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We consider the Lj-regularity of solutions to backward stochastic differential equations (BSDEs) with
Lipschitz generators driven by a Brownian motion and a Poisson random measure associated with a Lévy
process (X¢)e[0,7]- The terminal condition may be a Borel function of finitely many increments of the
Lévy process which is not necessarily Lipschitz but only satisfies a fractional smoothness condition. The
results are obtained by investigating how the special structure appearing in the chaos expansion of the
terminal condition is inherited by the solution to the BSDE.

Keywords: backward stochastic differential equations; Chaos expansion; L,-regularity; Lévy processes;
Malliavin calculus

1. Introduction

The main objective of this paper consists in studying the relation between fractional smoothness
of the terminal condition of a BSDE and the L,-variation of its according solution.

A motivation to investigate this relation arises from the fact that the convergence rate of the
discretization error of BSDEs with Lipschitz generator is determined by the convergence of the
discretized terminal condition to its limit and by the L,-variation properties of the exact solution
Y, 2).

In the Brownian scenario, the discretization of BSDEs has been studied by many authors, see,
for example, [4,10,11,14,27,28,36]. If the BSDE is given by

T T
Y,:§+/ F(s,YS,ZS)ds—/ Z,dW,, 0<t<T,
t t

we define the L ,-variation

noo 1/2
vary(§, F,7) = sup  sup |m—Y,,._.||p+(Z / ||Z,—Zt,._.||?,dr) :
=111

I<i<nti-1<s=t;

where T = (#;)}_, is a deterministic time-net 0 =1y <--- <, =T and

~ 1 li
Zy = 7E|:/ Zs ds|}",[._1:|.
ti - ti*l i
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Gobet and Makhlouf [21] considered L»-regularity of (Y, Z) for a terminal condition given by
& = g(X7) where g does not need to be Lipschitz and X denotes the forward process. In [14],
the L ,-regularity of (Y, Z) for p > 2 was shown if the terminal condition depends on the for-
ward process at finitely many time points, § = g(X,,, ..., X, ), and satisfies a path-dependent
Malliavin fractional smoothness condition which is weaker than the Lipschitz condition on g.
Using these results and following the ideas of [11], one can show that the convergence rate of the
error between the discretizations (Y7, Z7) and the solution (Y, Z) is of order % that is

T 1/2
Err; 2(Y, Z) :={ sup E‘YI—Y;}Z—G—/ E’Zt—Zﬂzdt} <clt|'/?
T 0

O<t<

provided that the time grid for the discretization is chosen in an appropriate way (like in [14]),
and the discretized terminal condition converges in this order. Without any assumptions on the
dependence of the terminal condition £ on a forward process X, Hu, Nualart and Song [22] have
shown the convergence rate % supposing Malliavin differentiability properties of £ (and of the
generator).

For a BSDE driven by a Poisson random measure, Bouchard and Elie [9] proved that the
convergence rate is of order % (in the non-degenerate case) if the terminal condition is given by
& = g(Xr1) where g is Lipschitz.

Here we study whether the L;-variation would allow to achieve the convergence rate % with a
terminal condition § = g(X,,, ..., X;,,) and whether the Lipschitz condition on g can be weak-
ened to a Malliavin fractional smoothness condition. The method we use allows to answer this
question in the case where X is the Lévy process itself.

In the Brownian setting, in case of a zero generator it is stated in [20], relation (8), that the
rate % is the best possible as long as & can not be represented as a linear function of Wr. More-
over, in [20], Theorem 3.5, it is shown that for equidistant grids there is a direct connection
between the convergence rate and the index of fractional smoothness of the terminal condition.
In [15], Theorems 5 and 6, the same results are recovered for W replaced by a square integrable
Lévy process X, even if the Lévy process does not have a Brownian part.

The paper is organised as follows. In Section 2, we describe the setting and recall some
needed facts. In Section 3 we recall some basic facts about Malliavin calculus in the Lévy
setting. Furthermore, we state a result about Malliavin differentiability of the solution (Y, Z)
to a BSDE. Our method to show the Lj-regularity of solutions to BSDEs exploits the fact
that their Malliavin derivative is piece-wise constant in time. This is ensured by selecting a
terminal condition which has this property. For this purpose, we introduce a space of suit-
able terminal conditions and investigate the chaos expansion of the according solution in Sec-
tion 4. Section 5 contains our main result, equivalences and implications concerning the L>-
regularity of (Y, Z). An important fact, which will be considered in Section 6, is a sufficient
condition for the Lj;-regularity of the solution: a certain Malliavin fractional smoothness of
the terminal condition (in addition to our standing assumption that the generator is Lips-
chitz).
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2. Setting

Let X = (X¢):efo,7) be an Lp-Lévy-process on a complete probability space (€2, F,[P) with
Lévy-measure v. We will denote the augmented natural filtration of X by I := (F;);¢[0,7] and
let Ly := Ly (2, Fr,P).

The Lévy-It6 decomposition of an L;-Lévy-process X can be written as

X,:yt—i—aW,—I—/ xl(’(ds,dx), (1)
10,2]x (R\{0})

where o > 0, W is a Brownian motion and N is the compensated Poisson random measure
corresponding to X.
We define the random measure M by

M (dt, dx) := o dW,80(dx) + x N (dt, dx). )
Then EM (B)* = [ m(dt, dx) for B € B([0, T] x R) where
m(ds, dx) = (» ® w)(dt, dx)
with
w(dx) = 0280(dx) + x2v(dx)

and A denotes the Lebesgue measure. For 0 <t < T, we consider the BSDE

T
Y,=s+/ F(s,Ys,Zs)ds—/ Z, - M(ds, dx), 3)
t 16, T1xR

where
Zs:/ Zs,xK(dx)
R

and «(dx) := «’(x)u(dx) such that ¥’ € Ly(R, B(R), u). We will use the following assump-
tions:

(Ag) § € Lo,
(Ap) F:Q x [0,T] x R2 > R is jointly measurable, adapted to (F;)se0,7], Lipschitz-
continuous in the last two variables, uniformly in w and ¢, that is,
|F(t,y1,21) — F(t,y2,22)| < Ly (Iy1 — 2l + |21 — 221), “4)
and satisfies

T
E/ |F(2,0,0)[” dr < 0.
0

For later use, we introduce spaces of stochastic processes.
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Definition 2.1. 1. Let S denote the space of all (F;)-adapted and cadlag processes (yi)o<i<T
such that

Iyll3:=E sup |y|* < o0.

0<t<T

2. We define H as the space of all random fields z: 2 x [0, T] x R — R which are measurable
with respect to P @ B(R) (Where P denotes the predictable o -algebra on Q2 x [0, T'] generated
by the left-continuous F-adapted processes) such that

Izll% :==E f |Z5.x|*m(ds, dx) < oo.
[0, T]xR

The space S x H is equipped with the norm ||(y, 2)|sxH := (||y||§ + ||z||%1)1/2.
A pair (Y, Z) € S x H which satisfies (3) is called a solution to the BSDE (3).

