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We prove the compact law of the iterated logarithm for stationary and ergodic differences of (reverse or not)
martingales taking values in a separable 2-smooth Banach space (for instance a Hilbert space). Then, in the
martingale case, the almost sure invariance principle is derived from a result of Berger. From those results,
we deduce the almost sure invariance principle for stationary processes under the Hannan condition and
the compact law of the iterated logarithm for stationary processes arising from non-invertible dynamical
systems. Those results for stationary processes are new, even in the real valued case. We also obtain the
Marcinkiewicz—Zygmund strong law of large numbers for stationary processes with values in some smooth
Banach spaces. Applications to several situations are given.
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1. Introduction

Let (X, ] - |x) be a separable Banach space and X'™* be its topological dual. Let (2, 7, P) be a
probability space and let (X,,),>0 be a strictly stationary sequence of AX'-valued random variables.
We are interested in the [P-a.s. behaviour of (S, /+/2nL(L(n)))n>1, where S, := Xo+-- -+ X,—1
and L :=max(1, log).

Definition 1.1. We say that (X,,),>o satisfies the bounded law of the iterated logarithm (bounded
LIL or BLIL) if (Sp/~/2nL(L(n)))n>1 is P-a.s. bounded.

Definition 1.2. We say that (X,)n>0 satisfies the compact law of the iterated logarithm (compact
LIL or CLIL) if (S, /+/2nL(L(n)))n>1 is P-a.s. relatively compact.

When (X,,),>0 is a sequence of independent random variables, the bounded and compact LILs
are well understood, thanks to a characterization due to Ledoux and Talagrand [22]. When the
compact LIL holds, the cluster set of S, /+/2nL(L(n))),>1 may be identified thanks to a result
of Kuelbs [21]. When X is pregaussian (see next section), we have an almost sure invariance
principle as well.

For Banach spaces of type 2 (see next section for the definition), the result of Ledoux—
Talagrand takes the following particularly simple form.

Theorem 1.1 (Ledoux and Talagrand [23], Corollary 8.8). Let (X,),>0 be a sequence of
i.i.d. random variables with values in a Banach space of type 2. Then, (X,)n>0 satisfies the
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bounded LIL (resp. the compact LIL) if and only if E((x*(X())?) < oo for every x* € X*
(resp. ((X*(XO))Z)x*eX*,\x*|X*§1 is uniformly integrable), ]E(|X0|EY/L(L(|X0|X))) < 00 and
E(Xp) =0.

In particular, a sequence of i.i.d. variables (X,),>0 with values in a Banach space of type 2
satisfies the compact LIL (hence, the bounded LIL) as soon as:

E(|Xol%) <oo and [E(Xp)=0. (1)

Now (see Remark 2.4), by a result of Pisier [30], if X is a Banach space for which any sequence
of X'-valued i.i.d. variables, such that (1) holds, satisfies the bounded LIL, then, X must be of
type p forany 1 < p < 2.

We are interested here in the case where (X, ),>0 is a general stationary sequence, including
the case of martingale differences (and of reverse martingale differences). The analogue of the
notion of Banach space of type 2 in the case of martingale differences is the notion of 2-smooth
Banach space (see the next section for the definition). One could wonder whether Theorem 1.1
is true in this context, or, at least, whether (1) is sufficient for the bounded LIL or the compact
LIL, when (X,),>0 is a stationary sequence of martingale differences.

As far as we know, the latter question remained unsolved. Let us however mention some re-
sults in that direction. Morrow and Philipp [27] (see also [28] for an improved version) obtained
an almost sure invariance principle (see the next section for the definition), hence a compact LIL
(with an ad hoc normalization), for sequences of non-necessarily stationary martingale differ-
ences taking values in a Hilbert space. Dehling, Denker and Philipp [16] proved a bounded LIL
in the same context. When applied to stationary sequences of martingale differences, the above
results require higher moments than 2.

In this paper, we prove that condition (1) is sufficient for the compact LIL when (X,),>0
is a stationary sequence of martingale differences with values in a 2-smooth Banach space.
When the sequence is ergodic, the cluster set of (S,/+/2nL(L(n))),>1 is identified as well as
limsup,, |S,|x/+/nL(L(n)). Then, using a result of Berger [2], we obtain an almost sure invari-
ance principle for (S,),>1. Those results (except for the invariance principle) extend to reverse
martingale differences. We do not know whether our results could be extended beyond the scope
of 2-smooth Banach spaces. However, the above mentioned result of Pisier shows some limita-
tion.

To prove those results, we first obtain integrability properties of the “natural” maximal function
arising in that context, hence generalizing a result of Pisier [30] for i.i.d. variables. This step
is crucial not only to prove the results for martingales (and reverse martingales), but also in
order to extend the results to general stationary processes under projective conditions, such as
the Hannan condition, see Theorem 2.10 or the Maxwell-Woodroofe condition, see Cuny [4].
We note that the almost sure invariance principle for Hilbert-valued stationary processes under
mixing conditions have been obtained by Merlevede [26] and Dedecker and Merlevede [13].
Their results have different range of applications.

We also investigate the Marcinkiewicz—Zygmund strong law of large numbers for stationary
processes taking values in a smooth Banach space. The maximal function arising in that other
context has been studied by Woyczyniski [31], for stationary martingale differences. We investi-
gate the case of stationary processes under projective conditions. The main argument used is the
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same as the one for the law of the iterated logarithm. The Marcinkiewicz—Zygmund strong laws
in smooth Banach spaces have been also studied by Dedecker and Merlevede [12] for stationary
processes satisfying mixing conditions.

In the next section, we set our notations and state our results for martingales and then, for
stationary processes, including non-adapted processes, functionals of Markov chains or iterates
of non-invertible dynamical systems. In Section 3, we give several examples to which our condi-
tions apply. In Section 4, we prove our martingale results and in Section 5 we prove our results
for stationary processes. Finally, we postpone some technical proofs or results to the Appendix.

2. Main results

Let (2, F, P) be a probability space. We will consider Banach-valued random variables. We refer
to the book by Ledoux and Talagrand [23] for the basic facts on the topic (definition, conditional
expectation. . . ).

Let (X, |- |x) be a separable real Banach space. We endow X" with its Borel o -algebra. Denote
by LO(X) the space (of classes modulo P) of measurable random variables on 2 taking values in
X. We define, for every p > 1, the usual Bochner spaces L” and their weak versions, as follows

LP(Q,F,P,X)={Z e L°X): E(1Z|%) < oo}

LP(Q, F, P, X) ={Z e L'): supit (P(1Z1x > 1)) """ < oo}
t>0

For every Z € LP(Q, F, P, X), write | Z|| . x := (E(|Z|%))"/? and for every Z € LP->(Q,
F,P, X), write | Z|| p.00.x :=sup,.ot (P(|Z| x > 1))!/P.

For the sake of clarity, when they are understood, some of the references to €2, F or P may
be omitted. Also, in the case when X' = R, we shall simply write || - ||, or || - || p,00. Recall that
for every p > 1 there exists a norm on L?-*°(IP, X) (see, for instance, [23], Chapter “Notation”),
equivalent to the quasi-norm || - ||, o, x, that makes L?>*°(P, X') a Banach space.

