Bernoulli 23(3), 2017, 1784-1821
DOI: 10.3150/15-BEJ796

Branching random walk with selection at
critical rate

BASTIEN MALLEIN

Ecole Normale Supérieure, 45, rue d’Ulm, 75005 Paris, France. E-mail: bastien.mallein @ens.fr,
url: http://www.math.ens.fr/~mallein

We consider a branching-selection particle system on the real line. In this model, the total size of the
population at time »n is limited by exp(anl/ 3). At each step n, every individual dies while reproducing
independently, making children around their current position according to i.i.d. point processes. Only the
exp(a(n + 1)1/ 3 ) rightmost children survive to form the (n + 1)th generation. This process can be seen as
a generalisation of the branching random walk with selection of the N rightmost individuals, introduced
by Brunet and Derrida (Phys. Rev. E (3) 56 (1997) 2597-2604). We obtain the asymptotic behaviour of
position of the extremal particles alive at time n by coupling this process with a branching random walk
with a killing boundary.
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1. Introduction

Let £ be the law of a point process on R. A branching random walk on R with reproduction law
L is a particle system defined as follows: it starts at time 0 with a unique individual & positioned
at 0. At time 1, this individual dies giving birth to children which are positioned according to
a point process of law L. Then at each time k € N, every individual in the process dies, giving
birth to children which are positioned according to i.i.d. point processes of law L, shifted by
the position of their parent. We denote by T the genealogical tree of the process, encoded with
the Ulam—Harris notation. Note that T is a Galton—Watson tree. For a given individual u € T,
we write V (u) € R for the position of u, and |u| € Z for the generation of u. If u is not the
initial individual, we denote by mu the parent of u. The marked Galton—Watson tree (T, V) is
the branching random walk on R with reproduction law L.

Let L be a point process with law L. In this article, we assume the Galton—Watson tree T never
gets extinct and is supercritical, that is,

PH#L=0)=0 and E[#L]> 1. (1.1)

We assume the branching random walk (—V, T) to be in the so-called boundary case, with the
terminology of Biggins and Kyprianou [6], that can be written:

E[Z#]:l, E[Zk‘]:O and 02:=E[262e6}<+oo. (1.2)

el lel leL
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Under mild assumptions, discussed in Appendix A of Jaffuel [15], there exists an affine transfor-
mation mapping a branching random walk with a branching random walk in the boundary case.
We impose the following integrability condition

E[(ge‘f) [mg(ge‘)ﬂ < +o0. (1.3)

Aidékon [1] proved that max,|—, V (u) + %logn :+ W under slightly stronger assumptions,
n——+0o0

where W is a random shift of a Gumbel distribution.

Brunet and Derrida [7] described a discrete-time particle system! on Z in which the total size
of the population remains constant equal to N. At each time k, individuals alive reproduce in the
same way as in a branching random walk, but only the N rightmost individuals are kept alive
to form the (k 4 1)th generation. This process is called the N-branching random walk. They
conjectured that the cloud of particles in the process moves at some deterministic speed vy,
satisfying

w202 (1 (64 0(1))loglog N

- N .
2(log N)? log N > as V= oo

Bérard and Gouéré [4] proved that for a N-branching random walk satisfying some strong
integrability conditions, the cloud of particles moves at linear speed vy on R, that is, writing
m,llv , M,IIV respectively, the minimal and maximal position at time 7, we have

. MY .omV 7202
VN €N, lim —% = lim —2& =y as. and vy o~ ————,
n—+oc n n—+o00 n N—4o00 2(10g N)

partially proving the Brunet-Derrida conjecture. This result still holds simply assuming (1.1),
(1.2) and a weak version of (1.3), as proved by Mallein [20].

We introduce a similar model of branching-selection process. We set ¢ : N — N, and we con-
sider a process with selection of the ¢ (n) rightmost individuals at generation n. More precisely
we define T? as a non-empty subtree of T, such that & € T? and the generation k € N is com-
posed of the ¢ (k) children of {u € T? : |u| = k — 1} with largest positions, with ties broken
uniformly at random.? The marked tree (T?, V) is the branching random walk with selection of
the ¢ (n) rightmost individuals at time n. We write

mé= min V@) and M?= max V). (1.4)

ueT?,ju|=n ueT?,|ul=n

The main result of the article is the following.

IExtended by Brunet et al. [8] to a particle system on R.
20rin any other predictable fashion.
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Theorem 1.1. Leta > 0, we set ¢ (n) = Lexp(an1/3)J. Under assumptions (1.1), (1.2) and (1.3),
we have

3ng?

¢ o~ _ 1/3
M} et oy n as., (1.5)
3n20?
¢~ _ 1/3
my ot ( a2 —I—a)n a.s. (1.6)

We prove Theorem 1.1 using a coupling between the branching random walk with selection
and a branching random walk with a killing boundary, introduced by [4]. We also provide in this
article the asymptotic behaviour of the extremal positions in a branching random walk with a
killing boundary; and the asymptotic behaviour of the extremal positions in a branching random
walk with selection of the Lehk/ "”]/3J at time k < n, where / is a positive continuous function.

We consider in this article populations with 0 individuals, evolving for # units of time.
This growth rate is in some sense critical. More precisely in [8], the branching random walk
with selection of the N rightmost individuals is conjectured to typically behave at the time scale
(log N).> This observation has been confirmed by [4,5,19]. By similar methods, we prove the
maximal displacement in a branching random walk with selection of the ¢ rightmost indi-

%nl’za for o < 1/2. If @ > 1/2, we expect the maximal
displacement to be of order logn.

In this article, ¢, C stand for positive constants, respectively small enough and large enough,
which may change from line to line and depend only on the law of the processes we consider.
Moreover, the set {|u| = n} represents the set of individuals alive at the nth generation in a generic
branching random walk (T, V') with reproduction law L.

The rest of the article is organised as follows. In Section 2, we introduce the spinal decompo-
sition of the branching random walk, the Mogul’skii small deviations estimate and lower bounds
on the total size of the population in a Galton—Watson process. Using these results, we study in
Section 3 the behaviour of a branching random walk with a killing boundary. Section 4 is devoted
to the study of branching random walks with selection, that we use to prove Theorem 1.1.

viduals at time n behaves as —

2. Some useful lemmas

2.1. The spinal decomposition of the branching random walk

For any a € R, we write P, for the probability distribution of (T, V + a) the branching random
walk with initial individual positioned at a, and E, for the corresponding expectation. To shorten
the notation, we set P = Pg and E = Eo. We write F,, = o(u, V(u), |u| < n) for the natural
filtration on the set of marked trees. Let W, = Z\ulzn eV, By (1.2), we observe that (W,,) is a
non-negative martingale with respect to the filtration (F;,). We define a new probability measure
P, on Fx such that for all n € N,

dP,
P, |,

=e ‘W,. (2.1)
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We write E,, for the corresponding expectation and P = Py, E = E. The so-called spinal decom-
position, introduced in branching processes by [18], and extended to branching random walks by
[17], gives an alternative construction of the measure P,, by introducing a special individual with
modified reproduction law. R

Let L be a point process with law £, we introduce the law L defined by % (L)=7yer et . We
describe a probability measure ’ﬁa on the set of marked trees with spine (T, V, w), where (T, V)
is a marked tree, and w = (w,,n € N) is a sequence of individuals such that for any n € N,
wy, €T, |lw,| =n and mw, = w,_;. The ray w is called the spine of the branching random walk.

Under law P,, the process starts at time 0 with a unique individual wog = @ located at posi-
tion a. It generates its children according to a point process of law L. Individual w; is chosen at
random among the children u of wo with probability proportional to ¢V ®). At each time n € N,
every individual u in the nth generation dies, giving independently birth to children according to
the measure L if u # w, and Lifu= wy,. Finally, w1 is chosen at random among the children
v of w,, with probability proportional to ¥ ®).

Proposition 2.1 (Spinal decomposition [17]). Under assumption (1.2), for all n € N, we have
E, |lF,= P, | 7, - Moreover, for any u € T such that |u| =n, /l;a(wn =u|Fp) =e"®/W,, and
(V(wp), n > 0) is a centred random walk starting from a with variance o

This proposition in particular implies the following result, often called in the literature the
many-to-one lemma, which has been introduced for the first time by [16,22], and links additive
moments of the branching random walks with random walk estimates.

Lemma 2.1 (Many-to-one lemma [16,22]). There exists a centred random walk (S,,n > 0)

with variance o2, verifying P,(So = a) = 1, such that for any n > 1 and any measurable non-
negative function g, we have

Ea[z g(Va), ..., V(un))} =E,[e"Sig(S1,..., 0] (2.2)

|u|=n

Proof. We use Proposition 2.1 to compute

Ea[ > (V... V(un))j|

|ul=n
:Ea[;— 3 gV, ..., V(un)):|
n |it|=n
-E, [ea Z Lymwye ' “e(Vu), ..., V(un))]
|ul=n

=Eu[e* V@ g(Vw), ..., V(w)]-
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Therefore, we define the random walk S under P, as a process with the same law as (V (w,,), n >
0) under P,, which ends the proof. Note that for any continuous bounded function,

E (f(S1—a) = [Ze f(@]

leL U

Using the many-to-one lemma, to compute the number of individuals in a branching random
walk who stay in a well-chosen path, we only need to understand the probability for a random
walk to stay in this path. This is what is done in the next section.

2.2. Small deviations estimate and variations

The following theorem gives asymptotic bounds for the probability for a random walk to have
small deviations, that is, to stay until time n within distance significantly smaller than /z from
the origin. Let (S,, n > 0) be a centred random walk on R with finite variance o2. We assume
that for any x € R, P, (So = x) = 1 and we set P = Py.

