Bernoulli 22(3), 2016, 1598-1616
DOL: 10.3150/15-BEJ705

LP-Wasserstein distance for stochastic
differential equations driven by
Lévy processes

JIAN WANG

School of Mathematics and Computer Science, Fujian Normal University, Fuzhou 350007, China.
E-mail: jianwang @fjnu.edu.cn

Coupling by reflection mixed with synchronous coupling is constructed for a class of stochastic differential
equations (SDEs) driven by Lévy noises. As an application, we establish the exponential contractivity of
the associated semigroups (P;);>( with respect to the standard LP-Wasserstein distance for all p € [1, 00).
In particular, consider the following SDE:

dX; =dZ; + b(X;) dt,

where (Z;);>( is a symmetric a-stable process on RY with « € (1,2). We show that if the drift term b
satisfies that for any x, y € ]Rd,

_vl2 B )
(b(x)_b(y),X—y>§ {Kllx yl= |x —y| < Lg;

—Kalx—yl?,  Ix—yl>Lo

holds with some positive constants K1, K>, Lo > 0 and 8 > 2, then there is a constant A := A(6, K1, K>,
Lg) > 0 such that for all p € [1, 00), # > 0 and x, y € RY,

— 1/P\/ _
wp(axP[,syPt)sC(p,e,Kl,Kz,Lme—“/P[ =y 7 Ve =yl ]

L+ |x = ¥11(1,00)x (2,00) 5 0)

Keywords: coupling by reflection; exponential contractivity; LP-Wasserstein distance; stochastic
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1. Introduction

In this paper, we consider the following stochastic differential equation (SDE) driven by Lévy
noises:

dX, =dZ, + b(X,) dt, (1.1)

where (Z;);>0 is a d-dimensional Lévy process, and b:RY — R? is a continuous vector field
such that for any x, y € R4,

(b(x) = b(y),x —y) < Clx — y?
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holds for some constant C > 0. It is a standard result that in this case the SDE (1.1) enjoys the
unique strong solution.

Denote by (P:);>0 the semigroup associated to (1.1). If the initial value X is distributed as
W, then for any ¢ > 0, the distribution of X; is uP;. We are concerned with the exponential
contractivity of the map u — u P; with respect to the standard L”-Wasserstein distance W, for
all p > 1. Given two probability measures 1 and v on R?, the standard L”-Wasserstein distance
W), for all p € [1, 0o) (with respect to the Euclidean norm | - |) is given by

1/p
Wpy(n,v) = inf (/ Ix—yl”dl'l(x,y)) :
MeC(u,v) \JRI xRI

Equipped with W, the totality P, (R?) of probability measures having finite moment of order p
becomes a complete metric space.
The following result is well known.

Theorem 1.1. Suppose that there exists a constant K > 0 such that
(b(x) —b(y),x —y) < —Klx—y|*  forallx,yeR?. (1.2)
Then, for any p>1andt > 0,

WP, vP) <e X'Wy(u,v)  forall u,vePy(RY). (1.3)

The proof of this result is quite straightforward, by simply using the synchronous coupling,
which is also called the basic coupling or the coupling of marching soldiers in the literature (see,
e.g., [8], Definition 2.4 and [7], Example 2.16). The reader can refer to [3], page 2432, the proof
of Theorem 1.1 for the case of diffusion processes. (1.2) is the so-called uniformly dissipative
condition, which seems to be a limit in applications. For diffusion processes, it follows from [21],
Theorem 1, or [3], Remark 3.6 (also see [5], Theorem 3.6) that (1.3) holds for any probability
measures . and v if and only if (1.2) holds for all x, y € R?. The first breakthrough to get rid of
such restrictive condition in this direction for L!-Wasserstein distance W; was done recently by
Eberle in [10,11], at the price of multiplying a constant C > 1 on the right-hand side of (1.3). See
[10], Corollary 2.3, for more details, and [15], Theorem 1.3, for related developments on L?-
Wasserstein distance W), with all p € [1, 00) on this topic. However, the corresponding result
for SDEs driven by Lévy noises is not available yet now. Indeed, we will see later that in this
case we need a completely different idea for the construction of the coupling processes, and a
new approach by using the coupling argument, in particular the more delicate choice of auxiliary
functions.

Throughout this paper, we assume that the driving Lévy process has a symmetric «-stable
process as a component. That is, let v be the Lévy measure of the process (Z;);>0, then

Cd,a
v(dz) > 2+ dz,
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where Cq o =2°I'((d+)/ 2)nt~4/2|T'(—a/2)|~! is a constant associated with the Lévy measure
of a symmetric a-stable process or fractional Laplacian, that is,

Ci
) = [(Fl+2) = £ = (96 ) e b

Denote by wg = 21?2/ '(d/2) the surface measure of the unit sphere in R?. Our main contri-
bution of this paper is as follows.

