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We prove a central limit theorem for a general class of adaptive Markov Chain Monte Carlo algorithms
driven by sub-geometrically ergodic Markov kernels. We discuss in detail the special case of stochastic
approximation. We use the result to analyze the asymptotic behavior of an adaptive version of the Metropolis
Adjusted Langevin algorithm with a heavy tailed target density.
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1. Introduction

This work is a sequel of Atchadé and Fort [4] and develops central limit theorems for adaptive
MCMC (AMCMC) algorithms. As a tool for quantifying the fluctuations of Monte Carlo esti-
mates, central limit theorems play an important role in the practice of Monte Carlo simulation.
Previous work on the subject include Andrieu and Moulines [1] and Saksman and Vihola [20]
where central limit theorems are obtained for certain AMCMC algorithms driven by geomet-
rically ergodic Markov kernels. There is a need to understand the sub-geometric case. Indeed,
many Markov kernels routinely used in practice are not geometrically ergodic. For example, if
the target distribution of interest has heavy tails, then the Random Walk Metropolis algorithm
(RWMA) and the Metropolis Adjusted Langevin algorithm (MALA) result in sub-geometric
Markov kernels [12].

We consider adaptive MCMC algorithms driven by Markov kernels { Py, 6 € ®} such that each
kernel Py enjoys a polynomial rate of convergence towards  and satisfies a drift condition of
the form PyV <V — ¢V~ 4 b for some « € (0, 1] (uniformly in 6 over compact sets). We
obtain a central limit theorem when o < 1/2 under some additional stability conditions. This
result is very close to what is known for Markov chains under similar conditions. Indeed, Jarner
and Roberts [11] that irreducible and aperiodic Markov chains for which the drift condition
PV <V —cVi—ay b1¢ hold for some small set C satisfy a central limit theorem when o < 1/2.
The proof of our results is based on a martingale approximation technique developed by Kipnis
and Varadhan [14] and Maxwell and Woodroofe [16] in the Markovian setting. The method is
a Poisson equation-type method but where the Poisson’s kernel is replaced by a more general
resolvent kernel. We have used a variant of the same technique in Atchadé and Fort [4] to study
the strong law of large numbers for AMCMC.
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Adaptive MCMC has been studied in a number of recent papers. Beside the above mentioned
papers, results related to the convergence of marginal distributions and the law of large numbers
can be found for example, in [8,18]. For specific examples and a review of the methodological
developments see, for example, Andrieu and Thoms [3], Atchade et al. [6].

The rest of the paper is organized as follows. The main CLT result is presented in Section 2.3.
Adaptive MCMC driven by stochastic approximation is considered in Section 2.6. To illus-
trate, we apply our theory to an adaptive version of the Metropolis adjusted Langevin algorithm
(MALA) with a heavy tailed target distribution (Section 2.7). The proofs are postponed to Sec-
tion 3. We omit some of the technical details which can be found in a longer version of the paper
[5] available from the Arxiv.

2. Statement of the results

2.1. Notations

We start with some notation that will be used through the paper. For a transition kernel P on a
measurable general state space (T, B(T)), we denote by P”, n > 0, its nth iterate defined as

PO, A) s a), Pk, A) déff PG dy) P (v, A),  n=0,

where 8, (dr) stands for the Dirac mass at {x}. P" is a transition kernel on (T, B(T)) that acts

both on bounded measurable functions f on T and on o-finite measures w on (T, B(T)) via
def

def
PUf()E [P"(.dy)f(y) and uP"() = [ p(dx) P"(x, ).

If V:T — [1,400) is a function, the V-norm of a function f:T — R is defined as | f|y &f
supy | f|/V.When V = 1, this is the supremum norm. The set of measurable functions f:X — R
with finite V-norm is denoted by Ly .

If 1 is a signed measure on (T, B(T)), the total variation norm ||u ||y is defined as

def .
lultv S sup |u()l=2 sup |u(A)|= sup w(A)— inf u(A);
{(flfhi=1} AeB(T) AeB(T) AeB(T)

and the V-norm, where V : T — [1, +00) is a function, is defined as || || deef SUP(q gy <1} ()]

Observe that || - ||Ty corresponds to || - ||y with V = 1.

In the Euclidean space R”", we use (a, b) to denote the inner product and |a| def {a,a) the

Euclidean norm. We denote R the set of real numbers and N the set of nonnegative integers.

2.2. Adaptive MCMC: Definition

Let X be a general state space endowed with a countably generated o-field X. Let ® be an
open subspace of R? the g-dimensional Euclidean space and B(®) its Borel o-algebra. Let
{ Py, 0 € ®} be a family of Markov transition kernels on (X, X) such that for any (x, A) e X x X,
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0 — Pg(x, A) is measurable. We assume that for any 6 € ®, the Markov kernel Py admits an
invariant distribution . Let {K,, n > 0} be a family of nonempty compact subspaces of ® such
that K, C K, 41. Let IT: X x ® — Xp x ®¢ be a measurable function, the so-called reprojection
function, where Xg x ©¢ is some measurable subset of X x ®. We assume that I1(x, 0) = (x, )
if 8 € ®g. For an integer k > 0, we define I (x, ) = I1(x,0) if k =0 and [1x(x,0) = (x, 0) if
k>1.Let R(n; ) (Xx 0) x (X x B(®)) — [0, 1] be a sequence of Markov kernels on X x ®
with the following property. Forany n >0, A e X, (x,0) e X x ©

R(n; (x,0), A x ®) = Py(x, A). (D

In practice, the kernel R(n; -) is commonly designed using stochastic approximation. We give
detailed examples in Section 2.6. Throughout the paper and without further mention, we assume
that (1) hold. We are interested in the Markov chain {(X,,, 6, Vs, &), n > 0} define on X x ® x
N x N with transition kernel P,

P((x,0,v,&),(dx’,do’, dv', dg"))

L R(v+8: M (x,0), (dx', d6")) @

X (Lgorex,)8u (V)8 11 (dE") + Liprgk, 1 8v+1(dv)3o(dE")).

Algorithmically, this Markov chain can be described as follows.

Algorithm 2.1. Given (X, 0y, vy, &,):

(a) generate (Xp41,0p41) ~ R(Vn + & HS,, (Xn,60),);
(b) if 0,41 € Ky, then set vpp1 =vy, Enp1 =6, + 1,
(©) if Opt1 ¢ Ky, then set vy =v, + 1 and &, =0.

The dynamics of the algorithm is simple to describe. Assume vy = 0,&y = 0. As long as
Ok € Ko, (Xk, 6k) is updated using Rk — 1: (Xi—1,6k—1), ), k> 1. If Ony ¢ Op, we restart the
algorithm: we set K; as the new reference compact set and as long as 6; € K; (k > ng + 1),
(Xx, 6x) is updated using R(1 + (k — no); (Xx—1,6k—1), ), k > no + 1; etc. ..

