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For nonparametric regression with one-sided errors and a boundary curve model for Poisson point pro-
cesses, we consider the problem of efficient estimation for linear functionals. The minimax optimal rate is
obtained by an unbiased estimation method which nevertheless depends on a Holder condition or mono-
tonicity assumption for the underlying regression or boundary function.

We first construct a simple blockwise estimator and then build up a nonparametric maximum-likelihood
approach for exponential noise variables and the point process model. In that approach also non-asymptotic
efficiency is obtained (UMVU: uniformly minimum variance among all unbiased estimators). The proofs
rely essentially on martingale stopping arguments for counting processes and the point process geometry.
The estimators are easily computable and a small simulation study confirms their applicability.
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1. Introduction

For regression models
Yi=g(i/n)+e¢i, i=1,...,n, (1.1)

the estimation of linear functionals of the regression function g is well understood if (g;) are
uncorrelated with mean zero and variance o2 > 0. Then the discrete functionals

n
) _ l . . . .
¥ gi/mw(i/n) for some function w : [0, 1] > R (1.2)
n
i=1

can be estimated by the plug-in version Dy = % " Yiw(i/n) without bias and with vari-

ance ‘;—j Z?zl w(i/ n)z. By the Gau8—Markov theorem, 19,1 has minimal variance among all lin-

ear and unbiased estimators. In the Gaussian case, z?/‘n is even UMVU (uniformly of minimum
variance among all unbiased estimators). In the corresponding continuous-time signal-in-white-
noise model dY (t) = g(t)dt + on~Y2dw,, t € [0, 1], with a Brownian motion W and some
g € L?([0, 1]) the plug-in estimator D= fol w(t)dY (¢) is equally an unbiased estimator of

1
s =/ gw(t)ydt  for some w € L*([0, 1]) (1.3)
0

1350-7265 © 2017 ISI/BS


http://www.bernoulli-society.org/index.php/publications/bernoulli-journal/bernoulli-journal
http://dx.doi.org/10.3150/15-BEJ768
mailto:mreiss@mathematik.hu-berlin.de
mailto:leonie.selk@math.uni-hamburg.de

Efficient estimation of functionals in nonparametric boundary models 1023

of variance ‘:—12 fol w(t)? dt. By the Riesz representation theorem, we can thus estimate any linear
L?-continuous functional of g with parametric rate n~!/2.

In certain applications, however, the function g is determined as the boundary or frontier func-
tion of the observations, which can be modeled equivalently by one-sided errors (¢;). The proto-
typical case is that (¢;) are i.i.d. with &; > 0 and for some A > 0

Pei<x)=ax+0(x*) asx |0, (1.4)

for example, &; ~ Exp(}). In that case, the parametric rate for the location model (i.e., assuming g
to be constant) is with »~! much faster than in the regular case. These irregular statistical models
have also found considerable theoretical interest, for example, in the recent work by Baraud
and Birgé [2]. A rate-optimal estimator is given by the extreme value statistics min; );. For the
nonparametric problem of estimating the function g in L2-loss, the optimal rate is n~#/(B+D for
g in a Holder ball of regularity 8 € (0, 1] and radius R > 0:

geCP(RY=1{f:10,11— R|¥x,y €[0,11: | f(») — f(x)| < Rly — x|} (1.5)

This is achieved by a local polynomial estimator g, , as in the regular case, see, for example,
[9] for a construction and a survey of the large literature on that topic. A plug-in estimator D =
fol 8n.h, @¥)w(x)dx with optimal bandwidth £, to estimate ¢ in (1.3) can achieve at best the
rate n~#/(B+1/2) This is due to a pointwise bias of order ## and a pointwise variance of order
(nh)~2, which after integration and by using independence results in a total mean squared error
of order h*# +n=2h~! for the plug-in estimator. The standardised rate n~#/#+1/2) is not optimal
and for B < 1/2 even slower than n~'/2 in the regular case. At the heart of the problem is the
usual nonparametric bias bound, which cannot be improved by averaging.

Here we show that the optimal estimation rate for 9™ under one-sided errors is
n~B+1/2/(B+D) for ¢ € CP(R). The improvement over the plug-in estimator is achieved by an
unbiased estimation procedure. The bias is exactly zero for the case of exponentially distributed
errors and it is asymptotically negligible under (1.4) for 8 > 1/2. Compared with standard non-
parametric results, it is remarkable that an unbiased estimator can be constructed whose rate is
nevertheless worse than the parametric rate (n~! in this case). The risk bound comes from a
trade-off between two terms in the variance instead of the usual bias-variance trade-off.

As for mean regression with the signal-in-white-noise model, also for one-sided errors an
analogous continuous-time model is most useful in exhibiting the main statistical structure. It is
given by observing a Poisson point process (PPP) on [0, 1] x R of intensity

Ag(x,y) =nl(y > g(x)), xel0,1],y eR, (1.6)

see, for example, [11] or [4] for point process properties and Figure 1 below for an illustra-
tion. For sufficiently regular g, this model can be shown to be asymptotically equivalent to the
regression-type model (1.1) with A = 1 in (1.4), cf. [18]. At the same time, this serves as a canon-
ical model for support boundary estimation from i.i.d. observations. For instance, Girard and
Jacob [6] propose projection based estimators for g in this model class and derive convergence
rates as well as limit distributions, already relying on bias reduction techniques. Also Bibinger,
Jirak and Reif} [3] use it as an agnostic model for limit order books in financial markets.
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Figure 1. Construction of Hblock Circles indicate PPP observations (X i, Yi), crosses blockwise minima

Y} and horizontal lines the upper boundaries ¥;* + RihB.

We first develop the methods in the fundamental PPP model for ¢+ from (1.3) and then transfer
them explicitly to the discrete model (1.1). By a blocking technique, ¥ can be estimated without
bias and at the minimax optimal rate. The method is then extended to the one-sided regression
setting. Using Lepski’s method, we are then able to provide also an adaptive estimator, that is an
estimator which does not rely on the smoothness parameters 8, R and still attains the minimax
rate up to a logarithmic factor. In a second step, we can even construct an estimator of % which is
UMVU. This non-asymptotic efficiency result is based on a nonparametric maximum-likelihood
approach, where the maximum-likelihood estimator (MLE) gMLE is not only explicit, but also
forms a sufficient and complete statistics. In parallel with Gaussian mean regression, we thus
have the UMVU-property of the estimator, but its asymptotic rate is worse than for parametric
location estimation. Still, we are able to prove its asymptotic normality and to provide a self-
normalising CLT such that asymptotic inference is feasible. The MLE approach equally works
for the class of monotone functions g.

The regression-type model (1.1) with one-sided errors and the PPP model (1.6) have a similar
structure as models considered for density support estimation or image boundary recovery prob-
lems. Let us review briefly the literature on functional estimation for these statistical models.
Many asymptotic results for the expected area of the convex hull for i.i.d. observations are based
on the classical results by Rényi and Sulanke [19]. Based on these results, the ideas of the present
paper have been used by Baldin and Reif} [1] to construct an UMVU estimator for the volume of
a convex body. For image recovery problems Korostelév and Tsybakov [13] describe already the
rate n~(BT1/2/(B+1) obtained for the functional fol g(x)dx. The upper bound is based on a lo-
calisation step and loses a logarithmic factor. By threefold sample splitting, Gayraud [5] has con-
structed an estimator achieving this rate exactly for the related density support area estimation.
An interesting linear programming approach is proposed by Zhirar, Yuditskii and Nazin [23].
Yet, these estimators are analysed asymptotically and lack the non-asymptotic unbiasedness and
UMVU property we have found here. Many other estimators are concerned with the estimation
of the density support set or the regression-type function itself, not of the area or other function-
als, let us mention the work by Mammen and Tsybakov [17] for connections to classification
problems. Specifically, a nonparametric MLE approach under monotonicity has been developed
by Korostelév, Simar and Tsybakov [12] for the asymptotically exact risk in estimating the den-
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sity support set in Hausdorff distance. In Gaussian mean regression a nonparametric MLE over
regular function classes is equivalent to a least-squares approach with roughness penalty, leading,
for example, to smoothing splines. Under shape constraints the MLE is a well studied object, see,
for example, [7], but usually results are derived asymptotically.

In the next section, we shall develop a simple block-wise estimator. Based on optional stop-
ping for an intrinsic martingale, we prove that it is unbiased under the PPP model and under
exponential noise in the regression-type model. For more general regression noise, the required
compensation cannot be achieved exactly, but it comes close to the model with corresponding
exponential noise. The third part of that section presents the adaptive estimator, while the final
part presents the lower bound implying that the rate is indeed optimal. The nonparametric MLE
approach is presented in Section 3, first for the class of Holder functions, then for monotone
functions. The derivation of the completeness of the nonparametric MLE and the stopping ar-
guments for the intrinsic martingale are intriguing. For the MLE under Lipschitz conditions, we
obtain central limit theorems which allow for feasible confidence sets.