The Banach spaces we will consider are the so-called smooth Banach spaces.

Definition 2.1. We say that X is r-smooth, for some 1 < r <2, if there exists L > 1, such that
Ix + yl% + 1x =yl <2(Ix% + L7 yIy) Vx,yeX.

Definition 2.2. We say that (dp)1<n<n C LYQ,F,P,X)isa sequence of martingale differ-
ences, if there exists non-decreasing o-algebras (Gn)o<n<n such that for every 1 <n <N, d, is
Gn-measurable and B(d,)|G,—1) = 0 P-a.s. If (Gn)1<n<N+1 is non-increasing and E(d, | Fr+1) =
0 P-a.s., we speak about differences of reverse martingales.

It is known, see, for instance, Proposition 1 of Assouad [1] (and its corollary), that when X is
r-smooth, there exists D > 1, such that for every martingale differences (d,)1<,<n, We have

N
E(ldy + - +dyly) < D" Y E(1dul%)- @)

n=1
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When needed, we will say that X is (r, D)-smooth, where D is a constant such that condition
(2) is satisfied (notice that this definition is compatible with the definition page 1680 of [29], see
Proposition 2.5 there). Clearly, D must be greater than 1.

Any L? space, p > 1 (of R-valued functions), associated with a o -finite measure is »-smooth
for r = min(2, p) (one may take D? = p — 1if p>2,see [29], Proposition 2.1, and D?=2if
1 < p <2 by [1]). Any Hilbert space is (2, 1)-smooth.

Definition 2.3. We say that X is a Banach space of type r, 1 <r <2, if (2) holds for every
finite set (dy)1<n<n of independent variables. Hence, 2-smooth Banach spaces are particular
examples of spaces of type 2.

Our goal is to study the law of the iterated logarithm and the Marcinkiewicz—Zygmund strong
law of large numbers for the partial sums of an X'-valued stationary process. We will start by
studying the maximal functions associated with these limit theorems. Let us specify some nota-
tions.

Let 6 be a measurable measure preserving transformation on €. To any X € L%(Q, X), we
associate a stationary process (X o 6"),>0 (when 6 is invertible, we extend that definition to
n € Z). Then, for every n > 1, write S,,(X) = er':ol X 06,

‘We shall assume that there exists a suitable filtration on 2. In order to cover more situations,
we shall consider filtrations that are either non-decreasing or non-increasing. In spirit, the first
case arise when 6 is invertible and the second one when 6 is non-invertible.

In particular, we assume that we are in one of the following situations.

If Fo C F is a o-algebra such that Fy C 0~ (Fy), we define a non-decreasing filtration
(Fu)n>0 by Fpn :=07"(Fp). Define then E, = E(-|Fy).

If FO is such that 61 (F%) ¢ FO (for instance, take F° = F), we define a non-increasing
filtration (F")p>0, by F" :=07" (F9). Define then E" = E(-|F").

Letl<p<2.LetXelLP(Q,F,P,X). We consider the following maximal functions

1720 X 00k |x
P /P

M, (X) :==su

n>1

, ifl<p<2, 3)

N DY P ST AP
MoKy = s == oy “@

where L :=max(log, 1).

The maximal operator M is related to Birkhoff’s ergodic theorem, which asserts that for
every X € L1(Q, X), ((ZZ;(% X 0 6%)/n),>1 converges P-a.s. (see Theorem 2.1, page 167 of
[20] for the X-valued case). For every X € L'(Q2, X), by Hopf’s dominated ergodic theorem for
real-valued stationary processes (see [20], Corollary 2.2, page 8), applied to (| X|x 0 6"),>0, we
have

IMi0], o < 1K1 5)

Now, once we know that (5) holds, by the Banach principle (see [20], Theorem 7.2, page 64,
or Proposition C.1), in order to prove Birkhoff’s ergodic theorem, it suffices to prove it on a set
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of X’s dense in L! (e.g., the 6 invariant elements and the coboundaries). We want to use that
strategy to study the Marcinkiewicz—Zygmund strong law of large numbers and versions of the
law of the iterated logarithm. Of course, one cannot expect to have a version of (5) for M ,, when
1 < p <2 without any further assumption on (X 0 6"),>o.

2.1. Results for stationary (reverse) martingale differences

In this subsection, we consider stationary sequences of (reverse) martingale differences.

Let d € LP(2, F1, X) be such that Ey(d) = 0 P-a.s. Then, by our assumptions on Fy, (d o
60™)n>0 1s a stationary sequence of martingale differences.

Letd € LP(Q2, s X) be such that E! (d) = 0 P-a.s. Then, by our assumption on FO, (do
0™)n>0 is a stationary sequence of reverse martingale differences, that is, for every n > 0, d 0 6"
is F"-measurable and E(d o0 6" |F"*t1) =0 P-a.s.

There is no loss of generality in assuming that our stationary sequences of (reverse) martingale
differences are given that way.

Indeed, it is well known (see, e.g., Doob [17], page 456) that, given a stationary sequence
(dy Jn=1 on a probability space (Q, F,P), there exist another probability space (2, F,P), an
invertible bi-measurable measure-preserving transformation 6 on 2 and a random variable d on
2 such that the sequences (cf,,)nzl and (d o0 6"),>1 have the same law.

Moreover, it follows from the construction, that if (c?,,)nz 1 are martingale differences (re-
spectively, reverse martingale differences), (d o 6"),>1 are martingale differences (respectively,
reverse martingale differences) either.

Hence, since all the results we are concerned with in that paper only rely on the distribution of
the processes under consideration, we shall assume (without loss of generality) that our stationary
sequences of martingale differences are given thanks to a measure-preserving transformation.

We start with a result of Woyczynski about the Marcinkiewicz—Zygmund strong law of large
numbers.

Proposition 2.1 (Woyczynski [31]). Let1 < p <r <2and D > 1. Let X be a separable (r, D)-
smooth Banach space. There exists C,, , > 0 such that for every d € LP (2, Fi, X) (resp. d €
LP (2, FO, X)), with Eo(d) =0 (resp. El(d) = 0), we have

IMp@], o <CprDPldll . 6)

P00 —
Moreover,

|Su(@)| /0P -0 Peas. (7

Remark 2.2. Actually, Woyczynski proved that M, (d) is in any L", r < p and worked with
martingale differences (not differences of reverse martingales). But his argument applies to ob-
tain the above proposition. We give the proof of (6) in the Appendix, for completeness. The proof
of (7) is done in [31]. The argument is very similar to the scalar case. Actually by the Banach
principle (see Proposition C.1), using (6), it is enough to show (7) in the scalar case, see for
instance the proof of Theorem 2.3.
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Next, we obtain a similar result for M, from which we derive the compact LIL for stationary
martingale differences (or reverse martingale differences).