We denote by I\p’x’g,v’g and IVEx,g,v,g the probability and expectation operator when the initial
distribution of the Markov chain is §(x ¢,v,£). Throughout the paper, we will assume that the initial
state of the process is ﬁxevzd to (xo, 6o, 9, 0) for somevarbitrary element (xq, p) € Xo X ©¢g and we
will simply write P and [E instead of Py, g,,0,0 and Ey g,,0,0, Tespectively.

Remark 1. The adaptive MCMC algorithm described above is more involved than the algorithm
analyzed in Atchadé and Fort [4]. This is due to the fact that in studying the central limit theorem,
unavoidably, we need to study the limiting behavior of the adaptation parameter 6,,. When the
kernel R, is based on stochastic approximation, as in most examples, proving the convergence of
6, under simple assumptions is a rather difficult problem. At issue is the stability of the stochastic
approximation algorithm. In order to develop general and easily verifiable results, one has to
recourse, as above, to various reprojection tricks. This is a well known issue in the stochastic
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approximation literature (see, e.g., [2,15]). Algorithm 2.1 encompasses the two main reprojection
strategies used in practice to control stochastic approximation algorithms. These reprojection
tricks also serve the purpose of building algorithms that are less sensitive to the initial conditions
and step-size selected.

(1) For example, Algorithm 2.1 reduces to the framework of re-projections on randomly vary-
ing compact sets developed in [2] if we take {K,,n > 0} such that ® = [, K,, @9 < Ko
and K, C int(K;,+1), where int(A) is the interior of A.

(2) But we can also set ®y = K = K for all k£ > 0 for some compact subset K of ®. And we
then obtain another commonly used approach where the reprojection is done on a fixed
compact set K. See, for example, Kushner and Yin [15] and in the context of AMCMC,
see Atchade and Rosenthal [7].

Let {.7-V'n, n > 0} denote the natural filtration of the Markov chain {(X,,, 6,, v,, &,),n > 0}. It is
easy to compute using (1) that for any bounded measurable function f: X — R,

E(f (Xt DI FD) g0 = Po, f(Xn),  Pas. 3)

Equation (3) together with the strong Markov property are the two main properties of the process
{(Xy, 6n, vy, &), n > 0} that will used in the sequel.

We now introduce another stochastic process closely related to the adaptive chain defined
above. For [ > 0 an integer, we consider the nonhomogeneous Markov chain {(5(,,, 9~,,), n > 0}
with initial distribution §, » and sequence of transition Markov kernels

Py(n; (x1,01), (dx', d6")) = R(L + n; (x1,61), (dx', d0")).

Its distribution and expectation operator are denoted respectively by Pily)e and IE)(C[’)Q. We will
denote {F;,, n > 0} its natural filtration (for convenience in the notations, we omit its dependence
on (x,6,1)). Again it follows from (1) that for any bounded measurable function f : X — R,

B, (f KnpD)IF) =Py f(Xn),  PUpas. “

For K a compact subset of ©, we define the stopping time (t_K (w.r.t. the nonhomogeneous
Markov chain {(X,,, 6,),n > 0}) as

Tk=inf{k > 1: G ¢ K},

with the usual convention that inf & = co. Clearly, the two processes defined above are closely
related. We will refer to {(X,,,,),n > 0} as the reprojection free process. The general strategy
that we adopt to study the Markov chain {(X,,, 6,, v, &,), n > 0} (adapted from [2]) consists in
first studying the reprojection free process {(X,,, 6,), n > 0} and showing that the former process
inherits the limit behavior of the latter.
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2.3. General results

The main assumption of the paper is the following.

Al. There exist @ € (0, 1], and a measurable function V :X — [1, 00), SUPyex, Vx) < o0
with the following properties. For any compact subset K of ®, there exists b, ¢ € (0, 00)
(that depend on K) such that for any (x,0) € X x K,

PoV(x) <V(x)—cVI™*x) +b Q)
and forany g €[0,1 —«a], k € [0, 11 — B) — 1], there exists C = C(V, k, B, K) such
that

4+ DX PYx, ) = ()llys <C VP (%),  n>0. ©6)

Notice that (5)-(6) imply that 7 (V!~%) < co. We will also assume that the number of repro-
jection is finite.

A2.
]ﬁ’(sup vy < oo) =1. @)

n>0

We introduce a new pseudo-metric on ®. For 8 € [0, 1], 0,6’ € O, set

: P _p,
Dp©.0) % sup sup S &) = Py f ()]
Ifl,p<1xeX VB (x)

Under Al and A2, a weak law of large numbers hold.

Theorem 2.1. Assume A1-A2. Let B € [0, 1 — «) and fp: X — R a family of measurable func-
tions of Lyp such that w(fy) =0, 0 — fo(x) is measurable and supy | folys < oo for any
compact subset K of ®. Suppose also that there exist € > 0,k > 0, 8 + ok < 1 — « such that for
any (x,0,1) € Xg x ©9 x N

EY, I:Zkl+8(Dﬁ(9~k1 O-1) + 1 f, = f3_, Ivﬁ)ﬂ{?Kl>k}Vﬁ+"“‘()?k)] <o0. ®)
k=1

Then n~! Y i1 fo,_, (Xk) converges in If”-probability to zero.
Proof. The proof is given in Section 3.4. (|

Remark 2. A strong law of large numbers also hold under similar assumptions [4], Theorem 2.3.
The main difference with Atchadé and Fort [4] is that in the result above, the function of interest
is allowed to depend on 6. The summability condition (8) seems complicated but is not hard to
check in practice. See, for example, Section 2.5.3. We also point out the fact that (8) is expressed
in terms of the non-homogeneous Markov chain {()~( P 5,,), n > 0} which is much easier to handle
than the actual adaptive MCMC process.
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For the central limit theorem, we introduce few additional notations. For f € Lys with 7 (f) =
0, and a € [0, 1/2] we introduce the resolvent functions

ga(x,0) =Y (1—a)/ ™' P} f(x).
jz0
Whenever g, is well defined, it satisfies the approximate Poisson equation

) =(1—a)""ga(x,0) — Pygalx, 0). €))

When a = 0, we write g(x,6) which is the usual solution to the Poisson equation f(x) =
g(x,0) — Pag(x,0). Define also

Hy(x,y) =8a(y,0) — Poga(x,0), (10)
where Pygq(x, ) def [ Py(x,dz)ga(z,0).
For the CLT, we need the adaptation parameter 6, to converge to a limit.

A3. There exists a ®-valued random variable 6, such that with If"-probability one, {6,,n > 0}
remains in a compact set and lim,,_, oo Dg(6,,64) =0 forany g € [0, 1 — «].