Theorem 2.1 (Mogul’skii estimate [21]). Ler f < g be continuous functions on [0, 1] such that
fo <0 < go and (ay,) a sequence of positive numbers such that

2
lim a, =400 and lim In =0.
n——+o00o n—+o0o n
Forany fi <x <y < g1, we have
lim % 0gp[ e 1 L fym gyl < Hf & 23)
im 0 — € [x, , n . .
n—>+o0o n g ap Y ifm &iln J= 2 o (& — fs)2

In the rest of this article, we use some modifications of the Mogul’skii theorem, that we use
later choosing a, = n'/3. We start with a straightforward corollary: the upper bound of the
Mogul’skii theorem holds uniformly with respect to the starting point.

Corollary 2.1. Let f < g be continuous functions on [0, 1] such that fo < go and (a,) a se-
quence such that lim,_ oo ay, = +00 and lim,—, a,%/n =0. Forany fi <x <y <gi, we
have
2 7262 !
a; Sn o ds
lim —*logsupP n[ € [x, y] e[f s &iml, J <n:| / . 24
za Jj/n>8j/n 2 Jo (g5 — fo)?

n—+o0o n zeR

Proof. We observe that

Sy S; .
supPy, | — €[x,y], = €[ fj/mn,gjml, j <n
zeR Qp Qn

S, S;
>Pan((f0+go)/2)[_ € [x, y] 6 [fi/n:&j/m)sJ <n}
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Therefore, applying Theorem 2.1, we have

liminf 1 P [S el ] e[f Lj< }> s 2[ ds
iminf -2 log su . X,y , g j<n|>-— .
§op Fea dan i S o (&s fs)2

>t m ek 2

We choose § > 0, and set M = |'g°5;f°'|. We observe that for any z ¢ [ fo, gol,

Sy
Pza,lI: € [x, y] G [fj/nvgj/n] J <ni| 0,

thus

Sy S .
supPy, | — € [x, ¥, = €[ fj/n,&gj/ml, j <n
zeR Qn Qn

Sn
= max sup P n[ € [x, y] E[f .8 ]J<”:|
Ok=M—1 el fyrtks, for (k+1)3]  Lén s s

Sn
= pemax IPan(foHas)[ € [x, Y+5] 6 (fi/ns 8j/n+81,J <”}

As a consequence, we have

. a,% Sn Sj .
limsup — logsup P, | — € [x,¥], — € [fj/n. &j/nl J <n
n—>+oo N zeR an ay
w202 /1 ds
<- 7
2 0o (gs— fs+9)
Letting § — 0 ends the proof. (]

We now extend Theorem 2.1 to enriched random walks, a useful toy-model to study the spine
of the branching random walk. The following lemma is proved using a method similar to the
original proof of [21].

Lemma 2.2 (Mogul’skil estimate for spine). Let ((X;,&;), j € N) be an i.id. sequence of
random variables in R x R, such that E(X1) =0 and ol = E(X%) < 400. We write S, =
Z;'.:l Xjand E, ={&; <n, j <n}. Let (a,) € R§ be such that

. _ . 2, . 2 _
nlir—ﬁr-loo a, = +oo, nl}r}_looan/n =0 and nl}I—II—looanP(SI >n)=0

Let f < g be two continuous functions. For all fo <x <y < goand fi <x' <y’ < g1, we have

2
a; Sn ;o1 S .
nl}Too . Zel[r;fyllongn<an € [x Ly ], ” €[ fi/m-&jml, j <n, Ey

_ 7lo? /1 ds
2 o (g — f?)z.
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Proof. For any z € [x, y], we have

S S;
Pzdn(an [ y] _G f]/n»g]/n]J<nE>

n

S; )
<supPjq, <—] € fim&gjml, J = n>
heR Aan
So the upper bound in this lemma is a direct consequence of Corollary 2.1.

We now consider the lower bound. We assume in a first time that f and g are two constants.
Letn>1, f<x<y<gand f <x' <y < g, webound from below the quantity

’ oy . S S .
P)‘Cx,);) (f’ g) = ]nf PZan <l € [x/’ y/]v _/ € [f7 g]7 ] S nv En)-
z€[x,y] ay ay
Setting A e Nand r,, = LAaZJ, we divide [0, n] into K = L%J intervals of length r,,. For k < K,
we write my = kr,, and mg = n. By restriction to the set of trajectories verifying S, €
[x'ay,, y'a,], applying the Markov property at times mg, ..., my, we have

P (Lo = mly (Lo (f0)" 2.5)

/, 5 S
where 773 (f, §) = infoepy ) Pea, (2 € [, '], 2L € [£, 81, j < T, En,)-
Let 8 > 0 chosen small enough such that M = [25* wa > 3 we observe easily that

x’,y’ . x/’y/
Tx,y (f.8) = Oirﬁléanx+m8,x+(m+l)5 (f,8) 26
(m D8, y—(m+1)s )
>m1nn —(m—1)5,g — (m+1)§).
,min (f = m =138, g — (m+1)3)
Moreover, we have

Sy, S;
nx )Cy (f g) xa,,(a e[xlv y/]9a_J€[f»g], Ern)

n n

n

Sy oS
z an,,<a_ € [x 7)’/], a_j € [fy g]) _rl’lP(S] zn)‘

Using the theorem of Donsker [9], (SL;—Z”, t € [0, 1]) converges, under law Py, , as n — 400 to

a Brownian motion with variance o'+/A starting from x. In particular
liminf s 7 (. 8) = Pu(Bagz € (x'.)). Bu € (f. g).u < Ac).
n—+o0
Using (2.6), we have

n—400o

hmlnfnxy (f g)>0m1n Px+m5(BAUze(x +6,y — 8),Bue(f+8,g—8),u§A02).
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As a consequence, recalling that K ~ -

A7 (2.5) leads to

hmlnf — log P)f yy (f, o)

n—+4+o0o n
) Q2.7)
> 1o min long+m3(BAaz € (x +68,y — 5), B,e(f+48,g—908),u< Aoz).
<m<
As Py (B; € (x',y)), By € (f, g),s <t) is computable (see, e.g., [14], page 31), we have
lim llogP (Bre(x'.y).Bse(f. 9 s<t):—n72
(—>—t00 t X t B s Dg ) ) = 2(g — f)2 .
Letting A — 400 then § — 0, (2.7) becomes
7202
yglg—log P (fe) > T 2g— )2 (2.8)

We now take care of the general case. Let f < g be two continuous functions such that fy <
0 < go. We write h; = f’erg’ and ¢ > 0 such that 12¢ <inf;¢[o,1] g — f: and A € N such that

sup | fr — fsl +1gr — gsl + 1he — hs| < e.
|t—s|<2/A

For any a < A, we write m, = lan/A],
Iu,A = [fa/A +¢, 8a/A — ¢] and Ju,A = [ha/A — &, ha/A +é],
except Jo.4o =[x, yland J4 4 =[x/, y'].

We apply the Markov property at times m4_1, ..., m, we have

S )
inf Pza,l(a_] elfjm gjmlj=<n, En>
n

ZEO

Sma+l S] .
= 1_[ inf Pza p € Jut1.4, Emaﬂfmﬂa_ €lya, j<mgp1 —mg ).

ZEJaA n n

Applying equation (2.8), we conclude

2
S.
hmmfa— log inf P, <—] €l fim gjmland&; <n, j < n>
dap

n——+o0o n z€Jo,A

1 AZ_:I w202
A L= 2(
a=0

8a,A — fa. A — 25)2’

Letting ¢ — 0 then A — +o00, we conclude the proof. (]

Lemma 2.2 is extended as follows, to take into account functions g such that g(0) =0
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Corollary 2.2, Let ((Xj,§),j € N) be i.i.d. random variables such that E(X1) =0 as well
as o2 := E(Xz) < +o00. We write S, = Z;f:l Xjand E, =1{§; <n,j <n}. Let (a,) € RT
verlfymg

lim a, =+o0, lim sup afl’/n < +oo and lim a,Z,P(éEl >n)=
n—-+o0 n> 100 n—+o0

Let f < g be two continuous functions such that fo < 0 and lim mf,_>0 > —o00. Forany fi <
x' <y’ < g1, we have

tim_ % togp( % ¢ [ ]—S els 1.j<n E, 202/1 &
m — 10 — ) N
n—+o00 n & an 4 ifn> 8jfn J=n. 2 o (g _fv)z

Proof. Let d > 0 be such that for all # € [0, 1], g(¢) > —dt. We set x <y <0 and A > 0 veri-
fying P(X; € [x, y], &1 < A) > 0. Observe that for any n > 1 large enough we can choose § > 0
small enough such that

. . . day
Vj <day, f//nan<]x<]y<_]7§angj/n-

We set N = |§a,]. Applying the Markov property at time N, for any n € N large enough, we
have

S, S; .
P<_n e [x/v )’/]1 _J e [f]/n» g]/n]s J S n» En)
an Qn

>P(S; €ljx, jyl,j <N, Ex)

X inf P, (SnN € [x/’ y/]’ o

z€[28x,8y/2] n

€ [fG+n)/ns 8Gj+N)/nls J <n— N, EnN)-

3
As P(S; € [jx, jy],j < N, Ey) = P(X; € [x,y],& < AN and limsup, , o, % < 400, we
have

2
Sn S; .
’llgnf;g;logP<—ne[x Y. _ne[f]/rhg]/n]v] Sn,En)

Sn—N
Ay

/ /
T e [x".y']. En-n
> lmln —_— m
n—>+oo n ze2ox,0y/2] | Sj-n

€ [fG+N)/ns 8Gj+N)/nls J <n— N

Consequently, applying Lemma 2.2 and letting § — 0, we have

hmmfﬁloPS—e[x ]ﬁE[f' i/ml,j =n, E >_22/1 &
amint- g ar y a j/ns8j/nls ] =N, L | Z 2 Jo (g5 — fo)?

