

for some positive constant C that depends on d only and where we denoted by ;¢ (resp.
w P ) the image of the distribution P (resp. Pz ) by the orthogonal projection ;. Then,
Fano’s lemma (cf. [48], Corollary 2.6) yields Theorem 4 for ¢ = 1, and the result can be obtained
for larger values of ¢ by using Holder’s inequality. |

Uniform distribution in a general convex body

Here, we prove that in the case of a uniform distribution in some convex body K € K; and under
no assumption on the boundary of K, the rate that we achieved for polytopes in Section 5, that
is, n=1/4_ cannot be improved in a minimax sense.
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Theorem 5. For all real numbers g > 1,

inf sup ]EK[dH(IEn,K)q]Zw(n—q/d)’

Kn gexctd
where the infimum is taken over all set-valued statistics K,,.

Proof. This proof is an extension of the proof of [30], Theorem 2. Let Ko = {x = (x1,...,x4) €
By(0,1) : x; >0,Vj=1,...,d} and K; = {x = (x1,...,xg) € Bg(0,1) : x; > 0,Vj =
1,...,d,x1 + -+ + x4 = h}, where h > 0. It is easy to see that dy(Ko, K1) = h and
Volg(GoAG1) = ch?, where c is the volume of the d-dimensional simplex. The same argument
as in [30], Theorem 2, yields Theorem 5. O

5. Uniform distributions with polytopal supports

Let K be a polytope and denote by V its vertex set. Next, the lemma follows from the fact that a
convex function defined on a compact and convex set achieves its maximum at an extreme point
of that convex set.

Lemma 2. Let L be a convex set included in K. Then,
dy(K, L) =max p(v, L).
veV

It follows that, for ¢ > 0, dy(K, Ien) > ¢ if and only if X; ¢ By (v, ¢), for some vertex v e V,
and foralli =1, ..., n. Hence, by a union bound, if Vol;(K) # 0,

Pgldu(K, Ky) > e] <Y Px[Xi ¢ Ba(v.e).Vi=1,....n]

veV

Volg(By(v, &) N K)\"
SZ(l_ Vol (K) )

veV

a7

In order to get a uniform inequality on a certain class of polytopes, it is natural to restrict
the polytope K to have a bounded number a vertices. Otherwise, any convex body could be
approximated arbitrarily well by a polytope in the class. Let p > d + 1 be an integer and let K
have no more than p vertices. In addition, suppose that the vertices of K are not too peaked:
Assume the existence of v € (0, 1) and gg > 0 such that Vol (Bg (v, &) N K) > vVolg(Bg (v, &) =
vsd/cd, for all v € V and ¢ € (0, g9). Finally, also suppose that K < [0, 1]d. Then, Vol (K) <1
and for ¢ € (0, &g), (17) becomes

Pk [dn(K, K,) > €] < pexp(—vkgne?). (18)

Denote by P(p, v, &) the class of all polytopes K < [0, l]d that have no more than p vertices
and such that Vol (B(v, ) N K) > velky, for all v € V and e € (0, &). This last condition is
called a standardness condition, see [15]. We have the following theorem.
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Theorem 6. Letd and p > d + 1 be positive integers, v € (0, 1) and &g be positive real numbers.
The following uniform deviation inequality holds:
sup Pg [nl/ddH(K, I%,,) > x] < pe_”’("xd,
KeP(p,v,&0)

forall x € [0, eon'/?].

Note that if x € (eon'/?, /dn'/?), the right hand side can be replaced by pe ~Lejn and if
x > +/dn'/?, it can be replaced by zero, since K, € K C[0,11, yielding du(K,, K) < d
almost surely. The next corollary follows directly.