Theorem 1.2. Assume that for any x,y € R?,

(bx) —b(y).x —y) <

{K1|x—y|2, lx — y| < Lo; 14)

—Kalx — y|?, lx —y|> Lo
holds with some positive constants K1, K», Ly > 0 and 6 > 2. Then for all o € (1, 2) or for all
o € (0, 1] with
O!Cd,aa)d?)a_l
82 —a)d

there exists a positive constant ). .= A(0, K1, K2, Lo) > 0, such that for any p > 1 the following
two statements hold:

() if0 =2, then for all x, y € R? and any t > 0,

> KL%, (1.5)

Wy (8: Py, 8y Pr) < Ce™/P (1x — yI'/7 v [x — y1); (1.6)
(i) if 0 > 2, thenforall x,y € R? and any t > 0,

M—yW”VM—yq
L4 [x — y[1,00) () ]

Wp((sx Py, 5)’ P) < Ce_)hl/p|: (1.7)

where C > 0 is a positive constant depending on 0, K1, K, Lo and p.

Theorem 1.2 above does provide new conditions on the drift term b such that the associated
semigroup (P;),>0 is exponentially contractive with respect to the L”-Wasserstein distance W),
for all p > 1. In particular, when « € (1, 2), the conclusion of Theorem 1.2 is the same as that
of [15], Theorem 1.3, for diffusion processes; while for o € (0, 1] we need the restrictive condi-
tion (1.5); see Remark 3.3 for a further comment. Indeed, (1.5) is natural in the sense that, when
a € (0, 1] the drift term plays the dominant role or the same role (just in case that o« = 1) for the
behavior of SDEs driven by symmetric «-stable processes, see, for example, [2,9] for (Dirichlet)
heat kernel estimates and [24] for dimensional free Harnack inequalities on this topic. Similarly,
in considering the exponential contractivity of SDE (1.1), we need (1.5) to control the locally
non-dissipative part of the drift term. Note that (1.5) holds true when K1, L are small enough.

To show the power of Theorem 1.2, we consider the following example about the SDE driven
by symmetric a-stable processes with o € (0, 2), which yields the exponential contractivity of
the semigroup (P;);>o with respect to the L”-Wasserstein distance W), (p > 1) for super-convex
potentials.
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Example 1.3. Let (Z;);>0 be a symmetric a-stable process in R? with « € (0,2), and b(x) =
VV(x) with V(x) = —lezﬁ and B > 1. Then there exists a constant A := A(«, 8) > 0 such that
for all p > l,x,yeRd and r > 0,

— 1/p \Vi _
W, (8 P, 8y P) < Cla, B, p)e—m/p[ |x — | |x — y| :|

1+ 1x = ylL(1,00) (1)

Note that the uniformly dissipative condition (1.2) fails for Example 1.3; see, for example,
(3.8) below. That is, one cannot deduce directly from Theorem 1.1 the exponential contractivity
with respect to the L”-Wasserstein distance W), for all p € [1, 00).

The remainder of this paper is arranged as follows. In the next section, we will present the
coupling by reflection mixed with the synchronous coupling for the SDE (1.1) driven by Lévy
noise, and also prove the existence of coupling process associated with this coupling (operator).
Section 3 is mainly devoted to the proof of Theorem 1.2. For this, we need more delicate choice
of auxiliary functions and some key estimates for them, which are different between « € (1, 2)
and « € (0, 1]. The sketch of the proof of Example 1.3 is also given here.

2. Coupling operator and coupling process for SDEs with jumps

2.1. Coupling by reflection and synchronous coupling

It is easy to see that the generator of the process (X;);>0 acting on C,f RY) is

Lf(x)= f (f(x+2)— fx) = (VF), 2)1z=1y)v(d2) + (b(x), V f(x)). 2.1

In this part, we construct a coupling operator for the generator L above. For any x, y and z € R?,
we set
2)
D I T
Pxy(2) 1= lx =yl
-, xX=Yy.

2 -y, (x—y), x#y;

It is clear that ¢y : R¢ — R has the following three properties:

(A1) ¢y y(2) = y.x(2) and @7 | (2) =z, that is, ;) (2) = @r y (2);
(A2) loxy ()| =lzl;
(A3) (z—¢x,y(2) /) (x —y) and (z + @x y(2)) L (x — y).