Notice that the compact set referred to in A3 is sample path dependent. We introduce the
nonnegative random variable

o (f) dZef/7T(dX){2f(x)f;.'(x,9*) - [}

Theorem 2.2. Assume A1-A3 with a < 1/2. Let B € [0,% — o) and f € Lyp such that

w(f) =0.Suppose that there existk > 1,& >0, p € (%, ﬁ),such that2+a(k +¢) < 1—a,
and forany b € [0, 1 —a], any (x,0,1) € Xg x ©g x N

0] —1/2+p(1—¢) A A 2B+a(k+e) v
E. o [Zk Db(ek’ek_l)]l{?,(l>k}v (Xk)] < 00. (11)
k>1
Suppose also that for a sequence a, xn=", a, € (0, %],
1 n
lim — > g2 (X.0—1) — Py,_, g5 (X 0k—1) =0, in P-probability. (12)
n—o00 n k=1 n n

Then n=123"1_, f(Xy) converges weakly to \/o2(f)Z where Z ~ N (0, 1) is a standard nor-
mal random variable that is independent of 03( .

Proof. See Section 3.5. ]
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2.4. On assumption (12)

Assumption (12) is the most difficult assumption to check in Theorem 2.2. This assumption is
needed to establish the weak law of large numbers in the CLT. For stationary Markov chains
(12) automatically holds. In the general adaptive case, the simplest approach to checking (12) is
through appropriate moments condition.

Proposition 2.3. Assume Al and A3 with o < 1/2 and let B € [0, % — o). Suppose that there
exists € > 0 such that for any (x,0,1) € Xg x Og x N

n
supn~'EY), [Z V2<ﬂ+“>+€(5(k)] <. (13)
n>1 k=1

Then (12) hold.
By Proposition 3.4(ii) below, one can always check (13) if ¢ < 1/3 and 8 € [0, | — 3«).

Corollary 2.4. Assume A1-A3 with o < 1/3. Let § € [0,1 —3«) and f € Ly 5. Suppose that
(11) holds. Then n='/2 Y i1 f(Xk) converges weakly to VO2(f)Z where Z ~ N(0,1) is a

standard normal random variable that is independent of c>(f).

2.5. Some additional remarks on the assumptions

2.5.1. On Assumption Al

In many cases, Al can be checked by establishing a drift and a minorization conditions. For
example, if uniformly over compact subsets K of ®, Py satisfies a polynomial drift condition of
the form PyV <V — ¢V 1= 4 bl for some small set C, o € (0, 1] and such that the level sets
of V are 1-small then (5) and (6) hold. This point is thoroughly discussed in Atchadé and Fort
[4] (Section 2.4 and Appendix A) and the references therein.

Assumption A1 also hold for geometrically ergodic Markov kernels and in this case we recover
the CLT of Andrieu and Moulines [1]. Indeed, suppose that uniformly over compact subsets
K of ©, there exist C € X, v a probability measure on (X, X), b,e > 0 and A € (0, 1) such
that v(C) > 0, Py(x, ) > ev(-)Ic(x) and PyV < AV + bl¢c. Then for any « € (0,1], PV <
V — (1 =1)V!=% 4 b, thus (5) hold. Moreover, by explicit convergence bounds for geometrically
ergodic Markov chains (see, e.g., [9]), for any 8 € (0, 1]

sup | P (x, ) = () lys < Cp(K)pf VP ().

feK
A fortiori (6) hold. Also under the geometric drift condition, if 8 € [0, 1/2) then we can find
0 <a < 1/2and & > 0 such that 2(8 4+ &) + ¢ < 1, and since V?-moment of geometrically
ergodic adaptive MCMC are bounded in n for any § € [0, 1), we get (13).
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2.5.2. On Assumptions A2—A3

Assumption A3 is a natural assumption to make when a CLT is sought. Whether A2 or A3 hold,
depends on the adaptation strategies. We show below how to check A3 when the adaptation is
driven by stochastic approximation.

2.5.3. On the diminishing adaptation conditions (8) and (11)

It is well known that adaptive MCMC can fail to converge when to so-called diminishing adap-
tation condition (which embodies the idea that one should adapt less and less with the iterations)
does not hold. Here, the diminishing adaptation takes the form of conditions (8) and (11). Indeed,
(8) and (11) cannot hold unless Dg(6,, 6,—1) converges to zero in some sense. These conditions
are not difficult to check. Typically Dp(6k, 6x—1) < Cyx V" (X}) for some positive numbers i
and n > 0. then we can check (8) or (11) using Proposition 3.5.

2.6. Checking A3 for AMCMC driven by stochastic approximation

One specific form of the kernel R(x; -) used in practice can be described as follows. Let qél) (X x
X — [0, 1] and qéz) X x X x X — [0, 1] be two Markov kernels such that

/ sV (x, dy)gP ((x, y), dx') = Py (x, dx').

Let ®:0 x X x X — © be a measurable function. For convenience, we write ®g(x, y) instead
of (@, x, y). Set

R(n; (x,6), (dx',d6")) = f as" (e, dy)gs? (%, ¥), XV 4 0y x.y) (AO)), (14)

where {y,} is a sequence of positive numbers. Thus, (1) holds. Under (14), Step (a) of Al-
gorithm 2.1 can be described as follows. Given (X, 6,) = Ilg,(X,,0,), generate Y, ~

D, v 2) =
Qé’l)(xrz, ) and X, 11 Nqén)(Xn, Ypt1, ). Then set

1 2
9”""1 = 0” + Yn+&n (h(en) + 81(1+)1 + Eflll)’

where &), = Tg, (X,) — h(@n), £, = ©5 (X, Yar1) — Y5, (X,) and

To(x) = / g8V (x,dy)®g(x,y), and h(9) = / 7(dx) Y (x).

Most adaptive MCMC algorithms used in practice are special cases of (14). For example, in
Metropolis—Hastings type algorithms, q(gl) corresponds to the proposal kernel and qéz) corre-
sponds to the acceptance probability (see Section 2.7 for a specific example). Also, with the
choices (" (x, dy) = Py (x, dy), ®g(x, y) = Pg(y), and g7 ((x, y), dx’) = 8, (dx’), one obtains
the stochastic approximation dynamics analyzed in Andrieu and Moulines [1].

We assume the following.
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Bl. (1) {Kn,n >0} is such that ® = J, K,, ®9 € Ko and K, C int(K,+1), where int(A) is
the interior of A.
(2) The function % is a continuous function and there exists a continuously differentiable
function w: ® — [0, 0co) such that
(a) for any 0 € ©, (Vw(8), h(9)) <0, the set L= (6 € ©: (Vw (@), h(®)) = 0} is
nonempty and the closure of w(£) has an empty interior. In the above, Vw denote
the gradient of w.

(b) there exists My > 0 such that LU ®¢ C {#: w(@) < My} and for any M > My,
def

Wy = {6: w(9) < M} is a compact set.
Assume that the function Y satisfies

B2. There exists n > 0, 2(n + «) < 1 such that for any compact subset Kof ®, b € [0, | — «],
0,0 €K,

sup sup V_Z”(X)/qél)(x,dy)ld>9(x,y)l2 <00, and
6eK xeX
(15)
Dyp(6,0") + Yo — Ygrlyn < Cl6 —0')

for some finite constant C that depends possibly on K.

