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We develop a new and general notion of parametric measure models and statistical models on an arbitrary
sample space 2 which does not assume that all measures of the model have the same null sets. This is
given by a differentiable map from the parameter manifold M into the set of finite measures or probability
measures on €2, respectively, which is differentiable when regarded as a map into the Banach space of
all signed measures on 2. Furthermore, we also give a rigorous definition of roots of measures and give
a natural characterization of the Fisher metric and the Amari—Chentsov tensor as the pullback of tensors
defined on the space of roots of measures. We show that many features such as the preservation of this
tensor under sufficient statistics and the monotonicity formula hold even in this very general set-up.
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1. Introduction

Information geometry is concerned with the use of differential geometric methods in probability
theory. An important object of investigation are families of probability measures or, more gener-
ally, of finite measures on a given sample space €2 which depend differentiably on a finite num-
ber of parameters. Associated to such a family there are two symmetric tensors on the parameter
space M. The first is a quadratic form (i.e., a Riemannian metric), called the Fisher metric gF s
and the second is a 3-tensor, called the Amari—Chentsov tensor TAC. The Fisher metric was first
suggested by Rao [27], followed by Jeffreys [16], Efron [13] and then systematically developed
by Chentsov and Morozova [10,12] and [20]; the Amari—Chentsov tensor and its significance
was discovered by Amari [1,2] and Chentsov [11].

These tensors are of interest from the differential geometric point of view as they do not depend
on the particular choice of parametrization of the family, but they are also natural objects from
the point of view of statistics, as they are unchanged under sufficient statistics and are in fact
characterized by this property; this was shown in the case of finite sample spaces by Chentsov
in [12] and more recently for general sample spaces in [5]. In fact, Chentsov not only showed
the invariance of these tensors under sufficient statistics, but also under what he called congruent
embeddings of probability measures. These are Markov kernels between finite sample spaces
which are right inverses of a statistic. We use this property to give a definition of congruent
embeddings between arbitrary sample spaces (cf. Definition 3.1). As it turns out, every Markov
kernel induces a congruent embedding in this sense, but there are congruent embeddings which
are not induced by Markov kernels, cf. Theorem 3.1.
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The main conceptual difficulty in the investigation of families of probability measures is the
lack of a canonical manifold structure on the spaces M (£2) and P(£2) of finite measures and
probability measures on 2. If €2 is finite, then a measure is given by finitely many nonnegative
parameters, allowing to identify M () with the closure of the positive orthant in R!*?l and P(£2)
with the intersection of this closure with an affine hyperplane in RI?/, so that both are (finite
dimensional) manifolds with corners. If one does not assume that all elements of 2 have posi-
tive mass for all measures in the family, that is, allowing the model to contain elements of the
boundary of M(2) or P(£2), then technical difficulties arise for example, when describing the
Fisher metric and the Amari—Chentsov tensor. If €2 is infinite, then there is a priori not even a
differentiable structure on M (£2) and P(2).

Attempts have been made to provide P(€2) and M (£2) with a Banach manifold structure. For
instance, Pistone and Sempi [26] equipped these spaces with a topology, the so-called e-topology.
With this, P(€2) and M (£2) become Banach manifolds and have many remarkable features, see,
for example, [9,25]. On the other hand, the e-topology is very strong in the sense that many
families of measures on 2 fail to be continuous w.r.t. the e-topology, so it cannot be applied as
widely as one would wish.

Another approach was recently pursued by Bauer, Bruveris and Michor [7] under the assump-
tion that €2 is a manifold. In this case, the space of smooth densities also carries a natural topol-
ogy, and they were able to show that the invariance under diffeomorphisms already suffices to
characterize the Fisher metric of a family of such densities.

In [5], the authors of the present article proposed to define parametrized measure models as
a family (p(§))eem of finite measures on €2, labelled by elements & of a finite dimensional
manifold M, such that for a measurable set A C 2

P(é)(A)=/Adp(§)=/AP(w;§)du(w) (1.1)

for some reference measure u and a positive function p on 2 x M which is differentiable in
& € M. This closely follows the notion of Amari [1]. That is, for fixed £ € M, the function
p(-; &) on Q2 is the Radon—Nikodym derivative of the measure p(§) w.r.t. £, whence by a slight
abuse of notation (e.g., [6], Definition 17.2) we abbreviate (1.1) as

pé)=p(;§)u. (1.2)

While this notion embraces many interesting families of measures, it is still restricted as it
requires the existence of a reference measure © dominating all measures p(£), and on the other
hand, the positivity of the density function implies that all measures p(§) on Q2 are equivalent,
that is, have the same null sets. While the existence of a measure y dominating all measures p(¢)
is satisfied for example, if M is a finite dimensional manifold, the condition that all measures p(&€)
have the same null sets is a more severe restriction of the admissible families.

It is the aim of the present article to provide a yet more general definition of parametrized mea-
sure models which embraces all of the aforementioned definitions, but is more general and more
natural than these at the same time. Namely, in this article we define parametrized measure mod-
els and statistical models, respectively, as families (p(§))gep Which are given by a map p from
M to M(R2) and P(£2), respectively, which is differentiable when regarded as a map between the



1694 Ay, Jost, Lé and Schwachhdfer

(finite or infinite dimensional) manifold M and the Banach space S(£2) of finite signed measures
on €2, since evidently P(£2) and M (£2) are subsets of S(£2). That is, the geometric structure on
M(2) and P(L2) is given by the inclusions P(2) — M(Q2) — S(£2).

For the models defined in [5], the function p : 2 x M — R in (1.2) is differentiable into the
&-direction, and such a p is called a regular density function. Even if a parametrized measure
model in the sense of the present paper has a dominating measure p and hence is given by (1.2),
the density function p is not necessarily regular, cf. Remark 4.2 and Example 4.2(2) below, and
p is not required to be positive p-a.e., making this notion more general than that in [5]. We shall
show that most of the statements shown in [5] for parametrized measure models or statistical
models with a positive regular density function also hold in this more general setup.

The Fisher metric g* and the Amari—Chentsov tensor TAC associated to a parametrized mea-
sure model are the two symmetric tensors given by

aF (V. W) = /Q dy log p(w; £) dy log p(@; £) dp(®),

TAC(V, W, U) :=/§23v10gp(w; §) dw log p(w; &) 9y log p(w: §) dp(§).

The crucial observation is that even though the function log p(w; &) is not defined every-
where if we drop the assumption that the density function p is positive, the partial derivatives
dy log p(w; &) still may be given sense for an arbitrary parametrized measure model. Thus, the
notion of k-integrability from [5] requiring that dy log p(w; &) € LK, p&)) forall Ve TeM
generalizes to parametrized measure models.

We also introduce the Banach space S”(€2) of rth powers of measures on 2 for r € (0, 1],
which has been discussed in [23], Ex. IV.1.4, for general €2 and generalizes the concept of half
densities on a manifold  in [22], Section 6.9.1. The elements of S”(2) can be raised to the
1/rth power to become finite signed measures, and for each measure u € M(2) C S(2) there
is a well defined power u” € S"(€2). Thus, for a parametrized measure model p : M — M(2)
the rth power defines a map p” : M — S”(R2), and if the model is k-integrable for k =1/r > 1,
then p’ is differentiable, and for k =2 or k = 3, g and TAC are pull-backs of canonical tensors
on S'/2(Q) under p'/? and S'/3(2) under p!/3, respectively.

We also discuss the behavior of the Fisher metric under statistics, i.e., under measurable maps
Kk : 2 — Q' or, more general, under Markov kernels K : Q — P('). These transitions can be
interpreted as data processing in statistical decision theory, which can be deterministic (given by
a measurable map, i.e., a statistic) or randomized (i.e., given by a Markov kernel). The earliest
occurrence of this point of view appears to be [11].

Given a parametrized measure model p : M — M(), it induces a map p’(§) := k4p(§) or
p’ (&) := K.p(&), respectively. We show that this process preserves k-integrability, i.e., if p is
k-integrable, then so is p’ (cf. Theorem 5.1). Moreover, in Theorem 5.2 we show in this general
setup the estimate

whence g* (v, V) > g F (v, V),  (1.3)

|ovlog p(; )], = v log p'; &)

where the second estimate is called the monotonicity formula and follows form the first for k = 2.
The difference [|dy log p(-; £)II¥ — [|dy log p'(-; £)|I¥ > 0 is called the kth order information loss

It
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under k (or K) in direction V. If the information loss in any direction vanishes, then we call the
statistic sufficient for the model.

There is a remarkable difference between parametrized measure models with positive regu-
lar density functions, that is, those considered in [5], and the more general notion establishes in
this paper. Namely, in case of a positive regular density function the vanishing of the informa-
tion loss for a statistic « : 2 — Q' implies that the statistic admits a Fisher-Neyman factoriza-
tion, cf. Proposition 5.1. Remarkably, this is no longer true in our setting. That is, if we admit
parametrized measure models with inequivalent measures, then there are statistics which have
vanishing information loss, but do not admit a Fisher-Neyman factorization, cf. Example 5.2.