Theorem 2.3. Let X be a (2, D)-smooth separable Banach space, for some D > 1. For every
1 < p <2, there exists a constant C, > 1, such that for every d € LZ(Q, F1, X) (resp. every
d e L*(Q, F°, X)) with Eo(d) = 0 (resp. E1 (d) = 0), we have

|Ma@)|, o <CpDlidl2,x. (3)

p.oo =

In particular, (d o 6"),>¢ satisfies the compact LIL. Moreover, if 0 is ergodic,

. [Sn(d)| x
limsup ——=— = sup x|, < dlla2x P-a.s. )
n - +/2nL(L(n)) x*ex»ﬂ,‘mx*gl” I
Sn(d)

and the cluster set of (m)nz 1 is P-a.s. a fixed compact set whose description is given in
Appendix D.

Remark 2.4. Of course, (8) is equivalent to the fact that, for every 1 < p < 2, there exists C P>
such that | Mz (d)l, < C'pD ld|l2, x - This bound has been obtained in [30], Théoréme 1, fori.i.d.
variables with values in a Banach space of type 2. Moreover, it follows from Remarque 2 and
the proposition page 208 of [30], that if every sequence of i.i.d. variables in L2($2, X) satisfy the
bounded LIL, the space X must be of type p, for every 1 < p < 2.

Now, we deduce an almost sure invariance principle (ASIP) from Theorem 2.3. We first give
the notations to specify what we mean by an ASIP, in the Banach space setting.

Recall, that we denote by X* the topological dual of X. Let X € L*(Q2, X) such that
E(X) = 0. We define a bounded symmetric bilinear operator I = Kx from X* x X* to R, by

IC(x*,y*):E(x*(X)y*(X)) Vx*, y* e X*.
The operator Ky is called the covariance operator associated with X.

Definition 2.4. We say that a random variable W € L>(Q, X) is Gaussian if, for every x* € X'*,
x*(W) has a normal distribution. We say that a random variable X € L2, X) is pregaussian,
if there exists a Gaussian variable W € L2(Q, X) with the same covariance operator, that is,
such that Kx = Kw.

Definition 2.5. We say that (X,)n>0 satisfies the almost sure invariance principle (ASIP) if,

without changing its distribution, one can redefine the sequence (Xn)n>0 on a new probability
space on which there exists a sequence (Wy)n>0 of centered i.i.d. Gaussian variables, such that

|Xo+ -+ Xp—1 — Wo+ -+ WoD|p =0(/nL(L())  P-as.

We shall say that (X,)n>0 satisfies the ASIP of covariance IC, when K = Ky, is identified.
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We now recall an important result of Berger on the ASIP for martingale differences.

Proposition 2.5 (Berger [2], Theorem 3.2). Let X be a separable Banach space. Assume
that 0 is ergodic. Let d € L2(Q, F1, X), with Eo(d) = 0. Assume that d is pregaussian and
that (d o 6"),>0 satisfies the CLIL. Then, for every Y € L*(Q, X), such that |S,(Y)|x =
o(v/nL(L(n))) P-a.s., ((d +Y) 0 0"),>0 satisfies the ASIP of covariance K.

Actually, Berger proved his result in the particular case where Y = Z — Z o 6 for some Z €
L*($2, X), but the proof applies in the slightly more general situation above.

By [23], Proposition 9.24, on any Banach space X of type 2 (in particular, on any 2-smooth
Banach space), every X € L?(Q2, X) is pregaussian. Hence, Berger’s result applies as soon as the
CLIL is satisfied and we deduce the following corollary.

Corollary 2.6. Let X be a 2-smooth separable Banach space. Assume that 0 is ergodic. For
everyd € L*(Q, F1, X), with Eo(d) =0, (d o 0™) >0 satisfies the ASIP of covariance K.

Remark 2.7. Assume that dim X’ = 1 and that 6 is ergodic. It follows from Corollary 2.5 of [6]
that for d € L2(2, F°, X) such that E} (d) = 0, (d o 0™)n>0 satisfies the ASIP. We do not know
whether the ASIP holds when dim X’ > 2. The proof of Proposition 2.5 given in [2] does not
seem to pass to reverse martingale differences.

2.2. Results for not necessarily adapted stationary processes

We assume all along this subsection that 0 is invertible and bi-measurable, in which case we ex-
tend our filtration to (F;,),ez. Then, we write F_o :=(), 7. Fn> Foo i= V, <7 Fn» and for every
neZ,B,(-) =E(|F,) and P, :=E, — E,_;. We say that a random variable X € L1(Q, X) is
regular if E_o(X) =0and X — Ex(X) =0.

Theorem 2.8. Let 1 < p <r <2and D > 0. Let X be a (r, D)-smooth separable Banach space
and X € LP (2, F, P, X) be a regular variable. Assume moreover that

X1, =D NPuX |l p.x < o0o. (10)

nez

Then, there exists (a universal) C, , > 0, such that
[MpXO], oo < Cor D7 1IX 1, (11)
Moreover,

S0(X)| /n"/P >0 Peas. (12)

Remark 2.9. Theorem 2.8 improves Corollary 1 of [32], where (12) has been proved under a
stronger condition than (10). The proof in [32] is done for real-valued variables but work in the
above Banach setting as well.
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Now, we give a result under condition (13), which has been introduced by Hannan [19].

Theorem 2.10. Let X be a (2, D)-smooth separable Banach space, for some D > 1. Let X €
LZ(Q, F, P, X) be a regular random variable. Assume moreover that

1X N, =D IPaX I, 20 < 0. (13)

nez

Then, for every 1 < p < 2, there exists (a universal) C, > 0, such that
M2, oo = CoDIX 12, (14)

The series d =, ., P1(X 0 0") converges in L%(Q, Fi, X) and Eo(d) = 0. Moreover, writing
M, = ZZ;& d 0 6%, we have

1Sy — Myl x =o(\/nL(L(n))) P-a.s. (15)

Remark 2.11. Theorem 2.10 improves Theorem 2 of Wu [32], Theorem 2.1 of Liu and Lin [24]
(for p =2) and Corollary 5.3 of Cuny [5]. In [5,24,32] the authors prove (15) under stronger
conditions than (13) and the proof do not apply to infinite dimensional Banach spaces.

In particular, we deduce the following corollary from Theorem 2.10, Theorem 2.3 and Propo-
sition 2.5.

Corollary 2.12. Under the assumptions of Theorem 2.10, (X 0 0"),>0 satisfies the CLIL and the
ASIP of covariance KCq, where, for every x*, y* € X*, Ka(x*, y*), Ka =), c7 E(x* (X)) y*(X)).
Moreover, since, ||d|l2,x < | X,

Sp(X
limsupM <IXlg, Pas
n 2nL(L(n))

In order to check (13) or (10), it may be easier to use the condition (16) below.

Lemma 2.13. Let 1 < p <2. Let H be a separable real Hilbert space. Assume that

Z”E—H(X)”pH oo and le E(X)IIpH -0 (16)

n>1 n>1

Then X is regular and ), . || P X || 5 34 < 00.