Proposition 2.5. Assume Al witha < 1/2 and (14). Suppose that B1 and B2 hold. Suppose also
that lim, y, =0 and )", v, = oo and for any p > 0,

im (Vpnot = Vpran' ™ =0 and Y (K +yk " 4y ) <00 (16)

n>1

n

for some p € (0, (1 —a)(n + o)~ —1). Then A3 hold.

Proof. See Section 3.6. O

2.7. Example: Adaptive Langevin algorithms

We illustrate the theory above with an application to the Metropolis-adjusted Langevin algo-
rithm (MALA). In this section, X is the d-dimensional Euclidean space R? and 7 is a positive
density on X with respect to the Lebesgue (denoted upe, or dx). The MALA algorithm is an
effective Metropolis—Hastings algorithm whose proposal kernel is obtained by discretization of
the Langevin diffusion

dX, = 1e’Viogn(X)dt +¢’dB;,  Xo=x,

where 0 € R is a scale parameter and {B;, ¢ > 0} a d-dimensional standard Brownian motion.
Denote gg(x, y) the density of the d-dimensional Gaussian distribution with mean by (x) and
covariance matrix e? I; where

bo(x) = x + 5e’Vlogm(x).
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The MALA works as follows. Given X, = x, we propose a new value Y ~ gg(x, -). Then with
probability ag (X, Y), we ‘accept Y’ and set X,,11 = Y and with probability 1 — ag(X,,Y), we
‘reject Y’ and set X, 11 = X,,. The acceptance probability is given by

7 (y)qo(y,x)

=1 .
@) = A e, »)

The convergence and optimal scaling of MALA is studied in detail in Roberts and Tweedie
[19], Roberts and Rosenthal [17]. In practice, the performance of this algorithm depends on the
choice of the scale parameter 8. In high-dimensional spaces (and under some regularity condi-
tions), it is optimal to set 6 = 6, such that the average acceptance probability of the algorithm in
stationarity is 0.574. In general, 6, is not available and its computation would require a tedious
fine-tuning of the sampler. Adaptive MCMC provides a straightforward approach to properly
scale the algorithm. The parameter space is ® = R. For 6 € ®, denote Py the transition kernel of
the MALA algorithm with proposal gg. We also introduce the functions

Ag(x) /X 0o (s Vo (6 Vpren (@), a(@) S fx g (0 () ptLen ().

Let {K,,n > 0} be a family of nonempty compact intervals of ® such that | JK, =R, K, C
int(K,+1). Therefore, by construction B1(1) hold. Let ®g = {6y} and Xo = {x¢} for some arbitrary
point (xg, 8p) € X x Ko. The reprojection function is IT(x, ) = (xo, 6p) for any (x,6) € X x ©.
We also have I (x, 6) = (x, 0) if k > 0 and T[T (x, 0) = I1(x, 0) if k = 0. Obviously many other
choices are possible. The adaptive MALA we consider is the following.

Algorithm 2.2. Initialization: Let @ be the target acceptance probability (taken as 0.574).
Choose (Xo, 6p) € Xo X ©q, vo =0 and §0 = 0.
Iteration: Given (X, On, Vu, &,): set (X, 0) =TIlg, (Xy, 6y).

(a) generate Y, 11 ~ qé()_(, -). With probaé)ility ot(;()_(, Yn+1), set Xp+1 = Yny1 and with prob-
ability 1 —oaz(X, Yyq1), set X1 =X.
(b) Compute

_ 1 -
0 =0+ ——(5(X, Y, —a). 17
n+1 + 1+, +5, (0[0( n+1) O‘) (I7)

() If 6h+1 € K,,, then set v 1 = Vv, and &, =&, + 1. Otherwise if 6,41 ¢ K,,, then set
Vi1 =Vy +1and &, =0.

In this algorithm, the kernel R(n; -, -) takes the form

R(n; (x,0), (dx',d6")) = /619 (x, dy) (g (x, y)8y (dx").
+ (I —ag(x, y))8x(dx"))80,6,x,)(d6),

where ©,(0,x,y) =60 + (n + DY (x, y) — «). Thus, (14) hold. We make the following
assumption.
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Cl. ¢ €(0,1), limp— o0 a(f) <, limg_, _sca(f) > a.

Assumption C1 is slightly redundant. It is easy to check that limg_, o, a(6) = 1. But the second
part of the assumption, although realistic, depends in general on V logs and V2 logr.

Proposition 2.6. Under C1, the function h(0) = a(0) — a satisfies B1(2) with L = {0 €
R: a(@) = a} and w@) = f(? cosh(u)(@ — a(u))du + K for some finite constant K where
cosh(u) = (e +e™")/2 is the hyperbolic cosine.

Proof. See Section 3.7.1. O

We assume that the target density 7 is heavy tailed as in Kamatani [13].

C2. We assume that 7 : R? — (0, 00) is of class C? and there exists n > d such that

limsup(x, Vlogm(x)) < —n, lim |Vlogm(x)|=0,
|x|—00 x|—>00
(18)
lim | VZlogm(x)|| =0,
[x]—00

where for a matrix A, ||A|| denotes its Frobenius norm.
The next proposition is a paraphrase of Theorem 5 of Kamatani [13].
Proposition 2.7. Assume C2. For s € (2,24 n —d), define Vy(x) = (1 + |x|>)*/? and o = 2/s.

Let C be a compact subset of R with puie,(C) > 0. For any compact subset K of ©, there exists
g, c,b e (0,00), such that

MLeb(dy) e (y)

inf Pg(x,dy) > 8|:
feK ULeb(C)

}ﬂc(x),

sup Py Vs (x) < Vi(x) — V™% (x) + blc(x).
feK

For the smoothness, we have the following proposition.

Proposition 2.8. Assume that |V logm(x)| is a bounded function. Let K be a compact convex
subset of ©. There exists a finite constant C(K) such that for any f € Lv,s, B €10, 1], any

0,0 ek,

‘ / s (x. o (x, ) £ () dy — f o (X Vo (v, 1) £ () dy
(19)
< CKIflyp10 —0"1VE ).
Proof. See Section 3.7.2. O

We now apply Theorem 2.2 to get a CLT for the adaptive MALA.
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Theorem 2.9. Assume C1 and C2 withn >d + 4. Let s € (6,2 +n —d) and let f: X — R be
a measurable function such that n(f) =0and |f(x)|<C1 + |x|2)b for some b € [0, % —-3)
and some finite constant C. Then there exists a nonnegative random variable 0*2( f) such that
n~1/2 Y iy f(Xy) converges weakly to a random variable \/o2(f)Z, where Z ~ N(0, 1) is
independent of o2 (f).

Remark 3. If 7 is positive and of class C? and 7 (x) ~ (1 + |x|*)~@+Y)/2 in the tails, then C2
hold with n = v+ d and Theorem 2.9 guarantees a CLT for v > 4. Compare with v > 2 for Harris
recurrent Markov chains satisfying Al.