Corollary 2. Let d and p > d + 1 be positive integers, and v € (0, 1) and ¢y > 0. Then, for all
real numbers q > 1,

sup  Ex[dn(K,, K)1]=0(nT).
KeP(p,v,e0)

It is easy to see from its proof that Theorem 5 still holds if the condition “Bg(a, n) € K for
some a € R?” is added under the supremum, for some small fixed n < 1. Moreover, together
with Proposition 5 in Section 3.3, Corollary 1 entails that

~ Inn\?¢
sup EK[dH(Kn,K)q]=O<(—> )
KeK):3aeRe, By(a,nCK n

The lower and upper bounds differ only by a logarithmic factor. Moreover, by adapting the proof
of Theorem 5, one can see that the rate in Corollary 2 is tight and it is the same rate as in
Theorem 5. This yields that when u is a uniform distribution, polytopal supports are the hardest
convex bodies to estimate in a minimax sense, with respect to the Hausdorff metric. The contrary
happens under the Nikodym metric: polytopal supports are the ones that can be estimated with the
highest accuracy and convex supports with smooth boundary are the hardest to estimate, see [10].
In statistical terms, the estimator K, does not adapt to polytopal supports under the Hausdorff
metric, unlike under the Nikodym metric [11]. This is very surprising, since estimating K under
the Hausdorff metric is the same as estimating /1 ¢ under the L°° norm. Yet, when K is a polytope,
its support function is piecewise linear, so one would expect it to be easier to estimate.

6. Uniform case: A rescaled version of the Hausdorff metric

In [11] and [10], the risk of K » 1s measured using the Nikodym distance rescaled by the volume

of K, namely, %. Rescaling with the volume of K allows to consider convex bodies

K that are not necessarily included in some given bounded set, see, for example, B;(0, 1). In
this section, we introduce a scaled version of dy which allows to remove the assumption K €
B;(0, 1). In order to avoid unnecessary technicalities, we only deal with uniform distributions.
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Define the pseudo-distance dy between two sets K and K’ as d (K, K') =inf{e > 0:3a €
Rla+(+e) "M K—-a)TK' Ca+1+e)K — a)}. It is easy to see that In(1 +d) is a
proper distance. If di (K, K’) is small, then In(1 + d (K, K')) ~ d.(K, K') and it is simpler,
in our next results, to deal with d_(K, K’). One advantage of d_ over dy is that it is invariant
under the action of any invertible affine map 7: d. (K, K") =d.(T(K), T (K")), for all compact
sets K, K’. Moreover, d_ the well studied Banach-Mazur multiplicative distance. The Banach—
Mazur distance between two convex bodies K and K’ is defined as dgy(K, K') =inf{A > 1:
Ju,veR? AT e GLW), K +u CT(K' +v) C MK + u)}, where GL(d) stands for the set of
all linear isomorphisms in R (see, e.g., [44]). It is a multiplicative pseudo-distance, in the sense
that Indgy satisfies the triangle inequality. The following lemma holds.

Lemma 3. Forall K,K' € Ky, dgm(K, K") < (1 +d_(K, K'))2.

Proof. Let K, K' € K4. Let ¢ > d (K, K’). Then, there exists a € R? for which (1 +¢)~ (K —
a)CK' —aC(1+¢&)(K —a),yielding K —a C (1 +¢&)(K'—a) C (1 +¢)%(K — a), that is,
(1+¢)? > dem(K, K'). Lemma 3 follows by letting & go to d (K, K'). O

In particular, Indgy (K, K') < 2d.(K, K'), for all convex bodies K, K'. The following lemma,
where we denote by conv the convex hull, is straightforward.

Lemma 4. Let T : R?Y — R? be an invertible affine map. Let K € Kg, X1, ..., X, be i.id.
uniform random variables in K and Y1, ..., Y, be i.i.d. uniform random variables in T K . Then,
du(K,conv(X1,..., X)) andd.(TK,conv(Yy,...,Y,)) have the same distribution.

As a consequence, working with d_ instead of dy allows to remove the assumption K C
B4(0,1).

6.1. Convex supports with positive reach complement

For 0 < r <1, denote by Ied » the class of all convex bodies K € Ky satisfying the 7-rolling
condition, with 7 = r(VOIdEK ))1/ 4By introducing the number 7 in this definition, we ensure that
all convex bodies that are similar to K, that is, obtained by rescaling, translating, rotating or
reflecting K, will be in ICd,r as soon as K is.