This paper is structured as follows. In Section 2, we give the formal definition of the spaces of
rth powers of measures. In Section 3, we provide a precise definition of congruent embeddings
for arbitrary sample spaces €2 and discuss their relations with Markov kernels and the existence
of transverse measures. In the following Section 4, we establish the notion of k-integrability,
which is applied in the final Section 5 to the discussion of sufficient statistics and the proof of
the monotonicity formula.

2. The spaces of measures and their powers

2.1. The space of (signed) finite measures

Let (2, X) be a measurable space, that is an arbitrary set €2 together with a sigma algebra X of
subsets of 2. Regarding the sigma algebra ¥ on Q as fixed, we let

P(2) := {u : n a probability measure on 2},
M() := {1 : 0 a finite measure on 2},
S(2) :={u : p a signed finite measure on 2},

Sp(R) = {/,L eS(Q): / du :O}.
Q
Clearly, P(2) C M(R2) C S(R2), and Sp(£2), S(€2) are real vector spaces. In fact, both Sp(£2)

and S(2) are Banach spaces whose norm is given by the total variation of a signed measure,
defined as

n
lielipy == sup Y _|1(A;)

i=1

’

where the supremum is taken over all finite partitions Q = AU --- UA, with disjoint sets
A; € . Here, the symbol U stands for the disjoint union of sets.

For a measurable function ¢ : Q2 — [—o0, 00], we define ¢4 := max(¢,0) and ¢_ :=
max(—¢, 0), so that ¢+ > 0 are measurable with disjoint support, and

¢=¢+ — ¢, Pl =t + 9. 2.1)
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By the Jordan decomposition theorem, each measure u € S(2) can be decomposed uniquely as

H=pg — e with py € M(Q), uq L . (2.2)
That is, there is a decomposition = PUN with py (N) = u_(P) = 0. Thus, if we define

lul == pq + - € M(Q),

then (2.2) implies

|n(A)] < |nl(A) forall u e S(Q)and A € T, (2.3)
so that

leliry = {12l py = 11(£2).
In particular,
P(Q) = {n e M) : ullrv =1}.

Moreover, fixing a measure o € M(2), we let

P(R, o) := {u € P(Q) : p is dominated by po},
M(Q, o) == {u € M() :  is dominated by 10},
P (2, no) := {/L € P(2, po) : p is equivalent to MO}, 24
Mi(Q, o) = {n € M(Q, no) : p is equivalent to o},

S(Q, o) := {n € S(Q) :  is dominated by 110},
So(L2, po) :=S(, no) NSo(2),

where we say that ug dominates u if every po-null set is also a | |-null set and where we call
two measures equivalent if they dominate each other and hence have the same null sets. The
spaces in (2.4) do not change when replacing i by an equivalent measure.

We may canonically identify S(2, i) with L'(2, io) by the correspondence

tean : LY (2, o) —> S(2, o), ¢ —> dpo.

By the Radon—-Nikodym theorem, this is an isomorphism whose inverse is given by the Radon—
Nikodym derivative u — ;—l’f(). With this, M (2, wo) = {duo : ¢ > 0} and M (2, o) = {duo:
¢ > 0} and the corresponding descriptions apply to P(£2, wo) and P (€2, o), respectively. Ob-
serve that 1¢,4, is an isomorphism of Banach spaces, since evidently

161111 (010 = fg ¢l duo = I $roliry.
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2.2. Differential maps between Banach manifolds and tangent double cone
fibrations

In this section, we shall recall some basic notions of maps between Banach manifolds. For sim-
plicity, we shall restrict ourselves to maps between open subsets of Banach spaces, even though
this notion can be generalized to general Banach manifolds, see, for example, [17].

Let V and W be Banach spaces and U C V an open subset. A map ¢ : U — W is called
differentiable at x € U, if there is a bounded linear operator d,¢ € Lin(V, W) such that

li 1e&+ 1) — ) —dep(Mllw _
1m =
h—0 Il

0. 2.5)

In this case, dy ¢ is called the (total) differential of ¢ at x. Moreover, ¢ is called continuously
differentiable or shortly a C'-map, if it is differentiable at every x € U, and the map d¢ : U —
Lin(V, W), x + dy¢ is continuous. Furthermore, a differentiable map c : (—e, &) — W is called
acurvein W.

Definition 2.1. Let X C V be an arbitrary subset and let xo € X. Then v € V is called a tangent
vector of X at xg, if there is a curve ¢ : (—&,&) — X C V such that ¢(0) = xo and ¢(0) :=
doc(1) =v.

The set of all tangent vectors at xg is called the fangent double cone of X at x( and is denoted
by Ty, X.

Since reparametrization of the curve c easily implies that T, X is invariant under multiplica-
tion by positive or negative scalars, it is a double cone in V. However, for general subsets X C V,
Ty, X may fail to be a vector subspace, and for xo # x1, the tangent cones Ty, X and Ty, X need
not be homeomorphic. We also let

TX := U TwXCXxVCVxV,
xpeX

equipped with the induced topology. Again, U stands for the disjoint union of sets. Then T X
together with the map 77X — X mapping Ty, X to xg is a topological fibration, called the tangent
double cone fibration of X. Since this is a rather bulky terminology, we shall simply refer to
T X — X as the tangent fibration, but the reader should be aware that, unlike in some texts, this
is not the a synonym for the tangent bundle, as X needs not be a manifold in general.

If U CVisopenand ¢ : U — W is a C'-map whose image is contained in X C W, then
dy,® (V) C Tp(xy) X, whence ¢ induces a continuous map

dp:TU=UxV —TX, (u, v) —> d,o(v).

Theorem 2.1. Let S(S2) be the Banach space of signed finite measures on Q2. Then the tangent
cones of M(R2) and P(2) at j are T, M(Q) =S(Q, ) and T, P(2) = So(L2, 1), respectively,
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so that the tangent fibrations are given as

TM(Q) = U SR, n) C M(2) x S(R2)
neM()

and

TP(R2) = U So(2, ) CP(RQ) x S(2).
neP(Q)

Proof. Let v € T;,) M(2) and let (us)re(—e,) be a curve in M(2) with fip =v. Let A C Q
be such that pg(A) = 0. Then as u;(A) > 0, the function 7 — u;(A) has a minimum at ty = 0,
whence

d

0 —

= wi(A) = [10(A) = v(A),

t=0

where the second equation is evident from (2.5). Thus, v(A) = 0 whenever ug(A) =0, i.e., uo
dominates v, so that v € S(€2, uo). Thus, T,,) M () C S(L2, o).
Conversely, given v = ¢ug € S(£2, uo), define u; := p(w; t) g where

1 +1¢(w) if 1¢p(w) = 0,

plwit) = {exp(td)(a))) if 1 () < 0.
As p(w;t) < max(l + t¢(w), 1), it follows that u, € M(2), and as |9, p(w; 1)| < |p(w)| €
LY (2, o) for all ¢, it follows that 7 > p; is a C'-curve in M(2) with 1o = ¢ = v, whence
v e Ty, M(R2) as claimed.

To show the statement for P(2), let (14s)e(—s,¢) be a curve in P(2) with (1o = v. Then as u;
is a probability measure for all 7, we conclude

/dv
Q

so that v € Sp(€2). Since P(2) C M(L), it follows that T, P(2) C T}, M(2) N Sp(2) =
So(R2, wo) for all ug € P(RQ).

Conversely, given v = ¢y € Sp(£2, i), define the curve A; 1= uy| iy II{\I, € P(2) with
from above, which is a C!-curve in P(Q) as [lsllTy > 0O, and it is straightforward that Ag = o
and Ao = Ppuo = . O

1 ler — o —tvlltv -0
=‘/ —d(ue —po— )| < 0,
Ql |7]

Remark 2.1.

(1) Observe that the curves p; and A; in the proof of Theorem 2.1 are contained in
M4 (2, o) and Py (L2, no), respectively, whence

TuM4 (2, 0) =852, 1) and TPy (2, p) =So(82, ).
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But if u € M(2, np), the u and pp are equivalent measures so that S(2, u) =
S(Q o) =: V and Sp(£2, ) = So(2, o) =: V. Thus, the tangent space is the same
at all points.
That is, M4 (2, o) C V has the property that T, M4 (2, o) = V for all u, but
M4 (2, no) C V is not an open subset if €2 is infinite, and the corresponding statement
holds for P(€2, o) C po + Vo. This is a rather unusual phenomenon.
(2) The sets P(2) and M(L2) are not Banach submanifolds of S(£2), and the tangent fi-
brations TP (2) — P(2) and TM(Q) — M(R2) are not vector bundles, even though
the fibers at each point are closed subspaces. This even fails in the case where

Q = {w1,..., o} is finite. In this case, we may identify S(2) with R* by the map
Sk xi8% = (x1,...,x), and with this,
~ i k k. x>0, 2%
TM(Q)= {(xl,...,xk,yl,...,yk)eR x R* : X; :0:>yi:0} c R,

and this is evidently not a submanifold of R?. Indeed, in this case the dimension of
Ty M(Q2) =S5(Q2, n) equals |[{w € Q| u(w) > 0}], which varies with .