Next, for any f € Ci (Rz‘l), let

If(x. af (x,
Vef(x,y) = (%)1  TEY= (%% =

Now, let L be the constant appearing in (1.4). We will split the construction of the coupling
operator into two parts, according to x, y € R4 with |x — y| < Lo or with |x — y| > L. First, for
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any f € C,%(]de) and x, y € R? with |x — y| < Lo, we define
~ 1
Lf(xv y) = _|:/ (f()C +z, y +(px,y(1)) - f(xv y) - (fo(x, y)9 Z>1{\Z|Sl}
2L (z1=alx—y1)
9y £ Py @ ez 1))
yJ X YDy @,y (2) M 1z| <1} 7|4+ z
+/ (f(x+oxy@,y+2) = Fx, ) —(Vy f(x, ), 2)lyz<1y
{lz|<alx—yl}

Cd,oz
- (fo(X, ¥), §0x,y(Z))1{|z|§1}) W dZ:|

+/{| ‘ l}(f(x+Z’Y+Z)—f(x,y)—(fo(X,y),z)l{mSl}
z|<alx—y

Ca
—(Vy f(x, ), Z)l{|z|sl})<v(d1) - |Z|Z’+a dz)

+/{| | l}(f(x+Z’Y+Z)—f(x,)’)—(fo(x,y),z)l{mil}
z|>alx—y

—(Vy f(x, y), 21z <1y v(d2)
+ (Vi f(x, ), b))+ (Vy £ (x, y), b(Y)),

where a € (0, 1/2) is a constant determined by later.
On the other hand, for any f € Cg(RM) and x, y € R? with |x — y| > Lo, we define

Lftey) = /(f(x b2y D) — Oy — (Ve F Gy etz

—{Vy f e, 9), 2111y v(d2)
+ (fo(x, ), b(x)) + <Vyf(X7 ), b(y))-

We can conclude the following.

Proposition 2.1. The operator L defined by above is the coupling operator of the operator L
given by (2.1).

Proof. Since L is a linear operator, it suffices to verify that
Lfx)=Lf(x),  feC}RY), 2.2)

where, on the left-hand side, f is regarded as a bivariate function on R24  that is, fx)=f(&x,y)
forall x, y e R,
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For any x,y € R? with |x — y| > Lo, it is trivial to see that (2.2) holds true, and so we only
need to verify that for x, y € R4 with |x — y| < Lg. First, we have

~ 1 Ca
Ho= 5|:/{.z|<u|x yl}(f(x T/ (Vf(X) Z>1{|Z‘<l}) |z |d+a &
Caa
+£|| |&ﬂx+%yQ»—f@%ﬂvﬂﬂmmﬂ@mMgﬂgﬁgdﬁ
Z|=<alx—y
Ciu
+f{| o |}(f(x+z) —f) —(Vf(X),z)1{|z<1})<v(dz) P dz)
Z|<alx—Yy

+/{‘| |>al |}(f(x+z) — f@) = (Vf (), 2Lz <) v(d2)
Z|>alx—y

+ (b(x), V£ (x)).

By (Al) and (A2), we know that the measure Cd = dz is invariant under the transformation
Z+> @y, y(2). This, along with (A2) and the equahty above, leads to

~ .
Lf(x)= /{I I\ H(.f(x +2) = f(x) = (Vf), z)1{|z|<1})| |d+a dz
Z|=Zalx—y
+2) - —(v Cia
/{I <al |}(f(x )= fw~| f(x)’z)1{|z<1})(v(dZ) - w%d2>
Z|<alx—Yy

+/{‘| |>al |}(f(x+z) = f@) = (Vf (), 2lyjz1<ny)v(d2)
z|>alx—y

+(b(x), V()
= Lf(x).

This completes the proof. (]

Remark 2.2. (1) Here, we give an interpretation of the construction of the coupling operator L
above. If |[x — y| > Lo, we use the synchronous coupling. If [x — y| < Lo, then the coupling
operator L constructed above consists of two parts. Fix any x, y e R4 If |z]| < alx — y|, then we

adopt the coupling by reflection by making full use of the rotationally invariant measure H d o dz;
while for the remainder term, we use the synchronous coupling again, where the components
maintain at each step the same length of jumps (i.e., from (x,y) to (x + z,y + z)) with the

biggest rate v(dz) when |z| > a|x — y|, and with the rate v(dz) — |C‘d+a dz when |z| <alx — y|.
For the coupling by reflection for Brownian motion and diffusion processes, we refer to [6,14,22].