2.3. Functionals of Markov chains

The situation considered in the previous paragraph includes the case of stationary (ergodic)
Markov chains. Let Q be a transition probability on a measurable space (S, S) admitting an
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invariant probability m. Let (2, F, (Fy)nez, P, (Wy)nez) be the canonical Markov chain asso-
ciated with Q, that is, @ = S%, F = S®Z, (W,))nez the coordinates, F,, = o{..., Wp_1, Wy},
Po Wy '—m and P(W, 41 € A|F,) = Q(W,, A). Finally, denote by 6 the shift on Q.

Recall that Q induces an operator on L*(S, m) that we still denote by Q. If 7 is a separable
real Hilbert space, we denote by Q the analogous operator on L2(S, m, #). In particular, for
every f € L2(2,H) and every h € H, (Qf, h)y = Q((f, h)n).

Theorem 2.10 applies to that setting with X = f(Wy), where f € L*(S,#). Using Lem-
ma 2.13, it suffices to check (16). In that situation, the process is adapted, that is, Xg is Fo-
measurable. Hence, the second part of condition (16) is automatically satisfied while the first
part reads as follows

s 19 Ton IIQ”fllz H o oo a7

n>1

2.4. Results for non-invertible dynamical systems

Here, we assume that 6 is non-invertible. Let us write F" = 0" (F), for every n > (. Denote
F>X = ﬂnzo F".

In this case, there exists a Markov operator K, known as the Perron—-Frobenius operator, de-
fined by

/X(Yo&)dP:f(KX)YdP VX, Y e LA(Q, F,P). (18)
Q Q

Then, we have for every X € LI(Q, FO, P),
E"(X)=(K"X)o0". (19)
If H is a separable real Hilbert space, we extend K to LZ(SZ, F,P,H), in a way similar to (18).

We denote by K the obtained operator.

Theorem 2.14. Let (2, F, P, 0) be a non-invertible dynamical system. Let X € LZ(Q, H) be
such that

K"X
Z I ||2 H < co. (20)
n>0
Then, for every 1 < p < 2, there exists C, > 0 such that
IK" X l2, 1
Ma0, = € 3 AL

n>0

Moreover, there exists d € Lz(Q, F,P,H) with El(d) 0, such that, writing M, := Zk Od o
0]‘, we have

|Sn — Myl = 0( nL(L(n))) P-a.s. 21
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Remark 2.15. 1t follows from (21) that (X o 6"),>¢ satisfies the CLIL, but we do not know
whether it satisfies the ASIP in general, except when H has dimension one (see Remark 2.7).

3. Applications, examples

Now, we give several applications of the previous results. We do not intend to give all possible
examples where our conditions apply, but we try to provide examples illustrating the different
situations we have considered.

For instance, our results on the Marcinkiewicz—Zygmund strong laws (and on the LIL) may
be used (in the one-dimensional case) to obtain almost-sure invariance principles with rate as in
[32] (see also [8] or [6]).

We start with a one-dimensional situation.

3.1. ¢-mixing sequences

Let us recall the definition of the ¢-mixing coefficients, introduced by Dedecker and Prieur [15].
Examples of ¢-mixing sequences may be found there as well.

Definition 3.1. For any integrable random variable X, let us write X© = X — E(X). For any
random variable Y with values in R and any o -algebra F, let

#(F, ) =sup[E((Ar=017)” |
xXe

For a sequence Y = (Y;)icz, where Y; =Y o 0! and Y is an Fo-measurable and real-valued
random variable, let

¢y (n) =supp(Fo, ¥;).

i>n
We need also the following technical definition.

Definition 3.2. If u is a probability measure on R and p €11, 00), M € (0, 00), let Mon, (M, 1)
denote the set of functions f:R — R which are monotone on some interval and null elsewhere
and such that (| f|P) < MP. Let Mon; (M, 1) be the closure in ILP (1) of the set of functions

which can be written as Zle ag f¢, where Zle la¢| <1 and fo € Mon, (M, ).

Theorem 3.1. Let X = f(Y) — E(f(Y)), where Y is an Fo-measurable random variable. Let
Py be the distribution of Y and p €]1, 0ol. Assume that f belongs to Mon',(M, Py) for some
M >0, if2 < p < oo and that f has bounded variation if p = co. Assume moreover that

oy "7 (k)

k12 22)

k>1
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Then, if 1 < p <2, (X 00"),¢7 satisfies the conclusion of Theorem 2.8 andif p > 2, (X 00™),e7,
satisfies the conclusion of Theorem 2.10.

Remark 3.2. When p = 2, Dedecker, Gouézel and Merlevede [9] proved that the condition
Yot K7V3T126 2 (k) < oo implies that Y, P(maxi<x<on [Se] > C22(L(n)'/%) < o0
(which implies the bounded LIL).

Proof of Theorem 3.1. Assume first that 1 < p < oco. Since f € Mon;(M , Py,), there exists a
sequence of functions

L
fL=>_arLfL.

k=1

such that for every L > 1, Z,le lak..] <1, for every 1 <k <L, fi 1 is monotonic on some
interval and null elsewhere, and || f¢,.(Yo)|l, < M and such that (f7).>1 converges in L?(Py,)
to f. Hence,

|Eo(f(¥w)) =E(f )],
= tim [Bo(f2(Y) —E(f (X)),

L
< 12‘21?}; lar. 21 [Bo(fe.L (Fn) = E(frr @), < CpMo ™" ),

where we used Lemma 5.2 of [10] for the last estimate.

To conclude in that case, we notice first that we are in the adapted case, and that Theorem 2.8
(when 1 < p < 2) and Theorem 2.10 (when p > 2) apply by Lemma 2.13.

Assume that p = oo and that f has bounded variation. Hence f is the difference of two
monotonic functions, to which we apply Lemma 5.2 of [10] with p = oco. Then, we conclude as
above. O

3.2. X-valued linear processes

Let (2, F,P) be a probability space and 6 be an ergodic invertible and bi-measurable trans-
formation on Q. Let X be a separable r-smooth Banach space, for some 1 < r < 2. Let
EeLP(Q, Fo,P, X) for some p > 1. Assume that E(§|F_;) =0 and define &, =& 060", n € Z.

Let (A®)cz be a (not necessarily stationary) sequence of random variables with values in
L*>®(2, Fx—1, B(X)), where B(X) stands for the Banach space of bounded (linear) operators on
X. For every k, n € Z, define Af,k) = A® 69" Assume that

Z I AW ”oo,B(X) < 0. (23)
keZ



A compact LIL for Banach-valued martingales 385

Then, the process

=Y AWe, ez

keZ
is well defined in L? (2, X') and is stationary.

Corollary 3.3. Assume that 1 < p <r <2or p=r =2. Let (X,,) be a linear process as above.
Then,

> I1PuXollp.x < oo (24)

nez

Hence, Theorem 2.8 applies when 1 < p < 2 and Theorem 2.10 applies when p = 2.