2.3. Powers of measures

Let us now give the formal definition of roots of measures. On the set M (£2) we define the

preordering 1 < w2 if o dominates p1. Then (M(€2), <) is a directed set, meaning that for any

pair w1, up € M(R) there is a ug € M(£2) dominating both of them (use e.g. wo := 1 + u2).
For fixed r € (0, 1] and measures w1 < u> on 2 we define the linear embedding

du\”
LY@, ) — LY@, o), ¢H¢<d—l‘;> .

Observe that

r

||lﬁgl(¢)|’Ll/r(Q’M2)= /S;|llltzl(¢)|l/rdﬂ2
dpi r

= 1/r

= fQ o117 s

.
= / 911" d
Q

= ||¢||Ll/r(9,m),

(2.6)

so that /) is an isometry. Evidently 1/,)1/,> =1;,) whenever 11| < 2 < 3. Then we define the

space of rth powers of measures on S2 to be the directed limit over the directed set (M (S2), <)

S () :zli_r)nLl/’(Q, ). 2.7
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Let us give a more concrete definition of S” (€2). On the disjoint union of the spaces L r @, w
for u € M(2) we define the equivalence relation

LY@ p)sp~y eV (Q.u) < @) =120

dur\’ dus\"
dpo dpo
for some g > w1, no. Then S" () is the set of all equivalence classes of this relation.

Denote the equivalence class of ¢ € L'/ (2, 1) by ¢pu”, so that u” € S” () is the equivalence
class represented by 1 € L'/ (2, 11). Then the equivalence relation yields

d r
wh = (d—Z;> w5 aselements of S"(Q2) (2.8)

whenever (1 < w2, justifying this notation. In fact, from this description in the case r = 1 we
see that

S'(Q) =8(Q).

Observe that by (2.6) |1l 1/- (g, . s constant on equivalence classes, whence there is a norm on
S"(R2), denoted by || - ||1/, for which the inclusions

LY@, ) — S(Q), ¢ pu”

are isometries. For » = 1, we have || - || = || - |ITv. Thus,

r

forO<r<1. 2.9)

low |y, =l =]] l¢/" du
/ Q

Note that the equivalence relation also preserves nonnegativity of functions, whence we may
define the subsets
M (Q) := {pu" : p e M(Q), ¢ >0},
- - . (2.10)
Pr(Q) = {pu" 1 neP),¢ =0, o], =1}

In analogy to (2.4) we define for a fixed measure ©o € M(2) and r € (0, 1] the spaces

S'(Q mo) = {¢puy: ¢ € L' (Q, no)},
M (@, o) = {pug: ¢ € L (Q, po). ¢ = 0},
P (Q, mo) = {pug: b € L' (Q,10), 6 =0, [pus],, =1},

Sp(Q, o) = {¢M6 1p e L'7(Q, o), /me =0}.

The elements of P" (2, uo), M" (2, o), S"(2, po) are said to be dominated by .
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If {iu, € S() : n € N} is a countable family of (signed) finite measures, then they are domi-
nated by the finite measure o : =), 27" (v, ||f\1,|vn| (cf. e.g., [23], Ex. IV.1.3). Therefore, any
Cauchy sequence (ty:n)nen € S”(2) is contained in 8" (€2, o) for some 11g. As the embedding
S (2, o) — S"(Q) is an isometry, (fr:n)neN € S" (2, o) = L7 (Q, o) is also a Cauchy
sequence and hence convergent. Thus, (5" (), || - [l1/-) is a Banach space.

Remark 2.2. The concept of rth root of measures has been indicated in [23], Ex. IV.1.4. More-
over, if Q is a manifold and r = 1/2, then S 1/ 2(Q) is even a Hilbert space which has been
considered in [22], Section 6.9.1. In this case, the diffeomorphism group of €2 acts by isometries
on S1/2(Q) [15].

The product of powers of measures can now be defined for all r, s € (0, 1) with r +s < 1 and
for measures pu” € S" (2, w) and Yy u® € S*(Q2, w):

(o) - (') =y,

By definition ¢ € L'/7(Q, ) and ¢ € L'/5(2, 1), whence Holder’s inequality implies that

0¥ /645y < Iplliyrl¥lliys < oo, so that ¢y € LYUH9(Q, u) and hence, ¢pyu'™ e
S'5(Q, ). Since by (2.8) this definition of the product is independent of the choice of rep-
resentative w, it follows that it induces a bilinear product

1 ST(Q) x SH(Q) — STT(Q), where r, s, r + s € (0, 1], 2.1
satisfying the Holder inequality

vy - l)s||1/(r+s) < ”Vr”l/r”‘)sul/s,

so that the product in (2.11) is a bounded bilinear map.
In analogy to Theorem 2.1, we can also determine the tangent fibrations of the subsets
Pr() C M"() CS ().

Proposition 2.1. For each u € M(R2) (u € P(R), respectively), the tangent cones of P"(2) C
M () C S (RQ) at u" are Tyyr M"(Q) = 8" (2, w) and T),rP" () = S (2, ), respectively, so
that the tangent fibrations are given as

TM @@= (] S®@wcM @ xS
wreMI(Q)
and

TP (Q) = U Sp(2, 1) CP(Q) x S (Q).
wrePT(Q)

Proof. We have to adapt the proof of Theorem 2.1. The proof of the statements S" (2, u) C
Ty M”(S2) and S (82, u) C T,rP"(2) is identical to that of the corresponding statement in The-

orem 2.1; just as in that case, one shows that for ¢ € LY7(Q, o) the curves wy = plw; ) g
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with p(w;t) ;= 1+ t¢(w) if tp(w) > 0 and p(w; &) = exp(tp(w)) if tp(w) < 0 is a differ-
entiable curve in M"(2), and A7 := i /[luz |1/ is a differentiable curve in P"(£2), and their
derivative is ¢ at t = 0.

In order to show the other direction, let (i4});c(—s,¢) be a curve in M” (). Since there is
a measure [ dominating the countable family (14} );eqQn(—e.¢) and since S"(2, t) C S"(R) is
closed, it follows that u} € M(S2, i) for all . Now we can apply the argument from the proof
of Theorem 2.1 to the curve ¢ — (i} - ,&1_’)(A) for A C Q2. O

Besides multiplication of roots of measures, we also wish to take their powers. Here, we have
two possibilities to deal with signs. For 0 < k <r~! and v, = ¢u’” € S"(Q) we define

e |F =1 ™ and  F = ssign()|p|f "

Since ¢ € L'/7(2, w), it follows that |¢|* € L'/"™%(Q, 1), so that |v, ¥, 7% € S™*(Q). By (2.8)
these powers are well defined, independent of the choice of the measure p, and, moreover,

k ~k k
(i Hl/(rk) = | ”1/(rk) =1l (2.12)
Proposition 2.2. Letr € (0, 1] and 0 < k < 1/r, and consider the maps

m* ) =k,

k

k ~k . cr rk
a1t ST(Q) — S(QR), T (0 =

Then 7%, 7% are continuous maps. Moreover, for 1 <k < 1/r they are C'-maps between Banach

spaces, and their derivatives are given as
dy, 7 (o) = kv """ pp and  dy, 7 (o) = kT py. (2.13)

Observe that for k =1, T[l(l)r) = |v,| fails to be C!, whereas frl(vr) = v,, so that #! is the
identity and hence a C'-map.

Proof of Proposition 2.2. Let us first assume that 0 < k < 1. We assert that in this case, there
are constants Cy, Cx > 0 such that forall x,y e R

[l + yI* = x| < Cilyl*  and
L L - (2.14)
[sign(x + y)lx + yI* —sign(0)|x[“| < Celyl".
Namely, by homogeneity it suffices to show this for y = 1, and since the functions

x> [x+11F = x|¥ and x> sign(x + 1)|x + 1|* — sign(x)|x|

are continuous and have finite limits for x — 00, it follows that they are bounded, showing
(2.14).
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Let vy, v2 € 8"(R2), and choose o € M(S2) such that vy, v2 € 8" (R, 1o), i.e., vi = i1, with
¢i € L'V (2, o). Then

|7 @1+ v2) =7 D iy = [101 + 2l = 18115
< Celig2*] . by @.14)
= Crlwally,, by (2.12),

so that limjy,),,—0 7k + o) — nk(v1)||1/(rk) = 0, showing the continuity of 7% for
0 < k < 1. The continuity of 7¥ follows analogously.
Now let us assume that 1 < k < 1/r. In this case, the functions

X — |x|k and x+— sign(x)|x|k
with x € R are C!-maps with respective derivatives
X —> ksign(x)l)c|k_1 and x+— klxlk_l.
Thus, if we pick v; = ¢; g, as above, then by the mean value theorem we have
k@i + ) =7 ) = (191 + dolf — 1911
= ksign(¢1 +n2)|p1 + ngol " popf
= ksign(g1 +ng2)lg1 +neal " g s
for some function n : @ — (0, 1). If we let v, := n(pzu(’), then [[vyll1/r < llv2ll1/r, and we get
7t 1 +v2) — 7 ) = k7 1+ vp) 02
With the definition of d,, 7% from (2.13) we have
|71+ v2) =2 ) = du 7 )]
= k@ @1+ v =7 0D) - m| 1/(rk)
< k|7 0+ =700y 20y
and hence,

Iy +vp) =7t ) —dyy 7O e
- fk”n i+ —7 (U])H L.
||V2||% F&=D

Thus, the differentiability of 7% will follow if

[lv2ll1/r—0

|7 o) =7 00|y — 0.

and because of ||v,ll1/, < |lv2|l1,r, this is the case if 7#%=1 is continuous.