Theorem 2.2. Assume (§, F) satisfies (Ag) and (AF). Then the BSDE (3) has a unique solution
Y,Z)e Sx H.

This assertion can be found in Tang and Li [35], Lemma 2.4 and in Barles, Buckdahn and
Pardoux [5], Theorem 2.1. We next cite the stability result of [5] comparing the distance between
solutions to the BSDE (3) with different terminal conditions and generators.

Theorem 2.3 ([5], Proposition 2.2). Let (&, F) and (§', F') satisfy (Ag) and (Af). For the
corresponding solutions (Y, Z) and (Y', Z') to (3), it holds

Iy -y +]z-2];,
112 T = / > )12
scllE-¢1;,+ A | F s, Y5, Zo) = F'(s, Y5, Z9)|| 7, ds ),

where C = C(T, L/, ).

Remark 2.4. According to [34], Proposition 3 (see also [29], Proposition 3 or [2], Lemma 2.2)
for any z € L, (IP ® m) there exists a process

PzeLr(Qx[0,TI xR, PR BR),P®m)

such that for any fixed x € R the function (Pz). , is a version of the predictable projection (in
the classical sense) of z. .. In the following, we will always use this result to get predictable
projections which are measurable w.r.t. a parameter.

3. Malliavin differentiability of (Y, Z)

We will use the Malliavin derivative which is defined via chaos expansions, that is series of
multiple stochastic integrals. Following It6 [23], for n > 1 we define elementary functions of the
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type

fn((tlax])7 s (tnvxl’l)) Zzakl_[]lB{‘(tivxi)’
k=1 i=1

where a; € R, and for all k the sets B{‘ € B(0,T] x R),i =1,...,n are disjoint and satisfy
[m(Bik) < 00. The multiple stochastic integral I,, of order n of the elementary function f,, with
respect to the random measure M is defined by

n

Li(fa) =) ax [ M (Bf).
k=1 i=1

Since the elementary functions given above are dense in Lg = Lo(([0, T] x R)", m®"), by lin-
earity and continuity of [, its domain extends to L’;. For n =0, we set L; :=Rand Ip(fo) := fo
for fy € R. The properties of I, are very similar to those in the Brownian case, especially it holds

Li(fu) = Li(f),

where fn denotes the symmetrization of f with respect to the n pairs (¢1, x1), ..., (4, X,). More-
over,

<fnv§n)Lgv n=m,

IEln n Im m) =
(fn) Im (&m) {07 ntm.

Any G € L; has a chaos expansion
o
G=> L(f)
n=0

which is unique if symmetric f, € L are used (which we will be our standing assumption from
now on), and it holds

o
2. 2 2
IGI? = 11Glz, =Y nll full7y-
n=0

For example, for X from (1) we have
Xy =Io(ys) + I (Ljo,5jxr) = ¥s + M ([0, s] x R). %)

A straightforward generalisation of [30], Lemma 1.2.5, implies (E, stands for the conditional
expectation E[-|F;])

o
EG =" L(falpo.p)

n=0
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The space D » consists of all random variables G € L, such that

(o)
IG115, , = D1+ DI fullfy < oo,
n=0

For G € D » the Malliavin derivative
DG e Ly(P@m) :=Lr(2 x [0, T] x R, Fr ® B([0, T] x R), P® m)

is given by
D G (@)=Y nlyi(fu((t,%),)) (@),

n=1

for P@m-a.e. (w, t,x) € Q x [0, T] x R. For example, for X; from (1) representation (5) implies
D xXs =D x 11 (L[0,51xR) = L1, 71(5) for P® m-a.e. (w,1,x) € 2 x [0, T] x R. (6)

For random variables in D 5 there is an explicit expression for the integrand in the formula-
tion of the predictable representation property (for an introduction to stochastic integration w.r.t.
random measures see, e.g., [3]).

Lemma 3.1 (Clark-Ocone-Haussmann formula [33], Theorem 10). AssumeG € Dy 3. Then

G=EG+/ p(DG),,XM(dt,dx). 7
[0,T1xR

The Malliavin derivative D. o can be interpreted as a Malliavin derivative in the Brownian
setting with values in the L;-space of random variables depending on the jump part of the Lévy
process (see [1,32]). On the other hand, for x # 0, the Malliavin derivative D. , behaves like
a difference quotient (see [1,32]). This is also illustrated by the next lemma which contains
formulae for the Malliavin derivative of differentiable Lipschitz functions depending on random
variables in D ».

Lemma 3.2. Let f € C'(R"; R) with bounded partial derivatives. If G1, ..., G, € Dy, then
f(le e Gn) S Dll and

(i) for x =0 it holds

n
Diof(Gi,...,Go) =Y % f)(Gr,...,Gn)Dy0Gi,
i=1
forPQ® A-ae. (w,1);
(i1) for x # 0 we get the difference quotient
G D xGy, ..., G D xGp) — f(Gy,...,G
Dt,xf(Gl»---an):f( 1 +xD; Gy n+ XDy x n) f( 1 n)7

X

forPQm-a.e. (w,t, x).
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Proof. Assertion (i) follows immediately from [32], Proposition 3.5, combined with [32], Propo-

sition 3.3 and [30], Proposition 1.2.3. Assertion (ii) is a straightforward extension of [16],
Lemma 5.1. ([l

We will make use of the following properties for the Malliavin derivative [13], Lemmas
3.1-3.3.

Lemma 3.3. (i) Let G € Dy 3. Then for 0 <s <T,E;G €D and
'Dt,xEsG =E, (Dt,x G)]]_[o,s](t), P® m-a.e.

(i1) Let F:Q2 x [0,T] x R — R be a product measurable and adapted process, p a finite
measure on ([0, T] x R, B([0, T] x R)) such that the conditions

@ E fio.71up | F s, y)Po(ds, dy) < 0,
(b) F(s,y) €Dy for p-ae. (s.y) €[0. T x R,
© E fio.71x% Jio.71xR | Pr.x F (s, y)[*p(ds, dy)m(dz, dx) < oo

are satisfied. Then
/ F(s, y)p(ds,dy) € Dy 2,
[0, T]xR
and the differentiation rule
D [ Fopsdn=[ - DLFspsdy)
[0,T]xR [0,T]xR

holds for P ® m-a.e. (w,t,x) € 2 x [0, T] x R.
(iii) Let F:Q2 x [0, T] x R — R be a predictable process satisfying

E/ |F (s, y)!zm(ds, dy) < co.
[0,T]xR
Then conditions (a)—(c) of (ii) are satisfied for p = m if and only if
/ F(s,y)M(ds,dy) € Dy 5.
[0, T]1xR
In this case, the formula

Dl,x/ F(s,y)M(ds,dy)=F(t,X)+/ Dy xF(s, y)M(ds,dy)
[0,T]xR [0, T1xR

holds P ® m-a.e.
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The following theorem is concerned with Malliavin differentiability of the solution to a BSDE
of the form

T

Yt:";‘_"f‘/ f(S7XSaYssZs)ds_/ ZS,XM(dSﬂdx)a 0<tr=<T, ®)
t 16, T1xR

where we will assume

(Ay) feC(0,T]x R3) is Lipschitz-continuous in (x, y, z), uniformly in #, that is,
|f(t.x1y1.20) = f(t,x2, 32, 2) | S Lp(lxr —x2l + y1 — v2l +lz1 — 220). (9)

(Asl) f satisfies (Ay) and £ € COLL1([0, T x RY).