Proof of Theorem 2.9. Al holds as a consequence of Proposition 2.7 (see, e.g., [4], Section 2.4
and Appendix A). Proposition 2.6 shows that B1(2) holds and Proposition 2.8 implies that B2
holds. Therefore, A3 holds as a consequence of Proposition 2.5. (11) is an easy consequence of
Proposition 2.8 and Proposition 3.5. We thus conclude with Corollary 2.4. |

In the above theorem, the asymptotic variance o2( f) takes values in the set {092( f),0 e L},
where £ ={0 e R: a(0) =a} and
def
CAGE /n(dx){f%x)+2Zf<x)Pé‘f<x>}.

k>0

In particular, if £ = {0,} and cr(i(f) > 0, then n~1/? Y i1 f(Xx) converges weakly to
N, 02 ().

3. Proofs

Throughout the proof, C(K) denotes a finite constant that depends on the compact set K and on
the constants in the above assumptions. But to simplify the notations, we will not keep track of
these constants so the actual value of C(K) might be different from one appearance to the next.

3.1. Resolvent kernels and approximate Poisson’s equations

In this section, K is a given compact subset of ® and B € [0, 1 — «]. We consider a family of
functions fy € Ly5, 0 € © such that w(fy) = 0. For a € (0, 1), we define the resolvent function
associated with fy as

o o
2a(x,0)=Y (1 —a) "' P fy(x) =) (1 —a) ' P fo(x),
j=0 j=0
where Py = Py — . Similarly, we define

g0, 0) =Y P fo) = P fo(x).

j=0 j=0
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When fy = f does not depend on 6 € ©®, and to help keep the notation clear, we write g, (x, 6)
(resp., g(x,0)) instead of g,(x,0) (resp., g). It is easy to see that when g, is well defined, it
satisfies the following approximate Poisson equation

fo) =1 —a) ' g,(x,0) — Pyga(x,0). (20)
Similarly g, when well defined, satisfies the Poisson equation
Jo(x) =2(x,0) — Pag(x,0). 2D

For a > 0, we introduce the function

1

— ife >1,
o)< {21
—log(2a) + 1, ife =1,
271 P (1 — k)a~ 1Hx, if0<k <1,

where I'(x) := fooo u*~le™dyu is the Gamma function. We will need the following technical
lemma. For lack of space, we omit the details.

Lemma 3.1. Foranya € (0,1/2] and x > 0,

D A=A+ )T < i@

j=0

Proposition 3.2. Assume Al.

(1) The function g, is well defined and there exists a finite constant C such that for any
kel0,a (1 — B)—1], (x,0) e X x ® and any a € (0, 1/2]

180 (x, )] < Clfalystc(@ VP (x). (22)

(ii) Suppose that a < 1/2. Then the function g(x,0) is well-defined and there exists a finite
constant C such that for any k € (1,a= (1 —p) — 11, (x,0) € X x © and any a € (0, 1/2]

|8a(x,0) —&(x,0)| < Cl folys (/0 Ex—l(u)du> VAT (x). (23)

Proof. Follows from Al and Lemma 3.1. |

Remark 4. One can check using Lemma 3.1 that for k > 1, f(f Ce—1(u)du — 0 asa — 0. Hence,
a consequence of Proposition 3.2 is that for any 8 € [0, 1 — 2a) (e < 1/2), any k € (1, (1 —
B) — 1], there exists a finite constant C (K) such that for any (x, 8) € X x K,

180x, 0)] < CK)| folys VT (x). (24)
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The following bounds also hold true. Again these are easy consequences of Al, Lemma 3.1
and Proposition 3.2. We omit the details.

Proposition 3.3. Assume Al.

(i) Foranyk,§>0withk +6§ < o - B) — 1, there exists a finite constant C (K) such that
forany 0,0’ €K, x € Xand a € (0,1/2]

|8a(x,0) — Za(x, 0"

<C(K) sup | folys2e(@)(85(@)Dpras(©,0)) + | fo — forlye) VAT (x).

(1) Assume o < 1/2. Forany B €[0,1 —2a),anyx > 0,8 > 1 withx + 6§ < oF](l —-p)—1.
There exist a finite constant C (K) such that for any x € X, 0,0’ € Kand any a € (0, 1/2)

|§(x99) _g(x9 9/)|

= C(K)sup| folys (f Ss—1(u)du + &e(a)l fo — forlys
6eK 0

+ 4 (@) Dptas (6, e’)) v ATetd) (x),

3.2. Modulated moments and weak law of large numbers

In this section, K is an arbitrary compact subset of ®, (x,60) € X x K and / > 0 an integer. We
consider the nonhomogeneous Markov chain {(X,,,6,),n > 0} with initial distribution 8x,0 and
transition kernels P;(n; (x1,61), (dx’, d0")) = R(I +n; (x1,6), (dx’, d9’)). The key property that
we will use here is (4) which, as we have seen, is a consequence of (1). The first two propositions
below are easy modifications of similar results proved in Atchadé and Fort [4].

Proposition 3.4. Assume Al. There exists a finite constant C (K) such that for any (x,0) € X x K,
I,n>1,

(i) forany0<pB <1,
0 %
Ep[Vi&EL s ] = COon’ V).

(i) Forany0<p<1-—«

By [Z VAL } < C(KnVF* ().

T K>k—l}
k=1
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Proposition 3.5. Assume Al. Let {r,, n > 0} be a non-increasing sequence of positive numbers.
For B €10, 1 — ], there exists a finite constant C (K) such that for any (x,0) e XxK,1 <n < N

N—1 N

) o (1) 5

E.), [Z el Vﬂ(Xk)ﬂ{?K>k]}:| < C(K) (rnIExﬁ(VﬁJra(xn)ﬂ{?KM]}) + Zrk+1).
k=n

k=n

The next proposition gives a general standard bound on moments of martingales as a conse-
quence of the Burkholder’s inequality.

Proposition 3.6. Let M, = ZZ=1 Dy, n > 1, be a martingale such that E(| Dy |P) < oo for some
p > 1.Then

n
E[|M,|7] < Cn™* 02DV N " F (| Dy | P)
k=1

for C=(18pq')P, p~t 4471 =1.

The nonhomogeneous Markov chain {(f(n, én), n > 0} satisfies a weak law of large numbers.
The proof is similar to the Atchadé and Fort [4], Theorem 2.3, and we omit the details.

Proposition 3.7. Assume Al. Let B € [0,1 — ) and fo € Lyp a class of functions such that
0 — fo(x) is a measurable map, 7w (fy) =0 and supy | folys < 0o. Suppose also that there
exist € > 0, k > 0 such that B+ ax <1 — o and

l ) o _
EY, [Z Ly gk T (Dp @, G- + 11, _f§k1|vﬂ)Vﬁ+aK(Xk):| <oo.  (25)
k>1

Thenn~'1 (Feon) >y fék—] (X1) converges to zero in ]P’il’)e -probability.