1704 Ay, Jost, Lé and Schwachhofer

Analogously, one shows that 7% is differentiable if 75! is continuous.
Since we already know continuity of 7% and 7* for 0 < k < 1, and since C'-maps are contin-
uous, the claim now follows by induction on [k]. ([l

Thus, (2.13) implies that the differentials of 7% and 7¥ (which coincide on P” () and M” (Q2))
yield continuous maps

TP (Q) — TP™(Q), rher

k_ g~k
dn* =dn CTMIQ) — TMIES), (w, p) — ku 0.

3. Congruent embeddings

3.1. Statistics and congruent embeddings

Given two measurable sets Q2 and €2/, a measurable map
K:Q— Q

will be called a statistic. Any (signed) measure pu on €2, induces a (signed) measure i, on €/,
via

i (A) = (e A), 3.1)
which is called the push-forward of 1 by k. Note that
K 1 S(R2) — S(R) (3.2)

is a bounded linear map which is monotone, that is, it maps nonnegative measures to nonnegative
measures. When using the Jordan decomposition (2.2), we obtain

licspllry = lospg — ket |() < ki () + k= () = [21(R) = llllTv-
Thus,

lkcspellv < llllry  with equality iff  xupeq Licape—. (3.3)

In particular, k. preserves the total variation of nonnegative measures, and whence maps proba-
bility measures to probability measures, i.e.

K (P(Q)) € P(Q).

Furthermore, if 11 dominates wo, then k.1 dominates « o by (3.1), whence «. yields bounded
linear maps
kst S(2, 1) —)S(Q/,K*M), 34

and if we write

K () = 'K fd, (3.9
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then ¢’ € L' (', ky ) is called the conditional expectation of ¢ € L' (2, j1) given k. This yields
a bounded linear map

Kl LY@, ) — LY@, W), dr—> ¢ (3.6)

with ¢’ from (3.5).
We also define the pull-back of a measurable function ¢’ : Q' — R as
k*¢ :=¢ ok.

If A/ CQ and A :=«"1(A") we have x4 = k*x, and thus, (3.1) is equivalent to x ks =
ks (xam) = ks (K* xar), and by linearity and the density of step functions in L' (€', k, ) this
implies for ¢’ € L1(Q, ky 1)

Ko (k¥ ) = @'k or, equivalently, i (c*¢') =¢'. 3.7)

Recall that M(€2) and S(2) denote the spaces of all (signed) measures on 2, whereas
M(2, n) and S(2, u) denote the subspaces of the (signed) measures on 2 which are domi-
nated by u.

Definition 3.1 (Congruent embedding). Let « : Q — Q' be a statistic and ' € M(Q'). A -
congruent embedding is a bounded linear map K, : S(Q', u') — S() such that:

(1) K. is monotone, i.e., it maps nonnegative measures to nonnegative measures, or shortly:
K (M(Q', 1)) C M(Q).
(2) kxK (V) =V forall v/ € S(Q/, ).

Furthermore, the image of a x-congruent embedding K, in S(2) is called a kx-congruent
subspace of S(£2).

Example 3.1. Let « : Q — Q' be a statistic, let u € M(2) and p' := kxp € M('). Then the
map

Ky :8(2, 1) — S, 1) CSQ), ' — k' (3.8)
for all ¢’ € L'(/, i/) is a k-congruent embedding, since
k(K (9')) = ke ("6'1) ) ¢k = 91t
We shall now see that the above example exhausts all possibilities of congruent embeddings.

Proposition 3.1. Let « : Q — Q' be a statistic, let K, : S(Q, u') — S(Q) for some ' € M(Q)
be a k-congruent embedding, and let ;1 := K.’ € M(Q).
Then K, = K, with the map K, given in (3.8).
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Proof. We have to show that K, (¢'u’) = k*¢’ 11 forall ¢’ € L'(S, i1). By continuity, it suffices
to show this for step functions, as these are dense in L! (2, 1), whence by linearity, we have to
show that forall A’ c Q', A:=«k~1(A) Cc Q

Ki(xan) = xan. (3.9)

Let A} := A’ and A, = Q' \ A’, and let A; := k! (A]). We define the measures u} := x4 1’ €
M(Q), and u; = K*u§ € M(L2). Observe that the monotonicity of K, implies that u; are
indeed (nonnegative) measures. Since u + 5, = ', it follows that z41 4 p12 = w by the linearity
of K.

Taking indices mod2, and using ks u; = k« Ky = 1} by the k-congruency of K, note that

pi(Aign) = i (™ (A7) = oapti (Al ) = i (Afy) =0.
Thus, for any measurable B C 2 we have
ni1(B) =u1 (BN Ay since u1 (BN A2) < u1(A2)=0
=1 (BNA)+ p2(BNAY) since (BN A1) < u2(A1) =0
=p(BNA) since L = p1 + p2
= (xapn)(B) since A1 = A.

Thatis, xap = p1 = Kypy = Ky(xarit'), so that (3.9) follows. O

3.2. Markov kernels and Markov morphisms

Definition 3.2 (Markov kernel and Markov morphism, cf. [5,10,21]). A Markov kernel be-
tween two measurable spaces Q2 and ' is a map K : Q — P(L'), associating to each w € Q a
probability measure on  such that for each fixed measurable A" C €’ the map

Q— 0,1, wr— K(w;A):=K(w)(A")

is measurable. The Markov morphism induced by K is the linear map

Ke:8(Q) — S(Q),  K.u(A) ::/ K (w; A) dp(w). (3.10)
Q

We shall use the notation K. (u; A’) := K.u(A’). Since K(w) € P(), it follows that
K (w; @) = 1 and hence (3.10) implies that K, (") = u(2). Thus,

I KspllTy = lliellTy for all 1 € M(£2). (3.11)

In particular, a Markov morphism maps probability measures to probability measures. For a
general measure u € S(R2), (2.3) implies that | K, (u; A")| < Kx(Jue|; A”) for all A" and hence,

IKspllty < [ Kilpal| gy = lnlity - forall u € S(Q),
so that K, : S(R2) — S(') is a bounded linear map.
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Observe that we can recover the Markov kernel K from K, using the relation
K(w) = K,86° for all w € ,

where §¢ denotes the Dirac measure supported at w € 2.

Remark 3.1. From (3.10) it is immediate that K, preserves dominance of measures, i.e., if ©
dominates fi, then K, u dominates K, jit. Thus, for each u € M(2) there is a restriction

K :S(Q,p) — S(, 1),
where ' := K, u. This again induces a bounded linear map
K LY@, ) — LY, W), dr— ¢, (3.12)
where ¢’ is given by
Ki(ppw)=¢'1t/, (3.13)

and as for statistics, ¢’ is called the conditional expectation of ¢ given K, cf. (3.5).

Definition 3.3 (Composition of Markov kernels). Let 2;, i = 1,2, 3 be measurable spaces,
and let K; : Q; — P(Q;41) for i = 1,2 be Markov kernels. The composition of K| and K» is
the Markov kernel

K2Kp: Q1 — P(Q23), wr—> (K2)«(K1(w)).

Since [[(K2)«(K1(@))|Itv = [|K1(@)[[Tv =1 by (3.11), (K2)«(K1(w)) is a probability mea-
sure, hence this composition yields indeed a Markov kernel. Moreover, it is straightforward to
verify that this composition is associative, and for the induced Markov morphism we have

(K2K1)+ = (K2)5(K1)x. (3.14)

Markov kernels are generalizations of statistics. In fact, a statistic « : & — Q' induces a
Markov kernel by

K (w):=8“, sothat K (a); A/) = X1 (4 (@).

In this case, the Markov morphism induced by K* is the map «, : S(2) — S(') from (3.2). We
shall write the Markov kernel K* also as « if there is no danger of confusion.

Definition 3.4 (Congruent Markov kernels). A Markov kernel K : Q' — P(Q) is called k-
congruent for a statistic « : Q — Q' if

K (@) =58 forallo e, (3.15)
or, equivalently,
(KKK)* = IdS(Q/) : S(Q/) — S(Q/)

In this case, we also call the induced Markov morphism K, : S(Q') — S(2) «-congruent.
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In order to relate the notions of «-congruent Markov morphism and «-congruent embeddings
from Definition 3.1, we need the notion of «-transverse measures.