Note that (8) is a special form of (3), and F(w, t, y, z) := f (¢, X;(w), y, z) satisfies (Ap) if f
does satisfy (A r).
Theorem 3.4. Let & € Dy and assume (A g1). Then the following assertions hold.

(1) For m-a.e. (r,v) € [0, T] X R, there exists a unique solution (U"V, V"") € S x H to the
BSDE

T
UlY =Dy ok +/ Fro(s. UV, V") ds —f VixM(ds,dx),  t€lrT],
t 1, TIxR (10)

Urt=vil=0,  tel0,r),
where V{"* := [ V{"Vk (dx),
o5, U0, T2) = (9.6, X, s, 200, (451090, UL, 729),

with V = (0y, 9y, 9;), and

_ 1 - _ _
Fro(s, ULV, VEY) o= = [ f (s, Xs + 0L 1(9), Ys +0UPY, Zg +0VIY) = f(s, Xy, Yy, Zy) ]

v
forv #0.
(ii) For the solution (Y, Z) of (8) it holds
Y € L,([0, T]; D1 2), Z e ([0,T] x R; Dy ), (11)
and D, Y admits a cadlag version for m-a.e. (r,v) € [0, T] x R.
(i) (DY, DZ) is a version of (U, V), that is, for m-a.e. (r, v) it solves
T
Dr,th = Dr,vs +/ Fr,v(& Dr,vys»f Dr,vzs,x’((dx)> ds
t R (12)

_ / DruZs M(ds,dx),  1e[rT].
1. TIxR
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(iv) The process P ((Dy,vYr)rel0,T],veR) is a version of Z where we set

Dr,er (@) :==lim D, ,Y; (w)
N\ '

for all (r,v, ) for which D,.,,Y is cadlag and D, Y, (w) := 0 otherwise.
In the setting of time, delayed BSDEs a similar result was proved by Delong and Imkeller [13]
assuming that the time horizon T or the Lipschitz constant L y of the generator are sufficiently

small. For the convenience of the reader a proof of Theorem 3.4 is contained in the preprint
version [17].

4. Chaotic representation of (Y, Z)

The goal of this section is to investigate properties of the chaos expansions of the solution (Y, Z)
to (8) with terminal values & of the following form:
Letro=0<r; <--- <ry, =T be a partition of [0, T]. Define Ay := Jrr—1, 7] for k =
I,...,mand V] :={1,...,m}". The set of cuboids
{Aa =Agy XX Ayt =(a1,...,0y) € V,Z}
forms a partition of ]0, T']". Furthermore, we let

o
H:= {g = Zl,,(f,,) € Ly: 3g% € Lr(R", u®") such that
n=0

.fn((t]ax])v""(tn7xn))= Z g;olt(x]"”9xn)]]~1\a(tla°"7tn) .

acVp
Hence, on each cuboid A, the function f; is constant in (71, ...,#,). In particular, this space
contains random variables of the form
g(er - er_| s Xr| — Xo) € Lo,

where g is a Borel function (see [6]).

The benefit to consider terminal conditions from H lies in the fact that ¢ — D;,£ is a.e. con-
stant as long as ¢ is within an interval Ak. This property will be used several times below, espe-
cially in the proofs of Lemmas 5.3-5.5.

Remark 4.1. By convolution with mollifiers, we construct for any function f € C([0, T'] x R?)
satisfying (A r) a sequence (f;),>0 converging uniformly to f in C([0, T'] x RR3), such that for
alln e Nand t € [0, T] we have f,(t,-) € C*® (R%), and fn satisfies the Lipschitz-condition (9)
with the same constant L ¢ for all .
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Let (§1)n>0 € D12 be a sequence converging to & in L. By (Y", Z"), we will denote the
solution to (8) with terminal condition £, and generator f;,. Then Theorem 2.3 implies that

(Y",z" - (.2 ifn - ocoin S x H. (13)

If £ € H, then the solution (Y, Z) has a chaos expansion which resembles those of the elements
of HL

Theorem 4.2. Let (Ay) hold. For & € H the chaos expansion of (Y, Z) € S x H has the repre-
sentation

o
= 1n< > e <t)nAmo,,]n>, P®-ae. (14)
n=0 ‘aeV!
where 9% :[0, T] x R" — R is jointly measurable, % (t) € Lo(R", u®") and
o0
Zix= Z In( Z v (t, x)]lAaﬂ]O,t]”)’ P ® m-a.e., (15)
n=0 acV

where ¥ : [0, T] x R"™ — R is jointly measurable and 2 (t) € Ly(R™!, u®+1),

Proof. We may use Remark 4.1 and approximate £ € H by a sequence (§,), CHND;, and f
by (fu)n satisfying (A r1). Since the convergence in § x H implies convergence w.r.t. the norm

o Dl = (912, ey + 12013) 2, (16)

and the space of processes (y, z) with representations (14) and (15) is closed with respect to the
norm (16) we only need to show that the assertion holds for any solution (Y", Z") w.r.t. (§,, fu)-
Hence we may assume that £ e HND; 7 and f € Co’l’l’l([O, T] x R3) such that 9 f, 9y f and
0, f are bounded by L r. According to Theorem 3.4, we can differentiate (8) and obtain for m-a.e.
(t,x) and all s € [z, T] that

D, Yy =D&+ /T Dy f(r, Xr, Yy, Zp)dr — / Dy« Zr,yM(dr, dy).
s Is, TIxR
Theorem 3.4 yields that Z is a version of ”(D; ,Y;), hence
Zi =D Yy, P ® m-a.e.
We define the recursion

v>:=0, Z%,:=0,

s s,y

(17)
T
YEH gy / Frh X Y Z8dr, YR ok,
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where ¢ denotes the optional projection, which is according to [12], Theorem 47 and Remark 50,
cadlag. Since Y41 =, Y%+ P-as. one gets by Lemma 3.3

T
le‘,yYMk"’_l = DS,yEMS =+ IDS’y]Eu\/‘ f(r, Xr, Yf, Zf) d}"
u
- ) (18)
=E,D; & +Eu/ Dsyf(r. X, Y5, ZN)dr,  uels, T1.
u