3.3. Functions of real-valued linear processes

Let (£,)ncz be a sequence of independent identically distributed real random variables in
L*(Q, F,P). Let (a,)nez be in £!. We consider a linear process defined by

Y, = Zakfn—k Vn eZ.

keZ

For every n € Z, write F, = o{...,&,-1,&,}.
We denote by A the class of non-decreasing continuous and bounded functions on [0, +o0],
such that ¢ (0) = 0, and satisfying one of the following

goz is concave;
@(x) = Cmin(1, x) Vx>0, forsome0 <o <1,C >0.
Let r > 1. Let f be a real valued function such that
[f@ = fO| <e(x =y (1+IxI"+1y")  Vx,yeR. (25)

Our functions are unbounded and their continuity is locally controlled by ¢.
We want to study the process (X,,),cz given by

Xp:=f(Y) —E(f(Yy) Vnelk.

Corollary3.4. Letgp € Aandr > 1. Let &y € L¥ (2, F,P) and f satisfy (25). Let (ay)nez € €.
Consider the process (X,)n>0 above. If

a
qu |an oo or Z‘P(Zk>n|k|) < oo,

n>1 n>1

then (X,)n>0 satisfies the conclusion of Theorem 2.10.



386 C. Cuny

We give the proof in the Appendix.

Remark 3.5. Notice that condition (3.1) of [24] implies (25) with ¢(x) = min(1, x). Hence,
Corollary 3.4 improves Corollary 3.1 of [24] when p = 2.

3.4. A non-adapted example

We now consider an example of a non-adapted process for which new ASIP with rates have been
obtained very recently, see Dedecker, Merlevede and Pene [14] and the references therein.

Let d > 2 and 6 be an ergodic automorphism of the d-dimensional torus Q = Q4 = R¢/Z4.
Denote by F the Borel o-algebra of €2 and take PP to be the Lebesgue measure on €2.

For every k = (ki, ..., kg) € Z¢, write |K| := maxi<j<q |ki|. If H is a Hilbert space and if
f e L3R, F,P, H), we denote by (cr)kezd = (Ck,H)kezd its Fourier coefficients, thatis, cx 3 =
f[o, 17 f(x)e~ZmxKap(dy), for every k € 74, where (-, -)4 stands for the inner product on R4,

Corollary 3.6. Let H be a Hilbert space and f € L*(2, H). Assume that there exists B > 2 and
C > 0 such that

C
2
2 S T Ty

[k|>m

Then, (f o 0™)n>0 satisfies the ASIP with covariance operator given by K(x,y) :=
Yomez ECx, gy, fo0™) 1), for every x,y € H.

Remark 3.7. Dedecker, Merlevede and Pene [14], Theorem 2.1, obtained the ASIP when H =
R™ and their condition requires 8 > 4. When m = 1, rates in the ASIP are also provided in [14].

Proof of Corollary 3.6. It follows from the proof of Propositions 4.2 and 4.3 of [14] (notice that
the proofs work in the Hilbert space setting) that there exists a filtration (F;,),ez (defined at the
beginning of paragraph 3 of [14]) such that 7, = 07" (Fp) and

1
[l =0 ad 5.5~ flop =0 = )

1
\/nL(n)ﬂ> VnL(n)P

Then, the result follows from Lemma 2.13. O

3.5. Cramer-von Mises statistics

We use our previous notations, see Section 2.2.
LetY € LO(Q, Fo,P). ForeveryneZ,letY, :=Y 00" and X, :=t+— 1y, <, — F (1), where
F@) =P <1t).
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Let 1 <r < 2. For every o -finite Borel measure 1 on R, we may see (X,),ez as a process
with values in the r-smooth Banach space L" (R, u), as soon as

00 0
/ (1 — F(t))ru(dt) +/ F@®)" pu(dr) < oo, (26)
0 —00
which is satisfied whenever p is finite.

Define F,, by F,(x) = —pu([x,0]) if x <0 and F,(x) = n([0,x]) if x > 0. Let 1 < p <2.
Then, under (26), Xo € LP (2, L"(w)) if and only if

E(|F.(Yo)|”'") < oc. 27)

We want to understand the asymptotic behaviour of the process F;,, = S, (X)/n (with values
in L2(R, w)), and more particularly of D, (1) := || Fy|l2... When u = Py =Po Y1, D, (w)? is
known as the Cramer—von Mises statistics.

It follows from Lemma 2.13, that if (X,,),cz satisfies

E(IE- (XI5 NP
Z YR < 00, (28)

n>1

for some 1 < p <2, then (X,,), ¢z satisfies Theorem 2.8 if | < p < 2 and Theorem 2.10if p = 2.
Hence, we have the following corollary.

Corollary 3.8. Let 1 < p <r <2 or p =r =2. With the above notations, assume that (26), (27)
and (28) be satisfied. Then,

limn'=PD, (1) =0 P-a.s. ifl<p<2;
n
1/2
lim sup

n o QL(Lm)'/2

where A2 = supyry, oy fro £ F(OC(, Du(ds)(dr) and Cs.1) = Y5 (P(Yy < s,
Y, <t)— F(s)F(1)).

D,(n) = Ay, P-a.s. if p=2,

Proof. Apply Lemma 2.13, Theorem 2.8 and Theorem 2.10. The expression of Ai follows, for
instance, from Proposition 1 of Merlevede [26]. U

In the context of ¢-mixing sequences, when p is finite, Corollary 3.8 applies as soon as

12
anl ¢Yn(?/)2 < 0. . ) .
Other examples where (28) is satisfied may be found in [11].

4. Proof of the results for Banach-valued martingales

Proof of Theorem 2.3. Let us prove (8). We start with the case d € L%(Q, Fi,P) and Eg(d) = 0.
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When d € L?(Q2, F°,P) and E!(d) = 0, the proof is the same with the obvious changes,
noticing that for every n > 1, (S,(d) — S,— k(d))0<k<n isa (F"~ )ofkfn-martingale and that
maxi<k<n |Sk(d)|x < 2maxi<i<n |Sp(d) — Sp—r(d)|x.

Clearly, by homogeneity, it suffices to prove the result when ||d|l, x =1.Let A > 0and 1 <
p < 2. Let us prove that there exists Cp, > 1, independent of A such that

AMPP(M* > 1) < DPCy, (29)
where

maxj<x<2s |Sk(d)|x
1‘44< = 1‘44< d = 5
R T O

Since My (d) < CM*, this will imply the desired result. Notice that (29) holds trivially when
0 < A < D. Assume then that A > D.

Let S > 1 be an integer, fixed for the moment. For simplicity, we write S, := S, (d).