In Section 4, we discuss some implications of the results, in particular concerning estimating
coefficients in a projection estimator approach. Extensions and limitations are mentioned and a
small simulation study shows that the estimators are numerically feasible and have satisfying
finite-sample properties. Most proofs are instructive and reveal some beautiful interplay between
statistics, probability and geometry such that in the Appendix we only provide some technical
lemmata (some of independent interest) and the more involved proofs of the adaptive rate and the
CLT. The notation follows the usual conventions. We write a, < b, or a, = O (b,) to say that a,
is bounded by a constant multiple of b, and a,, ~ by, for a, < by, as well as b, < a,,. Moreover,

~

a, = o(b,) means a, /b, — 0 and a,, < b,, stands for a, /b, — 1.

2. Simple rate-optimal estimation

2.1. Block-wise estimation in the PPP model

Let (X, Y;);>1 denote the observations of the Poisson point process (PPP) with intensity (1.6).
We shall estimate ¢ from (1.3) without any bias. To grasp the main idea, suppose that w(x) = 1
holds and that we know a deterministic function g : [0, 1] — R with the property g > g (point-
wise). Then the number of PPP observations below the graph of g is Poisson-distributed with
intensity equal to n times the area between g and g:

1
Z 1(Y; <g(X)))~ Poiss<n/ (3 — g)(x)dx).
= 0
This yields an unbiased pseudo-estimator 19 :

1 1
_ _ 1 _ _ _ _
19:/ gx)dx — ;Zl(Yi <gX)) = E[z?]zf (8—(—9)w)dx=0.
0 i>1 0
The larger the area between the graphs, the larger is the Poisson parameter and thus the variance
of ¥.
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Now, we shall define an empirical substitute for g, which by stopping time arguments keeps
the unbiasedness, but is nevertheless sufficiently close to g. We partition [0, 1] in subintervals
Iy = [kh, (k + 1)h) of length h with h~' € N and note that the block-wise minimum Y,j‘ =
minj;xje[k Y; satisfies Y,:‘ > min,¢y, g(x). By the Holder property of g, we conclude that g(x) <
Yy + RhP holds for all x € I; and thus Yy + RhP is a local upper bound for g, see also Figure 1.
We thus estimate the functional locally on these blocks by

O = (Y + RhP )iy — —Zl Xi € I, Y; < Y{ + RP)w(X)),

i>1

where wy; = % flk w(x) dx and the true local parameter is ¥y := %flk gx)w(x)dx.

Theorem 2.1. The estimator $°10%% = Z 0 1 5h satisfies with ||w||L2 = fo w(x)2dx

~ B 1
B[V = o, Var(Moek) < TR e,
n

In particular, the asymptotically optimal block size h < (2B8Rn)~V/ B+ yields

limsup sup n(2ﬁ+])/(5+1)var(1§block)
=00 geCh(R)

’3; QR B )2,

Proof. Let us study the weighted counting process

N() = Zl(x,» e, Y <Hw(X;), teR.

i>1
The pure counting process ) ; 1(X; € Ix, Y; <t) is a point process in ¢ with deterministic in-

tensity A, =n f I (t — g(x))+dx. Hence, (N(t),t € R) is a process with independent increments
satisfying (e.g., via Proposition 2.32 in [11])

E[N(t)] = /1; n(t — g(x))+w(x) dx, Var(N(t)) = /Ik n(t — g(x))+w(x)2 dx.

In particular, M (t) = N(t) — E[N(¢)] is a cadlag martingale with respect to the filtration
Fr=o(Xi, YDI(Y; <1),i > 1), teR, 2.1

with mean zero and predictable quadratic variation (M); = Var(N (¢)).
Now note that 7 := Y;" + RhP is an (F;)-stopping time with

P(t>1)= exp(—n/ (t = RhP —g(x)), dx)
Iy

(2.2)
< exp(—nh (t — gcnealfg(x) - Rhﬂ)>
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for t > max,ey, g(x) + RhP . In particular, 7 has finite expectation and Lemma A.1 on optional
stopping yields

E[M(D)]=0 = E[N(r)]:n/l E[(r — g)), Jwx)dx
k

and

Var(M(1)) =E[(M);]=n /Ik E[(r — g(x)), Jw(x)*dx.
Noting 7 > g(x) we have
E[(r —g), | =E[¥{]+ Rr¥ —g(x)  forallx € Ix.
The identity
D = Ty — %N(t) = — %M(r)
implies E[9;] = 9 and

. 1 1
Var(9;) = 3 Var(M (1)) = — /Ik E[Y{ + RhP — g(x)|w(x)?dx.

A rough universal bound, using that ;¥ — max,cj, g(x) is stochastically smaller than the mini-
mum in y of a PPP with intensity nl(x € Iy, y > 0), yields with a random variable E ~ Exp(nh)

E[¥] < E[max g(0) + £ < g(0) + RW + ()"
Xelf

This implies

. 2RhP h)~!
Var(z?k)g&/ w(x)2dx.
nh2 Iy

We conclude for the final estimator 9?10k = 22;1()_1 ) by the independence of (D) that
. . 2RRP + (nh)~! !
E[#P°K] =»,  Vvar(d"k) < 2RI+ ) / w(x)?dx.
n 0

Finally, insertion of the asymptotically optimal 4 yields the variance bound. (]

2.2. Blockwise estimation in the regression-type model

We consider the equi-distant regression model (1.1) where (g;) are i.i.d. satisfying (1.4). The
primary example will be &; ~ Exp(A), but any distribution on R* with a Lipschitz continuous
density f; at zero and f;(0) = A will be covered, as soon as some loose tail bound at infinity
holds.
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Since the observation design is discrete, our parameter of interest becomes © ™ from (1.2). In
analogy with the PPP case we build an estimator for 9 = ﬁ D iy g(i/n)w(i/n) on each block

of indices fk ={i:kh < ﬁ < (k4 1)h}, where h~! nheN:

1 . _ . .
D= — Z(yi A (VE+ RRP) =271V < Vi + RRP))w(i/n). (2.3)

iely

Here, Y} = min,_; ) is again the minimal observation on each block. In contrast to the PPP-

A4S i k
estimator, the empirical upper bound for g on I is given by the minimum of ;" + RhP and ),
which for the rate-optimal choice of &, however, has negligible impact. We obtain the following
result where |wl|, = (% Y |w(i/n)|P)V/P denotes the standardised £7-norm.

Theorem 2.2. Let the i.i.d. error variables &; satisfy (1.4) as well as Fo(y) = P(g; > y) <
~ —1 ~

(1 4 y)=° for some p > 0. For g € CP(R), the estimator ¥P°* = ZZ:O_I Urh satisfies for

h — 0 with nh — oo uniformly inn,h, R, B

B[Pk — 9™]| < (RRP + () ™)l

Var(32°°%) < h(RRP + (i)"Y w3,

In particular, uniformly over > Bo > 1/2, R < Ry < 00 we obtain with the rate-optimal block
size h ~ (Rn)~1/(B+D

(E[3% = 9])? = o(Var(3;')).
Var(lﬁ,’l;lock) < Rl/(ﬂ+1)n_(2ﬂ+1)/(ﬂ+l)||w||%.

In the case ; ~ Exp(L) we have for any B € (0, 1], R, A > 0 the more precise result

2RhP + (nrh)~!
S e

E[é}:lOCk] =9, Var (B}’)lock) -
n

2
wll3.

Remark 2.3. The result and proof for ¢; ~ Exp(A) are exactly as in the PPP model. For other
distributions of €; the estimator is only asymptotically unbiased, but for Holder regularity 8 >
1/2 the bias is negligible with respect to the stochastic error. A side remark is that for strong
asymptotic equivalence with the PPP model in Le Cam’s sense the necessary minimal regularity
B > 1 is higher, see [18].

Proof. Fix a block with index k and consider for t € R

M) = (10 <1) +log Fe (Vi At = g(i/m))w(i/n). (24)

ieik
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With respect to the filtration F; = o (V;1(); <1),i € I, M (1),t e R) defines a martingale
with E[M ()] = 0 and quadratic variation (M), = Zlei (—logF ()i ANt — g(i/m)w(i/n)?:

just note that the compensator of ) ._ A 1(); < t) equals the integrated hazard function

Zieik fo iAT=g(i/m) Fe(s)"1dF.(s). Moreover, T := yk + RhP is a stopping time with respect
to (F;). From the representation

~ 1
b=t = — (Z Ge(Vi AT — gli/m)wii/n) M(r))

i€l
) 2.5)
with G¢(z) := Az + log F¢(z)

and the stopping Lemma A.l in combination with E[t] < co due to the moment bound from
Lemma A.2 below we conclude

1
E[% — o] = T E[Ge (Vi AT —gli/m)]w(i/n).

lEIk

In the case & ~ Exp()), we have log(F:(z)) = —Az, that is G.(z) = 0, and the estimator is
unbiased.