(2) Recently, the coupling property of Lévy processes has been developed in [4,17,18]. The
corresponding property for Ornstein—Uhlenbeck processes with jumps also has been successfully
studied in [19,23]. Unlike Lévy processes and Ornstein—Uhlenbeck processes with jumps, it is

impossible to write out an explicit expression for transition functions of the solution to the SDE
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(1.1) with general drift term b(x). This observation indicates that all the approaches in [4,17—
19,23] are not efficient in the present setting. This difficulty will be overcome by constructing
proper coupling operators for the Markov generator corresponding to the solution of the SDE
(1.1), as done in [25]. However, different from [25] which deals with the corresponding coupling
property by making full use of large jumps part of Lévy processes, here to consider the exponen-
tial contractivity of the associated semigroups (P;);>0 with respect to Wasserstein distances we
need a new construction of the coupling operator. As seen from Propositions 3.1 and 3.2 below,
the coupling for small jumps part of Lévy processes [i.e., the coupling by reflection as mentioned
in (1)] is key for our purpose.

2.2. Coupling process

In this part, we will construct a coupling process associated with the coupling operator L. For
this, we will frequently talk about the martingale problem for the operator L given by (2.1) and
the coupling operator L. Let D([0, 00); RY) be the space of right continuous R?-valued functions
having left limits on [0, 0c0), equipped with the Skorokhod topology. For ¢ > 0, denote by X, the
projection coordinate map on D([0, oo); RY). A probability measure P* on the Skorokhod space
D([0, 00); R?) is said to be a solution to the martingale problem for (L, CC2 (R?)) with initial
value x € R? if P*(Xo = x) = | and for every f € C2(R%)

t
{f(Xz) — S —/0 Lf(Xs)dsvtEO}

is a P*-martingale. The martingale problem for (L, CC2 (R%)) is said to be well-posed if it has a
unique solution for every initial value x € R?. Similarly, we can define a solution to the mar-
tingale problem for the coupling operator L on Cg(de). Note that, in [13] an equivalence is
proved between the existence of weak solutions to SDEs with jumps and the existence of so-
lutions to the corresponding martingale problem, by using a martingale representation theorem.
Recently, Kurtz [12] studied equivalence between the uniqueness (in sense of distribution) of
weak solutions to a class of SDEs driven by Poisson random measures and the well-posed solu-
tion to martingale problems for a class of non-local operators using a non-constructive approach.
Note that in our setting the SDE (1.1) has the pathwise unique strong solution. According to [1],
Theorem 1, page 2, the weak solution to the SDE (1.1) enjoys the unique (in sense of distribu-
tion) weak solution. This, along with [12], Corollary 2.5, yields that the martingale problem for
(L, C2(RY)) is well posed.

Let Lo, a be the constants in the definition of the coupling operator L. For any x, y € R? and
Ac€ B(RZd), set

Cd,ot
|Z|d+a

1
px,y, A) = 5/
{29y (@)€A 2l <alx—yl.lx—y|<Lo}

. 1/ Cia
2 Jigry@).00eA el <alx—yl.Ix—yl<Lo} 12191
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C
+ / <V(dz) e dz>
{(z.2)€A, |z|<alx—y|,lx—y|<Lo} Iz

v(dz).

" /{(z,z)eA,IZIMIx—yI,x—ySLo}U{(z,z)eA,Ix—y|>Lo}
Then, for any x, y € R? and f € CZ (R?4), we have
Lf(x,y)
=/R2d[f((x,y)+(u1,uz>) — @)

—((Ve f o 90, Vy £, ), e, u2)) g <1, jua <1y e (e, v, duy, dua)
+ (Vi f (x, 3), b)) +(Vy f(x, y), b(Y)).

Furthermore, for any / € C, (R24), by (A2),

/ haw—"C ey, duy
u x,y,du
R2d 1+|u|2'u Y
121> Cua

= hz,0xy(2) —— dz
/{|z<ax—y|,|x—y|<Lo} (@0 )1+2|Z|2 |z|4+e

|Z|2 Ciu
+/ h@x y(2),2) ——— —F—
{lz|=alx—y|,lx—y|<Lo} & )1+2lz|2 |z]d+e

|z|?
+2[ 2 (o) - dz
{lzl<alx—yl, lx—y|<Lo} 1+2[z|? 4 |"+“
|z|?