Theorem 7. Let d and n be positive integers and r € (0, 1]. Set ¢ =

26+D/24,0,
o

2d
@+Dt’ 3 = max(l,

2 =2 ~
e ), ap = (”Lﬂ)m and b, = n@+1 . Then, the random polytope K, satisfies

sup P [dL(Ry, K) > 4ay + 4b,x] < 69 exp(—cxT),
KEK:dJ

for all x > 0 with a, + b,x < 1/4.
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Proof. The proof of this theorem follows the same lines as that of Theorem 1. Letd > 1, r €
(0,1] and K € Iﬁd,r. Let 7 = r(%‘ﬁm)l/‘i. Let n be a positive integer and X, X1, X2,..., X,
be n + 1 i.i.d. random points uniformly distributed in K. Without loss of generality, one can
assume that O is an interior point of K and B;(0,7) C K. Indeed, since K € Ky ,, there exists a
point a € K such that By(a,r) € K and K could be replaced with K — a without changing the
distribution of dL(Kn, K).Forallu € Sé-1 ,hg(u)>r and

dL(K,, K) <inf{e >0: (1+&) 'K S K, € (1+&)K}
=inf{e >0:(1+¢)7'K CK,} (19)

=infle > 0:Vu e S*", (1 4+ &) hg () Chg (w}.

Lete e (0,1/4]and u € se-1. By the r-rolling condition, we have

er/2 de1 er/2 d—1
Vold(CK(u,ef/Z)) \/x(2r—x Kd_ldxz/cd_lfT/ x 2 dx
0
2Kd_1fd dtl 2/(,1 lrdVold(K) %
_— 2 =———~ .
S+ 1) 2T kg(d + 1)
Hence, if n = '(1‘17”[1
277 kg(d+1)
hp (u) 'h o (u)
P[K— 1+~ } Ky 51—5}
hi (u) | hk () 2
[ ehg (u)
=P hkn(M)EhK(M)— > ]
[ er
=Plhg (u) <hg(u)— > (20)
(1 Voly (Cg (u, 67 /2)) \"
n Vol (K)
d+1

<exp(—nne 7).

By positive homogeneity of support functions (see (1)), (20) holds for all u € R?\{0}.

Let 8§ = &/2. Recall that K° € Ky, since we have assumed that O € int(K), and that 0 € int(K°)
since K is bounded. It is easy to adapt Lemma 1 and prove the existence of N5 C 9(K°), with
cardinality at most (3/8)?, such that every u € d(K°) can be written as u = ug — Z;’O:l 8ju; with
0<é; < 8/ and uj € N, for all j > 1. Then, using (20) together with the union bound yields

that with probability at least 1 — ( )4 exp(—nne G )

hg ()
hk (u)

>+e)! (21)
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simultaneously for all u € Ns. Assume that (21) holds and let u € 3(K°). Write u = ug —
Z‘;’;l gjuj, as above. By (1), (2) and (3),
o
hkn(u) > hl%,,(”()) — Z(thkn(uj). 22)
j=1
In addition, for all j > 1, (1 + 8)’1h1<(uj) < hkn (uj) < hg(u;). Since 0 € int(K) and u; €

0(K®), hg(uj) = |lujllgk- =1 and the following is true, for all u € 3(K°):

hg )>(1+e)"t =35

j=1
5 (23)
> (1 LIRS [, P
= +e) 1—32 €
Since 0 € int(K°), for all u € S?~!, there exists A > 0 for which Au € 3(K°), yielding
hy (u) hyp (Au)
Ko K S 2e > (14-4e)7 ),

hg(w)  hg(iu)

. . o 6+d d+l hp (u) -1
since ¢ < 1/4. Hence, with probability at least 1 — (3)? exp(—nne 2), Y TINES (1 +4e)
simultaneously for all u € sd-1, yielding dL(Ien, K) < 4e. Therefore, IP’[d._(I%n, K) > 4e] <
64 exp(—nns% — dIneg), which yields Theorem 7 by setting ¢ = a,, + b, x. (]

6.2. General convex supports

Now, we consider any K € IC; and let o be the uniform probability measure in K. By John’s
ellipsoid theorem (see [31] for instance), there exists an invertible affine map T : RY — RY and
a € R4 such that By(a, 1/(2d)) €S TK < B4(0, 1/2). Necessarily, a € B4(0, 1/2), hence, up to
a translation, one can assume that B;(0, 1/(2d)) € TK < B4(0, 1) without loss of generality.
Therefore, by Lemma 4, we can even assume that B;(0, 1/(2d)) € K C B;(0, 1), without loss
of generality. Hence, using Proposition 5, one can adapt Theorem 1 with o« = d in order to prove
the following result.