By Assumption (1.4), there is some § > 0 such that G.(z) = 0 (z?) holds for z € [0, 8]. For
z > 8, we have also G, (z) < Az = 0(z?) and G (z) > —|log(F:(z))|. By Lemma A.2, Cauchy—
Schwarz inequality, monotonicity of F, and F.(g;) ~ UJ0, 1] this leads to

|[E[D — 0]
< EL(t — g(i/m)*] + Ellog(Fe (Vi — 8(i/m)))*1"> P(|log(Fe(r — g(i/m))| > §)'/2
~ = nh
ielx
x |w(i/n)|

_ Bl - g(i/n))*]+ Ellog(Fe(61))*]'/> P(Fe(min; ; & +2RhP) < e )1/
NZ nh

iely

x |w(i/n)|

RhP + (nh)™1)? + F.(F; '(e7%) — 2RWP)"/2 _
<! (nh)~") n<h (e7?) ) 3 Jwii/m)|

ieik

With &~ — 0 and nh — oo the second term in the numerator converges geometrically fast to zero
and the assertion for the bias of ¥P1°°k follows.
For the variance bound we use Var(A + B) < 2Var(A) + 2 Var(B), Var(Zle[k Aj) <

nh Zlelk IEE[A2 1, 1Ge(2)| Sz 4+ |log F.(2)|1(z > 8) and the stopping Lemma A.1 to obtain in
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analogy with the bias part:

Var(f?k) . Ah)z Var<z G, J), AT — g(l/n))w(l/n) M(‘L’))

el
2 . = . .
< W Zi:IE[(nhGg(yi AT — g(l/n))2 + |10g Fg(y,' AT — g(l/n))|)]w(l/n)2
iely
El(z — g(i/n))*1 + E[| log Fe(e:)|*]'/> P (F¢ (min, _; &; +2RhF) < =)/

<3 ( nh

ieik

E[t — g(i/n)] + E[|log F.(¢;)|*]1'/? P (F, (min, _; & + 2RhP) < e=9)1/2
+
(nh)? )
X u)(i/n)2

< (RRP + (nh)™")? + (RRP + (nh) "D (nh) ™" + Fo (F ' (e™*) — 2RIPY™/2
~ nh
X Z w(i/n)2
ieik

g —1y2
< (Rh +n(}:lh) ) Zw(i/n)z.

ieik

For the global estimator, we infer Var(zg‘};]"d‘) < h(RhP + (nh)’1)2||w||% by independence
of (9). It remains to insert the rate-optimal choice of 4 and to note that n—4BIBED =
o(n=@B+D/(B+1)y holds for B > 1/2.

Finally, in the case &; ~ Exp(A) we have E[)} — max; g(i/n)] < (nxh)~! and Var(%y) =
E[(M).]

e Consequently,
- E[V; +Rh? —g(i/m)] 5 2RhP + (nih)™! s
Var(d;) < Z o wii/n)? < = Z w(i/n)
iely iely
which by independence gives the asserted bound for Var(ﬁ,E]OCk). (]

2.3. Adaptive estimation

We now address the question of choosing the block size 4 in a data-driven way, not assuming
the regularity parameters R and B to be known. We apply Lepski’s method [16] and treat the
general regression-type model (1.1). The main technical work is devoted to obtaining explicit
critical values in Proposition A.4 of the Appendix. To this end, the critical values are defined via
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the compensator of an exponential counting process and are thus itself again stochastic. While
an explicit non-asymptotic risk analysis is clearly possible, we focus here on the asymptotic
risk, showing that by the versatility of Lepski’s method rate-optimal adaptive estimation up to
logarithmic factors is indeed possible in our non-regular situation.

For a choice n_l(logn)2 <hy <---<hy <1 of block sizes h,, with h;l, nh,, € N consider
the corresponding blockwise estimators

h 11
hlock = Z ST A kg, + @ha) ) =271 <V, + ()T w(i /),

k=0 tEIk hm

where the subscript £, marks all quantities depending on the block size. Remark that the inter-

cept Rhg, in (2.3) has been replaced by the asymptotically balanced size (nh,,)~"!, which does
not depend on the unknown R and 8. Among (h,,)1<m<m We select the block size adaptively via

b= inf{hm|EIm' <m: ’zg‘,?lzcﬁ L?blOCk | > Kmal + K } ANhy

with critical values (k; denotes the block k with i € fk)

n

Km = Z(l(yz = y]z’hm + (nhm)_l)
iz nihy,

H«/clogn(hl/zw(i/n)) (Cclogn)?|wlly  «/clogn
1/2 (nh) 22 2nahy*

Here, the function H,(y) = w — |y| and the constant C > O with property |Az +
log(f_f}(z))| < C%72 for z € [0, 8] are used and ¢ > O is specified below. Asymptotically, we
have Hy(y) ~ xy? as xy — 0 and C ~ —(fl0) + fe (0)?) in the case of a differentiable density
fe of & around zero (note C = 0 for &; ~ Exp(1)). Then the proof in the Appendix yields the

following risk bounds.

Theorem 2.4. Assume g € CP(R), sup, [w(x)| < oo and that fe/Fe is bounded. The adaptive
estimator z‘/‘bl‘)Ck ﬁblOCk satisfies with h* := sup{h,, |Rhﬂ < (nhy)~YY Vv hy and for x € (0, 1),
n sufficiently large

E[(Dplok — ﬁ(”))zl(ﬁ <] S M(n¢ 4+ n1729/2),

N . 2. n (logn)* Mlogn
E[(ﬁi?lmk - 93,129() l(h z h*)] 5 (nh*)4 nZh*

Choosing ¢ > 51~ v 2 and asymptotically ho ~ (logn)?n=", hy, ~ hog™ form =1,..., M,
q > 1, M ~logn, the adaptive estimator exhibits the asymptotic rate

E[(l?;’ll)lock _ 1}(}1))2] g (logn)zn*(2ﬂ+l)/(ﬂ+l) + (logn)4n74,3/(ﬂ+1)

In particular, for § > 1/2 the estimator achieves the minimax optimal rate up to a logarithmic
factor.
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Remark 2.5. The oracle-type block size h* is the largest block size among (hy,) such that f}}l”lzCk
remains unbiased, except for the distribution bias induced in the case g; ~ Exp()). As the proof
shows, in the case &; ~ Exp()) not only the critical values (C = 0), but also the bounds simplify.
We obtain I[‘E[(f?,?loCk — 5};}221()21(;1 >h*)] < % and thus the minimax optimal rate up to a
log-factor for any B > 0.

More elaborate arguments in the proof could give a smaller exponent for the logarithmic
factor, but it is quite likely that some logarithmic factor has to be paid necessarily for adaptation,
cf. (9] for a related result. Similarly, the hypotheses that w and f:] F, are uniformly bounded are
certainly not necessary, but permit more concise and transparent bounds.

2.4. Rate optimality

We prove that the rate R/ 2842, =(B+1/2/(B+1) j5 optimal in a minimax sense over C# (R). The
proof is conducted for the PPP model, the regression case with ; ~ Exp(}) can be treated in the
same way.

Theorem 2.6. For estimating ¥ = fol g(x)w(x)dx, w e L%([0, 11), over the parameter class
CA(R), B € (0,11, R > 0, the following asymptotic lower bound holds:

liminfinf sup R™VEFDR@QAED/ BT | 2R [(D, — 9)?] > 0.
00 B, geCh(R)

The infimum extends over all estimators 1§n from the PPP model with intensity (1.6).

Proof. The proof is based on a Bayesian risk bound, which clearly provides a lower bound
for the minimax risk, see [13] for similar approaches. Take an independent Bernoulli sequence
(er), thatis, P(ex =1) = p, P(ex =0) =1 — p with p € (0, 1), and set for a triangular kernel
K(y)=2min(y, I — y)1j0,1;(y)

-1
g)= ) egr(x)  with g(x) = cRIP K ((x — kh)/h),
k=0

where & € (0, 1) with 2~! € N will be chosen later. Then for ¢ > 0 sufficiently small, we have
g € CP(R) for all h and all realisations of (¢). We interpret this specification of g as a prior on
CP(R) and we shall make use of the independence of prior as well as the observation laws on
different blocks Iy = [kh, (k + 1)h). For each k, we obtain from the Bayes formula the posterior
probability given the observations of the PPP in interval I (cf. the likelihood derivation in (3.1)
below)

pe" S 1(YX; € I 1 ¥; > g (X))
1—p _|_pe”f8k ’

Using that g; are 0—1-valued, we have & = E[ex|(X;, ¥;);>1] and Var(eg|(X;, ¥;)i>1) = & (1 —
&x). Therefore, the Bayes-optimal estimator of © under squared loss is given by the posterior

o= Pex = 11(Xi, Y)iz1) =
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mean
h1-1

D= Z ?:k/ gr(@w(x)dx.
k=0 Ik

Using independence and E[&; — g] = 0, its Bayes risk is calculated as

h1-1 2
E[ —9)*]= > Var(a —gk)</l gk(x)u)(x)dx>
k=0 k
h1-1 2
= Z E[Var(f?kl(Xi,Yi)izl)](/ gk(x)w(x)dx>
k=0 Tk
-1

= p(l—p) (/ . )2
k=0 (1—P+pe"fgk)2 Ikgk(x)w(x) x| .