+2zf?

h(z, z) v(dz),

+ 2/
{lzl>alx=yl,|x=y|<Lo}U{lx—y[>Lo}

Ju |
1+|uf?
b(x) is a continuous functlon on R, According to [20], Theorem 2. 2 there is a solutlon to the
martingale problem for L, that i, there exist a probability space (Q, F, (F1)i=0. P) and an R2-
valued process (X 1)r=0 such that (X >0 18 (]-',),>o -progressively measurable, and for every
f e CR™),

u(x,y,du) is a continuous function on R24 Note that

which implies that (x, y) = [ h(u)

~ INhe ~ ~
{f(xn [ o = o}
0
is an (ft)tzo—local martingale, where e is the explosion time of (i 1)1>0, that is,

e= lim inf{r > 0: |X,| > n}.
n—oo
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Let ()?,),Zo = (X}, X})i>0. Then (X});>0 and (X/);>0 are two stochastic processes on R,

Since L is the coupling operator of L, the generator of each marginal process (X});>o and

(X])t=0 is just the operator L, and hence both distributions of the processes (X});>0 and (X})r>0

are solutions to the martingale problem of L. In particular, by our assumption and the remark in

the beginning of this subsection, the processes (X ),>o and (X});>0 are non-explosive, hence one

has e = co a.s. Therefore, the coupling operator L generates a non-explosive process (X 1)1>0-
Let T be the coupling time of (X/);>0 and (X});>0, that is,

T =inf{r > 0: X; =X/}
Then T is an (.f,)tzo—stopping time. Define a new process (¥;);>0 as follows:

, X/, t<T;
Y =
X, t>T.

Forany f € CZ(]Rd) andr > 0,

PO = () = [ LA as

tAT

= M[1 + Mtz.

By the optimal stopping theorem and the facts that both (X/);>0 and (X;');>o are solutions to
the martingale problem of L, (M,l)[zo and (M,z),zo are martingales and so is (¥;);>0 (see, e.g.,
[16], Section 3.1, page 251). Since the martingale problem for the operator L is well-posed,
(Y/)¢=0 and (X} );>0 are equal in the distribution. Therefore, we conclude that (X}, Y/);>o is also
a non-explosive coupling process of (X;);>o such that X, = ¥/ for any ¢ > T and the generator
of (X}, Y/)¢>0 before the coupling time 7 is just the coupling operator L.In particular, according
to [8], Lemma 2.1, we know that for any x, y € R4 and fe Bb(Rd),

P f(x) =E* f(X;) =B f(x7)
and
P i) =B f(¥)) =E“V £(7).

where E@) is the expectation of the process (X}, Y/);>o with starting point (x, y).



LP-Wasserstein distance for stochastic differential equations driven by Lévy processes 1607

3. Proofs

3.1. Key estimates

We first assume that o € (1, 2). For any r > 0, define

V() = 1 —e ", r€[0,2Lol;
T | Ae2 2L 4 B(r —2L)% + (1 —e21Lo — 4), r € [2Lg, 00),
where
A= C_le*ZLoﬂ B = _Me*uoq
2 ’ 2 ’

3 is a positive constant such that ¢; > 20cy, that is,

2
og (clchZ)glo

1 g2.1,

and ¢ is a positive constant determined by later. With the choice of the constants A and B above,
it is easy to see that ¢ € C?([0, 0)). Then we have:

Proposition 3.1. Assume that o € (1,2). Then there exists a constant . > 0 such that for any
d
x,y R4,

Ly (lx = yl) < =2y (Ix — ).

Proof. (1) In this part, we treat the case that x, y € R4 with |x — y| < Ly. First, for any x, y, z €
RY, by (A3),

(x =y 24 ¢:,(2)=0
and so
(Ve (Ix = 1), 2+ @x,y (@) =0 and (Vyy(lx — yl), 2+ ¢x,y(2)) = 0.
Therefore,

Ly (1x - yl)

= %[/{dgmx—yl}(w(}x v+ 2=y @)) + ¥ (Jx =y — (2= ¢y @)])

Cau
— 20 (b 1)) dz}

) (b(x) =b(y),x —y)
Ix — yl ’

+9'(lx —
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It is easy to see that ¥ € C3([0,2Lg)) such that ¥’ > 0, ¥” <0 and " > 0 on [0, 2L¢).
Then, forany 0 <§ <r < Lo,

r+é s
¢0+5%+¢U—W)—2w0%=/ dﬂ/ ¥ () du < 9" (r + 8)87,
r §—§

where in the inequality we have used the fact that ¥ > 0 on [0, 2L¢). Hence, according to
the definition of ¢, ,(z) and the inequality above, for all x, y, z € R? with |x — y| < Lo and
|z| <al|x — y| with a € (0, 1/2), we have

V(lx=y+E=e@)) +v(lx =y = (= ey @)]) =20 (I - 1)