Since D; & + fuT D,y f(r, Xy, Yrk, Zf) dr, u € [s, T], has continuous paths for a.e. (s, y) we can
again apply [12], Theorem 47 and Remark 50, to get a cadlag optional projection. Hence, we
may define the set

Ag = {(s, y) € [0, T] x R: the RHS of (18) is cadlag on [s, T] IP’-a.s.}

and assume a pathwise cadlag version of DS,kaH for any (s, y) € Ay while we let DS,kaH
be zero otherwise. In this sense, we can set

k+1 . : k+1 k+1 . k+1
2 =D, L 7 = (2t (19)

fork=0,1,2,....
The process Y k+1 has a cadlag version, therefore, (Yk, Z") € S x H for all k € N. In the proof
of [35], Theorem 2.2, it is shown that (Y k. Zk) converges to (Y, Z) with respect to the norm (16).
Consequently, we only need to show that (14) and (15) hold for (Y k Zk).
For fixed ¢ €]0, T[, we describe (14) by introducing the space

00
H, := {Z[n< Z gg]lAaﬂ]O,t]"> €Ly g€ LQ(RH, M®n) .
n=0 eV

From [6], one can conclude the following fact.

Lemma 4.3. For any Borel function h:R? — R and &, ...,&; € H; such that h(&1, ..., &) €
Ly it holds h(&,,...,&;) € H;.

Assume now that (14) and (15) hold for Y k and Z*, respectively. We have
Z Uy (t, x)]lAan[o’t]m)K(dx)

i[5
t Rr;) acVi
=Zln<z /Rlﬂ,‘:(t,x)/c(dx)JlAam[oJ]w) (20)

n=0 acV!

= Z In( Z v (t)ﬂA(,m[o,z]@Dn) e H,.

n=0 aeVp
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From Lemma 4.3, it follows that f (¢, X;, Y,k, Z{‘) € H that is,

o]

f(t, le Yk Zk — Z (Z gz(t):u-Aaﬂ]O,t]®”)f

n=0 aeVy

with g7 (t) € Lo(R", w®). Because f(-, X., Yk, Z_k) is square integrable w.r.t. P ® A on € x
[0, T'] one can show that the g5 can be chosen jointly measurable. This implies

T
]E,/ f(r X, Yk Zk dr—/ (Z gn(”)ﬂAam]Oz )dr
t

acVh

=Y 1, (Z/ gn<r)drﬂmo,®n>
n=0

aeVy

From (17), we have that Y,k+l = E,y,"“ P-a.s. and since E,;& € H; we conclude repre-
sentation (14) for Y,kH. To find out the representation of ZF+1 we will use (19). Let o :=

(a2, ...,0,). Assuming & =Y 2 [, (3" cyn 891 4,) with symmetric f, = >, cyn 821a, We
get by Lemma 3.3 for P ® m-a.e. (¢, y, w) €]0, s] x R x Q that

T
D, Y =D, B + D,,ylEsf f(r, X, Y, Z8) dr
s

=D Eé& + Dt,y/ Zl <Z gn (1, Ao, s]®")
S

n
ae Vm

Y A Y Lag, (14,0, 5100 n>

aeVy

/ ann 1<Z g (r,y, Ma,, (D1, np0 5100 1>>dr
N

aeVi

where we again have chosen symmetric integrands ) oy & (") 15, nj0.51@n. One easily checks
the L-convergence

o0
. k+1 A
EI{I}Dz,yYX"L = E nln—l(Z & (v, )1a,, (t)]lAaﬁ]O’,]wl))

n=1 acVn

/ Z”lln I<Z 8"(" Yy, )]1Ao(1 (t)]lAa 10,£]®0— 1)>d
t

acVi
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If we consider the cadlag version of D, Y k+1 we obtain the same expression for the pathwise
limit, that is, P-a.s.

Zk+1

k+1
t,y Y,

N

=1imD,
SN\t

0 T
=Yt (X [a000+ [ g0 un, 0o )
n=1 acV) !

O

5. Lj-variation of (Y, Z)

The next theorem is our main statement, which allows conclusions on the L,-regularity of the
solutions to BSDE (8) by observing regularity properties of Y,, for fixed time points rg = 0 <
rp<--<rp="T.

Theorem 5.1. Assume that (Ay) is satisfied and § € H. Let k € {1, ..., m} and 6 €]0, 1]. For
the solution (Y, Z) of (8), consider the following assertions:

(1) There is some c1 > O such that for all s € [ri—1, ri],

1Yy, = Es Y 1? < c1(ric — s)%.

(i1) There is some ¢ > 0 such that for all rp—1 <s <t <ry,

t
1Y -Vl <c / (i — 1) dr,
S

(iii) There is some c3 > 0 such that for A-a.e. s € [ri—1, ri[,

2 Or—1
”ZS,'”LZ(IP’@M) <c3(re—s)*.

(iv) There is some ca > 0 and a Borel set Ny with M(Ny) = 0 such that for all s,t €
[rk—1, 7k [\Nk with s <t and for all h € Lo () it holds

2 t
< 112, s / (re — A2 dr.
S

H fR (Zox — Zs OB (OR(dr)
Then it holds that
(i) & (if) < (i) = (iv).

Remark 5.2. (i) Analogously to [14], Definition 1, we may introduce the concept of path-
dependent fractional smoothness: fix ® = (01, ...,6,) €10, 1[". If (Y, Z) is the solution to
BSDE (8) with generator f and terminal condition & € H, we let

&, f) € B (X)
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provided that there is some ¢ > 0 such that
1Yy —EsYpl? <cri—o)*  noiss<nk=1,....m

If f =0 we simply write § € Bg oo (X). If, moreover, T = 1 and m = 1 then the space BS 0o (X)
can be understood as the real interpolation space (L2,1D;2)g,,0c Which describes fractional
smoothness. For & = 2% L (f,) € H set Tz (1) == [|E£]1> = Y0 11, (f)]I>t", and using
the ideas of [19], Proposition 3.2 and [20], formula (13), one can conclude that

1E N (Lo.3y 2o, 0 ~e IEN+ sup (1= )2/ Te (1) = Te (1)

0<t<l1

= &+ sup (1—1)""2||& —E&]l.

0<r<l1

By assumption, we have ||§ — E;& 2 < c(1 — 1) hence the RHS is finite. From the lexicograph-
ical scale of the real interpolation spaces (see [8] or [7]), it follows

(L2, D12)g; 2 2 (L2, D1.2)6;,00 for all 6] €10, 61[.

Especially, ||&€ — E;& ||2 <c(l=0)? implies that Z;’OIO nf ||I,,(f,,)||2 < oo for all 9{ €10, 01 (see
[20], Remark A.1).