We now choose /& = [(cRn)Y/B+D7~1 such that n flk gx(x)dx = cRhP*'n < 1 holds. Then the
Bayes risk is bounded in order by

_|_1

h 2
E[(5 — 9)21> R2p2B+! (/ K((x — kh)/h) d) |
[( ) ]N g I ”K((._kh)/h)”sz(x) X

The same argument over the shifted blocks I; = [(k 4+ 1/2)h, (k + 3/2)h) implies that the mini-
max risk is bounded by the maximum (and thus the average) over the respective Bayes risks:

2h1-2 2
inf sup Eg[(By — 9)%] = R2A+! Z </ K((x —kh/2)/h) w(x)dx) '
Du geCB(R) =y \Ji I1K((e=kn/2)/h)|l 2

The tent functions K ((x — kh/2)/h), k=0,1,..., 2h~! — 2 form a Riesz basis for their
linear span Vj, (see, e.g., Example 2.1 in [22]), which is the space of all linear splines with
knots at kh/2, vanishing at the boundary. This means that the sum in the last display is larger
than a constant times the L2([0, 1])-norm of the orthogonal projection of w onto Vj. As
Uh>0 V;, is dense in Lz([O, 1]), the L%-norm of the projections of w onto Vj, converges for

h — 0 to the L2-norm of w. Insertion of & ~ (Rn)~V/(B+D yields the desired lower bound rate
Rl/(ﬂ+1)n_(2ﬂ+1)/(ﬁ+l)”wHiZ. 0

3. Nonparametric maximum-likelihood

3.1. The MLE over C#(R)

Let us study the nonparametric maximum-likelihood estimator (MLE) in the class C P(R). Denote
by P, the law of the observations in the PPP model with intensity Ag(x,y) = nl(y > g(x)).
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Figure 2. Construction of gMLE in the PPP model (n = 100, left) and in the regression-type model

(n =100, &; ~ Exp(1), right) for # = 1. Thin lines indicate x = Y; + R|x — X ;| at observations on the

graph of gMLE

Then for g > go by Theorem 1.3 in [14] and the fact that the PPP intensities coincide outside the
compact set [0, 1] x [min gg, max g] we obtain the Radon—-Nikodym-derivative

dPp,
d Py

_eXP< /(g go)(X)dX> (Vi :Y; = g(X)).

A simple probability measure Py dominating all P,, g € C#(R) (where g need not be bounded
from below), is given by the PPP model with intensity Ag(x, y) = n(e” A 1) and yields again via
Theorem 1.3 in [14] the likelihood

dP,
dP()

_ (1M = 8(X)) ~ o )
_<1_[ ne¥i A1) )exp( n// YZg(x)) e Al)dydx

izl

:<1‘[e< Y>+1(Y,zg<xf>)>exp<—”/0 (= 1‘g("))d">

izl

1
= exp(n + Z(—Yj)+) exp(n/o g(x)dx)l(Vj >1:Y; > g(Xj)).

j=1

L(g) =

(3.1

The first factor is independent of g and we obtain thus the same structure as under Py, above.

The MLE over C#(R) is the function & that maximizes fol goverall g € CA(R) with g(X =Y
for all j. We can write explicitly

M (x) = 1}1>1111(Y,- +Rlx — X;1P),

since the right-hand side even maximises g(x) pointwise over the considered class of g, see also
Figure 2. The corresponding likelihood (with respect to n-dimensional Lebesgue measure) in the
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regression-type model (1.1) with ¢; ~ Exp(A) i.i.d. is given by
n n
LI (g) = A" exp(—k Zyl) exp(k Zg(i/n)) 1(Vi=1,...,n:Y; > g(i/n)).
i=1 i=1

The maximum-likelihood estimator over C#(R) is then similarly given by

gMLEreer(yy — min (Vi + Rlx —i/nlP), x €[0,1], (3.2)
i=1,...,n

see Figure 2 for an illustration of the two constructions of the MLE. They are both quickly
determined numerically. In the sequel, we shall focus on the MLE in the PPP model and only
hint at the parallel theory for the regression-type model under exponential noise. We abstain
from analysing the exponential MLE under non-exponential noise in the regression-type model
because the results must be asymptotic in nature and will be comparable to Theorem 2.2.

Proposition 3.1. The nonparametric MLE (§MYE(x), x € [0, 1)) is a sufficient and complete
statistics for CP(R).

Proof. By definition of gMLE the likelihood (3.1) can be written as

1
L(g)= exp(n + Z(_Yj)+> exp(n/ g(x) dx)l(g < é,MLE)
0

j=1

such that by Neyman’s factorisation criterion (e.g., [15]) gMLE is a sufficient statistics for this
parameter class.

Let us remark that by definition gMLE is an element of C#(R). Since C#(R), equipped with
its C#-norm, is not separable, we equip it with the Borel o-algebra generated by the uniform
(supremum) norm, which is generated by all point evaluations. Measurability of the estimator
gMLE is then easily established since all point evaluations gMLE(x), x € [0, 1], are measurable as
minima of countably many random variables.

For completeness, we now consider any statistic T : C#(R) — R satisfying E,[T (gMLE)] =0
for all g € C#(R), which is Borel measurable with respect to the uniform norm. For g € C#(R)
denote by [g,00) :={h € cP (R)|h = g} the “bracket” between g and oo, that is all functions
whose graphs lie above g. Noting [g, oo) N [k, 00) = [g V h, 00) where the maximum g V £ is
again in C#(R), the family {[g, 00)|g € C#(R)} is an N-stable generator of the uniform Borel
o-algebra in CP(R): for any xg € [0, 1], yo € R we have {h € C(R)|h(x0) = yo} = [yo — Rle —
x0|#, 00) by the Holder condition and {[yp, 00)|yo € R} generates the Borel o-algebra on R.

From E4[7 (§MLE)] = 0, we obtain by using the likelihood under Py

enf(g+1)E0[T(§MLE)eZ-"Z‘(_}/'i)Jrl(éMLE clg, OO))] =0.

Splitting T = T+ — T~ with non-negative T+,T~, we infer that the measures B >
Eo[Ti(gMLE)eZizl(_Yf)+1(§MLE € B)] agree on {[g, o0)|g € C#(R)} and thus by the unique-
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ness theorem for all uniform Borel sets B in C#(R), in particular for B = {T > 0} and
— {T < 0}. This implies T+ (gMLE)eXi=1("YD)+ — 7= (@MLE)Zj=1("Y)+ pia g and thus
T(gMLE) =0 P,-a.s. forall g € CP(R). O

In analogy with the block-wise estimator #P1°k we set
1
n . 1 R
HMLE :=/ M E@w ) dx — = > 1(@MEX ) = Y))w(X)).
0 n“
j=1

This means that 9MLE is obtained by a plug-in of the nonparametric MLE gMME into the func-

tional minus a bias correction which counts the relative number of observations on the graph
of gMLE The striking result is that this estimator is not only unbiased, but even uniformly of
minimum variance among all unbiased estimators for the class CP(R) (UMVU).

Theorem 3.2. The estimator 9ME js for each finite sample size n UMVU over the class CP(R)
with

1
Var(ﬁMLE) = %/0 E[éMLE(x) - g(x)]w(x)zdx

1B+ — [
< (F(ﬂ/(ﬂ +D)BRR/(B+ )T CRDIEED 4 o 2”R”/“””>||w||iz
For n — o0, we obtain
Var(zg‘MLE) < (2 + 0(1))Rl/(ﬁ“)n*(z’s“)/(ﬂ*l)||w||%2
Proof. Let us define another weighted counting process

N(t):Zl(Yj§t/\min(Y'i+R|Xj—Xi|ﬂ))w(Xj), teR.
t i>1
J=

Note {min;>(¥; + R|X; — X;|?) <t} = {min;.y, - (¥; + R|X; — X;|#) <t} for each ¢ and that
the pure (w = 1) counting process has stochastic intensity

A,_n/ / m1n ~|—R|x—X,-|ﬂ)2s>dsdx.
g(x)t lY<S

Consequently, N is adapted to (F;) from (2.1) and we obtain by compensation (cf. Proposi-
tion 2.32 in [11]) the (F;)-martingale

M(t)—N(t)—n/ / min (¥ + Rlx — X;1#) >s)dsw(x)dx
[g(x). t] “Yifs
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The main observation is the identity
oo

1
lim (N (1) — M (1)) = n/ / 1<min(Y,~ +Rlx — X;|f) > s) ds w(x) dx

i>1

1 poo
= n/ / 1(eME(x) > 5) ds w(x) dx
0 Jg(x)

1
=n / (M () — g(0))w(x) dx,
0
which tells us that
N(oo):= lim N0 =D 1(g"F(x)) = Yj)w(x)) = Y 1@V (X)) =) w(X;)
j>1 j>1

5MLE

simultaneously counts the welghted number of points (X;,Y;) on the graph of g and

equals the scaled bias n( fO AMLE(x)w(x) dx — ¥') up to a martingale term. We thus have
HMLE — |1 GMLE (1) iy (x) dx — LN (00) =9 — 14 (c0) where

1
M (o) = Zl (v; <@™F))w(X;) — /O (8™ () — g(0))w(x) dx

is the a.s. and L2-limit of the L?-bounded martingale M with

/ / m1n Y +R|x—X|ﬁ)>s)dsw(x)2dx
[g(x), t]

lY<S‘
t ”/ (& MLE () — g(x))w(x)zdx =: (M)oo ast 1 oo.
0

We obtain from ]E[f?MLE — %] = %E[—M(oo)], Var(@MLE) = an Var(M(oo)) the result (use
Lemma A.1 with T = 00)

and

« 1 1!