2(x — vy, 2(x — vy,
=¢<|x—y|+u)+w<|x—y|—u>—2w(|x—y|) 3.1)
|x — y] |x — yl

_ 2
<4y ((1 4 2a)|x — y|)%-

Then we deduce that for any x, y € R? with |x —y| < Lo,

l(x —y,2)1* Cua

Ly (1x = yl) < 29" ((1 +2a)|x — y|)/

(zl<al—ypy X — yi2 o |z|dte
b(x) —b(y), x —
+1/f/(|x—y|)< ) (), x —y)
lx —
21////((1+2a)|x—y|)/ oGy
{lz|<alx—yl} |z]d+e
b(x) —b(y), x —
(e — ypy POV X 2 9 .
lx —
2Cia -
A ) (el<ale—yly  lzldt
b(x) —b(y),x —
+Wﬂx—ﬂﬂ(ﬂ (), x — )
lx =yl

[ 2Cqqwaly ™
S -

2—a ,—2cralgy —cilx—y|
cia” “e + K| [c1e x—vyl,
2o 41 lx =yl

where in the inequality z; denotes the first coordinate of z, that is, z = (z1, 22, ..., Z4), both
equalities above follow from the rotationally invariant property of the measure |zc\+fa dz, and in
the last inequality we have used (1.4) and the fact that o > 1.

Now, taking

2Cd,aa)dL(l)7a

€= d2—a) c1 = (2K, /C)!/ @ De2bo/@=1 4 o a=1/c,

]
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we find that for any x, y € R? with |x — y| < Lo,
Ly(lx—yl) < —%c‘i‘e_u"e_“ Il —y).
Since ¥ (0) =0 and ¥ <0on [0,2L),
Y () <Y (r =cie” M, r €10, Lol,
which along with the estimate above yields that for any x, y € R? with [x — y| < Ly,
Ly (lx = yl) < =29 (Ix = y).

where A = Cc‘l"_le_ZLO/l

1609

(2) Second, we consider the case that x, y € R¢ with |x — y| > L. For any x, y € R? with

Lo < |x — y| <2Lg, by (1.4) and the fact that ¥/’ > 0,

Ly (1x = yl) < —c1Kae P2y — y| 71 < —c Ko L e 1 x — y).

On the other hand, also by (1.4) and the fact that ¥ > 0, for any x, y € R? with [x — y| > 2Ly,

Ly (Ix — yl) < —Ka[Acoe? 2172000 1 2B (1x — y| — 2Lo)]Ix — yI° .
Next, we consider the function

g(r) = L Acye 2L L 2 B(r —2L0)

on [2Lg, 00). It is easy to see that due to the definitions of the constants A and B, there is a

unique r| € [2Lg, oo) such that g’(r;) =0 and

g(r) = —28 [1 —log _43] _ 28 [1 —log M}

&) Acs &) &)

Since ¢ > 0 is large enough such that

2

2

og2.1,

we have g(r1) > 0, which implies that g(r) > 0 for all » € [2L(, 00). In particular,
L Acye? ¥ =y172L0) L2 B(|x — y| —2Lo) > 0

for any x, y € R? with |x — y| > 2L¢. That is, for any x, y € R? with |x — y| > 2L,

Ly (1x — yl) < =L KaAcpe?F172L0) [y — 3971 <2073 k5 A, L) 2ec2 (2172100 x|,
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Combining both estimates above with the definition of i, we finally conclude that there is a
constant Ay > 0 such that for any x, y € R? with |x — y| > Lo,

Ly (Ix = yl) < =2av (Ix — yl).
This along with the conclusion of part (1) yields the desired assertion. (]
Next, we turn to the case of o € (0, 1]. For this, we first take the constant a = % in the definition

of the coupling operator L, and then change the test function 1 as follows, which is different from
that in the case « € (1, 2). For any r > 0, we define

v r—crite, re[0,2Lo];
r):=
Ae0=2L0) 4 B(r —2Lg)% + (2Lo — cLo)'** — A),  r €[2L¢, 00),
where
1 4 1 B 1| « n o 10a
[ e I E———— = < = —=| — —_— 1, co=——.
2F (1 +a)Lg 2¢o 214y " 2 "= T

Due to the choice of the constants above, i € C?([0, 00)) and ¥/ (r) > 0 forall r > 0.

Proposition 3.2. Assume that o € (0, 1]. If

O!Cd,aa)d?)a_l

K LS, 33
82 —a)yd 10 (3-3)

then there exists a constant ). > 0 such that for any x,y € R? with x # y,
Ly (1x = yl) = =29 (Ix = y1).