Definition 3.5 (Transverse measures). Let x : © — Q' be a statistic. A measure u € M(Q)
is said to admit k-transverse measures if there are measures /LCJU‘, on (') such that for all

peL'(Q,p
/d:du:/ (/ ¢du$) dp (o), (3.16)
Q Q' \Jk~ (')

where ' := K, u. In particular, the function
Q' — R, a/l—)/ pdu
-1 (w/)

is measurable for all ¢ € L' (2, ).

Observe that the choice of k-transverse measures ,u is not unique, but rather, one can change
these measures for all @’ in a u/-null set.

Proposition 3.2. Let « : Q — Q' be a statistic and 1 € M(2) a measure which admits k-
transverse measures {[Li‘, t0' € Q'}. Then ,ui, is a probability measure for almost every o' € Q'

and hence, we may assume w.l.o.g. that uj e Pk (w) forall ' € Q.

Proof. Given ¢ > 0, define A}, := {0’ € Q": ,uj/(/c’l(a/)) > 1+ &}. Then for ¢ := x,-1(4/) the
two sides of equation (3.16) read

|ty i =™ (40) = ' (1)

/ (/ )(K1(As)duj)‘,) du' (') =/ (/ duj}) du' (')
@ \Je1() A, \Jie1 (@)

> (1+e)u/(A}).
Thus, (3.16) implies
W(AL) = (4o’ (Ay),
and hence, '(A},) = 0 for all & > 0. Thus,

M’({a)’eQ/:,ui,(Kfl(a)’) <L_JA1/H> i._o: Al/n =0,
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whence {0’ € Q' : /Li/ (k" (@')) > 1} is a u/-null set. Analogously, {o’ € Q': /Li/ k) <1}
is a y1/-null set, thatis, u, € P(k ™' (")) and hence [|pt |y =1 for p'-ae. u' € €.

Thus, if we replace ui, by /li, = ||/L$, ||f\l,pci,, then /li, e Pk~ (")) for all o' € ', and
since ,&i;, = ,uj for u'-a.e. ' € €, it follows that (3.16) holds when replacing ,ui, by ,lli)‘,. O

We are now ready to relate the notions of «-congruent embeddings and k-congruent Markov
kernels.

Theorem 3.1. Let k : Q — Q' be a statistic and ' € M(') be a measure.

(D) If K:Q — P(Q) is a k-congruent Markov kernel, then the restriction of K, to
S(, 1) C S(Q) is a k-congruent embedding and hence, for ¢' € L' (', /') we have

K. (¢'w')=x*¢'K.p',  or equivalently, Kf/ (¢)=x*¢".

(2) Conversely, if Ky : S(Q', ') — S(RQ) is a k-congruent embedding, then the following are
equivalent.
(a) K, is the restriction of a k-congruent Markov morphism to S(Q', ') C S(').
(b) u:=K.u' € S(Q) admits k-transverse measures.

Theorem 3.1 implies that the two notions of congruency, that is, congruent embeddings and
congruent Markov morphisms, are equivalent for large classes of statistics «, since the existence
of transversal measures is guaranteed under rather mild hypotheses, for example, if one of 2, &’
is a finite set, or if , Q' are differentiable manifolds equipped with a Borel measure p and « is
a differentiable map.

However, there are examples of statistics and measures which do not admit « -transverse mea-
sures, cf. Example 3.2 below.

Proof of Theorem 3.1. The first statement follows directly from (K“K), = (K*) Ky = kK
by (3.14) and Proposition 3.1.

For the second, suppose that K, : S(2/, u') — S(£2) is a k-congruent embedding. Then K, =
K, given in (3.8) for the measure u := K, by Proposition 3.1.

If we assume that K, is the restriction of a k-congruent Markov morphism induced by the
«-congruent Markov kernel K : Q" — P(£2), then we define the measures

Wy 1= K(“)/)|K—l(w) e M(x™'()).

Note that for o’ € Q'

Ko@) = [ | ax)= [ dek()

GL / ds® =0
Q\o’
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That is, K (') is supported on x 1 () and hence, for an arbitrary set A C 2 we have
K(o'; A)=K(o; AN k! (o)) = ui}(A Nk~ (o)) = / xadu.
K@)
Substituting this into the definition of K, we obtain for a subset A C Q

fQ xadp = p(A) = K, (i'; A) =" /Q K(o A)dp' (@)

=/ (/ XAduj>dM/(w’),
/ K—l(w/)

showing that (3.16) holds for ¢ = x 4. But then, by linearity (3.16) holds for any step function ¢,
and since these are dense in L'(2, p1), it follows that (3.16) holds for all ¢, so that the measures
ut, defined above yield indeed « -transverse measures of (.

Conversely, suppose that i := K, u' admits «-transverse measures ui,, and by Proposition 3.2
we may assume w.l.o.g. that ,uj € P(k~'(«')). Then we define the map

K:Q — P(Q), K(o'; A) :=,u$,(AﬂK_1(a)’))=/ )(Ad,ui)‘,.
k~H(w)

Since for fixed A C €2 the map o’ — fK,l () XA d ui, is measurable by the definition of transver-
sal measures, K is indeed a Markov kernel. Moreover, for A’ C Q'

K (o) (A) = K (o7 (4) = (7 (4) D7 (@) = 8 (4),

so that i, K (') = 8% for all o' € €', whence K is k-congruent. Moreover, for any ¢’ €
LY(, /) and A C Q we have

K@) ) 2 o) = [ o’ du

GL / < / XAK*qb’duj) dp' (')
/ k(o)

f ( f XAduj>¢’(w’)du’(w’)
A1)

/Q/ K(o': A)d(¢'w) (@) "= K/ (4.

Thus, K, (¢'1') = Ki(¢'') for all ¢' € L'(, u') and hence, K, (v) = K, for all v €
S(, ). That is, the given congruent embedding K, coincides with the Markov morphism
K induced by K, and this completes the proof. (]

Now we give an example of a statistic which does not admit « -transverse measures.
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Example 3.2. Let Q := S! be the unit circle group in the complex plain with the 1-dimensional
Borel algebra B. Let T := exp(27+/—1Q) C S! be the subgroup of rational rotations, and let
Q' := S'/T be the quotient space with the canonical projection x : Q@ — Q. Let B’ := {4’ C
Q' : k71 (A") € B}, so that k : @ — Q' is measurable. For y € I, we let my : S — §! denote
the multiplication by y.

Let A be the 1-dimensional Lebesgue measure on € and A" := kA be the induced measure
on ©'. Suppose that A admits « -transverse measures ()»j)wfeg/. Then for each A € B we have

k(A):/ (/ d,\j)dx(w’). (3.17)
/ ANk~ (')

Since A is invariant under rotations, we have on the other hand for y € I'
A(A) =i(m; ' A) =/ (/ dxj) d) (o)
@ \Jmy' Ayne—1 ()

:/ </ d((my)*xj)>d)\’(w’).
/ ANk~ (o)

Comparing (3.17) and (3.18) implies that ( (my)*)\-i;/)a)/eg’ is another family of « -transverse mea-
sures of A which implies that (my)*ki, = )\i/ for A-a.e. ' € €, and as I is countable, it follows
that

(3.18)

(m},)*kj = )Lj forally eI and A'-a.e. o’ € .

Thus, for a.c. ’ € Q" we have 2.5 ({y - x}) = A, ({x}), and since I" acts transitively on ¥ ~! (o),
it follows that singleton subsets have equal measure, i.e., there is a constant ¢,y with

Ay (A)) =cur|A|

for all A’ C k=1 (). As k! (') is countable infinite, this implies that A, = 0 if ¢,y =0, and
)»% (kY (")) = 0 if ¢,y > 0. Thus, k is not a probability measure for a.e. " € &/, contradict-
ing Proposition 3.2. This shows that A does not admit k -transverse measures.

We conclude this section by the following result (cf. [S], Theorem 4.10).

Theorem 3.2. Any Markov kernel K = Q — P(Q) can be decomposed into a statistic and a
congruent Markov kernel. That is, there is a Markov kernel K" :  — P(K2) which is congru-
ent w.r.t. some statistic ki : Q— Q, and a statistic k> : Q — Q' such that

K = K*2 Ko,

Proof. Let Q:=Q x Q and let k1 : @ — € and k3 : @ — €’ be the canonical projections. We
define the Markov kernel

K. Q — P(), K" () := 8% x K (w),



1712 Ay, Jost, Lé and Schwachhofer

ie., K% (w; A) := K (w; k2(A N ({w} x Q) for A C 2. Then evidently, (k1) (K" (w)) =
3%, so that K" is k1-congruent, and (k7). K “°"8(w) = K (w), so the claim follows. O

3.3. Powers of densities and congruent embeddings

As we saw in the preceding section, a Markov kernel K : Q — P(€') (e.g., a statistic « : Q2 —
'), induces the monotone bounded linear map K, : S(R) — S(’) from (3.10) and for each
i € M(L) the restriction yields a bounded linear map K, : S(2, u) — S(Q', 1), where u’ :=
Ky € M(S). This induces the bounded linear map KX : L1 (Q, u) — L1(S, i) from (3.12)
(or in case of a statistic, the map Kt LY, w) — LYy, 1) from (3.6), respectively).