(i) In general (iv) #- (iii): let (p,);>; be an ONB in Ly (). For simplicity, assume 7" =
Lm=1,f=0and & =Y 2, I,(g, 15"} so that

o
ZS,X = Z}’lln—l (gn(xv ):ﬂ‘%f?]_l))

n=1

Setting g, := B, (n!) /2 p®" we have

o
2 2 .n—1
126, Ly pap = D_mBas" ™"
n=1
For a sequence (8;) such that ,312 =1, ,322 =0, ,8,% = n(log(lTl))z’ n >3, we use Lemma A.1 of

[31] which states that

1
(1 —5)(1 —log(l —s))?

o
1+ Z(logn)fzs" ~c

n=2

(where for some ¢ > 1 and A, B > 0 the expression A ~. B is a short notation for c'A<B<
cA). Hence
1Zs.-117 NI S————
SNy (Pou) ¢ (1 —log(1 —5))2 ’

so that there does not exist any 6 € ]0, 1] for which property (iii) holds.
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But for any h = Y12 | @ p, such that [|h]|7, ) = >0 @y = 1 we have

1

_ n—1 _ .n—1
H /R Zone— ZohConian)| 23 (1Og(n_1))2(t ") = Gog2r

which means that (iv) is fulfilled for any 6 € ]0, 1].
We prepare some lemmas to prove Theorem 5.1.

Lemma 5.3. Letn e HNDy 2 and k € {1, ..., m}. Then for A-a.e. s,t € lrx—1, ri[ with s <t it
holds

"Eyn —Enll?

, IE
IEDy, 0 — ByDy I, gy < 4 / e

Proof. Let n e HN D 5 be given by n =3 7 [,(Q_,cvn 81a,) Where we assume that the

functions f,((t1,x1), ..., (t;,x,)) are symmetric. In the following, we use again the notation
= (o, ..., 0p). Since
o0
Dyan=) nl ( PR SACIDEI (r)ﬂAQ)
n=1 aeVn

and since there exists a version of Dn which is constant on Jrx_1, ri[ we get for s, ¢ € Jri—1, rrl[
that

E:D; .n— ESDS,JIHZ(P@;L)

2
ann 1<Z g4, (DLa, (150" 1%3]”)) 1)
= Lo (o)
- 2
=Yt Y len ]y, uen P (Ae N (10,71 10,51771)).
n=2 aeV)
a1 =k

For B € V)l and 1 <! <m, we define

nB)=#i|pi=1i=1,...,n}

Notice that the intersection Ay N (JO, ! \ 10,577 N is empty if Z:,”:Hl yd(a) > 0. There-
fore, setting

8 i= 1{0}( > Vd(g))

d=k+1
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we have

A2 (A, N (10,2171\ 10,517 71))

= ((t — )@ (5 — rkil)Vk(Q)) H (r — "l—l)yl@csg-
1<i<k

Using the symmetry of the functions in the chaos decomposition, we get that

Uty Xn) = 87 (1) -+ oy Xr()
and hence || gy ”iz(u‘g’") = ||g,7f(°‘) ||iz(#®n) for all 7 € S(n) where we used the notation 7 («) :=
(az1y, .., 0z(m)). Applying this fact, we reduce our summation over « € V, to a summation

over equivalence classes [«] € V. / ~ where
a~pB <& dmeShn): a=n(p).
Thus, since in (21) we fixed «1, by taking equivalence classes for Vg_l we obtain

IE:Dr..n — By Dy, 1117, by

> (n—1)! (k,a) (12
=2t X @1 e 22)

n=2  [g]eVp !/~

x ((t _ Vk—l)yk(g) — (s — rk—])yk(g)) H (r — rl—l)n(g)(sg,
1<i<k

(n—1)!

m and Yi (g) is invariant of

because the cardinality of the equivalence class [«¢] is
permutations of . For y > 1, we estimate

t
(t—ri—1)’ — (s —re—)? =/ y(r—r—)? " ldr
N

using for the integrand on the right-hand side the inequality
1 e [P
r—r—)? 7 < —/ / (v—re—1)” " dvdp, Te—l] <T <U <.
(re —w)u—r) Ju Jy

Foru = % this leads to

re— k=)’ — (r — )7t

dr.
(=72 '

4 r(
_ Y _ (e _ y
t—r-)) =@ —r-)’ =< (y+1)/5
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This yields

B Ds..n = Es Dy 1l 7, e

n! )
' =
Zn Z Y@ yi—1 (@) (i (@) + 1! ez, e

n=1"[alevil/~

=) — ¢ @

[] ¢ =rnn"@s,dr,

Y
(rk r) 1<l<k
where for y, () = 0 we have used
t _ —_— J—
0=t —r-D)"*@ — (s — @ 5/ i = nie1) (r2 =t g,
s (rk — 1)

Because of
vi(@) =yi(a), O<l<k and y(e)=wm(a)+1
if @ = (k, o) we finally get

IE:Dy,.m — Est,-’?”%Z(JP’Qw)

n! )
/Zn' Z J/l(ot)!---yk(a)!”g”HLZ(/‘W)

Y n=1 [a)eVi/~

Y DO — (r — @

[ o1 =ri)7® s, dr

(rk — r)2 <k
A8 (Mg 00,7 \10,71)
_4/ Z”' > s “sz@") (e —r)?
n=1 «aeV}
IIEr 0 — Enl?
=4 dr.
/ C—n? ' )

LemmaS54. I[fneHND;andk €{l,...,m} then for A-a.e. t € Iri—1, ril

IE, 1 — Enll?
||EtDt,-77”%2(IP‘®u) = rkrki_t

Proof. Similar to the proof of the previous lemma, we get (using the same notation)
2
”Etpt,W”Lz(]p@M)

1
n— I<Z 8n ]]-Aa] (t)]]-Aaﬂ%(;l] )>

aeVn

2

Ly(P®wp)
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o0
=Y nnt Y |ex ||iz(u®n)(t — )@ [ Jor =) @s,
n=1

acVn <k
Ol]:k
e — (@) _ (f — Vi (o)
a2 (rg — r—1)"* (t —rr—1) (@)
< Zn! Z | & ”LZ(M@n) — H(rl —1-1)"" 8
n=1  aeV k I<k
_Ern —Eml?
rp —t ' U

Lemma 5.5. Suppose u €Jrk—1,T], n e H, "Dy 2 and h € Ly(w). Then the equation

Es [7711 (]]-]S,a]h)] _ ES [77 -/]s,a]X]R h(x)M(dt’ d)C)]

a—s a—Ss

_ / E, Dy xnh (x)pt(dx)
R

is satisfied P-a.s. for A-a.e.rp_1 <s <a <ry Au.