Var(0MF) = — E[(M)oo] = —/ E[gME(x) — g(0) Jw(x)? dx.
n nJo

Hence, HMLE s an unbiased estimator and by the Lehmann—Scheffé theorem 5MLE, derived

from a sufficient and complete statistics, is uniformly of minimum variance among all unbiased

estimators (e.g., [15]).
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To bound the variance we use a universal, but somewhat rough deviation bound for s > 0 and
xe0,1]:

1
P(EME(x) — g(x) = 5) = exp(—n /0 (s — RIE —xIP + g(x) —g(&))+ds)

1
< exp(—n/ (s —2RIE —x|5)+d5) (3.3)
0

B+
exp(—n(s —2R/(B + 1))), s >2R.

2R
exp(—n 1(s/212)<ﬁ+1)//3’>, s €[0,2R)],
<

In the first step, we have evaluated the probability that no observation lies in {(¢£,n)|n + R|x —
£|# < g(x) + s} using the PPP property. Integrating this survival function bound, we obtain
directly

E[gME(x) — g(x)]

= /Oo P(gMLE(x) —gx)> s) ds
0 (3.4)

2R 2R [ee)
Sf exp(_n (S/ZR)(/SH)//S) ds +/ o G—2R/(BHD) 4
0 B+1 2R

=T(B/(B+1)B(R/(B + 1))1/(/3+1)n—ﬂ/(ﬂ+1) + %e—2ﬁRn/(ﬂ+1).

Insertion and a numerical evaluation then yield (the maximal constant being attained for 8 — 0)
Var(PMLE) < (2 4 o(1))RY/B+D lwl|7 ,n~ GFED/EHD, O

Remark 3.3. The MLE gMIETE from (3.2) for the regression-type model is by the same (or
simpler) arguments a sufficient and complete statistics over CP(R). It gives rise to the estimator

l?,MLE-regr — %Z(éMLE-regr(i/n) _ )L—ll(gMLE-regr(i/n) — y,))w(z/n)
i=1

Then for Exp(A)-distributed errors OMLE-reer o an  unbiased estimator of O™ with
Var(HMLE-regry — # h E[gMLEreer (/) — g(i /n) w(i/n)?. This follows analogously from
the corresponding counting process N(t), replacing X j in the PPP case by j/n. The asymptotic
upper bound for the regression model as n — oo is the same as for the PPP model, but with the
noise level 1/n replaced by 1/(n)), provided w? is Riemann-integrable.

While 9MLE as an UMVU estimator enjoys very desirable finite sample properties of its risk,
for inference questions we are also in need of distributional properties, at least asymptotically. A
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priori, in our Poisson-type boundary models it might not be clear whether the limiting distribu-
tion is Gaussian, but in fact this is the case since we average over the interval [0, 1]. The proof of
the following central limit theorems for the Lipschitz case is slightly more technical and there-
fore given in the Appendix. Note that a central limit theorem for the blockwise estimator 5‘};‘1“]‘
follows far more easily due to Lindeberg’s theorem, profiting from the independence between
blocks.

Theorem 3.4. For g € C'(R) (Lipschitz case), SUP,epo,1] lw(x)| < 00 and Var(f}};’[LE) ~n732,

19 MLE

indicating the dependence of on n, the following central limit theorems hold as n — o0:

nl/Z(ﬁ}l\/ILE — )

1 N, 1),
(Jo ELEME(x) — g(x)]w(x)*dx)!/?
1/2(HMLE _
" W ) N, 1).
(Jo GMLE(x) — g(x)w(x)*dx)!/?
Furthermore, the following self-normalising version is valid:
1/2(§MLE _ »
n 0y ) = N, 1).

G Yo T@MEX ) = Yj)w(X )2)!/2

Remark 3.5. The “super-efficient” case Var(zA?,lqvlLE) = o(n=3/?) is to some extent degenerate
and might possibly result in non-Gaussian limit laws. A lower estimate in (3.3) above shows that
E[gME() —g(x)] 2 n=3/2 holds as soon as the function g satisfies |g(y) — g(x)| < R'|y — x|
for R < R and y in a neighbourhood of x. This means that Var(PMLEY ~ n=3/2 and the CLTs
above are applicable whenever g has a local Lipschitz constant smaller than R, at least on some
subinterval. Note that in this case we also get “for free” the nice geometric result that the number

of observations on the graph of g™ is of order n'/? (in mean) because of

1 R L _

— Z l(gMLE(X.,') =Y;)~ / ]E[gMLE(x) —g(x)]dx ~n 12,
s 0

The standard deviation is of smaller order as the proof of Theorem 3.4 shows.

An immediate consequence of the selfnormalising CLT is the following inference statement.

Corollary 3.6. Under the assumptions of Theorem 3.4
n R n R R 1 R
Ty = [0 = 6uqiwp, "+ Gugiap], G = Y 1@ X)) =Y wX)?,
izl

with q1_q 2 the (1 — a/2)-quantile of N(0, 1), is a confidence interval for ¥ with asymptotic
coverage 1 — a.
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Also the asymptotic variance can be determined explicitly.

Corollary 3.7. Under the assumptions of Theorem 3.4, we obtain

1
Var(dM-E) = <\/TE + 0(1)>n_3/2/ V(R? — g/(x)2)/Rw(x)* dx,
0

where g’ denotes the weak derivative of the Lipschitz function g, and thus

1
n¥4(OME —9) = N(O, / V(R? = g/(x)2)/Rw(x)* dx).
0

Proof. A Lipschitz function g is absolutely continuous, hence a.e. differentiable and necessar-
ily |g’(x)| < R holds a.e. For x € (0, 1) where g’(x) exists we obtain, arguing by dominated
convergence using (3.3),

P(n'2(gM () — g(x)) = 2)

1
= exp(—n/o (g(x) +zn7 "2 = RIE — x| - g<s>)+ds>

n/2(1—x)
:exp<—/ (n]/z(g(x)—g(x—l—nl/zu))+Z—R|u|)+du>

_nl/2y

*° R
— exp(— /_Oo(z — Rlu| — g/(x)u)+du) :exp(—mzz)

By integrating this survival function over z € R™ and applying dominated convergence due to
the uniform bound (3.3), we conclude

n'PE[EMB) (1) — g(x)] — /(R — g/(x)z)/RT”.

Integration over x yields by another application of dominated convergence in view of (3.4) the
asymptotic expression for Var(MLE), O

The last corollary shows that for constant g the asymptotic variance (rescaled by n3/?) equals

\/ﬁnwniz/Z and is largest among all admissible g while for linear g with slope &R the
rescaled asymptotic variance vanishes, that is, the convergence rate is faster than n~3/2. In Fig-
ure 2, we see indeed that gMLE is closest to g where g has largest slope. Notice that the bias
correction via point counts gives a precise meaning for this observation. So far, our methods of
proof do not extend to the S-Holder case with 8 < 1 or to w € L? because we need to control
the difference to a block-wise partitioned MLE. The strategy of proof does neither apply to the

monotone MLE, as introduced next.
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0.0 0.2 04 06 08 10 00 0.2 04 06 08 1.0
Figure 3. Construction of the estimator §M°“ in the PPP model (n = 100, left) and in the regression-type
model (n = 100, &; ~ Exp(1), right).

3.2. MLE under monotonicity

Let us consider the general nonparametric class
M= { g:10,1) — R|g is increasing and left—continuous}

of monotone, that is (not necessarily strictly) increasing functions. Since monotone g have at
most countably many jumps, the observations for left- and right-continuous versions of g are a.s.
identical. Then the nonparametric MLE for the PPP model over this class is given by

gMr(x)= min ¥;,  x€[0,1),

i X;j>x

gMon see also Figure 3. Note that a.s. gM°"(x) < oo holds for x € [0, 1), but lim, 41 gMon(x)

Q.

which is obvious from the fact that any g € M with g(X;) < Y; for all i necessarily satisfies g <

Proposition 3.8. The nonparametric MLE (gM°"(x), x € [0, 1)) is a sufficient and complete
statistics for M.