We have, using Doob’s maximal inequality for the submartingale (|S,|x)n>1, and (2)

I A

IP’( maxi<k<2s |Sk|x > i S IE(maxl<k<25 |Sk|X)
2

1l 27(L(s)172 Z 2LGs)
; (30)
2 LE(SxR) _2D%s
57; BL(s) — A2

We make use of truncations. Let & > 0 be fixed for the moment. Let us write d,, :==d 0 6"~ !,
n > 1. Forevery s > 1, k > 1 define

el(:) = dkl |dk\Xfa)\Zf/z/(L(s))'/z}; d]ES) = e](:) - E(e](:) |]:k_1), d’]&” = dk - dIES),
(s) . (s). () . (s)
S Zd Sk -— Sk - Sk )

25 2¢

T=4Y B(diylFior): 1= Y E(ld 31 Fim).
i=1 i=1

Notice that, for every s > 1,

T <Tj. (€3]
Let B > 0 be fixed for the moment. Define the events
(s)
o [manser Silx 1 g [maxise 15| _anl
25/2(L(S))1/2 23/2(L(S))1/2

maxj<<os |§;£S) lx
Cy = =

: >A/2%; Dy := 1>,3A2 Es:=ByN{=— < B’}
23/2(L(s))1/2
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Using (31), we see that B; N D C E;. In particular, we have
Ay C By UCy; B, C DyUE;.
Hence,
maxi<g<2s |Sklx
sup—{ — 72 >)\.}=UASC <U CY)U(U DS)U<U ES)'
{szs 25/2(L(s)V/ s s ! s

Now, Uszs D = {SuPszs% > BA?%}, hence by Hopf maximal inequality (5), using that
E(ldi13) =1,

P(Un)<r(Up )= 5 o
§>8 s>1
We also easily see that, interverting Y and EE in (33),

S(s)
2 E(max;<x<os [S;” | x)
P Cs) < - T
(U ) = A g 25/2(L(5))!/?

s>8

(33)
2 ac
= _Z (L(S))l/2 | 1|X1{|d1|X>0[)‘2S/2/(L(Y))1/2}) }\‘2,

where we also used that there exists C > 0 such that for every u > 0,

T2 eo) s Dot g T 2oz iw'
s<u s<Ju Ju<s<u

It remains to deal with | J,. ¢ Es. We need the following lemma from Dedecker, Gouézel and
Merlevede [9], Proposition A.1 (see also Merlevede [26], Lemma 1), whose proof follows from
Pinelis [29], Theorem 3.4. The proof in [9] is done in the scalar case (and in [26] in the Hilbert
case) but it easily extends to 2-smooth Banach spaces, since Theorem 3.4 in [29] is proved in
that setting. A related inequality in the scalar case is stated in Freedman [18], Theorem 1.6.

Lemma 4.1. Let X be a (2, D)-smooth Banach space. Let ¢ > 0. Let (F}) ;>0 be a non-
decreasing filtration and (d;) j>1 a sequence of random variables adapted to (F;) j>0, such that

forevery j > 1, |dj|x <c as. and E(dj|Fj_1) =0 a.s. Then, for all x,y > 0 and all integer
n> 1, we have

max d;
(1<k<n Z !

where h(u) = (1 +u)log(1 +u) —u.

s > E(ldi 31 Fio1) < y/D2> szexp<—g—2h(’“y—6)), (34)

i=1
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Lets > S. Let us apply the lemma to the sequence of martingale differences (dl.(s) ) (in this case,
we may take ¢ = 2aA2%/%/(L(s))'/?), with x = A2/>~ Y (L(s))!/?, y = BD?*A%2* and n = 2°. We
obtain, taking o = D?8,

D2B8L L(s)h(1 2
P(Ey) < Zexp(—%h(%)) =23XP<_ f;z; )> = Sh(D/aDB”

Hence, if h(1)/(4D?B) > 1, we see that

S B(E) < 2 .
(h(1)/4D2B — 1)Sh(D/4D2p—1

s>8

Take g = 22200 and § = [3277]. Then, h(1)/4D* — 1=2/(2 — p) — 1 = p/(2 — p) and

C
Y P(Ey) < o (35)

s>8

Recall that we assume that A > D, in particular A—lz < Dfp_ 2. Combining (30), (32), (33) and (35),
we infer that, there exists C > 0, such that

APP(M* > 1) <

which ends the proof of (8).

Let us prove that (d 0 0"),¢n satisfies the CLIL. We shall use the Banach principle, see Propo-
sition C.1. By definition of the Bochner spaces, there exists (d™),,>1, converging in L>(Q2, X)
to d, such that for every m > 1, there exist k,, > 1, a1, ..., af, € X and Ay, ..., Ag, € F1 such
that

km

d™ = i1y,
i=1

Write d™ := d™ — Ey(d"™). Then, (c?(m))mzl converges in L(Q2, X) to d. Hence, by the
Banach principle, it suffices to prove that d™ o 0™),en satisfies the CLIL for every m > 1. But,
by construction, (d™ 0 6™),cn is a stationary sequence of martingale differences taking values
in a finite dimensional Banach space (i.e., Vect{w;: 1 <i < k;,}), in which case the compact LIL
and the bounded LIL are equivalent. But the bounded LIL in that case follows from (8), hence
the result.

It remains to prove (9). By the bounded LIL the variable lim sup,, % is well-defined IP-
|Sn ()] x

a.s. and must be §-invariant. By ergodicity, there exists S > 0, such that lim sup,, Nensiaoi
P-as. Let M :=supj«|,.. <1 lx*(d)l2. Let us prove that S = M. Let ¢ > 0. There exists x} € X',
with |x}|x+ <1, such that ||x}(d)]l2 = M — ¢. Since, |S,(d)|x = |x}(Sn(d))|, it follows from
the LIL for real-valued martingales (with stationary ergodic increments) that

S>M —e¢.
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Letting ¢ — 0, we see that S > M. Let us prove the converse inequality.

Let x* € A*. By the LIL for real-valued, stationary and ergodic martingale differences,
limsup, S, (x*(d))/v/2nL(L(n)) = ||x*(d)||2 P-a.s. Hence, by the compact LIL and Proposi-
tion D.1, there exists a compact set K € X, such that for P-a.e. w € 2, the cluster set of
{S,(d)(w)//2nL(L(n)),n > 1} is K. Let x € K be such that |x|y = §, and let x* € X'* be
such that [x*| v+ = 1 and x*(x) = |x| x. For P-a.e. w € €, there exists (ny = nx(w))k>1 such that

Su, (d)(@)v/2nk LL0)) kﬁ x. In particular

— 00

x*(Snk (d)(a)),/anL(L(nk))) k%ox*(x) =S <limsup S, (x*(d))(a))‘/ZnL(L(n)).