We wish to show that when restricting this map to L¥(Q, ) ¢ L1(€, i), the k-regularity is
preserved by «& and K, respectively, cf. Theorem 3.3 below. The first step towards this is to
consider congruent Markov kernels.

Proposition 3.3. Ler K : Q) — P(22) be a Markov kernel which is congruent w.r.t. some
statistic k @ Q0 — Q1. Let u1 € M(2) and p> := K1 € M(823), and consider the map
Ki' LY Q1 ) — LN (2, pa).
Then for all ¢ € L¥(21, 1) with 1 <k < oo we have ¢' := KX (¢) € LK(Q, 2), and
|o'[, = llpllx-

Proof. Since K is k-congruent, by Theorem 3.1 we have ¢’ := K.'(¢) = k*¢. Thus, for 1 <
k < o0,

k k
16/ =/ |0'|" dua =/ K*1p1F dicpis =/ ok dpy = 1911, (3.19)
fon Q0 Q
showing the assertion. For k = 00, ||¢'lcc = [[k*P[lcc = |¢]lco is Obvious. O
Next, we shall deal with statistics « : Q — €.

Proposition 3.4. Let « : Q — Q' be a statistic and pu € M(Q), ' = ket € M(R), and let
kb LY w) = LYY, 1) be the map from (3.6). Then the following hold.

() If ¢ € LX(Q2, ) for 1 <k < oo, then ¢' =kl (¢p) € LX(Y, '), and
l¢']l, < llllk. (3.20)
(2) For 1 <k < 0o, equality in (3.20) holds iff ¢ = k*¢’.
Remark 3.2. The estimate (3.20) in Proposition 3.4 also follows from [23], Proposition IV.3.1.

Proof of Proposition 3.4. We decompose ¢ = ¢ — ¢_ asin (2.1). Then ||¢ ||| = ||« (P )| TV
and ||@|l1 = ll¢uliTv, so that (3.3) implies (3.20) for k = 1.
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If ¢ € L°(2, ), then |¢pu| < ||¢]lcott, and by monotonicity of «, it follows that

|| =[x ()| < kilppal < lllloort’

whence [|¢'|lco < ||@]loo, S0 that (3.20) holds for k = co.
For ¢’ € LK(', /') (3.19) implies that k*¢’ € L¥($2, 1) and

l*¢'|, =],  forall¢’ e LY(Q, 1), 1 <k <oo. (3.21)

Suppose now that ¢ € L¥(Q, ) with 1 < k < 0o is such that ¢’ € L¥(Q', i), and assume that
¢ > 0 and hence, ¢’ > 0. Then

o'l = f " du' = f " din(pu) = / (@ pdn
Q Q Q

()
<

= =@ )y 181

(k) rk—1

16" ey 00 = |05 1)1
From this, (3.20) follows. Here we used Holder’s inequality at (x), and (3.21) applied to ¢’ k=1 e
LY/ ®&=D(Q' 11"y at (sx). Moreover, equality at (x) holds iff ¢ = ck*¢’ for some ¢ € R, and the
fact that k. (¢pu) = ¢’ 1’ easily implies that ¢ = 1, i.e., equality in (3.20) occurs iff ¢ = «*¢’.

If we drop the assumption that ¢ > 0, we decompose ¢ = ¢ — ¢_ as in (2.1) and let ¢/, :=
k4 (¢+) > 0. Although in general, ¢!, and ¢ do not have disjoint support, the linearity of
still implies that ¢’ = ¢/, — ¢’ . Let us assume that ¢/, € LK, /). Then

I, = 0% — oL, < 4], + 102 < Nl + =l = llghell.

using (3.20) applied to ¢4+ > 0 in the second estimate. Equality in the second estimate holds iff
¢+ =«*¢y, and thus, ¢ =y — p_ =™ (¢}, —¢_) =«*¢".

Thus, it remains to show that ¢’ € L¥(Q', u') whenever ¢ € LK(Q, ). For this, let ¢ €
LK(Q, 1), (¢n)nen be a sequence in L°°(€2, ) converging to ¢ in LK(S2, i), and let ¢, =
Kkl (pn) € L®(Q, 1)y € LK, 1'). As (¢, —d,)x € L®(Q ) C LK, 1), (3.20) holds
for ¢,, — ¢, by the previous argument, that is,

Ibr = &l < ldn — mlix

which tends to 0 for n, m — 00, as (¢), is convergent and hence a Cauchy sequence in LK, ).
Thus, (¢"), is also a Cauchy sequence, whence it converges to some ¢ € LK(Q', i). Tt follows
that ¢, — k*¢), converges in L¥(Q2, ) to ¢ — k*¢’, and as k(¢ — k*¢}) ) = 0 for all n, we
have

0=rx((¢ —k*¢ ) =¢'n' —'11,
whence ¢’ = ¢’ € LX(Q/, i)). O

Putting the last two results together, we obtain the following theorem.
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Theorem 3.3. Let K : Q — P(Q') be a Markov kernel, n € M(Q) and 1’ := Ky € M(').
Then for ¢ € LF(2, ) with 1 <k < oo we have K& (¢) € LX(Q', /), and

IKL @], < llgllk-

Proof. By Theorem 3.2, we can decompose K = «, K°"¢, where K" : Q — P(Q) is con-
gruent w.r.t. some statistic £ : Q@ — €, and with a statistic « : 2 — €'. Then it follows that
K, =k Kiong, and whence,

i i pecongit
Ky =y Ky ,

where [ := K,fong(,u) € M(SAZ); Given ¢ € Lk(Q, W), then by Theorem 3.1, (;’A) = Kiong“ () =
©*¢, whence ¢’ := K (¢) = k! (4). Thus,

kL@, = LD, < 191k = 1],

where the first estimate follows from Proposition 3.4, whereas the second equation follows from
Proposition 3.3. 0

Remark 3.3. Theorem 3.3 can be interpreted in a different way. Namely, given a Markov kernel
K :Q — P(Q) and r € (0, 1], one can define the map K : S"(Q2) — S"() by

K; (,&r) =7 (Kyept) for u € S(RQ), (3.22)

with the signed rth power ji” defined before. Since 7" and 7'/” are both continuous by Propo-
sition 2.2, the map K, is continuous, but it fails to be C! for r < 1, even for finite .

Let u € M(RQ) and p' := Ky € M(S), so that K. (u") = p'". If there was a derivative of
K at u”, then it would have to be a map between the tangent spaces 7;,r M(2) and Turr/\/l(Q’ ),
i.e., according to Proposition 2.1 between S (2, u) and 8" (', u'). Let k :=1/r > 1, ¢ €
LK(Q, 1) c LY, ), so that ¢’ := K¥(¢) € LF(Q, ') by Theorem 3.3. Then by Proposi-
tion 2.2 and the chain rule we obtain

d(7*KL) (') =k d(KD) , (1").
d(Ka7*) (1) = kK (dp) = ko',

and these should coincide as #¥K” = K,7* by (3.22). Since d(K})ur () € S"(', 1), we
thus must have

d(K}) (o) =9’  where ¢’ = Ki'(¢). (3.23)

Thus, Theorem 3.3 states that this map is a well defined linear operator with operator norm
< 1. The map d(K}),r : S" (2, n) = 8" (', u') from (3.23) is called the formal derivative of
Kiatp.
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4. Parametrized measure models and k-integrability
In this section, we shall now present our notion of a parametrized measure model.

Definition 4.1 (Parametrized measure model). Let 2 be a measure space.

(1) A parametrized measure model is a triple (M, 2, p) where M 1is a (finite or infinite dimen-
sional) Banach manifold and p : M — M() C S(2) is a C'-map in the sense explained
in Section 2.2.

(2) Thetriple (M, €2, p) is called a statistical model if it consists only of probability measures,
that is, such that the image of p is contained in P(£2).

(3) We call such a model dominated by g if the image of p is contained in S(€2, 1t0). In this
case, we use the notation (M, 2, o, p) for this model.

Remark 4.1. Evidently, for the applications we have in mind, we are interested mainly in sta-
tistical models. However, we can take the point of view that P(2) is the projectivization of
P(2) = P(M(L2) \ 0) via rescaling. Thus, given a parametrized measure model (M, 2, p), nor-
malization yields a statistical model (M, €2, pg) defined by

pé)

P& = @iy

which is again a C'-map. Indeed, the map 1 — || |lTv on M(L2) is a C'-map, being the restric-
tion of the linear (and hence differentiable) map u f o du on S(R2).

Observe that while S(2) is a Banach space, the subsets M (£2) and P(€2) do not carry a
canonical manifold structure.

If a parametrized measure model (M, 2, uo, p) is dominated by g, then there is a density
Sfunction p : Q x M — R such that

pé) = p(:; §)uo. 4.1)

Evidently, we must have p(-; &) € L'(Q, o) for all £. In particular, for fixed &, p(-; &) is
defined only up to changes on a pp-null set.

Definition 4.2 (Regular density function).

Let (M, 2, 1o, p) be a parametrized measure model dominated by . We say that this model
has a regular density function if the density function p : @ x M — R satisfying (4.1) can be
chosen such that for all V € Tz M the partial derivative dy p(-; §) exists and lies in LY(2, no).