Proof. Sufficiency follows again from the likelihood representation

1
L(g) = exp(n + Z(—Yj)+) exp(n/O g(x) dx)l(g < gMon),

j=1

using g € L! because of g(x) € [g(0), g(1)] by monotonicity, and the factorisation criterion. For
completeness we equip M with the ball o-algebra for the uniform norm, cf. Examples 1.7.3,
1.7.4 in [21], which is generated by the point evaluations f +— f(x), x € [0, 1). In particular,
this implies that gM°" is measurable because its point evaluations are measurable. For fixed

x0 € [0, 1), yo € R we have the bracket representation

{g € Mlg(x0) = yo} = U [vo — n1jo 1) (x), 00).
neN
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Noting that maxima of monotone functions are again monotone, the brackets form an N-stable
generator of the ball o-algebra. The proof now follows exactly that of Proposition 3.1. ]

In analogy with the C#(R)-case, we build the estimator

. ! 1
Mon ;:/0 M (0w (x) dx — " DM X)) =Y )wX))
j=1

that will enjoy similar nice properties. We have to consider, however, weight functions w whose
support stays away from x = 1 in order to avoid problems arising from gM°"(x) 4 oo as x 1 1.

Theorem 3.9. Assume supp(w) C [0, 1). Then the estimator HMon ;¢ for each finite sample size
n UMVU over the class M with

1
Var (M) = }l /O E[gM"(x) — g(x)]w(x)?dx.

For bounded w it satisfies

B 12
Var(@Mon) < <37T(g(1)2 g(O))) ”w”(2>0n73/2+0(n72)'

Remark 3.10.

1. For w € LP? with p > 4 the proof below still yields the rate n=/? using Holder’s inequal-
ity instead of a supremum norm bound. For monotonous g with bounded weak deriva-
tive g', that is, Lipschitz-continuous g, the asymptotic constant turns out to be exactly

/2 fol w(x)2/g'(x) dx by a dominated convergence argument.
2. Concerning the support of w, the proof shows that the remainder O(n=2) is in fact

2n72(1 — sup{x : w(x) # 0D~ and for varying weight functions w, we may allow a
shrinking distance &, of supp(w,) from 1 such that e,n'/* — oo, implying a negligible
order compared to n=>/2.

3. The rate n=3/? is minimax optimal for the mean squared error over the class M. This
follows by adapting the proof of Theorem 2.6 for the Lipschitz case B = 1. We may just add
to g(x) a linear slope Ax with A > 2cR such that g € M holds for any realisation of (ex).

Proof. The proof follows along the lines of the proof for Theorem 3.2. Here the weighted count-
ing process is

N@) =21(Yj 5;/\i.)r(ni>1}(_yi)w(xj), teR.
j=1 =

Its intensity is A; = n /01 f[g(x) ; 1(min;.x; >, ¥; > s)dsdx and compensation yields the corre-
sponding martingale M (¢). The same limiting arguments, by restriction to the support of w, then
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yield again E[#M"] = 9 and
3 Mon 1 : ~Mon 2
Var(z? ) = E[g (x) — g(x)]w(x) dx.
0
It remains to estimate the last expectation. Suppose w(x) =0 for x > 1 — & and some ¢ > 0 and

let

h) —
goo(x):= sup gt h) —gxt) € [0, o], gix+)=limg(y),x €[0,1 —¢],
O<h<l—x h yix

be the maximal function for the measure-valued derivative of g. Then for x € [0, 1 — ¢] with
gL, (x) € (0, 00)

VIE[gMOM(x) — g(x)] = / ” P(gM"(x) — g(x) > sn™/?) ds
0

oo 1
/ exp( /( _”2+g(x)—g(é))+dé>ds

00 n]/z(l —X)
/ exp
0

o0 1/2(1 —X)AS$/ 800 (x)
/ exp( (s -85 (x)u) du) ds
0

/Oooexp (n'72(1 —x) A5/l (x))/2) ds

s +n1/2(g(x) — g(x +n_1/2u)))+du> ds

IA

IA

< (gl (x)/2)"? + 20121 o ne Qi)

which trivially continues to hold with obvious extension if g/ (x) € {0, co}. We shall now es-
tablish a weak-L'-estimate for g~ by adapting and improving (in the constant) classical results
[20], Theorem 7.4. For ¢ > 0 we define

By ={x€[0,1-ellgi(x) 2 ¢}

and we shall prove |B;| < ¢ Ylgllgy with | B;| denoting the Lebesgue measure of B, [lgllBv =
g(1) — g(0).

To this end we construct a family (x;, h;);cy, J some countable set, in By x R* with g(x; +
hi)—g(x;) = ¢h; and [x;, x; +h;)N[x;,xj+h;) = foralli # j such that Uiej[x,',xi +h;) D
B; holds. We proceed by (transfinite) recursion: since x — g(x+) is right-continuous, so is g/
and thus x¢ := inf B; lies in B; such that there is some A > 0 with g(xo + ho) — g(x0) > ¢ ho.
Then define x; := min(B; \ [xo, xo + ho)), which is again in B; by right-continuity such that
some k1 > 0 exists with g(x; + h1) — g(x1) > ¢h; and so on. Having thus defined (x;, h;);cp’
for all (possibly infinite) ordinal numbers I’ smaller than some given ordinal / we add x; =



1044 M. Rei3 and L. Selk

inf(B; N (;eup[*i + hi, 1 — €]) € B, with some corresponding /; until B; is exhausted by
\U; e [xi, xi + h;). Then we just estimate

g(1)—g0) =) gl +hi) —g(xi) =¢ Y hi = ¢|Bl.
ieJ iel

Using E[gMo" (x) — g(x)] < (JIg/OO(x)/(Zn))l/2 +2n~'e~! and for a > 0 the integral bound

1—¢ 1/a 1/a
f 8ho(0)!/2 dx sf T 2d|B i +a' (1 —e) < ||g||Bv/ 2 dz+a'?,
0 0 0

derived from |B,-1| < z||gllBv, we obtain with a = || g|lBv

1—¢
N 1/2 _ _
/ E[gM(x) — g(0)]dx < (3 ligllsy) 2@~ 2 + 0(n ")
0
for g € M. The assertion follows by pulling ||w| s out of the integral. O

In the regression-type model the nonparametric MLE over M is likewise gMOnTee" (x) =
min;.x<;j/» V;. Then by the same arguments

. ~ 1 n
29ll,l\/lon regr — ; Z(é,Mon—regr(i/n) _ )L—ll(gMon-regr(i/n) — yl))UJ(l/i’l)
i=1
is an unbiased estimator of %Z?:] g(i/nm)w(i/n) under Exp(1)-noise with Var(dMon-reery
ﬁ S E[gMonreer(i /n) — g(i /n)]w(i/n)?. Note that at the right end-point E[gMon-reer (1) —
g(1)] = A1 holds, but that summand only contributes (n2)~2w(1)? to the total variance which
is usually negligible.

4. Discussion

An important application for the estimation of functionals are orthogonal series estimators, also
called projection estimators. Let (¢;;)m>1 be an orthonormal basis of L2([0, 1]). Then we can
form the estimator gy = Z,A:: 1 1A9m ©m of g where 1§m estimates the coefficient (g, ¢, )2, that is,
w = @y, in our notation. Using our estimators for g € C#(R), we thus obtain as stochastic error
in the L2-risk:

M
E[|gn —Eléml|32] = > Var@,) S Ma~CFHD/G+D,
m=1

For L2-Sobolev spaces H® of regularity s and standard bases like (trigonometric) polynomi-
als, splines or wavelets we have the bias bound ), _ (g, om)? < M. We always have
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o g(x) = 0.5sin(2nx) +4x, p=1,R=75 - g(x)=vx, Bp=0.5R=1
5T 5
-~ Blockwise PPP -~ Blockwise PPP
- Blockwise Regression - Blockwise Regression
S -~ MLEPPP e = MLEPPP
S| -> MLE Regression S -> MLE Regression
w . \ - Monotone PPP L - Monotone PPP
g N -~ Monotone Regression g -~ Monotone Regression
4 \ 4
2\ 8
= S, S
8 8
o T T T T T o T T T T T
100 200 300 400 500 100 200 300 400 500
n n

Figure 4. Monte-Carlo errors for the different estimators and two functions g.

g € CP(R) = g € HP such that
E[Hg'M _ g”iz] < M2 + Mn—CB+D/(B+D)  ,,—28/(B+D) for M ~ nl/B+D

follows. This seems to be the first rate-optimal estimation result for series estimators in one-sided
regression, cf. [6,9] for (optimal) rates and other approaches in the literature. We may, of course,
also have g € H* for some s > B, but then the derived rate is slower than the optimal n=2%/2s+1D,
The unbiased estimation method essentially relies on a uniform control of the variation of g and
we do not know whether similar results can be obtained for Sobolev (or Besov) instead of Holder
balls.