The upper bound is a direct consequence of Corollary 2.1. ]
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2.3. Lower bounds for the total size of the population in a Galton—Watson
process

We start this section by recalling the definition of a Galton—Watson process. Let © be a law on
Zy, and (Xi pn, (k,n) € Nz) an i.i.d. array of random variables with law . The process (Z,,,n >
0) defined inductively by

Zn

Zo=1 and Z,y1= Zxk,n+1
k=1

is a Galton—Watson process with reproduction law . The quantity Z, represents the size of the
population at time n, and Xy , the number of children of the kth individual alive at time n — 1.
Galton—Watson processes have been extensively studied since their introduction by Galton and
Watson3 in 1874. The results we use here can been found in [3].

We write

[0,1] — [0, 1]
+0o0
s — E[SX]"] = Zu(k)sk.
k=0

We observe that for all n € N, E(sZ") = f"(s), where f" is the nth iterate of f. Moreover, if
m:=E(X1,1) <+oo,then fisaC 1 strictly increasing convex function on [0, 1] that verifies

J(0) = (0, fH)=1 and [f'(1)=m.

We write g the smallest solution of the equation f(g) = ¢. It is a well-known fact that ¢ is the
probability that the Galton—Watson process gets extinct i.e., P(3n € N : Z,, = 0) = g. Observe
that g < 1 if and only if m > 1.Tf m > 1, we introduce o := — L1 € (0, +00].

Lemma 2.3. Let (Z,,n > 0) be a Galton—Watson process with reproduction law . We write
b=minfk € Z : u(k) > 0} and m = E(Z1) € (1, +00). There exists C > 0 such that for all
z€(0,1) and n € N, we have

g+ Czo/e+Dh, ifb=0,
P(Z,,Szm")f Cz%, ifb=1,
exp[_czflogb/(logmflogb)]7 ifb>2.

Remark 2.1. One may notice that these estimates are in fact tight, under some suitable inte-
grability conditions, uniformly in large n, as z — 0. To obtain a lower bound, it is enough to
compute the probability for a Galton—Watson tree to remain as small as possible until some time
k chosen carefully, then reproduce freely until time n. A more precise computation of the left tail
of the Galton—Watson process can be found in [12].

3Indepenclc:ntly from the seminal work of Bienaymé, who also introduced and studied such a process in 1847.
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Proof of Lemma 2.3. We write so = %, and forall k € Z, sy = f k(so), where negative iter-
ations are iterations of f ~1 There exists C_ > 0 such that 1 — sg ~¢—_oo C _m¥. Moreover, if
w(0) + (1) > 0, there exists C;. > 0 such that s; — g ~t— 400 C+ f'(¢)*. Otherwise,

s = @)/ G-+ gk L oo

where f®) (0) = bl (b) is the bth derivative of f at point 0.

Observe that for all z <m™", we have P(Z,, < zm") =P(Z, =0) < 1. Therefore, we always
assume in the rest of the proof that z > m™". By the Markov inequality, we have, for all z €
(m™™,1)and s € (0, 1),

o E(s%)  fn
— Zn g — S

P(Z, <zm") =P(s” > s7"") < =

Sk

. . . . . . (Sk_n )Z’n’l ’
choosing the optimal & in this equation, depending on the value of b.
. _ —logz . . logm

If b= 0, we set k = W’ growing to +00 as 7z — 0, while & < VZW SO

k —n — —oo. There exists ¢ > 0 such that foralln > 1and z >m™",

In particular, for s = sx_,, we have P(Z, < zm") < The rest of the proof consists in

(Sk—p) """ < exp(szk).

As lim;_,¢ zm* = 0, there exists C > 0 such thatforalln > 1 and z > m™",

P(Z, <zm") < q+ Cf'(q)™'oee/ loem=loe /@) 4. Czpk

=q+ Cz~log f'(@)/(logm—log f'(q)) — q+ Cz%/ @+,

Similarly, if » =1, then ¢ = 0 and f’(0) = j#(1). We set k = Tol;gnz. There exists C > 0 such

that for all » > 1 and z > m™", we have
P(Z, <zm") < Cu(1)~logz/logm ¢ ~logu(l)/logm.

logz

Finally, if b > 2, we choose k = “Togm-—logh*

there exists ¢ > 0 (small enough) such that
P(Z,, < Zmn) < exp[_cz—logb/(logm—logb)]’

which ends the proof. O

Lemma 2.3 is used to obtain a lower bound on the size of the population in a branching random
walk above a given position.

Lemma 2.4. Under assumptions (1.1) and (1.3), there exist a > 0 and o > 1 such that a.s. for
n > 1large enough #{|u|=n:Vj <n,V(u;) > —na} > o".
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Proof. Aslim,_, ;o E[Zlu|=1 Lvws—ajl =E[)_ u=1 11, by (1.1) there exists a > 0 such that
01 = E[Zm\:l 1vw>-a}] > 1. We write N = ul=1 1(v@w)>—a}- We have E(N) < 400 by
(1.3). One can easily couple a Galton—Watson process Z with reproduction law N with the
branching random walk (T, V) in a way that

Y Wwjsnvups—ja) = Zn-

lul=n

We write p :=P(Yn € N, Z, > 0) > 0 for the survival probability of this Galton—Watson process.
For n € N, let Z,, be the number of individuals with an infinite number of descendants. Con-

ditionally on the survival of Z, the process (Zp,n>0)isa supercritical Galton—Watson process

that survives almost surely (see, e.g., [3]). Applying Lemma 2.3, there exists o > 1 such that

P(Zn = Qn) <o

By the Borel-Cantelli lemma, a.s. for any n > 1 large enough Zn> o".

We introduce a sequence of individuals (u,) € TN such that lup| =n, ugp = and u,4 is
the leftmost child of u,, with ties broken uniformly at random. We write ¢ = P(N > 2) for the
probability that u#,, has at least two children, both of them above —a. We introduce the random
time 7T defined as the smallest £ € N such that the second leftmost child v of u; is above —a,
and the Galton—Watson process coupled with the branching random walk rooted at v survives.
We observe that T is stochastically bounded by a geometric random variable with parameter pgq,
and that conditionally on T, the Galton—Watson tree that survives has the same law as Z.

Thanks to these observations, we note that 7 < +o00 and infj<7 V() > —o0 a.s. For any
n > 1 large enough such that T < n and infj<7 V(1) > —na we have

#{u eT:|ul=2nVj<n,V(u;)=> —3na} > 0",

concluding the proof. O

3. Branching random walk with a Killing boundary

In this section, we study the behaviour of a branching random walk on R in which individuals
below a given barrier are killed. We choose a function f € C([0, 1]) such that limsup,_, é <
+o00 and n € N. For any k < n every individual alive at generation k below level fi /,,nl/ 3 are

removed, as well as all their descendants. Let (T, V') be a branching random walk, we denote by
TP ={ueT:|ul <n,Vj<|ul, V) =n'"fk/m},

and note that Tgf') is a random tree. The process (TS?), V), called branching random walk with a
killing boundary, has been introduced in [2,15], where a criterion for the survival of the process
is obtained. In this section, we study the asymptotic behaviour of (Tg,"), V). More precisely, we

compute the probability that TS?) survives until time #n, and provide bounds on the size of the

population in Tgf’) at any time k < n.
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To obtain these estimates, we first find a function g such that with high probability, no indi-

vidual alive at generation k in T gf') is above n'/3 g, /n- We compute in a second time the first and

second moments of the number of individuals in T that stay at any time k < n between n'/3 f; /n
and n'/3gy/, /n-

With a careful choice of functions f and g, one can compute the asymptotic behaviour of
the consistent maximal displacement at time n, which is Theorem 1 of [10] and Theorem 1.4 of
[11]; or the asymptotic behaviour as ¢ — 0 of the probability there exists an individual in the
branching random walk staying at any time n € N above —¢n, which is Theorem 1.2 of [13]. We
present these results respectively in Theorems 3.2 and 3.3, with weaker integrability conditions
than in the seminal articles.

3.1. Number of individuals in a given path

For any two continuous functions f < g, we denote by H,(f, g) = £ "

Jo 5 Forn 2
1 and k < n, we write I,g") = [fk/nn1/3, gk/nn1/3]. We compute in a first time the number of
individuals in T(;-z) crossing for the first time at some time k£ < n the boundary gi /,,nl/ 3. We set

(n)
Yfg Z 1 V(”)>g\u\/il l/g}l{v(u/)<g//n 173 JJ<lul}

(n)
ueTf

Lemma 3.1. Let f < g such that fy <0 < go. Under assumptions (1.1) and (1.2),

limsupn™ 1/310gE[Y}">]<— 1nf gt+H,(f 2). 3.1

n——+00

Proof. Using Lemma 2.1, we have

(n)
Y ZE[Z I{V(u)>gk/n 1/3}1{V(u )el(”) ]<k}]

k=1 |u|=k

n

n
=D E[e™ M gy, il el Jen) = Ze Panp(s; e I(H)’ j<k).
k=1

Let § > 0, we set Ik(”)’s = [(fx/n — 8)n1/3, (8k/n + 5)n1/3]. Let A e N, for a < A we write
my = |na/A] and 8, 4= infsea/A,(a+1)/4] &s- Applying the Markov property at time m,, for
any k > m,, we have

—n /}

—nl/ gk/nP(S EI( ),] <k) <e 13 (S] 1(")5,j§ma).