But, by the real LIL, for P-a.e. w € €,

limsup S, (x*(d)) (@)y/2nL(L(n)) < [x*(d)|, <M,

which ends the proof. O

5. Proof of the results for stationary processes

5.1. Proof of Theorem 2.10

Recall that we assume here 6 to be invertible. Let X’ be a 2-smooth Banach space.
Define

H = {Z LR X): BE_o(2)=0Ex(Z2)=Z. Y |1 PaZl.x < oo}. (36)

nez

It is not difficult to see that, setting || Z|| i, ==Y _,cz | PaZll2,x» (H2, || - | 1,) is a Banach space.
By our regularity conditions, we have, Z =", _, PxZ in L?(Q, X) and P-a.s. Hence, writing
Sp=58,(Z) =Y""1 Z 06, we have

n—1
Sp=Y_> (PZ)ob'.

keZ i=0

This splitting of S, into a series of martingales with (stationary) increments has been used already
in [32] and [7] in a similar context. This idea seems to appear first (explicitly) in a paper by
McLeish [25]. We deduce that

Ma(Z) <Y Ma(Pu(2)).
keZ
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But, for every k € Z, ((PxZ) 0 8');>1 is a stationary sequence of martingale differences. Hence,
by Theorem 2.3, for every 1 < p < 2, there exists C, such that

IM2D)], o < ch<Z ||PkZ||2,X>~ (37)

p,o0 —
keZ

We define a continuous operator D on H with values in {d € L3(Q2, Fy): E(d|Fo) = 0}, by
setting, forevery Z € Hy, DZ :=) Pi(Zo0™). Writed =DZ.Let M, := Z?;ol dof'. We
want to prove that

nez

1Sy — Mylxy =o(\/nL(L(n)))  P-as. (38)

Since My(Z — d) < Ma(Z) + M>(d), using (37), Theorem 2.3 and the Banach principle (see
the Appendix), we see that the set {Z € Hy: (38) holds} is closed in H;, and, by linearity, that
set is a vector space.

Let Z € H,. Clearly, Z = ZkeZ PyZ in H,. Hence it suffices to prove (38) for P Z, for every
k € Z.Now, D(PyZ) = (Pt Z) 0 0'7%. Let k < 0. We have

n—1

Su(PrZ) — My (P Z) = Z((PkZ) 06t — (PcZ) o 9€+17k)

=0
—k —k

— Z(PkZ) 0t — (Z(PkZ) o 9‘) 00" = o(/n) P-as.,
=0 =0

where we used that for any X € L3(9, X), anl P(|1X 0 6"|x > e4/n), for every & > 0, which
implies that X 06" = o(4/n) P-a.s., by the Borel-Cantelli lemma. The case k > 1 may be handled
similarly.

5.2. Proof of Theorem 2.8

As in the proof of Theorem 2.10, we define a Banach space

H), = {z €LP(Q,X): E_x(2) =0,Exc(Z) =Z, | Z|n, := Z 1 PuZllpx < 00}.

nez

We see that
IMpZlp.oo < CprDVPNZ| 1,

where C,, , is the constant appearing in Proposition 2.1, and that the operator D may be extended
in a continuous operator from H, to {d € L?(R2, Fi, X): Eo(d) = 0}. Then, the proof follows
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the one of Theorem 2.10. We first see that |S, — M, |x = o(n!/?) P-a.s. and then we use that the

Marcinkiewicz—Zygmund strong law of large number is known for r-smooth valued stationary
martingale differences, see, for example, [31].

5.3. Proof of Corollary 2.12

We only have to prove that Iy is given as in the corollary. By (13), we have ZneZ IP1Xnll2x <
0o. Hence, for every f, g € X'*, we have, with absolute convergence of all the series,

Ka(f.9)= Y E(Pi(f(X0)Pi(g(Xm))) = Y E(f(X0)Pi-n(8(Xm—n)))

m,nel m,nez
= Y E(f(X0)P-a(g(Xw)) = Y E(f(X0)g(Xn)).
m,nez meZ

6. Proof of Lemma 2.13

Since the sequences (|[E_, (X)) and (|| X — E,(X)| ,,#) are non-increasing, (16) is equiv-
alent to

D 2B X, gy <00 and FT2E|X ~Ean(X)], 5 < 0.

n>0 n>0

In particular, X is regular.
Assume p = 2. For every n > 0, using Cauchy—Schwarz and that E({P_; X, P_¢ X)) = 0 for
every k # £, we have

2n+|_1 2
( 3 ||PkX||2,’H) <2" S E(1PX ) < 2"E([E_r (X)]3,).

k=2" k>2n
and
2n+171 2
( 3 ||PkX||2,H) <2" Y E(PX 1) <2'E(|X — Ex(X)]3,)-
k=21 k>2n

Assume 1 < p < 2. By Holder’s inequality twice we have, with 1/p + 1/q =1,

on+l_q P on+l_q
(Z ||P—kX||p,7-L> sz"P/'fE( > |P_kX|§;>

k=2" k=2"

p/2
< 2"p/2E((Z |P-kxlg+z> ) < C2PRE_2(X)]? 4.
k>2"
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and

on+1_q 2 on+l_q
(Z ||PkX||p,H> sz"P/‘fE( > |PkX|§;>

k=2" k=2
2/p
< 2"P/2E((Z |PkX|%-L) ) < CYPR|X —Epr (X))} 5
k>2n

where we used Burkholder’s inequality in Hilbert spaces, see [3]. Then, we conclude as above.

6.1. Proof of Theorem 2.14

For every n > 0 define P :=E" — E"*!_ 1t suffices to prove the theorem under the weaker
condition

EX(X)=0 and Y [P™(X)],,, <oe.

n>0

The fact that (20) implies the above condition may be proved as Lemma 2.13, using (19).
Then, the proof may be done exactly as the proof of Theorem 2.10 except that we make use of
reverse martingales.

Appendix A: Proof of Proposition 2.1

We start with the case d € LP (2, F1,P) and Eq(d) = 0. Define

max|<u<2s |Sn (d)|X
2s/p

M* = M*(d) :=sup

5s>0

Let s > 0. Forevery 2° <n <2t — 1, we have

[Sn(d)| x <maX15ngzs|Sn(d)|X < M*
nl/p  — 2s/p -

Hence, it suffices to prove the result for M* instead of M ,(d). Let A > 0. We proceed by trun-
cation. For every s > 0, k > 1 define

o =d gz 47 = ~E(1Fi);

&) i=di—e; AP =di—d);

(S) Zd(s) M(S) =M — MIES)'
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Let A > 0. Then,

P(M* > 1)
<>'P maxy <o [ My |x M2 4+ P max) <2 1Ml 2/2
- ‘ 2s/p > A/ ‘ 2s/p > A/
5> §>

4 B ) 2" E(maxi << [M7]1y)
<5 D 2UPE(lE | p) + D0 T

s>0 5>0
Now, by Fubini and stationarity,

CE(|d;|
Zz(l—l/p)s]E(|é§s)|X)§ (ipllx)~

s>0

To deal with the second term, we use Doob’s maximal inequality in L”, for the submartingale
(IMyy| x)n=1, and (2). We obtain

E(maxi<p<os MY ) C )
Z ors/p = Z 2rs/1r7)\r E(|M2§ ’.;\f')

5>0 s>0

r p (39)
D Cr,pE(|d1 |X)

AP

)

<D, Y 20 IPE(a ) <

s>0

which proves the proposition, in that case. When d € L?(2, F°, P) and E!(d) = 0, the proof is
the same, with the obvious changes, noticing that for every n > 1, (S,(d) — Sp—k(d))o<k<n 1s a
(F" k) o<k <n-martingale and that maxj<x<, | Sk (d)|x < 2maxj<x<p |Sp(d) — Sp_i(d)|x-

Appendix B: Proof of Corollary 3.4
Notice that, by (25), for every x, h, h’ € R, we have
|[fe+h) = f(x+R)| <20(|h =1 |)(1+1xI") + 27 K (101" + |0']). (40)

Recall that for every concave ¥ with ¥ (0) =0, x — ¥ (x)/x is non-increasing on ]0, +oo[ and
Y is sub-additive.