Proof. By the Clark—Ocone—Haussmann formula (7), we express n as
n=En+ / P(Dn)s,xM(dt, dx).
10,u]xR

Thus we can write

Eg [nf h(x)M(dt,dx)]
Is,a]xR

=Es |:/ P(Dn);xM(dt, dx) h(x)M(dt,dx)i|
10,u]xR

Is,alxR

(the constant En multiplied with jis aIxR h(x)M(dt,dx) gives zero when applying Ey). Using
now the conditional It6-isometry, we arrive at

E, [ / P (D).« M (dt, dx) h(x)M(dt, dx):|
10,u] xR

Is,a]xR
=IES/ E;D; xnh(x)m(dz, dx)
Is,a]xR

:/ E;D; xnh(x)m(dt, dx)
Is,a]xR

=(a —S)/]R]Eﬂ?s,xnh(X)M(dx)

since Dn is P ® m-a.e. constant on the interval Jry_y, rx A u[ with respect to the time variable
because 7 is in Hj,. (Il
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Proof of Theorem 5.1. In the following, we will indicate the dependency of the constants on
certain parameters but nevertheless the constants may vary from line to line.

(iii)) = (ii): This step is analogous to the proof of [14], Theorem 1, (C2;) = (C3;). It holds
2 ! 55\ 12 ! 2
mz—nnszu—nfnfmxaquW<h+2/|wnhﬂ®mm
S N

! 2 2
<c(Ly. n@®). k') / (L 1Y 1P+ 12 12 i) A
N

1

s

. T 5
since [y |1Yr[1?dr < oo and | Z | < 1K'y I Zr.- | Ly Popw)-
(i) = (i): The argument of [14], Theorem 1, (C3;) = (C4;), works here as well so that we
have

4dcy
1Y, = EsYr 1> <41Y,, — Y5 * < 5 k- )%,
(i) = (iii): Step 1. We first assume that
& e HN Dy and f satisfies (A ¢1). (23)
Because of the relation
Tk _
V=B 4B [ X Y 2o nei<r<n, 24)
r
Lemma 3.3 and Theorem 3.4(iv) we have P-a.s. for m-a.e. (¢, x) € [rr—1, r¢[ x R that
Z[,)C == lim DI,)C Yr
r\
Tk _
:Hth,x (Eryrk +Er/ f(u, Xu, Yu, Zu)du>
r\u r
Tk _
= li{‘I}<ErDt,x Yrk + IEr,Dt,)c / f(u’ Xu, Yy, Zy) du) (25)
r r
Tk _
:1{2(Erpt,xyrk +Er/ Dt,Xf(ua XuvaZu)du)
r r

Tk _
=IEtll)t,erk +Et/ Dt,xf(ua X, Yy, Z,)du,
t

where we assumed the right continuous versions of the according expressions: Since Y, €
H N'IDy, the expression DY,, can be realized such that it is constant in ¢ on Jrg—1, 7x[ and
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(EsDs x Y )selri_ 1.1 1 @ martingale (for fixed x). From Lemma 5.4, we conclude that

”)rk Et)rk”
7. < Kk " K7
” t, ||L2(P’®;1) ,—rk ;

Since Lemma 3.2, the Lipschitz condition and relation (6) imply

Tk _
b [P X Y 20 |y 20
t

|Diy f (. X, Y, Z0)| < LAy () + 1Dpy Vel + 1 Diy Zel), v #0,
and
Dyof(r, Xr, Yr, Zp) = (L, 71 (r)0x + Di oY, 9y + D10 Z,3;) f(r, X, Yy, Zp),
we have
|D1,-f O X0 Y Z0) | ey < L (V@) + 1D, Vel Ly e + 1D Zr s @) (27)
We take the Malliavin derivative of (24), and by Lemmas 3.3 and 5.4, we get
1Yre —E Yyl

DY, <
” t, r||L2(P®M)— \/rk—_r

In order to estimate ||D,,,Z, |, o), we will use the representation

rk B
+/ D f s Xuts Yus ZO) | gy Q- (28)
r

.= da,
a—r

7 — IEr[(IEuYrk)Il (ﬂ]r,u]K/)] + /rk E [f(a, X4, Ya, Za)ll(]]-]r,a]/(/)]
r

u-—r

for A-a.e. u such that rp—; <r <u <ri, which is a consequence of equation (25), the fact that
E.Y, el,, f(a, X4, Y4, Z,) € H, and Lemma 5.5.
Hence for ry_; <t <r < u < ry the ‘conditional’ Holder inequality implies

||Dt,~2r ||L2(IP’®M)
< ‘ E, [(Dt,- (E, Yrk))ll (]]-]r,u]K/)]

u—r
Ik
/
r

- 1Ds,.(Eu Yr )l Ly P 16 | Ly )

Ji—r

Lry(P@up)

E [(Dr.. f(a, Xa, Ya, Za)) 1 (L a1")]
a—r

da
Ly(P@u)

1+ 1Dy YallLy@sw + 11 Zall Ly Pew da

+C(Lf,,bL(R),K/)/ T

where we used that (E, I; (Jl],,u]/c/)2)1/2 < c(k)/u —r as., and from (27) one gets the estimate

for the integral. Choosing u = r’(; ”, we conclude by Lemma 5.4 the inequality

”Dt,-(EuYrk)”Lg(P®M) <2 ” Yrk - Er Yrk ”
Ju—r - e —r '
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From the estimate (28) for D; .Y, and the above one for D; . Z,, we obtain

1D, Yl Lo @on) + 1Dt Zr |l Ly P
< C(K/) ”Yrk - ]ErYrk”
Ty —r

14 ||D;.Y, D,.7Z
+c(Lf,u(R),x/)/ + Dy, YallL, o) + 1Dt Zall Lo da
r Aa—r

which can be treated using an iteration and Gronwall’s lemma (see the proof of Lemma 4 in [14])
in order to get

- 1Yy, —E Yy |l
HDuKMh@@m+HDuZAh@@USCU¢JHRLV%—%;:%an 29
Hence from (26) and (27), it follows
1Yy, —E Yy |
N Z:, N, Pop) < —F—=—
’ Mg —t
(30)

ry —r

Tk Y., —EY,
—i—C(Lf,,lL(R),K/)/ (1 + M) dr.
t

Step 2. Here we use Remark 4.1 and approximate £ € H by a sequence (§,), € HND; > and
f such that (A ) is fulfilled by (f,;), satisfying (A z1). The convergence (13) implies that we
can find a subsequence (Z") which we will again denote by (Z") such that for A-a.e. r € [0, T']

”Z{"‘—Z,"HZ(P®M)—>O as n — 00. (31)

From the first step, we conclude that (30) holds for Z" and therefore
1Z: L, pon = H Zs. — Ztn,- ”Lz(mu) + ” Ztn,- ||L2(]P®p,)

” Iyn —Eyn |
Naeon ™ =7

Tk Yy" —E.Y"
+c(Lf,M(R),K’)/ <1+M> dr
t

<|z..-Zz}

Iy —r
Y, —E:Y, Tk Y, — K.Y,
S ” Fk t rk” +C(Lf,,bL(R),K/)/ (1+ ” rk r rkH)dV
ry —t ' ry—r
21y = Y
n k
+Ze =27 | gy + =1

e Y., — E. Y, — (YY" —E,Y"
+C(Lf,M(R),K/)/ 1 Y = (Fy =B ¥ dr.