Applying Theorem 2.1, we have

limsupn™ 1/3logE[Y;)]<max ~8, 4~ Haya(f 8,8 +9).

n—-+o00o
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Letting § — 0 and A — 400, we conclude that

limsupn_l/3 logE[Y](f")] < sup —gr— H,(f, 2.
n——+00 ' t€[0,1] .

Using this lemma, we note that if inf;c[0,17 g + H;(f, g) > &, then with high probability no

—sn'/3

individual in Tyl) crosses the curve g. /nnl/ 3 with probability at least 1 — e . In a second

time, we take interest in the number of individuals staying between f /,,nl/ 3 and g /nnl/ 3. For
any f1 <x <y <g, we set

(n)
Z n (x y) = Z Ly yepen'3, ynl/3] }I{V(u )el(n) i<n)’

|u|=n

Lemma 3.2. Let f < g be such that liminf, o 8 > —oo and limsup,_, é < 4o00. Under
assumptions (1.1) and (1.2), we have

lim n~'logE(Z})(x, y)) = = (x + Hi(f. 8)).

n——+00

Proof. Applying (2.2), we have
(Z(n) (x.y)) =E[e _S"I{Snelxn]”,yn]”]}l{sjelj(.”),jgn}]’
which yields
E(Z{) (. y) <e (s, € [xn'/? yn' ). 5; €17 j <n). (3.2)
Moreover, note that for any ¢ > 0 small enough, Z (”) (x y) > Z (") (x x + ¢), and we have
E(Z\) (. y) = e O P(s, € [xn' (x e P). s e 1, j<n). (B3)

As f<g, 11m1nf,a0 > —oo and lim sup,_>0 ]: < 400, either fy < 0 or gg > 0. Consequently,
applying Corollary 2. 2 forany f1 <x’ <y’ < g we have

lim n~"3logP(S, € [’ 1/3,y/n1/3],SjEI;"),jSH)=—H1(f,g)~

n—+00

Therefore, (3.2) yields

limsupn~1/3 logE(Z;r’l;(X, y)) <—x—H(f.g)

n—400
and (3.3) yields

liminfn~ 1/3logE(Z<")(x y))=—x—¢e—Hi(f g).

n—+o00
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Letting ¢ — 0 concludes the proof. ]

Lemma 3.2 is used to bound from above the number of individuals in T who are at time 7 in
a given interval. To compute a lower bound, we use a second moment concentration estimate. To
successfully bound from above the second moment, we are led to restrict the set of individuals
we consider to individuals with “not too many siblings” in the following sense. For u € T, we set

§u)= log(l + Z eV(U)—V(u)> ’
veQ(u)

where Q2 (u) is the set of siblings of u, i.e., the set of children of the parent of u except u itself.
Forany § > 0 and f; <x <y < g1, we write

(”)
(Y. = Z Livaern!s yn‘”]}l{\/(u,)el(’” E(uj)<on'/3 j<n)’

|ul=n

and note that for any § > 0, 2;’;@, y,8) < Z;»’Z,(x, »)-

Lemma 3.3. Let f < g be such that liminf; o 8 > —oo and limsup, % < +4o00. Under
assumptions (1.1), (1.2) and (1.3), for any f1 <x <y < g1 and § > 0 we have

liminfn™ 1/310gE(Z( )(x 9,8) = —(x+ Hi(f,9), (3.4)
n——+00
limsupn™ 1/3logE[( <”>(x y, 5)) ]<—2(x+Hi(f 8)+8+ sup g+ Hi(f g). (3.5
n—+00 tel0,1]

Proof. For any ¢ > 0, applying Proposition 2.1 we have

E[Z)(x,y,8)]

= E[W 2 Lvaetont i) Mivper® jzmNeaw=on, J<”}]
lul=n

=V (wn)
>E[e l{V(wn)e[xn'/3,(x+s)n‘/3]}I{V(w,)elj(”),g(w_,-)san1/3,jsn}]

> e OBV (wy) € [xn' 3, (¢ + )0 P] vV (w)) € 17 £(w) <0, j < n).

Setting X = &(wy), (1.3) implies E(X?) < +o0, thus lim,_, 400 z2P(X > z) = 0. Applying
Corollary 2.2, we obtain

liminfn~ 1/310gE[Z( )(x y.8)] = —(x+¢e) — Hi(f. g).

n——+00

and conclude the proof of (3.4) by letting ¢ — 0.
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We now take care of the second moment. Using again Proposition 2.1, we have

E[(Z],(x.7.9)"]

=)
Z;,(x,y.0)
ZE[iwn > I{V(u)e[xnl/3synl/3]}I{V(u,-)e[j(."),j<n}I{S(Mj)<3nl/3vj<n}:|

|lu|=n

St V) @) 3.6)
Wp

_E[ Zf,g(x’ y)l{V(wn)E[Xn1/3»yn1/3]}l{v(wj)el/(,”,jgn}l{é(wj)53nl/3vj5n}]

- )
< e PR[ZY) 00 )y et ~n1/31}1{V(w,>ezj<.">,jgn}l{s<w,~)san‘/3,j5n}]-

We decompose Z;"; (x, ¥) according to the generation at which individuals split with the spine.
For u,v € T, we write v > u if v is a descendant of u. For u € T we set

Alw) = Z I{V(")G[X"I/Svy”m]}l{V(vj)GI;")’an}'

lv|=n,v>u

(n)
We have Z " (.x y) = l{V(wn)e[xn1/3 ynl/3]}1{V(wj)elj(-"),j§n} + ZZ:] ZMEQk A(u), where Qk =
Q (wy) for the set of 51b11ngs of wy.

By definition of P conditionally on ]-"k the subtree of the descendants of u € 2, is distributed

as a branching random walk starting from V (u). For any k < n and u € 4, applying Lemma 2.1
we have

E[A) | F]

l{v(w,)el(")1<k 1}Ev(u)[ Z Ly yeen!s3, }nl/a}l{v(m)e,& j<n— k}:|

lv|=n—k
— —V(u) —Sn—k
_l{V(w_,-)eI;"),jsk—l}e EV(")[e 1{Sn—ke[xn1/3,yn1/3]}1{S,e1k<{f j<n— k}]

< eV(wk)*xnIBeV(u)*V(wk)Pv(u)[Sj IS Ilgfli-)j’j <n-— k].

Thus, by definition of & (wk—_1),

Z E[A(M) |fk] < ev(wk)fxnl/SeS(wk) supPz[Sj c Ik(r_:_)/,j <n —k].
uey zeR

Let A € N. For any a < A we write m, = |na/A]. For any k <m, and z € R, applying the
Markov property at time m, — k we have

P.[S; 61(1),’]<n—k]§s/tel1£P [S; el )+j,] <n-—mq|.
Z
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We write \IJ( " = =sup, g Py[S; €1 +/, Jj <n —mg]. By Corollary 2.1, we have

limsupn ™' log W < —(H\(f. 8) — Haya(f. 8)).

n——+00

Moreover, (3.6) becomes

E[(Z%) (. p)’] < e "P(S; € 1. j <n)

A—1 Mg+1

—2xnl/3 (n) V(wg) & (wi)
te Z Yot Z E[e ¢ 1{V<w,—)el}”%s(w,-)sanlﬂ,jsm]'
a=0 k=my+1
We set g, 4 = SUDse(a/a, (a+1)/4] 8-> We have

V(wg) L& (wy) n3(g, 4+6) e g
E[e ¢ I{V(w_,)e(}"),s(w,)53n1/3,j5n}] = ATYP(S; € I, j <n).

We apply Theorem 2.1 to obtain

Mmag41
limsupn 310 V(wk) wy)1 n .
nesbon gk §+1 S (vwjel; )’é(wj)ffsnlﬁ’./i"}]

<8uatd—Hi([ 2).
We conclude that

lim suprfl/3 log E[(Z(") (x, y)) ]

n—+00

—(2x+H\(f,9)+5+ maxg, 4 + Ha+ 1D/A(f, 8).
a<<
Letting A — 400 concludes the proof. (|

A straightforward consequence of Lemma 3.3 is a lower bound on the asymptotic behaviour
of the probability for Z}”é), to be positive.

Corollary 3.1. Under the assumptions of Lemma 3.3, we have

liminfn™ 1/3logP[Z(")()C y)>1]>— sup g+ H:(f, g).

n—>+00 1€[0,1]
Proof. For any § > 0, we have Z(n) (x,y) > Z(") (x,v,8). As a consequence,

E[Z)(x.y.8)P

P[Z{ 0, ) 2 1] = P[Z} ) (x, 7.8 2 1] = BZY) 7.0
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by the Cauchy—Schwarz inequality. Therefore using Lemma 3.3 we have

liminfn~!/3 logP[Z(”) (x,y)> 1] > — sup g+ Hi(f,8).

n—-+00 O

Another application of Lemma 3.3 is a lower bound on the value of the sum of a large number
of i.i.d. versions of Z ;c”; (x, ). Together with Lemma 2.4, this result is used to obtain almost sure

lower bounds on Z ;"Z,.