Remark 4.2. The standard notion of a statistical model always assumes that it is dominated
by some measure and has a positive regular density function (e.g., [4], Section 2, p. 25, [3],
Section 2.1, [27], [5], Definition 2.4). In fact, the definition of a parametrized measure model or
statistical model in [5], Definition 2.4, is equivalent to a parametrized measure model or statistical
model with a positive regular density function in the sense of Definition 4.2.
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Let us point out why the present notion is indeed more general. The formal definition of
differentiability of p implies that for each C 1-path E(r) e M with (0) =€, £(0)=:V € T:M,
the curve ¢ — p(-; £(t)) € L1 (2, o) is differentiable. This implies that there is a dep(V) €
LY(2, o) such that

t—0
— 0.

—dep(V) ()

Hp(';E(l)) —r-:8)
t

1

If this is a pointwise convergence, then dep(V) = 9y p(:; &) is the partial derivative and whence,
dy p(+; &) liesin Ly, 1L0), so that the density function is regular.

However, in general convergence in L' (2, 110) does not imply pointwise convergence, whence
there are parametrized measure models in the sense of Definition 4.1 without a regular density
function, cf. Example 4.1 below. Nevertheless, for simplicity we shall frequently use the notation
dy p(-; &) instead of dep(V)(-), even if the density function is not regular.

By this convention, for a parametrized measure model (M, 2, o, p) we can describe its
derivative in the direction of V € Tz M as

dep(V) =0y p(; §)po.

Example 4.1. To see that there are parametrized measure models without a regular density func-
tion, consider the family of measures on 2 = (0, 7) and & € (—1, 00)

p&) :=p;&)dt  with p(1;§) = for £ =0.

(1+&(sin(c — 1/6) /) dr  for & #0,
1
This model is dominated by the Lebesgue measure dr with density function p, and the partial
derivative d¢ p does not exist at £ = 0, whence the density function is not regular.
On the other hand, p : R — M(£,dr) is differentiable in the above sense at & = 0 with
dop(d¢) = 0, so that (M, 2, p) is a parametrized measure model in the sense of Definition 4.1.
To see this, we calculate

—p
H p) : p(0) Hl _ ” (sin2(t _ 1/%_))1/52 dt“l

T
z/o (sin?(r — 1/6))/% ar
T o \1/82 , =0
=/ (s1n t) dt —— 0,
0

which shows the claim. Here, we used the m-periodicity of the integrand for fixed £ and domi-
nated convergence in the last step.
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Since for a parametrized measure model (M, €2, p) the map p is C!, it follows that its deriva-
tive yields a continuous map between the tangent fibrations

dp:TM — TM(Q) = U S(Q, ).
neM()

That is, for each tangent vector V e Tz M, its differential dep(V) is contained in S(2, p(§)) and
hence dominated by p(&).

Definition 4.3. Let (M, 2, p) be a parametrized measure model. Then for each tangent vector
V € Te M of M, we define

d{d:p(V)}
dp(§)

and call this the logarithmic derivative of p at & in direction V.

dy logp(§) := e L'(Q,p®)) (4.2)

If such a model is dominated by o and has a regular density function p for which (4.1) holds,
then we can calculate the Radon—-Nikodym derivative as

didep(V)) _ d{dep(V)} (dp(§)>_l
dp(&) duo dito
= dvp(:6)(p(:§) " =dvlog p(:8),

where we use the convention log 0 = 0. This justifies the notation in (4.2) even for models without
a regular density function.
For a parametrized measure model (M, 2, p) and k > 1 we consider the map

p/fi=nMop:M—SVNQ)., &r—p&~

Since 7!/¥ is continuous by Proposition 2.2, it follows that p!/¥ is continuous as well. Let

us pretend for the moment that pl/k is a Cl—map, so that dgpl/k(V) € Tp(%-)l/le/k(Q) =
SVk, p(§)). In this case, because of 7% o w1/ =1d, we have

p=nkop/k,
whence by the chain rule and (2.13) we have for§ e M and V € T: M
dep(V) =kp(&)' V5 - (dgp'* (V).

Thus with (4.2) this implies

1
dep! (V) = Loy logp(®)p"/*(¢) € §V/(<2. p(®)) 4.3)

and hence, in particular, dy logp(£) € L*(2, p(£)), and depends continuously on V € T M. This
motivates the following definition.
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Definition 4.4 (k-integrable parametrized measure model).
A parametrized measure model (M, €2, p) is called k-integrable for k > 1 if for all £ € M and
V € Te M we have

didsp(V)}

L(2.p®)).
ae L)

dy logp(§) =
and moreover, the map
dp'’*: TM — TS'*(Q)

given in (4.3) is continuous. Furthermore, we call the model co-integrable if it is k-integrable for
all k > 1.

Since p(&) is a finite measure, we have LX(Q2, p(§)) € LY(2, p(¢)) for all 1 <[ < k. Thus,
k-integrability implies /-integrability for all such /.

Remark 4.3. The reader who is familiar with the definition of k-integrability in [5], Defini-
tion 2.4. might notice that there only the continuity of the norm ||d§p1/ K|l on TM is required.

Also, by our previous discussion, a parametrized measure model (M, 2, p) for which p‘/ kisa
C'-map is always k-integrable.
As it turns out, these three notions of k-integrability are equivalent. That is, ||d§p1/ k| is con-

1/k

tinuous if and only if dep™/* is continuous if and only if p'/*isa C'-map.

Definition 4.5 (Canonical n-tensor). Forn € N, the canonical n-tensor is the covariant n-tensor
on S/ (Q), given by

Lg(ul,...,un)=n”/d(u1~~-vn), where v; € S/"(Q). (4.4)
Q

The main purpose of defining the notion of k-integrability is that for a k-integrable model, we
can for any n < k define the pullback

T(nM,sz,p) = (Pl/n)*L's'zv

thr.ap(Vis - V) = Lg(dep'" (V1) ..., dep'" (V) @5)

- /Q By, 1og P(&) - - By, log (&) dp(&).

where the second line follows immediately from (4.3) and (4.4). This is well defined as p'/":
M — S/ (Q) is differentiable by Remark 4.3

Example 4.2.

(1) For n =1, the canonical 1-form is given as

T (V) = fg ay log p(&) dp(&) = dy [p(®)].
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Thus, it vanishes if and only if |p(£)] is locally constant, e.g., if (M, 2, p) is a statistical
model.
(2) Forn =2, ‘L’(QM)Q’p) coincides with the Fisher metric

g (V, W)g = fQ dy logp(£) dw logp(§) dp(£) (4.6)

(3) Forn =3, r(3M Q.p) coincides with the Amari—Chentsov 3-symmetric tensor
TV W X)e = [ avlogp(®) dw logp(€) dx log &) dp(©)
Q

Observe that the Fisher metric gF is a Riemannian metric on M iff p is an immersion, i.e., if
kerdsp = 0.

Remark 4.4. While the Fisher metric and the Amari—-Chentsov tensor give an interpretation
of r(”M o.p) for n = 2,3, we do not know of any statistical significance of r(”M o.p) for n > 4.

However, we shall show later that r,%f can be used to measure the information loss of statistics
and Markov kernels, cf. Theorem 5.2. Moreover, in [18], p. 212, the question is posed if there are
other significant tensors on statistical manifolds, and the canonical n-tensors may be considered
as natural candidates.

5. Parametrized measure models and sufficient statistics

Given a parametrized measure model (statistical model, respectively) (M, 2, p) and a Markov
kernel K : Q — P (') which induces the Markov morphism K, : M () — M (') as in (3.10),
we obtain another parametrized measure model (statistical model, respectively) (M, ', p’) by
defining p’ (&) := K,p(&). These transitions can be interpreted as data processing in statistical
decision theory, which can be deterministic (i.e., given by a statistic) or randomized (i.e., given
by a Markov kernel). We refer to for example, [11] where this is elaborated in detail.

It is the purpose of this section to investigate the relation between these two models in more
detail.

Theorem 5.1. Let (M, 2,p), K : @ — P(Q) and (M, Q',p’) be as above, and suppose that
(M, 2, p) is k-integrable for some k > 1. Then (M, Q',p) is also k-integrable, and

lov logp' ®)||, < |ovlogp&)|,  forallVeTeM, (5.1)

where the norms are taken in L¥(2, p(&)) and L¥(SY, p'(£)), respectively. If K is congruent,
then equality in (5.1) holds for all V.

Moreover, if K is given by a statistic k : Q — Q' and k > 1, then equality in (5.1) holds iff
dy logp(&) = «*(dy logp’(§)). In particular, equality in (5.1) either holds for all k > 1 for which
the model is k-integrable or for no such k > 1.
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Proof. Since K, is the restriction of a bounded linear map, it is obvious that p’ : M — M (')
is again differentiable, and in fact,

dep/ (V) = K. (dep(V)) (52)

foral VeT:M,&E e M.
Let w:=p&)and i/ :=p'(¢) = Kot, and let ¢ := 9y logp(&) and ¢’ := dy logp’ (&), so that
d:p(V) = ¢ and dep’ (V) = ¢’/ By (5.2) we thus have

Ki(ppn) =¢'1',

so that ¢’ = K4 (¢) is the expectation value of ¢ given K. If p is k-integrable, then ¢ =
dy logp(&) € LX(Q, ), whence ¢’ € LK(Q', i), and ||¢'||lx < ||¢|lx, by Theorem 3.3. That is,
p’ is k-integrable as well and (5.1) holds.