¢ e —r
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For sufficiently large n the terms in the second last line are arbitrarily small. For the last term,
we use the relation (24) and get

/’k 1Yr, —ErYp — (Y7, — Y”)II
t

rk —r
Tk fr"k ”f(u,Xu»YuvZu) _f(quuyY,:l»Zn)”du dr

¢ g —r

<

rk fuU 1 _ _
:/ / dr || £, X, Yu, Z) — f(u, X, Y}, Z2) | du (32)
t Jr Tk —T

[ o 2 1/2
[ ([ 75e) o
t t Tk —T

rx B o 1/2
x[/ | X Y Zu) = f (u, X, Y3 Z0) | duj| ,
t

where the last factor is arbitrarily small for sufficiently large n.
(i) = (iv): Step 1. We assume first that (23) holds for (§, f). In the following, we use the
notation f(r) := f(r, X, Y, Z,). Then equation (25) allows us to write

H /R (Zox — Zy () (dv)

R(Etpt,x Yrk - ESDS,X Yrk)h(x),u(dx)

+ / |:IEt /rk Dy xf(r)dr — Eg /rk D +L(r) dr:|h(x)u(dx)H
R t s

=< ||EID1,~Yrk - Est,~Yrk ||L2(P®M)||h”L2(M)

+ / [Et / Dy b dr — B E, / ! Dt,xf<r>dr}h(xm<dx)
R t t

t
+ / E, / Dy () drh(x)u ()]
R s

where we have used that Df(r) can be chosen to be constant on ]ri_1, ¢ A r[ that is, we may
exchange D (f(r) by D; ,f(r) in the second term.
From Lemma 5.3, we obtain that

1Yy, —E Y, ||
||EtD[,~Yrk ”LZ(IP’@M) / (rk _ r)2

We combine (27) with (29) to get

wm—mmw

T

: (33)
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which is used to estimate
t
H fR E, / Ds,xf<r>drh<x>u<dx>H
s

t
< ||h”L2(u)/ HDs,-f(")HLz(P@u) dr
s

t
1Yy, —E Y|l
< 1Rl Ly C(Lva(R),K/)/. W = B Prell
K rk —r

From Lemma 5.5, we conclude that

E: 11 (13, .1f
/ Dy o fr)h (o) = — e I]
R r—t
Applying the Clark—Ocone—Haussmann formula (7) and (33) yields

2
HA]EIDI,xf(r)h(X)M(dx)_ES/%EtDI,Xf(r)h(X)M(dx)

1 2

(r —1)?2

_ 1
T (r—1)?2
1 ) ! 2
r_;“h”“(“)/s [P £ [, gy A

1

r—t

H/] o P[Du,yE;(Il(ﬂ]t,,]h)f(r))]M(du,dy)
S, X

t
f/RJE\E,[I](11],,r]h)Du,yf(r)]|2m(du,dy)

=

—E.Y,I?

t
I,
112, e(Ly (R, ) / r
N

<
- (re —r)?

du.

For the first inequality, we have used that for u < ¢ < r it holds P ® m-a.e.
D,y [ 11 Wy, yE(r)] = I (L3, h) Dy, £ (r)

since Dy, y11(1y,,1h) = 0. This can be proved, for example, applying [16], Corollary 3.1, and
approximation. Hence,

Ik
f [ fR E Dy £ (x)u(dx) — E, fR EtD,,Xfmh(xm(dx)} ar
t

< hllygoy/e(L g, n(@®), k') /rk Mdr«/t .
¢ (e —=r)Jr—t
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Consequently, we infer

2

HA;ZJ—AJM@MMM

Ly
1Y —E Y 12

dr
s (rk—}’)2

snwgwpa¢JARxwﬂ

| Yy — B Y| 2_}
([ i) o)

Obviously (5.1) implies

“NY —E Y2

t
dr gclf (e — )2 dr
s (rk_r)2 s

and

</r" Y —E Yyl r) - c1</l(l _u)(ek/Z)lul/zdu>2(rk !
r (rk —F)«/F— 0

O 1 -
—cle(7 5)(r — )l

(34)

where B denotes the beta function. For 6; < 1 one can see that for all s, ¢ € Jry_, ri[ withs <t

it holds

(e — %Lt —s) 9%}%;%uk—w@—l—@k—w@‘ﬂ

IA

t
(re — rkfl)/ (e — )2 dr

since this inequality is equivalent to

Tk — Tk—1

1-6
e, [1—(1—e)'%]

t—s:i=¢g(ry—s) <

for e €]0, 1[ and s € Jr¢—1, r¢[, and the last inequality can be proved easily. For 6; = 1 we have

t —
(rk—t)o(t—s)ff Tk =g,
N

ry—r

Summarizing we get the assertion with

Or 1
c4=clc(Lf,M(R),K/)<l+Bz(zk 2>(rk — Tk~ 1))
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Step 2. Now we take the sequence (§”, f™), from step 2 of the implication (i) = (iii) and
proceed with (34) in the same way as we did with (30). In order to get the analogous estimate,
we use the relations

/’ [ f,’kf(u,xu,Yu,Zu>—f(u,xu,Y;,Zz)dedr
s (rk _r)2

1 1 Tk _ —
5/ drf | £t X Yas Z) = f (. X ¥ Z3) | s
s Tk —7T rk—1

T—

which is arbitrarily small for fixed s, f € [rr—_1, r¢[\Nx where A(Ny) =0 and large n € N, and

Tk f,rk ”f(quu»Yu»Zu) —f(M,Xu,Y,f,Zﬁ)HdM dr

t (rk =r)vr—t
2SN X Ya, Za) = f (u, X, Y, Z3) ) du /<’k+’>/2 Ly
’
- ry—1t t r—t
\/z "k j;rk ”f(u’XuvYusZLt)_f(quus YIZL7ZZ)||du
+ dr.
k=t Jian)2 Tk —F

For the last term, we can apply the estimate (32) to see that the RHS is arbitrarily small for large
neN. (Il

6. A sufficient condition on & for fractional smoothness
Assume (A y) is satisfied for (8) and & € H. If kK = m, condition (i) of Theorem 5.1 means in fact
IE —E&1> <er(T =),  selm,TI.

Following the ideas of [14], we will formulate a condition on & € H which implies that (5.1) of
Theorem 5.1 holds for all k € {1, ..., m}.