Corollary 3.2. Under the assumptions of Lemma 3.3, we set (Z%’;’j (x,y),j €N) iid. copies
on(") (x,y). Let 7 > 0, we write p = LeZ"l/SJ. For any ¢ > 0, we have

P
limsupn_l/3logP|:ZZ(")J(x y)<exp( 1/3(Z—X—H1(f g)—s))]

n——+00 =1

<—z+ sup g+ Hi(f, ).
te[0,1]

Proof. The proof is based on the following observation. Let (X, j € N) be i.i.d. random vari-
ables with finite variance. Using the Bienaymé—Chebyshev inequality, we have

A

Y Xj— pE(X)
j=1

> PE(Xl)/2>
3.7)

Var(3F_, X ) _Var(xy _, B(xed
p’E(X1)?* ~ pEXp)) ~ pEX))?

Let § > 0, as Z;’g,(x, y) > 2}2@, y,8), we have
p
[Z Z0 (. y) <exp(n'P(z—x — Hi(f. 8) — s))}

p .
< P[Z Z90 (x,y,8) <exp(n'P(z—x — Hi(f, 8) - e))},

j=l1
where (Z( n), ](x v,8), j € N) is a sequence of i.i.d. copies of Z(n) J(x v,6). By Lemma 3.3,

liminfn~!/3 10gE(Z< )(x y,5)) (X + Hi(f, g)),

n— 400

thus, for any ¢ > 0, for any n > 1 large enough we have

E(Z9)(x, v, 8)) /2 2 e ),
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Therefore, using again Lemma 3.3 and (3.7), we have

P
limsupn_l/3 logP|:Z Z}n;‘] (x,y,8) < exp(nl/3 (z —x—Hi(f, g — 8)):|
n——+00 - !
j=1

<—z+4+6+ sup g + H;(f, g).
t€l0,1]

Consequently, letting 6 — 0 we have

P
limsupn~'/3 logP|:Z Z%’J(x, y) <exp(n'P(z—x - Hi(f,g) - 8)):|
n——+00 j=1 ’

<—z+ sup g+ H;(f, g). O
t€l0,1]

3.2. Asymptotic behaviour of the branching random walk with a killing
boundary

The results of Section 3.1, in particular Lemma 3.1 and Corollaries 3.1 and 3.2, emphasize the
importance of the functions g verifying

VIE[O’IL gtng_Ht(fvg)>ft, (38)

in the study of T(;.’). For such a function, the estimates of Lemmas 3.1, 3.2 and 3.3 are tight. They

enable to precisely study the asymptotic behaviour of T(;l).

Theorem 3.1. We consider a branching random walk (T, V) satisfying (1.1), (1.2) and (1.3). Let
f €C([0, 1]) be such that fy < 0. If there exists a continuous function g such that

2.2 t
o ds
g0=07 Vte[ov 1]7 8t = — / and Vte[osl]s 8 >f7
’ 2 Jo (& -1 o

then almost surely for n > 1 large enough, {u € ™ . |u| =n} +# < and
f

i 1
lim m#{MGT?)|M|=n}=gl_flv

n—+00
1
lim — min V@) =/f1 and (3.9
n—>+00 I’ll/3 uET?),lu\:n
li ! V) =
nJTw i max (u)=g1 a.s.

() 1
uETf J|ul=n
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Otherwise, writing

A =i f{ €C([0,1]) : vt €0, 1] ”2‘72f ds f} (3.10)
=1n ) 1) 11, 80 =80 — > figs .
80,8 8t = 80 ) ) (gs—fs)z t
then
1/3 M
nllToon logP({u € T} : [ul =n} # &) = —1. (3.11)

Proof. We study the solutions of the differential equation (3.8). As (¢, x) — — is locally

7[20'2
o o . 20— fi)?
Lipschitz on {(¢,x) € [0, 1] x R: x > f;}, the Cauchy—Lipschitz theorem implies that for any
x > fo, there exists a unique continuous function g* defined on the maximal interval [0, . ] such

that g = x, either #, = 1 or g, = fi,, and for any # < 7,

. 7le? [t ds
8 =X — " 5
2 0 (gb _fS)

Moreover, we observe that #, is increasing with respect to x and g; is decreasing in ¢ and in-
creasing in x on {(z, x) € [0, 1] x (fo, +00) : ¢t < t,}. With this notation, we have

=inf{x > fy:tx =1}.
As limy—, 400 SUP, [0 1 2(x2 f2)2 = 0, there exists x > 0 large enough such that 7, = 1. This im-
plies A < +o0.
We note that for any x > 0 such that g* > f on [0, 1], applying Corollary 3.1 we obtain

liminfn =/ log P[u € T(") lul=n}# o] > hmmfn 173 logP[Z(")x(fl) gH=1]>

n—+00 —+00

Therefore, we have liminf,_, ;oo n~'/3 log P[{u € T(;l) D |lul =n} # 3] > —min(A, 0).

If A > 0, writing t = t,, we use the fact that at some time before #, each individual in T?)

1/3

crosses n'/°g s, before time tn, thus

P(Alul=n:ueTP) <PEueT: V) >n" gum).

We set f(l) fr/t'3 and gﬁl) = g;\t/tm. Applying Lemma 3.1, and writing m = |tn] we have

limsupn™ 1/310gE( f(l) (1)) —A,

n——+00

which by Markov inequality yields

limsupn™ 173 logP(u €Ty:ul<tn,V(u) > n'! g|u‘/n) < —A,

n——+o0o

concluding the proof of (3.11).
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We now assume % < 0, or equivalently g” > f. Applying Lemma 3.1, for any & > 0 we have

limsupn™ 1Blog.;P(EluET(") Vu)>n' g\u|/n)<_ i[I(l)fl]gf—i-Hz(f,gs):—
tel0,

n——+00

By the Borel-Cantelli lemma, almost surely for any n > 1 large enough, we have

{ueTgf’) V) =n'lef, 1 =02 (3.12)

In particular, letting ¢ — O we have

1
lim sup —= 3 max V(u) =g a.s.

n—+oo N7 ¢ (f"),\ulzn
Moreover, by Lemma 3.2 we have

E[Z0)(fi.85)] < —(A+Hi(f.g) =g — fi—e.

Thus, by the Markov inequality and the Borel-Cantelli lemma

limsupn™ l/310gZ (fl,g1)<g1 fi.

n—-+00

Mixing with (3.12) and letting ¢ — 0, we conclude

1
lim sup —= log#{ueT( n . |u|—n}<g1 f1.
n—+oo N 1/3

To obtain the other bounds of (3.9), we apply Lemma 2.4. For any ¢ > 0 there exists o > 1
and § > 0 such that almost surely for any n > 1 large enough,
#{u € T(fn) lu| = L8n1/3J and V(u) € [—8n1/3, 8n1/3]} > Q5n1/3.
We write S, this event. On S, each of these Q5”1/3 individuals starts an independent branching
random walk from some point in [—en'/3, en'/3] with a killing boundary n'/3 f /n- For & small
enough, we use Corollary 3.2 to bound from below the number of descendants that stay between
f +2¢ and g7%° + 2¢. We have

limsupn~1/3 logP[#{u € Tgf) ul=n} < s =) [ Su]

n——+00

<—n+ sup g 42+ H(f +2e,g % +2¢)=—n.
tel0,1]

Using again the Borel-Cantelli lemma, we obtain

liminfn~!/3 log#{u GT( » ul =n}> gfze - fi a.s.

n——+o00
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Consequently, letting ¢ — 0 we conclude

lim n~log#{u e TV ul=n}=¢)—fi  as.

n—+00

In particular, almost surely for n > 1 large enough, Tgf') survives until time 7, which is enough

to prove

1
liminf — min  V(u) > fi a.s
73 > .S.
n—>+oon / ueT(;),lulzn

By Corollary 3.1, for any & > 0 small enough, forany f; +2e <x <y < gl_zg + 2¢ we have

L —1/3 (n)
l‘infég” logP(Zf+287g,2£+28 (x,y)> O) > 0.

Therefore, for any f| < x <y < g1, for any ¢ > 0 small enough we have

1/3

P(Z;Ilg(x’ »=0]8)=(1- eo<n1/3>)evn
We conclude that for any ¢ > 0 small enough,

liminfn~'/? log(—logP(Z") (f1 +¢. fi +2¢) =0)) > 0

n—+400
as well as

liminfn '/ log(— log P(Z Y} (1 — 2¢, g1 — ¢) =0)) > 0.

n——+00

Using once again the Borel-Cantelli lemma, we obtain respectively,

. 1 . o1
lim sup —/3 min Vw)< fi and liminf ;3 max V(u) > g(l) a.s.
n—+oo 1 ueT?”,\ul:n n—>+oont/- ueTEf‘),lu\:n

which concludes the proof. (]

3.3. Applications

Using the results developed in this section, we deduce the asymptotic behaviour of the consistent
maximal displacement at time n of the branching random walk.

Theorem 3.2 (Consistent maximal displacement of the branching random walk [10,11]).
We consider a branching random walk (T, V) satisfying (1.1), (1.2) and (1.3). We have

lim
n——+00 nl/3

maxy|=p Mig<, V(ug) <3n202>1/3
=-(— _



1806 B. Mallein

Proof. To prove this result, we only have to show that for any § > 0, almost surely for n > 1
large enough we have

{u eT®

(
Can2a? /) igs lul=n}=2 and {ueT("3n202/2)m s ilul=n}#02.