If K is congruent, then ||¢’||x = [|¢|lx by Proposition 3.3.

If k > 1 and K is given by a statistic «, then equality in (5.1) occurs iff ¢ = k*¢’ by Proposi-
tion 3.4. O

Since the Fisher metrics g7 of (M, Q, p) and g’F of (M, ', p’) are defined as

gV, V)= |y logp@ |3 and g (V. V)= aylogp'®)|;

by (4.6), Theorem 5.1 immediately implies the following.

Theorem 5.2 (Monotonicity theorem, cf. [3,5,28]). Let (M, 2, p) be a k-integrable parame-
trized measure model for k > 2, let K : Q — P() be a Markov kernel, and let (M, ', p’) be
given by p'(§) = Kyp(§). Then

gV, V)=g(V,V)  forallVeT:M and & € M. (5.3)

Remark 5.1. Note that our approach allows to prove the Monotonicity Theorem 5.2 with no
further assumption on the model (M, €2, p). In order for (5.3) to hold we can work with arbitrary
Markov kernels, not just statistics . Even if K is given by a statistic x, we do not need to assume
that €2 is a topological space with its Borel o -algebra as in [19], Theorem 1.2, nor do we need
to assume the existence of transversal measures of the map « (e.g. [3], Theorem 2.1), nor do we
need to assume that all measures p(£¢) have the same null sets ([5], Theorem 3.11). In this sense,
our statement generalizes these versions of the monotonicity theorem, as it even covers a rather
peculiar statistic as in Example 3.2.

In [3], p. 98, the difference
g(V,V)—g'(V,V)=0 (5.4)

is called the information loss of the model under the statistic «, a notion which is highly relevant
for statistical inference. This motivates the following definition.
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Definition 5.1. Let (M, Q2,p) be k-integrable for some k > 1, let K : @ — P(R’) and
(M, Q',p) be as above, so that (M, Q',p’) is k-integrable as well. Then for each V € T: M
we define the kth order information loss under K in direction V as

k k
[ov logp(©)||, — | v logp'€) |, = 0.
where the norms are taken in LX($2, p(§)) and LX(Q', p/(£)), respectively.

That is, the information loss in (5.4) is simply the special case k = 2 in Definition 5.1. Observe
that due to Theorem 5.1 the vanishing of the information loss for some k > 1 implies the vanish-
ing for all k > 1 for which this norm is defined. That is, the kth order information loss measures
the same quantity by different means.

For instance, if (M, 2, p) is k-integrable for 1 < k < 2, but not 2-integrable, then the Fisher
metric and hence the classical information loss in (5.4) is not defined. Nevertheless, we still can
quantify the kth order information loss of a statistic of this model.

Observe that for k = 2n an even integer r(%{}[!g’p)(v, L V) =|oy logp(S)llgz, whence the
difference

2 2
r(ﬁ,Q,p)(Va ) V) - T(AI,II’Q/’p/)(V, ey V) Z 0

represents the 2nth order information loss of « in direction V. This gives an interpretation of the
canonical 2n-tensors 12&’9’ )

It is a natural problem to characterize statistics of a model which do not produce any informa-
tion loss. Fisher [14] called such a statistic sufficient writing that .. . the criterion of sufficiency,
which latter requires that the whole of the relevant information supplied by a sample shall be
contained in the statistics calculated” [14], p. 367. This motivates the following definition.

Definition 5.2 (Sufficient statistic). Let (M, 2, p) be a parametrized measure model which is
k-integrable for some k > 1. Then a statistic « : Q — ' or, more general, a Markov kernel
K : Q — P() is called a sufficient for the model if the kth order information loss vanishes for
all tangent vectors V, that is, if

|ov logp'§) |, = [ dvlogp®)|,  forall V e T:M,
where p'(§) = kup(§) or p'(§) = K.p(§), respectively.

Again, in this definition it is irrelevant which k > 1 is used, as long as k-integrability of the
model is satisfied.

Example 5.1 (Fisher-Neyman [24]). Let (M, ', i, p’) be a parametrized measure model
dominated by 1, given by

p'&)=¢"(5 &)y, ¢ :Qx M —> [0, c0l.

Moreover, let k : @ — Q' be a statistic and 1o € M(2) such that k,(10) = 1. Define the
parametrized measure model (M, 2, wo, p) as

PE) == ¢'(k (), §) po. (5.5
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Then « is a sufficient statistic for (M, 2, uo, p). Indeed, x4(p)(§) = p’(§) by (3.7), and
dep(V) = /c*(dp/g (V)) forall V e T M, so that dy log p(€) = «*(dy log p’'(V)). By Theorem 5.1
it follows that equality holds in (5.1), so that « is a sufficient statistic for (M, 2, 1o, p).

Under some further assumptions, the statistics given in Example 5.1 exhaust all sufficient
statistics. More precisely, the following is known as the Fisher—Neyman factorization.

Proposition 5.1 ([24]). Let (M, 2, i, p) be a parametrized measure model with a positive reg-
ular density function p : Q@ x M — (0,00), and let k : Q@ — Q' be a sufficient statistic of the
model.

Then (M, 2, 1, p) admits a Fisher—Neyman factorization, that is, it is of the form (5.5) in
Example 5.1 for some measure gy on 2, ,u6 = k4 (o) and some function ¢' : Q' x M —
(0, 00).

Proof. If p(&§) = p(-; £)u where p is positive and differentiable in the £-variable, then log p(-; &)
and log p’(-; &) are well defined functions on 2 x M and ' x M, respectively and differentiable
in &. In particular, «*(dy log p’(-; §)) = dy (log p’(k (-); £)), so that by Theorem 5.1 equality in
(5.1) holds for k > 1 iff

p(;§) ,
dy log ————— =30y (log p(-;§) — (log p'(k (1); §))) =0.
g - (log '(<0: )
If M is connected, then this is the case for all V € T M iff the positive function A(-) := %
does not depend on & € M. Thus, setting 1o := hp implies (5.5), showing the assertion. O

Observe that the proof uses the positivity of the density function p in a crucial way. In fact,
without this assumption the conclusion is false, as the following example shows.

Example 5.2. Let Q:=(—1,1) x (0, 1), Q" :=(—1,1) and « : 2 — €' be the projection onto
the first component. For £ € R we define the statistical model p on 2 as p(§) := p(s, t; §) ds dt,
where

h(§) foré >0ands >0,
p(s,t;€) == { 2h(&)t foré <Oands >0,
1—h() for s <0,

with h(§) :=exp(—|& |=1) for & #£0and h(0) :=0. Then p(&€) is a probability measure, and

P E) =kp&) =p'(s:6)ds  with p'(s: &) := (1 — h(&)) x(1,0)(5) + (&) x10,1) (5,

k)l/k

and thus,

d
|9 log p(s, 1:6), = [| 9 log p'(s; &), =k<‘—h(§)”"

k+‘i(1—h(§))l/k
d&

d§
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where the norm is taken in L*($2, p(¢)) and LF(Q, p'(§)), respectively. Since this expression is
continuous in & for all k, the models (R, €2, p) and (R, ', p’) are co-integrable, and there is no
information loss of kth order for any k£ > 1, so that « is a sufficient statistic of the model in the
sense of Definition 5.2. Thus, « is a sufficient statistic for the model.

Indeed, this model admits a Fisher—-Neyman factorization when restricted to £ > 0 and to
& <0, respectively; in these cases, we have

pE) =p'(s; )+,

with the measures py :=dsdt for £ > 0 and p_ := (x(—1,0)(s) + 2t x[0,1)(s)) ds dt for & <0,
respectively.

However, since wy # u—, k is not of the form (5.5) and hence not among the sufficient statis-
tics given in Example 5.1 when defining it for all £ € R. This does not contradict Proposition 5.1
since p(s, t; £) is not positive a.e. for £ = 0.

The reader might be aware that most texts use the description (5.5) in Example 5.1 as a defi-
nition for a sufficient statistic, for example, [14], [5], Definition 3.1, [3], (2.17), [8], Theorem 1,
p. 117. In the light of the Fisher—Neyman factorization in Proposition 5.1, this is equivalent to
our Definition 5.2 under the assumption that the model is given by a regular positive density
function, an assumption that has been made in all these references.

However, the significance of Example 5.2 is that the two notions of sufficiency are no longer
equivalent if the assumption of positivity of the density function is dropped. But since in this
example, all statistical information of (M, €2, p) can be recovered from (M, Q',p’), it seems
natural to define sufficiency of a statistic in such a way that this example is subsumed, that is, as
in Definition 5.2.
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