Assume that X and X are processes on (€2, F, P) such that X is an independent copy of the
Lévy process X. We define for0 <t <r <T

N S
Xg" 1=/0 Lo, 7\rr1 () X, +/0 Ty,r () d Xy, se[0,T], (35)

that is, we obtain the process X*" from X by replacing it on the interval ]z, 7] by its independent
copy. Consequently, for the random measure M"" w.r.t. X*" we have the relation

M (B)y=M(B\ (I,r1 x R)) + M(BN (It,r1 xR)), B eB([0,T]xR).

By (ﬁt)te[O,T] we denote the augmented natural filtration w.r.t. (X, X ) and put Ly := Lo (€2,
f-'T, IP) (the notation (F;)¢(0,7] We keep for the augmented natural filtration w.r.t. X).
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For symmetric f, € L7 it holds

120" (f) = L f) ”2 =2n!| fu(1 = Lo, 71\ xR)")

2
I (36)

For any n € L, given by n =12 I,(fn), we define
o
"=y I ().
n=1

Theorem 6.1. Assume that & € H and (A ) is satisfied for (8). If there exist constants ¢ > 0 and
6r €10, 1] such that

|& —&"m H2 <cr—0%  forallt elr_1,r]

then

1Yy, —EYn > < COx =% forallt € re—1,r4].
Remark 6.2. (i) For f =0, it follows from Theorem 6.1 the implication

Hs — gl ||2 <c(rg — t)gk forall t € [rr_1, ri]
(37
= By & Bl <cti—n%  forallr € [rr,rel.

For certain & the implication (37) is in fact an equivalence: for example, if & = g(X,,, —
X, 11+--s Xy — Xpy) € Ly such that g is a symmetric function and ry = %T, fork=0,...,m.
A more detailed discussion under which conditions equivalence holds for (37) as well as an ex-
ample where |E, & — &[> < c(ry — )%, forall t € [r—1, ] does not imply || — £57% || <
c(ry — )%, forall ¢ € [re—1, ri] can be found in [18].

(ii) If £ e H the case ® = (1,1, ..., 1) corresponds to Malliavin differentiability:

Je>0: [e—" P <cor—1)  forallrelr_i,nlk=1,...,m
(38)
— £eDjo.
n

@@ Ve have
()]

Indeed, using the notation of the proof of Lemma 5.3 and setting (V?Ot)) =

n a2
Z y (o) ”g” ”Lz(y,@”)

aleVi/~

00
Je—er =23
n=1 [

< (k= i) @ = (¢t =) @) [T 1= re"@.
1<i<m

Ik
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trk|

This implies for r : and R :=max|<x<m —— TR that

o0

15 — &%) 2 " i, )
e —t - Zn! Z (V(“)) ”gn ”Lz(#‘g"))‘ (Aw)

T — Fe—
== 200 agevi/~

X Lz (1 7+ 4 @O0

<2RZn' > <y?a))||g§||iz<u®n)x"(Aa>yk(a)

n
E Vm

< 2R||Das||]%>®[m

since yx(«) < n. On the other hand, we get because of n = ZZ;] Vi(a) for o € V! from the
above relation that

1D pgn = ZZ” > (V(a))||gn||L2<u®n)x"(Aa>yk(a)

k=ln=1 [aleV]/~
2
T I —
< sup sup —>T——.
2 \<k<mri_i<t<ry ry —1t

In [18], there is an example which shows that (38) is not necessarily true without assuming & € H.

Example 6.3. If X is any square integrable Lévy process it holds for & := 1y co[(X1) with
K € R that

teDip < o0=0 and / |x]dv(x) < o0
{lx|=1}
(see [26], Example 3.1). If X is a tempered a-stable process given by the Lévy measure

Ve (dx) = (14 [x)) ™" Lx 20y dx,

| |1+a
where d > 0, « €]0, 2[ and m € ]2 — «, oo, it follows from [15], Section 4.2, that
V2= (L, D12)1/2,00s

that is, (see Remarks 5.2(i) and 6.2(i)) there exists a ¢ > 0:

EGIB%

|6 " P <c1=n'?  forallre[0,1].
Consequently, for any « € [1, 2[ the above & is in IB%;/ 020 but not in Dy 5.

Proof of Theorem 6.1. If (Y, Z) is a solution of (8), then (Y"", Z!"") solves

T
th’r +f f(S Xy ’yh )dS _\/]. ZS,XM[’r(dS’dx)‘
u u

,T]xR
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From (36), we conclude that

2 2
”Erlyt,‘r(fn) - Erln(fn)” = 2||Et1n(fn) - Erln(fn)” .
Since Y;, is JF,, -measurable this implies for ¢ € Jrx_1, ry[ that
2
2Yy — Ef Yy, I?= ” Yy — Yrt,;rk ” .
Since M and M"'* coincide on Jrg, T] x R we have

Y, =Yt =& g

T
+/ f(S,XS, YS? ZS) - f(ss Xésrk’ Y_yrkv Z?rk)ds
Tk

- f (Zsx — ZyF) M (ds, dx).
Irk, TIXR '

By Theorem 2.3, we get

BlY, ~ VB [ (Zec- 20 P,y
1re, TIxR

T
< C<E|s — gt +E/ | £ (5. Xy Vs, Zg) — £ (50 XET, ¥y, zs)\zds),
Tk
which can be reduced by the Lipschitz property of f to

By~ VP4 E (2 - 20 P an)
1re, TIxR

2 T 2
§C<E|§—§”k| +]E/ L7 | X, — X0 ds).
Iy

k

By definition of X”"% in (35), we get for s > ry
t,ry 2 _ A A 2 _
E|Xs — X0 =E|X,, — X; + (X, — X)| = Ci(re — 1).
Thus, there is a constant C such that

B ¥t B[ - 2 P
1re, TIxR

<CE|t — """+ C(ri — 1),

which implies the assertion. (]
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7. Concluding remarks

1.

The assumption that the Lévy process X is square integrable could be avoided by using
a more general formulation of the Clark—Ocone—Haussmann formula and modifying the
dependency of the generator f (¢, X;, Y, Z,) on X;. (If X is not square integrable, X; does
not belong to D 2.)

A generalization to the setting of a d-dimensional Lévy process seems to be possible as well
and similar results might be expected. For example, for a multidimensional Lévy process
without Brownian part, a chaos decomposition and a Clark—Ocone—Haussmann formula
can be found in [24] and [25]. This could be extended to general Lévy processes.

In this paper, the dependency of the driver with respect to the Z process is given by the
integral [ Z; vk (dx). A generalization to the dependency on finitely many integrals,

f<s1XS7YS9/ZI,XK1(dx)1"'1/ZZ,XKn(dx)>s

where the variables zj, ..., z, in the generator underly the same assumptions as for one
z-variable appears to be straightforward. Note that the choice k¥ = &y covers the case for the
Z-variable from [5], for instance.

The investigation of the case where the terminal condition or the generator depends on
paths of a process of a Lévy driven SDE is of major interest for further research, as well as
the extension to assumptions beyond the Lipschitz generator setting like quadratic drivers.
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