Proof. We mainly follow the proof of Proposition 3.1, and here we only present the main differ-
ent steps. For x, y € R? with |x — y| < Lo, we have

Ly (1x — yl)

1
- §|:/ (1//(|x —-y+ (Z - (Px,y(Z))D + ¢(|x -y - (Z — (ﬂx,y(Z))D
{lzl=(1/4)|x—yl}

Cau
— 2y (jx — y|))|z|%+a dz]
(b(x) —b(y),x —y)
lx =l '

Since ¥ € C3((0, 2Lg)) such that ¥’ > 0, ¥” <0 and ¥" > 0 on (0, 2Ly), one can follow the
proof of (3.1), and get that for all x, y, z € R? with 0 < |x — y| < Lo and |z| < %|x -y,

v(x—y+(z—oy@)) +¥(x =y — (2= 0xy@)|) =29 (Ix — ¥I)
3 _ 2
§4w//<§|x —y|) Lk

Ix —yI?

+¥'(lx — yl)
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Then we follow the argument of (3.2) and deduce that for any x, y € R? with 0 < |x — y| < Lo,

aCd,awd3°‘*1

- Ky |lx =yl
82 —aydll 1]|x 4

Ly (lx—yl) < [
By assumption (3.3), we know that for all x, y € R? with 0 < |x —y| < Lo,

~ aCy awg32! aCy aa)d3a_1
I3 —y|) < = =447 g ) —y < - ek -
Y(lx—yl) = (8(2—a)dLg 1)|x yl= (8(2—a)dLg 1) (lx =)

= —h1y(lx — yl).

Next, we turn to the case that x, y € R? with |x — y| > Lo. For any x, y € RY with Lo <
|x — y| <2Lo, by (1.4) and ' > 0,

Ly (lx —yl) < —K2(1 — (1 +@)lx — y|*)|x — y[°~!
_ 1
<-KL} 2<1 - mu - )’|a>|x =yl

On the other hand, also by (1.4) and the fact that ¢' > 0, for any x, y € R4 with |x —y| >2Lo,
Ly (1x = yl) = —K2[Acoe® 17200 1 2B (|x — y| = 2Lo)[Ix =y,
Now, we consider again the function
g(r) = S Acoe®" 2L L 2B(r — 2Lo)

on [2L¢, 00). It is easy to see that due to the definitions of the constants A and B, there is a
unique r; € [2Lg, 00) such that g’(r1) = 0 and

—2B —4B —2B o
gr=——|1-log— [=——[1—log| 2+ )
o Ac o Loco

Noticing that co = 10 L™, we get

log<2 + L) =log2.1,
Loco
and so g(r1) > 0, which implies that g(r) > 0 for all r € [2L, 00). In particular,
1 Acoe0"=172L0) 4 2B (|x — y| — 2Lg) = 0
for any x, y € R? with |x — y| > 2L¢. That is, for any x, y € R? with |x — y| > 2Ly,

Zw(|x —yl) < —%KQAcoeCO(‘x*H*zLO)M s



1612 J. Wang

According to both estimates above and the definition of v, we finally conclude that there is a
constant A> > 0 such that for any x, y € R? with |x — y| > Lo,

Ly (lx = yl) < —rav(1x — yl).

This along with the conclusion above yields the desired assertion. ]

Remark 3.3. According to the argument above, we can easily improve (3.3), for example, by
taking ¢ (r) = c1r —cor' T forr e [0, 2Lo] and changing the integral domain {z: |z| < %|x -y}
in the definition of the coupling operator L into {z: |z| < alx — y|} with some proper choices of
c1,c2 >0, €(0,a] and a € (0, 1/2). For simplicity, here we just set c; =1, co =c, 0’ =«
and a =1/4.

3.2. Proofs of Theorem 1.2 and Example 1.3
We divide the proof of Theorem 1.2 into two parts.

Proof of Theorem 1.2 for |x — y| < Lo or 6 =2. We will make full use of the coupling process
(X}, Y/)t>0 constructed in Section 2.2. Denote by P> and E®Y) the distribution and the ex-
pectation of (X|, Y/);>¢ starting from (x, y), respectively. For any 7 > 0 set r, = | X; — ¥/|, and
for n > 1 define the stopping time

T, =inf{r > 0: r; ¢ [1/n,nl}.

Forany x, y € R? with |x — y| > 0, we take n large enough such that 1/n < |[x — y| < n. Let
¥ be the function given in Proposition 3.1 if @ € (1, 2) or the function given in Proposition 3.2
if o € (0, 1]. Then

E(x’y)l/fﬂX;ATn -,

tAT,

)
_ INT,
v (=) + B ([ Ev (- n o)

~ t
<y (lx —y|) = AE®Y ( /0 Y (|Xin, — Yirg,|) ds)-

Therefore,

E[¥ (riat,)] < ¥ (ro)e ™.