Concerning the function class G over which the nonparametric MLE is feasible and for which
the derived estimator of ¥ exhibits nice non-asymptotic properties, it was only essential for
the stopping arguments as well as the completeness property that constants lie in G and that
for g1, g2 € G also g1 A g2 and g V g» are in G. Thus also G = M N CP(R) or extensions to
the multivariate case G = Cﬁ(R) ={g:[0,11¢ = R||g(x) — g(y)| < R|x — y|P} are possible.
For smoothness degrees B > 1 or other shape constraints like convexity our method does not
transfer directly, but may possibly be adapted, see, for example, [1], where also the intensity A is
estimated.

Finally, in a small simulation example we investigate the behaviour of the blockwise esti-
mator, the MLE and the monotone MLE for ¢ = fol g(x)dx on finite samples. We simulate
the PPP model as well as the regression-type model with Exp(1)-distributed noise. For two
different monotone regression functions g the RMSE (root mean squared error) is estimated
in M = 200 Monte Carlo repetitions. On the left-hand side of Figure 4 the RMSE results for
g(x) =0.5sin(2mx) + 4x are shown and on the right-hand side those for g(x) = /x. It can be
seen that all three estimators work well even for the small sample size n = 50 and that their
performances in the PPP and the regression model are comparable.

The blockwise estimator does not perform so much worse than the ML estimators. From our
theoretical results this is to be expected: the ratio of the upper bounds for the nonasymptotic
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variance of #MLE and of 9%k is given by

T'(B/(B+ 1))B(B + 1)~ 1/B+D
B—B/B+D(B + 1)

=T(B/(B+ 1))ﬂ(2ﬁ+1)/(ﬁ+1)(ﬂ 1+ 1)~ B+2/B+D,

which approaches one for 8 | 0, has a minimum 0.54 at 8 & 0.47 and then increases to about
0.63 for B8 1 1. Note, however, that both upper bounds are not tight. Since the simple blockwise
approach is faster to compute, which is particularly relevant for any adaptive estimator, and is
theoretically easier to analyse than the MLE (especially for the CLT, but also for an adaptive
procedure), we conclude that both approaches are attractive and should be considered in their
own right.

Appendix
A.1. Technical results

We formulate a stopping theorem for continuous-time martingales, which does not seem readily
available in the literature.

Lemma A.1. Let (M(t),t > to) be a cadlag martingale with M (ty) = 0 and let T be a stopping
time with values in [tg, 00, both on some filtered probability space. If E[(M).] is finite, then
E[M(1)] =0 and E[M (v)*] = E[(M).] hold.

Proof. From the Burkholder-Davis—Gundy inequality (Theorem 26.12 in [10]) and the identity
E[[M];]=E[{(M);] (e.g., by Proposition 4.50(c) in [8] for M "), we conclude ]E[suptZ,o M,ZM] <
E[{M)-]. Hence, (|M;n<|”)i>1, P € {1,2}, is uniformly integrable and by optional stopping
E[M;] =1lim;— o E[M ;] = O follows as well as E[Mrz] =E[[M];]=E[(M).]. g
A moment bound for the stopping time in the proof of Theorem 2.2 is provided.
Lemma A.2. Under the assumptions of Theorem 2.2, we have for T = )| + RhP
E[(z — gG/m)"]"" < RIP + (nih)™!

as nh — oo for any p > 0.

Proof. The property YV}’ < max; i, 8G/n)+ min; _ i i implies for nh — 0o

P(n)\’h<y]2< _ qug(l/n)) > Z) < FE(Z/n)xh)nh — enthgFS(Z/l’l)J’l) > e*Z‘

iely

Using F,(z/nh)™ < (14 z/nh) ™" we establish

o0
lim sup/ zp_lP(nAh<y,f —magcg(i/n)) > z) dz=0
R

R—o00  p iel
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for any p > 1 such that by uniform integrability

1imsupE[<nxh(y,j — maxg(i/n) )p] < /Ooozﬂe—z dz < 0

nh—o00 i€l

follows. By the Holder condition g varies at most by RAh? on each block and thus E[(t —
min, _; g(i/n))?] < (RhP + (nAh)~")? holds. O

zeik

We need the following interesting self-normalising property. The constant is certainly not op-
timal.

Lemma A.3. Suppose that a non-negative random variable X satisfies P(X > x) =e ™), x >
0, with a strictly increasing convex function a. Then E[X?] < 6(e + DE[X]? holds.

Proof. The property P(a(X) > a(x)) = e~2™) shows that Y := a(X) is Exp(1)-distributed.

Since the inverse a~! of a exists, we may use a~'(0) = 0 and the concavity of a~! to calcu-
late

E[X]* = E[ail(Y)z] = /00 /ooafl(x)afl(y)e*x*y dydx
o Jo

oo Z
:/ / a '@)alz—x)dxe tdz
o Jo

o0 Z — o0
Z/ / fa_l(z)ua_l(z)dxe_zdz=/ Za7l()Pe dz.
o Jo z z o 6

By monotonicity, we have f12 za YN ()?%e2dz > e ! fol a~1(z)%e~*dz. This shows

1 o0 1
6E[X]? > —— 1()2e tdz = —FE[X?].
[]_e+1/0a(z)e z e+1[]

A.2. Proof of Theorem 2.4

For h,, < h* we infer from the deviation bound in Proposition A.4 below

P(h=hy)

N .|

m—1
< Y (PPN — 9| > k) + P(IBDE = 9| > k1))
m'=1

IA

m—1
3 (4n7% 4 nF((clogn —2)/(hu)™ +nFe((clogn —2)/(nhmsn) ")
m'=1

N
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for A € (0, 1) and n sufficiently large. By Cauchy—Schwarz inequality, we thus infer
E[(ﬁ},’look _ ﬁ("))zl(fz < h*)] < E[(f?}:l(mk _ 19("))4]1/2M(n_2” + nl—&c)l/z'

From the exponential moment bound (A.1) and Lemma A.2, we obtain that the fourth moment
of the error remains bounded (even tends to zero) such that the first inequality follows.
By construction, we have for h;;, := h > h* =: hy= that |19,'l’1°Ck — ﬁflgiﬂ < Kk + Ky holds.

Using H, (y) ~ xy? and h,, > (logn)>n~!, we obtain

(logn)>  /Togn
(nh*)?

Ki;l + Km* ~

hyt—1
(1 +hm>a;(t* hin #{i € ik,hm Vi < y[j,h + (nhm)_l}>‘
"= k=0

For each fixed h,, we have by compensation of the block-wise counting process

holo1 2 hypt—1
E|:< S #{i € diny Vi, <Vi <Vip, + (”lhm)l}) } <h,' ) E[AZ+A]
k=0

k=0
with
_ % . " -1 S () =
A= 30 [ O, <5+ g/m < Vg, + o) ™) S ds < e/ Flloo ~ 1.

ieik,hm
Since by definition #{i € fk,hm Y < y,f hm} =1 a.s., we have

1

ht—1 2
E|:(hm #li€ o, Vi <Vin + (nhm)_l}) :| SL

k=0
A (crude) bound for the maximum via the sum thus yields the second inequality:

< (logn)*  Mlogn

~ ~ 2 A A
L3 - B85 = 1)) < El(ws + 1> 7)) £ oo + 2L

For the asymptotic rate just note that the geometric grid of bandwidths suffices to achieve h* ~
n~1/(B+D) asymptotically such that inserting E[(IP'0¢k — 9()2] < n=@PTD/(BHD 4y =4p/(B+D)

from Theorem 2.2 and the triangle inequality yield the result, noting that the risk on {h < h*}is
negligible due to the choice of c. It remains to prove the following deviation inequality.