3.3. Connection with the adaptive MCMC process

In this section, we give a number of results that connects the non-homogeneous Markov chain
{(f(,,,é,,),n > 0} with the adaptive MCMC process {(X;, 6y, vn, &r),n > 0} defined in Sec-
tion 2.2. This will allow us to transfer the limit results established above to the adaptive chain.
We introduce the sequence of stopping times associated with the adaptive chain

To=0, Ty Zinflk>T;,& =0, k>1,

with the convention that inf @ = co. Also define

def
Voo = SUP V.
k>0
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Lemma 3.8. If A2 holds then P(T,_, < c0) = 1.

The following is Lemma 4.1 of A~ndr~ieu et al. [2]. This result relates the distribution of the
nonhomogeneous Markov chain {(X,,, 6,),n > 0} to the distribution of the adaptive MCMC
process.

Proposition 3.9. For any n € N, any n-uplet (t1,...,1t,), any bounded measurable functions
{fk, k <n} and for any (x,0, j) € X xK; x N,

n n
v () ~ ~
Ex6,j,0 |:H Je(Xyye 0 )Ly >t,,}:| =E/p |:l_[ Je(Xy, Gtk)ﬂ{;—Kj >tn}:|-

k=1 k=1

Proposition 3.9 has a number of interesting consequence. For example, one can easily obtain
the finiteness of moments of the adaptive chain.

Lemma 3.10. Let Wn = W(f(n, 67,1, )N(,H_l) be a sequence of random variables such that for all
l,k<n,

0} 0]
= sup E| Wil < 00.
T k0)eXox @y ol T >k}]

Then B(W (X, 00, Xnt1)) is finite.
Another consequence of Proposition 3.9 is that many asymptotic results for the nonhomoge-

neous Markov chain {(f( ns én), n > 0} implies a similar result from the adaptive chain. The idea
of the proof is similar to Proposition 6 of Andrieu and Moulines [1] and we omit the details.

Lemma 3.11. Assume A2. Let {Wn k; 1 <k <n} be a triangular array of random variables of
the form Wn r=W, (Qk 1 Xk 1 Qk, Xk)for some measurable functions W, :© x X X © x X —

R. Let {by,n = 1} a nonincreasing sequence of positive number with limy_, oo b, = 0. Suppose
that for any k > 1, Sup,> 1 Wy (Ok—1, Xi—1, 0k, Xi)| < 00 P-a.s.and foralll >0,s >0, (x,0) €

Xo x Kjand § >0
n
Z Wis k| > 8:| =0,
k=1

then b,, ZZZI W, (6k—1, Xk—1, Ok, Xx) converges to zero in ]f”-probability asn — 0.

0]
nlingo IP)X ¢ |:b ]l{TK >n}

3.4. Proof of Theorem 2.1

Since A1 and (8) hold, we can apply Proposition 3.7 which implies that

>5]:

lim P [

22 fo (X0
k=1
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for any § > 0,/ > 0 and (x, #) € X x K;. Theorem 2.1 then follows from Lemma 3.11.

3.5. Proof of Theorem 2.2

As in the statement of the theorem, letx > 1,8 >0, p € (%, ﬁ), be such that 28 4+ a(k +§) <

1 —a;andleta, ccn™", a, € (0, %]. Denote S, = ZZ:] f(Xy). Without any loss of generality,
we will assume that | f|,s < 1. We have

n n
Sn = Z Hay 01 (Xi—1, Xi) Lig_y0) + Z Hg, 0, (Xk—1, Xi) Lig,_ =0}
k=1 k=1

+ Z(f(Xk) — Hy, 0 (Xi—1, X1))-

k=1

Note that & = 0 indicates a reprojection at time k. By A2, the number of reprojection is
finite almost surely (see Lemma 3.8). Thus, n-1/2 Zzzl Hy, 0, (Xik—1, Xi)1g,_ =0y converges
to zero P-a.s.

We apply Lemma 3.11 to the term n=1/2 Zzzl(f(Xk) — Hy, 6, (Xk—1, Xk)). Clearly,
|f (Xt) = Haygpy (Xi—1, X < C(Ko )| flys (VAT (X 1) + VAT (X;_1)) which is uni-
formly bounded in n. Thus, by Lemma 3.11, it suffices to show that for any s > 0, n~1/21 {?Kz -
Zzzl(f(f(k) — Han+s,§k—1(}2k_l’ Xk)) converges to zero in Pg’)e—probability for all (x,0) €
Xo x Ky, I > 0. We do it as follows.

Without any loss of generality, we assume that « also satisfies 8 + ok < 1/2. For s > 0 arbi-

trary, define S, s =Y ;_, ﬂ{?K>k—1}(f(Xk) - H, (Xx—1, X1)). Note that

n+.rx0k71

—-1/2
n}n Sy.

n
-1/2 % 7 ”
ﬂ{?K>n}n / Z(f(Xk) - Hanﬂsék—l (Xk-1, Xk)) = ]1{;(>
k=1
Then we use the approximate Poisson equation (20) to rewrite S, s as:
n
Sps = (1= angs) ™" = 1) Z]l{?Pk_l}ganﬂ (Xk, k1)
k=1

+ (Poy8ay, (X0, 60) — 1 P5 8apps (X, 0n))

{Tk>n)

n
+ 2 Le o Pac 8o Kk Bt)
k=1

n
+ 2 Le o (Paans K00 = Py 8, (X, Br-)).
k=1
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Using Propositions 3.2, 3.3 and 3.4, it is easy to show that each of these terms above, multiplied

by ]l{?K>n}’ converges in probability to zero.

Define M,, y = Z i—1 Dn,j, where D, j =n l/ZH,IH 0;_ ((Xjo1, X )]l{g _120). It is straightfor-
ward to see that {(Mn LI, 1<k < n} 1s a martingale array. We will show that

{(My, k, fk), 1 <k <n}is a square-integrable martingale array; (26)
n
lim_ Z E(D} ;|Fj-1)=0}(f)  (inP-probab.), (27)
j=1
where
def
o2(f) & / 7 (d) (= F2) + 2 (g (x. 8,)). (28)

is finite P-almost surely and that for any & > 0,

n
Tim > E(D; 1y, 2611 Fj-1) =0 (in P-probab.). (29)
k=1

The theorem then follows by the central limit theorem for martingales (see, e.g., [10], Corol-
lary 3.1).

Proof of (26). By Proposition 3.2(i) (applied with both ¥ > 1 and § > 0),

By (H,

s (Xk—1, Xk)]l{“

rK1>k—1}|}-"*])

2% ~
= ﬂ{?K,>k71}P9k,1gan (Xk—1,0k-1)

= CKDGs @z )V Xi).