Since the coupling process (X}, ¥/);>0 is non-explosive, we have 7, 1 T a.s. as n — 00, where
T is the coupling time of the process (X}, Y/). Thus, by Fatou’s lemma, letting n — oo in the
above inequality gives us

E[¢ (riar)] < ¥ (ro)e™.



LP-Wasserstein distance for stochastic differential equations driven by Lévy processes 1613

Thanks to our convention that ¥/ = X; for ¢t > T, we have r, =0 for all # > T, and so

Ey (1) < (ro)e ™.
That is,
Ey (1X: = Yil) < ¢ (lx — yl)e™.
As aresult, if |x — y| < Lo, then forany p > 1 and ¢ > 0,
EIX; = Y|P < C(MEY (1X; = Y1) < Cre™|x =y, (3.4

where the first inequality follows from the definitions of the test function v in Propositions 3.1
and 3.2.
Now for any x, y € R? with |x — y| > Lo, take n := [|x — y|/Lo] + 1 > 2. We have

Ix—ylS
Lo

=n-1x<

n. (3.5

NS

Set x; =x+i(y—x)/nfori =0,1,...,n. Then xg = x and x, = y; moreover, (3.5) implies
|xi—1 —xi|=|x —y|/n<Logforalli =1,2,...,n. Therefore, by (3.4) and (3.5),

n
Wy P8y Pr) < Y Wy, Pr by, P)
i=1

< C;/pe_m/pilxi—l —x; |7
i=1

< Cll/pe—u/an(l)/p

< ZC;/pL(l)/pfle—m/pu —y

= Cre™M/P|x — y|.

In particular, the proof of the first assertion for 8 = 2 in Theorem 1.2 is completed. On the other
hand, from (3.4) and the conclusion above, we also get the second assertion for 8 > 2 with
[x —y|<landallt >0,orwith [x —y|>1and 0 <t <1. (]

Next, we turn to:

Proof of Theorem 1.2 for |[x — y| > Lo and 6 > 2. For |x — y| > Lg, we use the synchronous
coupling and the assertion of Theorem 1.2 for |x — y| < L¢. In detail, with (1.1), let (X;, Y,(z))tzo
be the coupling process on R*¢ such that its distribution is the same as that of (X 7 Y))i=0 con-
structed in Section 2.2. We now consider

dZ; + b(Y;) dt, 0=<t<Ty,
dy, = ) 3.6)
dYt , TLO <t<T,
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where

Tr, = inf{r > 0: |X, — ¥,| < Lo}

and T =inf{r > 0: X, = Y,} is the coupling time. For t > T, we still set Y; = X;. Therefore, the
difference process (D;);>0 := (X; — Y;);>0 satisfies

dD, = (b(X,) —b(Y))dr, 1 <Ty,.

Note that the equality above implies that r — D is a continuous function on [0, 77,) such that
lim,_>TL0_ |D;| = Lg. As a result,

dID, > =2(Dy, b(X,) — b(Y,))dt, 1 <Tp,.
Still denoting by r; = | D;|, we get from (1.4) that
dr; < —Kzr,ef1 dr, t<Trg,

which implies that

2—60

L
(Ix =y = L3 <0 — =y (3.7)

1
Trg < ———— < -
K2(2—-0) K>(0 —2)

since 6 > 2 and the continuity of  — r; on [0, 7).
Therefore, for any x, y € RY with |x —y| > Lo, p>1andt > 9, we have

E|X; — Y|P = ]E[E(XTLO,YTLO)|XI_TLO _ Yt—TLO |P]
< CiE[|X7,, — Y1, le "]
< CiLoexp(rtg)e™,

where in the first inequality we have used (3.4), and the last inequality follows from (3.7) and the
fact that |XTLO — YTL0| < Lg. In particular, we have for all |x — y| > Lo and ¢ > 1y,

E|X; — Y|P < Cze .

Combining with all conclusions above, we complete the proof of the second assertion in Theo-
rem 1.2. ]

We finally present the following.

Proof of Example 1.3. In this example,
b(x) =VV(x)=28x*!"2x.
It follows from the proof of [5], Example 5.3, that for any x, y € R,
(b(x) —b(y), x —y) < —p2*F|x — y|?. (3.8)
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Then, (1.4) holds with K> = ﬂ24’35, 6 = 2B and any positive constants K1, Lg. In particular,
(1.5) holds for all ¢ € (0, 1] and K1, Ly > 0 small enough. Then the required assertion is a direct
consequence of Theorem 1.2. O
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