For A < 0, we solve the differential equation g, = —Z %o

I ds :
fo Gy into

-3 3 37202 \ /3
g: t e 0, 37'[? — A+ =17 — ) t .
o

_(371';(72)1/3

By Theorem 3.1, for any A > , almost surely for any n > 1 large enough the tree

13

Tg\") gets extinct before time n. For any A < —( #) , almost surely for n > 1 large enough

the tree Ti") survives until time 7. O

Similarly, we provide the asymptotic behaviour, as ¢ — 0 of the probability of survival of a
branching random walk with a killing boundary of slope —¢.

Theorem 3.3 (Survival probability in the killed branching random walk [13]). Let (T, V)
be a branching random walk satisfying (1.1), (1.2) and (1.3). We have

o

. 1/2 _ . . _ . . _ 7
alg%e logP(Vn € N,ju|=n:V(uj) > —¢j, j <n)= S

Proof. Forany ¢ >0andn e N, weseto(n,&e) =PQ|u|=n:V(u;) > —¢j, j <n) and

o(e)= lim o(n,&)=P(VneN,3ul=n:V(u;) > —¢j, j <n).
n—+00o

In a first time, we prove that for any 6 > 0, we have

o
< liminfrn—1/31 on=2%) <1i ~1/34 gn=23
L _nlgl_il_l’l n ogo(n,0n=°) < nlzlilégn ogo(n,0n=""°)
oo (3.13)
< 9
where @ : A > 22;22 —%

Applying Lemma 3.1 with functions f : 7 — —60t and g : t — A(1 —1)!/3 — 61 we prove the

upper bound of (3.13). Using the fact that an individual staying above £ until time n crosses
g™ at some time k < n, the Markov inequality implies

limsupn ="' logo(n, 0n~%/?) < limsupn~ 1/31c>gE(Y("))<— 1nf g;—l—H,(f 2)

n——+00 n——+00

- inf A(l—t)1/3—9t+”202 f[ ds
~ tel0.1] 2 Jo (1 =s)1/3)2

<- 1nf x 0t + 301 — (1 —n'7].

telo,
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We observe that t — 1 — (1 — t)l/ 3 is a convex function on [0, 1], with derivative 1/3 at t = 0.
Thus, for any A > 0 such that ® (1) > 0,

vt €0, 1], 31— -0'"]= oM.
We conclude that for any A > 0 such that ®(1) > 6 > 0, we have

lim supn_l/3 logQ(n, 9n‘2/3) <-—A.

n—-+00

With A = ®~1(6), we conclude the proof of the upper bound of (3.13). We now observe that for
any ¢ > 0, we have o(¢) < o(n, €). Setting n = [ (¢/0)3/?], for any 6 > 0 we have

lirnsupesl/2 logo(e) < limsupgl/2 logo(n,e) < —91/2<I>_1(9).

e—0 e—0

We note that limg—_s 400 0120-1(9) = limy_ g AP (V)'/2 = 2”1—72, which concludes the proof of
the upper bound in Theorem 3.3.

To prove the lower bound in (3.13), we apply Corollary 3.1 to functions f : ¢+ —6¢ and
g:t+—> A —0t. We have

liminfn—1/3 logQ(n, 9n‘2/3) > liminfn—1/3 logP(Z}”;(fl, g1) > 1)

n——+00 n——+00
> Ao B
> — sup A— —t.
1€[0,1] 2)2

Choosing A = (2’9’—”1/2, we obtain liminf,_, yoon~3logo(n, On=2/3) > —
lower bound of (3.13). This equation implies that for any 6 > 0,

(z’gﬁ , proving the

.. —-1/3 3/2 -2/3 _]T_o
a6 ) =2 5

By (1.1), there exist @ > 0 and P € N such that E((Zlul:l 1v@w)>-ay) A P) > 1. Conse-
quently, there exists o > 1 and ¢ > 0 such that

hminf#{lul =n:Vj<n,V(uj)>—aj} >

n—+00 o"

w with positive probability.

We conclude there exists a > 0, r > 0 and ¢ > 1 such that

inf P#{|lul=n:Vj<n,V(uj)=—aj}>0")=r.
neN

With this notation, we observe that for any 6 > 0, ¢ > 0,6 > 0 and n € N, we have

. Oe+da )\ . sn
Pl#{ul=0O+Hn:Vj<n,V(u;)>— 0o jt=o >ro(On,e).
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Given A > 2”1—72 and 6 > 0, we set ¢ > 0 small enough such that

gl/? 10gQ(|7292873/2—|,8) > —A.

We write § = aﬁ%g and n = [ (0 + 8)e /2], choosing ¢ > 0 small enough such that § < 6. We
have

P(#{Iul =n:Vj<n,V(u;) > _28]-} > Qan) > re_)\sfl/z'

We construct a Galton—Watson process (G, (¢), p > 0) based on the branching random walk
(T, V) such that

Gp(e) =#{lul = pn:¥j<pn,Vu;)>-2ej}.

We observe that G (¢) stochastically dominates a Galton—Watson process 5(8), in which individ-

re!

uals make N = |0%"] children with probability p, = re™ ”? and none with probability 1 — p.

As ¢ — 0 we have

lim £'/21og(pe N;) = —1 4 6% log o,
e—>0

which is positive choosing some ¢ > 0 large enough. With this choice of 6, for any ¢ > 0 small
enough p. N, > 2. Consequently, g, the probability of survival of G(¢) is positive for any € > 0
small enough. Moreover, we have 0(2¢) > ge.

We introduce f; : s — E(s¢®)) which is a convex function verifying

Je()=1 and fe(1—q.)=1—g;.
For any h > 0, for any ¢ > 0 small enough

fe(l=hpe) =1— pe + pe(1 — hpe)Ne <1 — p, + peexp(—hpeNe) < 1 — pe + pee™ ",

Choosing i > 0 small enough, for any ¢ > 0 small enough we have f.(1 —hp) <1 — hp. This
proves that g, > hp;, leading to

1/2

nmigfe‘/2 logo(e) = liminfe'/ log pe = —1.
£~ £—>

Letting A — — 7% concludes the proof. O

4. Branching random walk with selection

In this section, we make a coupling between branching random walks with a killing barrier and
branching random walks with selection to compute the asymptotic behaviour of the extremal
process of the latter. Let ¢ : N — N and (T, V) be a branching random walk starting with ¢g
individuals. We denote by T? the subtree of T consisting of individuals surviving the branch-
ing random walk with selection of the ¢, rightmost individuals at time n. More precisely, an
individual at generation n survives if its parent has survived, and the individual is one of the ¢,
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rightmost such children (with ties broken uniformly at random). Observe that T(f'-’) the tree of the

branching random walk with a killing boundary can also be described as a branching-selection

process TV, where we write ¥, = {u € T(If’) : lu| = n} for an adapted process.

. . . . e 13 . .
In this section, we consider a function ¢ verifying ¢y = |e" ! hi/n | for a given continuous
positive function &. For such a function, we write Tf‘n) for T?. We set

M,i’: max V(u) and m" min  V(u).

h n= h
ueT(n),lulzn uET(’L>,|u|=n

We study (T?n), V) by comparing it with g = LehO”I/SJ independent branching random walks
with a killing boundary f, choosing f in a way that

log#{u € TV« ju = [tn)} ~ n'(h; — ho).

Using Lemmas 3.1 and 3.2, we choose functions (f, g) verifying

N 7202 /’ ds P
g = 09
T2 o (g = fi)?

7202 /’ ds
+ =ho—nh
U PR e '

vt € [0, 1],

which solution is

2.2 t 22 t
w0 ds o ds

To compare branching random walk with selection and branching random walks with killing
boundary, we couple them in a fashion preserving a certain partial order, that we describe now.
Let 1, v be two Radon measures on R, we write

w<v < VxeR, w((x, +00)) < v((x, +00)).

The relation < forms a partial order on the set of Radon measures, that can be used to rank
populations, representing an individual by a Dirac mass at its position. We prove there exists a
coupling between branching-selection processes preserving partial order <. This lemma is an
adaptation of Corollary 2 of [4].

Lemma 4.1. Let ¢ and  be two adapted processes. On the event

{ > Svws Y. SvwandVj<n.¢; < W‘/},

ueT?,|u|=0 ueTV,|u|=0

we have 3 e uj=n OV ) S 2ueT? jul=n OV @)-



1810 B. Mallein

Proof. The lemma is a direct consequence of the following observation. Given m < n, x € R™
and y € R”" such that Z’]’;l 8 < Z’}zl 8y; and (z'l.’,j <n,i €N), we have

m —+00 n oo

Z Z 8x.,~+z,-j = Z Z 8)(,'+z,-j ’

j=1i=1 j=1i=1

Consequently, step k of the branching-selection process preserves order < if ¢y < Y. ]

This lemma implies that branching random walks with selection and branching random walk
with killing can be coupled in an increasing fashion for the order <, as soon as there are at any
time k < n more individuals in one process than in the other. The main result of the section is the
following estimate on the extremal positions in the branching random walk with selection.

Theorem 4.1. Assuming (1.1), (1.2) and (1.3), for any continuous positive function h we have

Mh 252 lyg
lim —":ho—n—a/ ’ and
0

n——oo pl/3 2 h_g

. mh n20? [lds

lim 20—y - 2 s,
n—-+oo pl/3 2 0 h%

Remark 4.1. 1t is worth noting that choosing 4 as a constant, Theorem 4.1 provides informa-

3
tion on the Brunet—Derrida’s N-BRW, on the time scale aoi—év)

asymptotic behaviour of the N-BRW on a typical time scale.