From Proposition 3.4(i), we thus obtain

O] H2 > v l—a l—a
sup  [E| - (X1, X1 < < C(K¢s(an)k ~ sup V' "%(x) < oo.
woyexoxk =7 (] anOk-1 {t >"*1}) " xeXo
To obtain (26), then apply Lemma 3.10. ]
Proof of (27).

E(Dy 1 Fj-0) = Lig; 2o~ Po, Hoy g (Xjm1)

=n71P9, an L Xjm) =L =oyn 1P9,1 a0 (Xj—1).
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The same argument as above shows that

n Tvoc
ntY g =0 Py H g (XD <7 (@) C(Ku) DO VITH (X o),
j=1 j=1

which converges almost surely to zero since T, is finite P-almost surely, ¢s(a,) = O(nP(1-9))
and p(1 —§) < 1/2.

For the first term, we note that Py H, ,(x,6) = Pyg3(x,60) — (Paga(x,0))* = Pygi(x,6) —
(1 —a)~'gu(x,0) — f(x))%. We thus have the decomposition:

n 6
1 1 ,
- 1; Po—1Hg, g, (Xim) =~ ; T + / 7 (dx) (= £ () +2f ()8 (x, 60.)),
where

n
T = Z Py 82 (Xk—1.6k—1) — g2 (Xk—1.6k-1).
k=1

n
TP =(1-(1-a)2)Y g2 (Xi1.6-1),
k=1

TP =2(1—a)™ = 1) Y f(Xk-1)8ay X1, 6k-1),
k=1

n
7Y = 22 F(Xk=1)(8a, Xi—1, k1) — 8§(Xx—1, k1)),
k=1

7O = 2Z/n(dx)f(x)(g(x,9k_1) —8(x,0.),
k=1

n

T = Z[—fz(xk_l) +2f (XD (Xx1, 65-1) — f 7(d) (= 200 +2f (g, ek_l))}.

k=1

By assumption n_lT,,(l) converges in If”-probability to zero. We will use the same tech-

nique to study the term Tn(z) to Tn(s). For example for Tn(z), the idea is to introduce its coun-

terpart Tn%) in terms of the nonhomogeneous Markov chain {(f(n, én), n > 0}, to show that
limy, s 5o ]Pfcl’)e(|f,f?s)| >§)=0forany />0, § > 0 and any (x,0) € Xo x ®; and then to argue

that lim,, _, oo ]f”(|T,,(2)| > §) =0 for all § > 0 using Lemma 3.11.

Lemma 3.12. n! (Tn(2) + Tn(S)) converges in probability to zero.
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Proof. Forl, s > 0, define

n

~ d f _ ~ ~

Tos S (== )z, 0 D8, Kier 6
k=1

n
+(=an)™ =Dl kZIf(Xk_l)ga,,H (Xi—1.0c-1).

As above, for any (x, 8) € X x K; and by Proposition 3.2(i), we get

0o
EY, (1 T.s])

n
< C(KD (83(@nts) + 1anssEY) (Z L i) V2ﬁ+°‘(’(+5)(f(k)) = O(nal).
k=1

Then we apply Lemma 3.11 to conclude that n’l(Tn(z) + T,,(3) ) converges in If”-probability to
zero. ]

Lemma 3.13. n~! Tn(4) converges in probability to zero.

def

- ~ o ~
Proof. For I.s = 0, define 7,0 = 1o 3% ) f(Xim1)(8ay, (Kio1,6e-1) — g(Xi1,
1

6x—1)). Again, for any (x,0) € X x K; and by Proposition 3.2(ii) we get

5 Ap+s n fod
ES, (07| T%)]) = ek (/0 Sie—1(u) du)”_lﬂ‘:)(cl,)e (Z ]l{‘r_Kl>k—1} VMMK(X]‘))'
k=1

The rest of the proof is similar to the above upon noticing that for ¥ > 1, foa Ce—1(m)du — 0 as
a— 0. ]

Lemma 3.14. n~! Tn(s) converges P-almost surely to zero.

Proof. By Proposition 3.3(ii), there exists a finite constant C(K) such that for any 6,60’ € K,
x € Xand any a € (0, 1/2]

lg(x,0) — g(x, 0" < C(K) (/ Ge1(uw)du+a” " Dg a6, 9’)) VAT (x).
0

Therefore,

‘ f m(dx) f(x)(g(x,0) — g(x,0") scuo( / g_l(u)du+a—lDﬁ+aK<9,9/))n(v2f’+“>.
0
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Let ¢ > 0. Since f(f Ce—1(u)du — 0 as a — 0, we can find ag € (0,1/2] such that
1o Ce—1(u) du < &. Then for PP-almost every sample path

Tim. ' [ 7@ s (e 6 - ex.00)

< C(Kuy,) Tim (¢ +ag ' Dpa (B, 0))m (V) = £C Ky ) (V).
Since ¢ > 0 is arbitrary and 7 (V2BteKy < oo, we are finished. [l
Lemma 3.15. n~! 7’,1(6) converges in probability to zero.

Proof. We would like to apply the law of large number (Theorem 2.2) to show that n~! Tn(é)
converges to zero. By Proposition 3.2(ii), for any compact subset K of ©, supgcg| 2+
2fgoly2p+ac <00 and 28 + ak < 1 — . To check (8), it is enough to find & > 0 such that

J — ~
E)(c,)g |:Zk l+£|fgék_] — fgék|vz/3+ou( ﬂ{?Kl>k}V2/3+ot(K+5) (Xk)j| < 00. (30)
k>1

But by Proposition 3.3(ii), there exists a finite constant C (K) such that for any 0, 0" € K, x € X and

any a € (0,1/2], | £()8(,0) = f()&(, 0 y2rac < C(K) [i 1) du + a~' Dpyar (6, 6").
We let a depend on k by taking a = ag, therefore

) -1 2 8) (v
Exﬂ |:Zk +8|f85k7] o fgék |V2ﬂ+wﬂ{?p<l>k}v protet )(Xk):|
k>1

ajg B
= Eil,)e |:Zkl+€ /0 Cie—1(u) duﬂ{?Kl>k}Vla(Xk):|

k>1

1 _ _ ~ ~ ~
+ E)(C’)e {Zk 1+€ak lDﬂ+o”( (9](—1, ek)]l{?Kl - V2/3+Ot(l(+(s) (Xk)} .
k>1

We can then find & > 0 such that [§" £c—j(u)du = O(n~*) and n~Heq -l = Qn~1/2+r0-9),

and (30) follows. O
|

Proof of (29). It is suffices to show that

n

. —1 2

lim n Z/P9k—1(Xk—hdy)Han,ek_l(Xk—hy)ﬂuHanﬂH(xkf.,ynzsﬁ}=0’
k=1

n—oo
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in If”-probability. By Lemma 9 of Andrieu and Moulines [1]

2
/Pek_l Xi—1,d0)Hy, g, Xi—1: D, 0 iy p)l=eym < Wk,
where

Wn,k = / Pek,l (Xk—1, dy)gﬁn (y, 6’k—l)ﬂﬂgan 0.6k 1)|>e/m/2}"