Proposition A.4. For any h,x,x > 0 with Rh? < (nh)=', 2xh"?|w|se < 1 and k < (§ —
2RhPYnh we have with probability at least 1 — 202 _ h'E, (K/(nh))”h the bound
n
nh! 2Bk — 9™ <31V < 7 D) He (hPw(i/m) + CP ke + 207 2wl + x.

i=1
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Proof. We consider the martingale M () in (2.4) and the associated stopping rule t. By the
substitution rule [10], Theorem 26.7, we obtain for y > —1/||w]||« the exponential (local) mar-
tingale

£) = exp( Y2 107 = 0 log(1 + /) +log(F (04 A1 = /) yuti/m
ieik
= exp(yM(r) =31 =0 (yw(i/n) —log(1 + yw(i/n)))).
ieik

We infer from |fk| < oo and the fact that F;(g;) ~ U ([0, 1]) has finite p-moments for all p > —1
via Lemma A.1 the stopping result

E[exp(yM(r) =1 = o) (yw(i/n) —log(1+ yw(i/n))))] =1. (Al
ieik
Using representation (2.5), the independence among blocks yields E[e? %7 ] = 1 for

Zy = A (B =0 ™) =3 "G (Vi AT = g(i/m))w(i/n)

i=1

~S 1< t("’)(w(i/n) ~log(1 + J/w(i/n))).
i=1

14

We choose y = +2xh'/2 and obtain by Markov inequality P(h1/2Z2xh|/z >x) < efzxz’
P(h'2Z_, 12 < —x) < e such that with probability 1 — 2¢=2"

n
nih' 2Bk — 9 ) — p12N "G (Y AT = g(i/m))wi/n)

i=1

. (A.2)
< Zl()ﬂi < r(i))HX (hl/zw(i/n)) + x.
i=1

From |G, (z)| < C%z? for z € [0, 8] and RhP < (nh)~! we infer

P(qu|cs(yi AT —gli/m)| > C2 + 2)2/(nh)2>

iel

< P(qu(y,- AT —g(i/n)) > (k + 2)/(nh))

i€l

< P(mip g +2nh) " > (c + 2)/(nh)) = F(k/(n))"™.

iely



1050 M. Reif3 and L. Selk

We thus obtain with probability 1 — F, (k/(nh))"" the bound

C?(k +2)°
‘Z Ge(¥i A — gli/m)wii/m)| < % 3w /m]-

ieik ieik

Summing over the 2~! blocks implies with probability 1 — h~! F, (k/(nh))™"

W23 G (Vi At = g(i/m)wi/n)| < C2lc + 220~ 2 ]|y

i=1

In view of (A.2) this yields the result. O

A.3. Proof of Theorem 3.4

Let r, — 0 such that r,fn — o0 and rn_1 € N. On each block J; = [Ir,, (I + Dry), | =
0,...,r, ' — 1, we can define the blockwise C' (R)-MLE

&™) = min (V; + Rlx — X;1), x € Ji.
i:X;ed;

Note that by definition the blockwise MLE is at least as large as the global MLE, that is, g,MLE >
gMLE By construction, (gMLE); are independent and each

~ R 1 R
ﬂlMLE ::fj g}VILE(x)w(x) dx — o Zl(Xj e Ji, g}vILE(Xj) = Yj)w(Xj)
! j=1

enjoys the non-asymptotic properties of Theorem 3.2 on Jj, in particular E[ﬁlMLE] =/ 5 8(x) X
w(x)dx and Var@M-E) = 1 [} B[gME(x) — g(x)]w(x)*dx. Let us therefore first establish for

- RN
the blockwise MLE ¢, := Z;lo : OMLE that

ra—1 -1/2
<% Z f, E[gM™ME(x) — g(x)]w(x)zdx> (D, — ) = N(0, 1). (A.3)
=0 !

By independence of (19}\4LE), for the CLT to hold it suffices to check the 4th moment Lyapunov
condition

Yty EIG— 904 .
Var(d,)2

Foreach!=0,...,r, — 1 let (Ml,t)t be the compensated weighted counting process from the
proof of Theorem 3.2, restricted to J;. The (non-predictable) quadratic variation of (M; ;) is given
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by the sum of squared jumps:

v v 2 : 2
[M)]; = ;(AMI,S) = Zl 1(Xj ed Y <tA i, (¥ + RIX; = Xil) Jw (X 2.
= J=

The Burkholder-Davis—Gundy inequality (e.g., Theorem 26.12 in [10]) then yields by similar
arguments as for (M;) above

2
0] < Bl =] (o [ @ - 90?) 4 [ @05 gut
Ji Ji
Using Jensen’s inequality, we find

-1 -1
r, —1 r, —1

> B[N - 0)'] = o Y B[]

1=0 =0

As in (3.3), we can bound

—nR(s/2R)? 0,2Rr,],
P(EEG) — g 2) < | SPCRORRY), o ael02fnl
exp(—n(sr,Z — an)), s > 2Rr,.

Noting r,n'/? — 00 and ||w ||« < 00, we apply the moment bound of Lemma A.3 to gM“E (x) —
g(x) with a(s) = nf!z (s — R|E — x|+ g(x) — g(£))+ dx and integrate over s to obtain

" B[~ 0)"] S ) 7.

Hence, in view of Var(d,) > Var(ﬁ}:dLE) ~ n73/2 the Lyapunov condition is satisfied and the
CLT (A.3) follows.

In the second step we show that the difference between ¥, and f?,ﬂ“LE is of small stochastic
order op(n~3/4). First, we note that the above martingale arguments yield

E[(zg‘,, — f}yLE)z] = Var(ﬁ l?MLE n! Z f MLE grlv"‘E()c)]u)()c)2 dx.



1052 M. Reif3 and L. Selk

MLE(X)

Introduce the notation g =min;.x, ¢y, (Y; + R|lx — X; |ﬂ ) and consider the event

Q={VI=0,....r,;' —13x e J;: g™ Ex) = gME )}

whose complement is given by QE U, {min,¢, (gMLE AIXIILE) (x) > 0}. By independence of

+MLE

gl E and £Y;”" and conditioning on the latter we obtain

P (mln(g}VH‘E MY () > 0)

xX€eJ;

= E[exp(—n f,, (eME - ) () dx>i|

< E[exp(—nry mm((ngLE g)ry), (AMLE g)(U+Dry)))]-

Using gME > gMLE for I £ 1, the bound (A.4) yields

P(mm(glMLE nglLE) (x) > O) < Zr}}a}(x ]E[exp(—nrn (g’}\//ILE(x) - g(x)))]

xXeJ;

1,2
<n r;-.

n

We conclude P(QC) =0mnr *3) — 0 by a union bound and the choice of r,,.
On the event €2, the left-most point L; in J; where gMLE and gMME coincide is well defined
and satisfies for [ > 1

L; := inf{x € Jj|g/"F(x) = M E ()}
1nf{x IS JllgMLE(x) < g}VHTE(lrn) + R(x — lrn)}
Now L; =Ir, holds on €2, if the corresponding right-most point
Ri—y :=sup{x € /11 F(v) = gMF ()
on Jj_1 satisfies R;_; < Ir, and vice versa L; > lr, = R;_1 = lr,. Due to this symmetry we

only consider the case L; > Ir,. Forz € (O,r,Jand/ =1, ..., rn’1 — 1 arough bound yields:

Irn+z
P(Li = Iry +2l((Xi, YOLX; <1Irp)),. ) < exp(—n / (e () — g(x) dx)

Iry
< exp(—nz(§25"Ur) — gUrn))).
Since g; MLE (1) = }\’"TE(LZ) holds and both functions are in C' (R), we obtain the bound
L

L
/ (eME — gMEY (x) dx < / 2R(L; — x)dx < (L; —Iry)?.
Iry

Iry
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By the identity E[Z?] = fooo 2zP(Z > z)dz for non-negative random variables Z and by the
above probability bound for L; we obtain further

MoOMLE | aMLE cwl [ @ E g
E 1 (" —g")1g, | SE e -1 dz
n

<E[min< ! r )2:|
~ n(gll\fL]‘E(lrn)_g(lrn))’ " .

Using (A.4) on J;_1, we arrive, after suitable substitution inside the integral, at

L; 00
e [ - 0, < [ minteo b 2
n
<nog(nr).

Summing over /, bounding the alternative case R;_1 < Ir, by the same estimate and using
lw]leo < 00, We arrive at

rn_]_l
E|: > f, (eM-E — §MLE)(x)w(x)2dxlgni| <) Mog(nr2) =o(n”?).  (AS)
=0 !

This gives the desired result E[(3, — dMF)21q 1= o(n3/?) with P(2,) — 1.
Furthermore, from (A.5) we derive also that

rp—1

1
> / E[2M"F(x) — g () ]w(x)* dx — / E[ME(x) — g(x)]w(x)* dx
1=0 7 0

=o(n %) + 0( sup E[(8ME(x) — gMLE(x))IQED.

l,xeJ;

By the Cauchy-Schwarz inequality, the last term is at most of order O(n~!/ 2P(QE)1/ %) =
o(n~1/%). Hence, applying Slutsky’s lemma twice to the CLT (A.3), we arrive at

1 —-1/2
<%f E[gME(x) — g(x)]w(x)zdx> (OME —9) = N (0, 1).
0

By Jensen’s inequality, Var([,, E@ME — gyw?) <, i E[(ME — )2 Jw* < r2n~%/3, which
implies

Val"(rnz_l/ (g}VILE(x) _ g(x))w(x)de> Srnn72/3 :0(,,1*2/3).
1=0 /i
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We infer 37" [ @M — g)w? 5 Y7 [ BIGMYE — glw?. Together with (A.S5), this yields
the CLT

1 2
(/ (ME() — g(x))w(x)? dX> n12OME ) = N(O, 1).
0

Now note that the MLE for the functional f gw?

1
j=1

is also unbiased with Valr(z?/‘};/H‘E(wz))1/2 < n=3/4. Since by assumption fol E[gMLE — g]w2 ~
n~1/2 is of larger order, Slutsky’s lemma permits to replace fol E[gMLE — glw? by fol GMLEy2 —
1§,l:ALE(w2) in the CLT, which gives the desired self-normalising form.
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