. Letting h — 0, we study the

The proof of Theorem 4.1 is based on the construction of an increasing coupling existing be-

hon'1? independent branching random walks with a killing

tween (Té‘n), V) and approximatively e
boundary n'/3 f /n- Using Lemma 4.1, it is enough to bound the size of the population at any
time in the branching random walks with a killing boundary to prove the coupling. In a first time,
we bound from below the branching random walk with selection by e(ho=20m'7? independent

branching random walks with a killing boundary.

Lemma 4.2. We assume that (1.1) and (1.2) hold. For any positive continuous function h
and € >0, there exists a coupling between (Té‘n), V) and i.i.d. branching random walks

(17, V), j = 1) such that almost surely for any n > 1 large enough, we have

1/3

e(ho—Zs)n
vesno ) SvaE XL D0 Wiz (emen fi<tdvi: 4.2)
ueT’('n) Jj=1 ueTi
Jut| =k

|u|=k
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Proof. Let n € N and ¢ > 0, we denote by p = [e"0~ 26! | and by T(”) the disjoint union of

Tf;)g for j < p.Foru e Tf o> we write V(u) = VJ(u) if u € T/. By Lemma 4.1, it is enough
to prove that almost surely, for any n > 1 large enough we have

Vk<n, log#{ue Tgt’le Hul =k} <Py,

We first prove that with high probability, no individual in 'T(f"i . crosses the boundary (gi/n —

1/3

e)n'/ at some time k < n. By Lemma 3.1, we have

limsupn~!/3 logP(Ju € ’T‘jf’lg V@) > (g — s)n1/3)

n——+00

< limsupn_l/3 log(pP(EIu € T( ) V() = (uyn — s)n ))

n— 400

2.2 t d
<ho—2¢— inf <g,—s+”“ / : 2):_8.
1€[0,1] 2 Jo (8s— fs)

Using the Borel-Cantelli lemma, almost surely for any n > 1 large enough and u € Tf o WE
1/3

have V (u) < (guj/n — &)n
By this result, almost surely, for n > 1 large enough and for k < n, the size of the kth generation
in T(;’i . is given by

(m) _
Z n Z 1 {|u|=k} I{V(u D=(gjm— —e)nl/3 j<k}-

ueTf(n)E

Using the Markov inequality, we have

n
P(Hk <n: Z]E") > enl/3hk/u) < Ze*nlmhk/nE[Z]E”)].
k=1

We now provide a uniform upper bound for E(Z,E")). Applying Lemma 2.1, for any 1 <k <n
we have

o -5
E[Z,"] = PE[e™ ™ V5,17, e 5.5 e )]
(t —enls3 )
< pe (fk/n e)n P(S/ e [(fj/n o 8)n1/3, (g//n _ 8)}’11/3],] < k)

Let A € N. For any a < A we write m, = |na/A] and f = infse(a/a, (a+1)/4] fs- For any
k € (mgy, mgy41], applying the Markov property at time m,, and Theorem 2.1 we have

252 ralA g
T-0 S

E[2"] 5exp[(ho—2g)n1/3 —n1/3(iw —e+—— | ﬁ)]
S
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As ho= f; +h; + ”22”2 fot %, letting A — 400 we have

limsupn~!/3 logP(EIk <n: Z]En) > 6"1/3hk/") < —e¢.

n—-+00

Consequently, applying the Borel-Cantelli lemma again, for any n > 1 large enough we have

Vk<n,  log#{ueT}

Fletlul =k} < n'Phys

which concludes the proof, by Lemma 4.1. ]

Similarly, we prove that the branching random walk with selection is bounded from above by
Le(h0+25)”1/3j independent branching random walks with a killing boundary.

Lemma 4.3. We assume (1.1), (1.2) and (1.3) hold. For any continuous positive function
h and ¢ > 0, there exists a coupling between (Té’n), V) and i.i.d. branching random walks

((T/, V7)Y, j = 1) such that almost surely for any n > 1 large enough we have

e(h0+2£)n1/3
vesno ) v s 2L 2 Wwiwstemon izdvia:  43)
ueTy, Jj=1" ueTi
lul=k

lu|l=k

Proof. Let n € N and ¢ > 0, we denote by p = Le(h°+2‘9)"]/3j and by i‘?) . the disjoint union

of T/ ("18 for j < p.Forue ’T‘(;’ia, we write V(1) = V/ (u) if u € T/. Similarly to the previous

lemma, the key tool is a bound from below of the size of the population at any time in 'f‘(}’

any 1 <k <n, we set

)
o For

)
28 =Y Y=o ) <(g;m—em's j<k)  and
ey

0
Z8 =Y W= Ly il v ) =(ey e/, <k

ue,

For any ¢ € (0, 1), applying Corollary 3.2, we have

limsupn~!/3 logP[ffng < e(h’+5)”1/3] < —3¢.
n—-4o00

Let A e N, fora < A we set m, = |na/A]. By the Borel-Cantelli lemma, almost surely, for any
n > 1 large enough we have

Ya < A, logz(,',?an(ha/A + ).
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We extend this result into a uniform one. To do so, we notice that Theorem 3.2 implies there
exists 7 > 0 small enough and A > 0 large enough such that

inf P[3jul =n:Vk <n, V) = =An'7] > r.
ne

Consequently, every individual alive at time m, above f,, an'/3 starts an independent branching

random walk, which has probability at least r to have a descendant at time m 41 which stayed
at any time in k € [mg, mg41] above (fu 4 — AA™3)n1/3 We choose A > 0 large enough, such

that AA~!/3 < &. Conditionally on F,, , infrefmg,my 1] Z,({”) is stochastically bounded from below

by a binomial variable with parameters Z(,:' a) and r. We conclude from an easy large deviation
estimate and the Borel-Cantelli lemma again, that almost surely for n > 1 large enough we have

Vk <n, logZ,((n) an/3hk/n.

Applying Lemma 4.1, we conclude that for any k < n, ZueT? =k Svay X 2, cm =k OV @)-
n)’ f—& -
(]

Using Lemmas 4.2 and 4.3, we easily bound the maximal and the minimal displacement in the
branching random walk with selection.

Proof of Theorem 4.1. The proof is based on the observation that for any x; > x> > --- > x),
and y1 = y2 > - = yg, if 20 8¢, < 209 8y, then p < g, x1 <yiandx, <y,

Let n € N and ¢ > 0, we denote by p = Le(ho_z*’)”mj and by p = Le(h0+25)”1/3j. Given
(T4, V), j € N) ii.d. branching random walks, we set Ti@ . (respectively, Tg?i .) the disjoint
union of ij-lig for j < p (resp., j < p). Foru € "l:(;lg, we write V(u) = V/ (u) if u € T/. By
Lemmas 4.2 and 4.3, we have

max V) < Mfl‘ < max V(u).

(n

ue’i‘(;la,lulzn ueTffs,lu\:n

For any § > —hg, we denote by g° the solution of the differential equation

g5+n262 /’ ds _ho+S.
' 2 Jo (& —f9)?

Applying the discussion at the beginning of the proof of Theorem 3.1, we observe that g’ is
well-defined on [0, 1] for & in a neighbourhood of 0. We notice that g” = g and that § — g° is
continuous with respect to the uniform norm. Moreover,

P( max V(u) > g‘lsnl/3> < P(E!u € /T\(;.ng V) > gl‘su‘/nnlﬁ)

uET(fnlg,lu\=n

< PP@lul <n: V@) = gyun'"?).
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Consequently, using Lemma 3.1, we have

limsupn_l/3 logP< max  V(u)> g‘lsnl/3>

n—+00 ueT(") Jul=n

<ho+2e— inf g+ 7o’ / ds
=10 - .
el 2 Jo (- fi+e)?

For any § > 0, for any ¢ > 0 small enough we have

limsupn™ 1/310gP( g‘S 1/3) 0.

n—+o00
By the Borel-Cantelli lemma, we have limsup,,_, , 3/,1/; < g‘ls a.s. Letting § — 0 concludes the
proof of the upper bound of the maximal displacement.
To obtain a lower bound, we notice that

u)=:‘

P(M)} < (g —2¢)n'7) < P( max V() < (g) - 28)”1/3>

ue'i‘(f'-lzs,lulzn

< P(max V() < (g — 28) 1/3>ﬁ.

lul=n

We consider individuals that stayed at any time k < n between the curves nl/3( Sik/n — €) and

nl/3 (gk_/‘sn —¢). Applying Corollary 3.1, for any 6 > 0 small enough, for any ¢ > 0 small enough,
we have
1/3 — 1/3
}zlinfolgn logP(3lul =n: V) > (g7° —2¢)n'/?)
> — sup gl —e+ no / ds >e—ho+4
- - - - 0 :
ref0.1] 2 Jo (&~ fo)?

Asa consequence,

liminfn—1/3 log( logP(M,i‘ < (g‘lS — 28)]’11/3)) >45—e.

n——+00

For any § > 0 small enough, for any ¢ > 0 small enough, applying the Borel-Cantelli lemma we
have

h

M
liminf 75 2 g1 ~2¢  as.