We want to apply Theorem 2.10 and Lemma 2.13. We shall evaluate || Po(X,)|l2, IEo(Xn)2
and ”Xn - En(Xn)”

Enlarging our probability space if necessary, we assume that there exists (£,) an independent

copy of ().
Then,

PoXy =Eo(f(An +hn) — f(An+1),)),
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where Ay =3, a k& D ie, Gbn—ks by 1= ango and hy, i= an§).
In particular, we have, by independence and using (40),

E((PoXn)?) < Cr(E(¢? (lanl (€0l + |&)])))E(14017") + lan|* E(1601*")).

We notice now that for every ¢ € A, there exists C > 0 such that, for every n > 1
E(¢?(lanl (10! + |&5]))) < Co*(lanl). (41)

This follows from Jensen’s inequality and the sub-additivity of ¢? (using that £ € L' (Q2, F,P))
when ¢? is sub-additive, and it is obvious when ¢(x) = min(1, x%) (using that & € L?*(<2,
F,P)).

Clearly, E(|An|*) < (O ez laxl €02

Since x — ¢%(x)/x is non-increasing, when ¢? is concave, we see that whenever ¢ € A,
lan|*" < Cp*(lan]).-

This finishes the proof of Corollary 3.4 under the assumption on Py(X,).

We shall now evaluate ||Eq(X,)|2, the case of || X,, — E, (X,)||> may be treated similarly. We
have

Eo(X,) =Eo(f (By +ka) — £ (Bn — k),
where B, := Zk>—n a_iénik, ky = Zan ax&n—k and k;; = Zan aké}i*k' Hence, using (40),

IEo(Xi) I3 < Cr (B(?(1knl + IK,)E(1A1*") + 201knlI3))).

When ¢? is concave, by Jensen’s inequality,

E(¢*(1knl + [Kp])) < ¢? <2E(|$0|) > |ak|) <(1 +2E(|so|))¢2(

k>n

Z|ak|).

k>n

When ¢(x) = min(1, x*), assuming that 1/2 <« <1 (otherwise we are in the previous case),
we have

2a
E(¢*(1kal + K7 [)) < (Z |ak|||so||za) < C@z(z |ak|)~
k>n k>n

Clearly, E(|B,|*") < (O gz laxlloll2)?"
Finally, we have

2r
2 2
lknllZ < 50113, (Z |ak|> :
k>n
Since x — ¢2(x)/x is non-decreasing, when @? is concave, we see that whenever ¢ € A,

a3 < c&(Z |ak|).

k>n
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Appendix C: The Banach principle
The following is an extension of the Banach principle as stated in Theorem 7.2, page 64 of [20].

Proposition C.1. Let (2, F,P) be a probability space and X, B be Banach spaces. Let C be
a vector space of measurable functions from Q to X. Let (T,),>1 be a sequence of linear
maps from B to C. Assume that there exists a positive decreasing function L on 10, 400, with
limy 00 L(X) = 0, such that

P(sup Tox|x > ,\|x|B) <L(}) Vi>0,xecB. 42)

n>1

Then the set {x € B: (Tyx)n>1 is P-a.s. relatively compact in X} and the set {x € B: |T,x|x —
0 P-a.s.} are closed in B.

Proof. We prove that the first set is closed, the proof for the second one being similar, but easier.
Let x € B and (xp)m>1 C B be such that |x,; — x|g —> 0 and such that for every m > 1,
m—0oQ

(T xm)n>1 1s P-a.s. relatively compact in X'. We want to prove that (7,,x),>1 is [P-a.s. relatively
compact.
By (42), for every integers m, p > 1 (assume that x # x,,, otherwise there is nothing to do)

1
P(sup|Tn(x — )|y > l/p> < L<—> Vi>0,x €B.
n>1 plx — xm|B

Since lim; _, oo L(1) = 0, there exists a subsequence (m)r>1 and a set Qo € F with P(20) =1,
such that for every o € Qo,

T (x — 0.
ii‘?' n(r = xm) | (@) —

There exists 1 € F, with P(2;) = 1, such that, for every w € 2 and every k > 1,
((TnXm; ) (@))n>1 is relatively compact in X',

Let w € Q0 N 2 be fixed. Let ¢p be an increasing function from N to N. We want to prove
that (T (n)x (®))n>1 admits a convergent subsequence.

For every k > 1, ((Tgy(n)Xm; ) (@))n>1 admits a Cauchy subsequence. We construct by induc-
tion some increasing functions (¢ )x>1 such that, for every k > 1, setting Yy :=@po@jo--- oy,
we have for every p >n > 1,

| Ty Xmi (@) = Ty (pyXm, (@) | o < 1/
Then, (Ty, @)X (w)) is Cauchy. Indeed, for every N > 1, and every p > n > N, we have
| Ty X (@) = Ty, ()X (@)

S |T1//n (n)xmn (Cl)) - T(wno(pn-%—lo"‘o(pp)(]’)xmn (C!)) |X + 2 Sup| Tr ('xmn - X) |X — 0’
r>1 N—o00

and the result follows. O
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Appendix D: Identification of the cluster set

Denote by X'* the topological dual of X. Let X € L?(R2, X) such that E(X) = 0. Following
Kuelbs [21] (we refer to [21] for more details on the construction below), we define a bounded
linear operator S from A™* to X and a bounded symmetric bilinear operator C from X* x A™* to
R, by

S(x*) =E(x*(X)X) Vx* e X*,
IC(x*, y*) = E(x*(X)y*(X)) = y*(S(x*)) =x*(8(y*)) V¥, y* e X*.
Let Hx be the closure of the range of S with respect to the following inner product:
(Sx*, Sy*)HX = lC(x*, y*).

Notice that the definition of (-, )4, does not depend on the chosen representatives (i.e., if
x* e KerS, (Sx*,Sy*)y, =0 for every y* € X*) and that this inner product is really posi-
tive definite.

Finally, denote by K = K, the unit ball of (Hx, || - l#,), K is compact by (iv), Lemma 2.1
of [21]. We recall an important result of Kuelbs, see [21], Theorem 3.1, II, where we denote by
C({x,}) the cluster set of a sequence (x,) C X.

Proposition D.1 (Kuelbs [21]). Let X € L2(Q, X). Assume that (X n)n>0 satisfies the CLIL and

that,
. Sn(x*(X)) [k % *
llmnsup m = ||x (X) ||2 P-a.s. Vx* e X*. 43)
Then,
C<{ ﬂ }) =K P-a.s., 44)
2nL(L(n))
and
. |Sn (X) |X _ * -~
llmnsup Ny X*EX*?iE|X*SI lx*O |, < Xl P-as. (45)
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