Qd)4-

1 A~
Theorem 8. Let a, = (lnT")l/d, by=n"Y4and L = 3de"‘1 . Then, the random polytope K,

satisfies

sup P [dL(Ky, K) > 8day, + 8db,x] < 124 exp(—Lx?),
KeKy

Sforall x > 0 with a, + b,x <1/(16d).
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Proof. Let K € K;. As mentioned above, one can assume B; (0, 1/(2d)) € K C B4(0, 1), with-
out loss of generality. By (19), for all ¢ € (0, 1/2],

P [du(Ky, K) > &] <Px[IueS'™  hp <(1+6) " hxw)]
<Px[ue S hp <hg(u)— e/(4d)]
<Px[dn(K, Kn) = ¢/(4d)].
Take ¢ = 8d(a,, + b,x), where a, and b,, are defined in the statement of Theorem 8. Then,

the conclusion follows directly from Theorem 1 and Proposition 5 with n = 1/(2d), o = d,
L= M and by noting that L > 1 (so 7y = 1), by [36], Lemma 2.2. O

7. Random polytopes in high dimension

In high dimension, the random polytope K, is hard to compute. Indeed, it requires O (n?/?)
operations (see, e.g., [14]), which becomes very costly when both n and d are large. The
random polytope can be written using infinitely many constraints: Kyp={xeR?: (u,x) <
maxi<i<p (U, X;),VYu € S?=1}. In this section, we show that if the parameter  in Assumption 1
is known, then it is possible to significantly reduce the computational cost of K, by taking only
a finite subset of the linear constraints that define K, -

For an integer M > 1, let Uy, ..., Uy be i.i.d. random unit vectors and let

Kn,M={xeRd:<Uj, x) < max (U, Xi). Vj:l,...,M}.

<i<

Then, the following holds.

Theorem 9. Let K € K4 and X1, ..., X, be i.i.d. random points in K, with some probability
, where C > 2014287 . Then,

measure [L. Let Assumption 1 hold. Set M = Cn% (Inn) =

Inn a
st io=o:((22)").

Proof. For j=1,..., M, leth =maxi<;j<x(Uj, X;) = K (Uj)and hj =hg (U;). Since K €
Ka, K has nonempty interior and it is bounded. Thus, let R > r > 0 and a € RY such that
B(a,r) CG C B(a,R).Letn e (0,r) and € € (0, 1). Let A be the event: “|h —hj| <n,forall
j=1,...,M” and B be the event “The collection {U1, ..., Uy} is an e-net of S~ 1”

Using (4) together with the union bound,

P[A%] < Me ", (24)
By [12], Lemma 10,
Med=1 1
]P’[BC] <6? exp(—% +dln<—>). (25)
2d8° 7 €
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Assume that both A and B are satisfied. Then, by [12], Lemma 7, d(K,, K) < @ }f"/’ +

n/r
%. As a consequence of (24) and (25), this yields
. R1 2R
| au(Ry v K) > TR LT 2
’ l—n/r 1-—¢
(26)

o Med-! 1
< Me~Lmn +6dexp<— S{H —i—dln(—)).
2d8 7 €

Setting ¢ = (lnT")‘/o‘ and n = (%)]/a, for some positive number x, ensuring that n < r,
completes the proof of Theorem 9. O

As a corollary, the random polytope K, canbe approximated by K nM:

Corollary 3. Let the assumptions of Theorem 9 hold. Then,

Inn @
dH(KnM,K)—oﬂ»(( : ) )

Computing I%n, m requires sampling M uniform random unit vectors (which can be done by
sampling standard Gaussian vectors and rescaling them) and checking nM linear inequalities.
Hence, the overall computation cost of computing I%,,,M is O(nMd). For instance, when u is
the uniform distribution in a general convex body K, we saw previously that @ can be chosen

5 . . -1
as o = d. Hence, Corollary 3 shows that K,, can approximated in 0(d*8 7 n2~Vd(lnn)l/d)
operations, without affecting the rate of its statistical accuracy. If p is the uniform distribu-
tion in a convex body whose complement has positive reach, then K,, can be approximated in

d-3
0(d28 7 n Ee=y (Inn)~ 4+1) operations. In both cases, the computatlon cost is significantly better
than that of K,,, which is O(nd/ 2y, Note that the computation cost of K .M 1s still exponential in
the dimension, through the multiplicative constants.
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