Letting € — 0 then § — 0 concludes the almost sure asymptotic behaviour Mfl’.
We now bound mh By Lemma 4.3, almost surely for n > 1 large enough, the Le”1/3hljth
rightmost individual at generation n in T( )8 is above m . Therefore for any x € R, almost
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surely for n > 1 large enough,

Louhsrnizy <1 13,

}

{#{uefiﬁlla:lu\:n,V(u)zxn1/3}26h1"
Let § > 0. By Lemma 3.1, we have

limsupn ™'/ logP(Ju € Tif’is V) > (g,‘f/n —&)n'?) <ho— (ho+ 8 —e).

n—-+00

Consequently, for any § > 0, for any ¢ > 0 small enough, almost surely for » > 1 large enough

(n

the population in T ¥ ) . at time k belongs to / k("). We write

Z(") (x) = Z 1{|M\=n}1{V(u)2xnl/3}l{V(uj)f(gi/n—s)n1/3,‘/'571}‘

wed®,

By Lemma 3.2, we have

2.2 ot
no ds
limsupn ™3 logE[Z™ (x)] < ho — (x+ f ) <gl—8—x.
—>+00 [ ] 2 Jo 2= f02) "

For any 6 > 0, for any n > 1 large enough we have Z(")(g‘lS —hy) < ehlnm, yielding

limsupn_1/3mz < g‘f —hp a.s.
n—+00

Letting § — 0 concludes the proof of the upper bound of mZ
The lower bound is obtained in a similar fashion. For any ¢ > 0, we write k = [¢n'/3 . Almost
surely, for n > 1 large enough we have

Z v = Z 8V (-

4 h
ueT(f”lE uET(’l)

lu|l=n—k lul=n—k

. . . . . 1/3 .
This inequality is not enough to obtain a lower bound on mZ, as there are less than ¢ in-
dividuals alive in 'i‘(”z . at generation n — k. Therefore, starting from generation n — k, we start
a modified branching-selection procedure that preserves the order < and guarantees there are

h nl/3 . .. . .
e ] individuals alive at generation 7.
In a first time, we bound from below the size of the population alive at generation n — k. We

write, for 6 > 0and n >0

(n) —
XV = Z 1{|u|:n—k}I{V(M‘/_)S(g;/i_8),,1/3,5(,,_[)58,,"1/3’an_k}.

ue’i‘y.‘ig
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By Lemma 3.3, we have

2.2 pl

oo ds
liminfn™ /3logE xm™ >h0—28—<(f1—8)+ / )
oS (x™) 2 Jo &= f)?

=8—¢e+(g° — f).

Consequently, using the fact that for p i.i.d. random variables (X ;), we have

4E(X?)
ZX < PE(X)/2| < <ol

for any ¢ > 0 and § > 0 small enough, Lemma 3.3 leads to

limsupn ="/ logP(X™ < e<<g75—f1>+a>n'/3) <n+hy—8—¢e—(hy—2e).

n——+00

For any £ > 0, choosing § > 0 small enough, and € > 0 and > 0 small enough, we conclude by
the Borel-Cantelli lemma that almost surely, for n > 1 large enough

#{u € 'i‘y-llg Hul=n —k} > exp(n1/3(h1 - 5))-

In a second time, we observe by (1.1) there exists @ > 0 and o > 1 such that

E( > 1{V(u>za}> > 0.

Jul=1

We consider the branching-selection process that starts at time n — k with the population of
the (n — k)th generation of T®™ | in which individuals reproduce independently according to the
law L, with the following selection process: an individual is erased if it belongs to generation
n —k + j and is below n1/3f(,,,k)/,, — ja, or if it is not one of the P hokt rightmost
individuals. By Lemma 4.1, this branching-selection process stays at any time n —k < j <n
below (T( ) V) for the order <. Moreover, by definition, the leftmost individual alive at time n
is above nl/%(f(n,k)/n —¢&—ag).

We now bound the size of the population in this process. We write (X ;, j € N) for a sequence
of i.i.d. random variables with the same law as Z|u|=l 1{v )>—q)- By Cramér’s theorem, there
exists A > 0 such that for any n € N, we have

n
P(fo < nQ) < e M
k=1

Consequently, the probability there exists j € [n — k, n] such that the size of the population at
time j in the branching-selection process is less than

: 13 1/3
min(gk+]7ne(h(nfk)/n7§)” / ’ehj/nn / )
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decays exponentially fast with n. Applying the Borel-Cantelli lemma, for any ¢ > 0, there exists
& > 0 such that almost surely for n > 1 large enough, the number of individuals alive at genera-
tion n in the bounding branching-selection process is Leh1”1/3j. On this event, mf; is greater than
the minimal position in this process. We conclude, letting n grows to +o00, ¢ and ¢ decrease to 0

that

h 252 rlyg
liminf % > ho—hy — 22— [ L2 4
n—+oo pl/3 2 Jo h%
completing the proof of Theorem 4.1. U

An application of Theorem 4.1 leads to Theorem 1.1.

Proof of Theorem 1.1. Let ¢ > 0, we denote by ¢ : n — Le‘"’mj and by (T?, V) the branching
random walk with selection of the ¢ (n) rightmost individuals at generation n. For n € N we write

M,‘f = max V(u) and mf = min V(u).
ueT?,|u|=n ueT?,|u|=n
Lete>0andn e N, weset k= |ne] and h : t — a(t + ¢)'/3. Applying Lemma 4.1, we can

couple (T?, V) with a branching random walk with selection of the en'h. rightmost individuals
(T?n), V) in a way that

2 V= 2 v s 2 Oy wy+md (4.4)
MET?) ueT?® MGT?

’ jul=n m
lu|=n—k lul=n—k

In effect the population at time k in T? is by definition between mf and M,‘f, and there are
""" *hin individuals alive at generation k 4 j.

Applying Theorem 4.1, we have

¢ ¢ h 2.2 pl—eg
M, — M M7 o d
limsupnliﬂ‘ < limsup ;’Sk <ae!? — / * T3 S.
n—s+too NV n—+too Y/ 2 Jo (aGs+e)l3)
as well as
¢ [ h 2.2 pl-¢
—m m, _ oo ds
liminf —"———% > liminf ——% > —a — —/ ————  as
n—+oo pnl/3 n—+oo nl/3 2 0 (a(s +#)'/3)?
As limg_, fol_g m = a% for any § > 0, for any ¢ > 0 small enough we have
¢ ¢
M, — M 37-[2 2
lim sup . len) U +46 a.s.

n—+00 nl/3 o 2a?
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We set p = |— }ggZJ, and observe that
My? . 1 2 & M¢ MLS”"nJ
Jj=0
¢ Y 0
< Zsj/3 M =My, N sup; -, M
= (e7n)1/3 PRVE

Using a straightforward adaptation of the Cesaro lemma, we obtain

m? _ —3n%2/Q2a%) +5

limsu
TR
Letting ¢ — 0 then § — 0 we have
i M"j 3r2c?
imsu - a.s
n—>+cx1>) n1/3 - 2a?

Similarly, for any § > 0, for any ¢ > 0 small enough we have

limi fmn "M en) 3n202 5
n1£>n—&l-rc}o nl/3 Z—a a2 a.s.
Setting p = [— igig] and observing that
é ¢ . o
lein] = M eitin lnfj§e—2mj
(gjn)1/3 nl/3 s

we use again the Cesaro lemma to obtain, letting ¢ then § decrease to 0,

m¢ 3r2g?
hmlnf— - — —— a.s.
n—-+oo pl/3 = 2a?

To obtain the other bounds, we observe that (4.4) also leads to

¢ h ¢ 2 2 pl—e 2 2
M M'  +m d 3
liminf =" > liminf 2% __ 7k > 29 / L PR PAVE
n—+oo n n—+00 nl/3 2a2 0 (s + 8)2/3 242
by Theorem 4.1 and (4.6). Letting ¢ — 0 we have
¢ 37202

(4.5)

(4.6)

a.s.
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Similarly, we have

. mf . mﬁ_k + MZ) n2e? 17 ds
lim sup —5 = lim sup —q5  =—a- 3 373 a.s.
n—+oo N / n—+00 nl/ 2a 0 (s+e) /
using Theorem 3.1 and (4.5). We let ¢ — 0 to obtain
. mf - 3262
imsup —= < —a — ——— a.s.
n%+o£) nl/3 = 2a? U

The careful reader will notice that, for almost any a € R there exist @ # a such that

n 3n26?2 37202
a+———=a+——.
2a? 2a?

With this notation, both the branching random walk with selection of the ¢ ! rightmost indi-

. . . . . - 1/3 .
viduals at generation n and the branching random walk with selection of the " / rightmost
ones are coupled, between times en and n with branching random walks with the same killing

. 2.2 . .
barrier f :t €[e, 1]+~ (a + 3’;Tg)tl/ 3, the difference between the processes being the number

. o . o ege . . . 1/3 Vi 1/3
of individuals initially alive in the processes, respectively %) " and e

Appendix: Notation

e Branching random walk (T, V):
— T: genealogical tree of the process;
— u € T: individual in the process;
— : initial ancestor of the process;
— V(u): position of the individual u;
— |ul: generation at which u belongs;
— ug: ancestor of u at generation k;
Q (u): set of sibling of u;
— L:law of (V(u), lu| =1).
e Many-to-one lemma:
— Py:law of (T, V + x);
— Pr =)=, €V - Py the size-biased law;
- ﬁx: law of (T, V + x, w) the branching random walk with spine.
e Branching random walk with a killing boundary:
— f, g: continuous functions on [0, 1];
= BV =1fk/mn', gUe/mn' 1
- Tgc") ={ueT:|jul<nVj<lul,Vu;) > n'/3 f(k/n)}: subtree of T, the genealogical
tree of the branching random walk with killing boundary.
e Branching random walk with selection:
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¢ : N — N: size of the population;

T?: sub-forest of the disjoint union of ¢ (0) i.i.d. trees with the same law as T, the ge-
nealogical tree consisting at each generation n the ¢ (n) rightmost children of the indi-
viduals alive at generation n — 1;

h: continuous positive function;

~ Th, =T% where ¢ (k) = [e" /M |,
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