It is thus enough to show that for any s,/ > 0, any (x, 6) € Xo x K;,

n—o0

n
lim 'Y Lo Wik =0 (inP{),-probability).
1
k=1

Take p > 2 such that p(8 + «/2) < 1 — «. Then

(O] 7 (O] v D 2
IEX’Q(Jl{?KPk_l}WnH,k) = Ex,g(ﬂ{?KPk_l}lgam (Xk, Ok—1)] ]l{|gun+s ()?k,(jk_|)|>8«/n+s/2})
— _ ) ~ o~
< @/e) P+ PR (L5, 18 Ki B)17)

< 2/e) PCMKIn P @1 2(an)) B, (L s

l—a /v
rK1>k—l}V (X1))-

It follows that

n
—1p® E: 7 — —p(1—p)/2
n Ex,(?( ]l{?Kl>k_l}Wn+s,k) —O(n )
k=1

and since p < 1, we are done. O

3.6. Proof of Proposition 2.5

For integers p > 0, n > 1 and a compact subset K of ®, we define the random variables
def !
e NONT)
Cn.p(K) = ?BSH{?pz} Zypﬂ—l(e,/ T )|-
- j:n
We will show that for any p > 0, n > 1, any compact subset K of ® and any § > 0,

sup PY)(Cap(K) > 8) < B(n, p), 31
(x,0)eXyxBq

where the upper bound B(n, p) satisfies lim;, , B(n, p) =0 for any p > 0 and lim,_, o, B(n,
p) =0 for any n > 1. This implies the stated result by the same argument used in Andrieu et al.
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[2], Proposition 4.2 and Theorem 5.5. We have

2
Zyp+] 18( )

j=n

Cup(®) < supl = (32)
I>n

+ sup]l{t -

We start with the second term on the rhs of (32). By Doob’s inequality and B2, for N > n,

!
-2
ZVerj—lE; | > 3)
j=n

N
-2 2 2 v Dy
=9 Ex,9<§ :yp+jf]]l{?K>j}/(béj(Xj,)’)q(;j (Xj,dy)>

j=n

0]
]P’xﬁ< sup ]1 (Fesl)

n<I<N

N
Y ) l 2n+a v 2
=K (y[’+nEx,9 (ﬂ{?K>n—l}V ! a(Xn)) + Z yP“‘j) :
j=n

It follows that

ZVer] 18(

j =n

) <C(K)S™P (y,%+,,n2"+“ +D vy ,-). (33)

j=zn

()
P 9<sup]1{r .1

To deal with the first term on the right-hand side of (32), we proceed as in the proof of Theo-
rem 2.1. We consider the sequence {a,,n > 0} such thata, «xn=", a, € (0, 1/2] where p € (0, 1)
is as in the statement of the proposition. For 1 <n <[ and p > 0, we introduce the partial sum

I
def V. v
Sui(p, K =1c ) ZVPH'T@_, X,
J=n

where Yo (x) = Yy (x) — h(@) Under B2 Yy admits an approx1mate Poisson equation g, for any
j> landwehaveT (X )_(l—al) g,l (X/,G )— gaj(X/,G ). Using this and following
the same approach as 1n the proof of Theorem 2.1, we decompose Sn.1(p.K) as

S (p K =TH + 7@ 4+ 7D 479 4 70 4 7O

n,l >’
where
I
Tl =Lt ZH{?K>1}VP+/' (1 =ap)™" = 1)z, (X}.6)).
Jj=n

® s v 5 s v g
Tn,l = ﬂ{?K>n}Vp+nga,, (X, 0n) — ﬂ{?K>l}yp+lP§1gal(Xl: 01,
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-1
3) R R
Tn,] :]l{f;K>l}Z]l{?K>j+l}yP+j+l(gaj+1(Xj+1’9j+1)_gaj+1(Xj+179j))v
j=n
-1
@ _ 5 % q
T,; = ]1{?}(>1}Z]1{?K>j}(7’p+j+l — Vp+)8ajn (Xj+1,0)),
j=n
-1
®) < 5 s. o & 5
Tn‘[ :]l{fL._K>l}Z]l{f[_K>j}yp+j(gaj+l(Xj+17ej)_gaj(Xj+130j))a
Jj=n
-1
© _ (3. (Xiv1. 0: - (X 0
Tn,] _H{?K>l}ZH{?K>j}yp+j(gaj(Xj+ls9/)_nggaj(Xj79j))'
j=n

We deal with each of these terms using similar techniques as in the proofs of Theorem 2.1 and
Theorem 2.2. Some of the details are thus omitted. Let § > O arbitrary.
On term Tn(ll). Take « > 1 such that n + ok < 1 — «. Then Proposition 3.2 yields

124, (X;.0/)] < C(K)V (X ) on {§; € K}. Then we have
P) (sup|Tn‘},>| > 5) <5~lCKV () (yn+,,n1“P +3 y,,+,~jf’>. (34)
I>n
> =

On term T;i). Lete >0,k > 1suchthate € (p, (1 —a)(n + ko)~ —1). Thatis (1 +e)(n+
ak) <1 —o and € > p. Then

(p) 2) 1+ I+e 1— 1+
PX,Q(?:E}TH,,|>5)§(2/5) 8C(K)V(x)<yp+f,n “r 3 yp+j>. (35)

j=n—1
On term Tn(,3l)‘ Take ¥ > 1 and 6§ > O such that 2n + a(k +8) <1 —« and n + a(x +

8) < 1/2. By Proposition 3.3 and B2 [g,(x,0) — g,(x,0")| < C(K)supgex | Tolvnis(@)|0 —
0'|V1te®+d) (x) Then

P (?up|T,f§)| > 5) < (1/8)C(K) (y§+n_1n1+/’—“ +Y y§+j_1jp) V).  (36)
>n

jzn
On term Tn(f?. We have
P (sup| 77| > 8) < (1/COV @ (0 ™ Wpin = VpratD) + Vpia). 37D
I>n

On term Tn(sl). Take « € (1, 2) such that n + ax < 1 — . One can check as in Proposition 3.3
that for any compact K | Pg@,(x, 0) — Pag. (x,0)| < C(K)|a — a’|la* 2V (x). And for aj



Subgeometric adaptive MCMC 999

J P laj — aj_1|aj’f_2 [0 j’lczj’f_1 =o0(j~"). Hence, by Markov’s inequality, we get:
5 - - .
P (sup|Tn(J)| > 5) <5 1C(K)V(x)<n Ypin+ D Vo 1>. (38)
I>n i=n
On term Tn(? Let « > 1 such that 2(n + ak/2) < 1 — a. Consider the term D; =

ml o ~ P 2 -1
]l{<T—K>j}yp+j(gaj(Xj+1,9j) - Péjgaj(Xj,Gj)) so that 7, = ﬂ{?K>l} ijn D;. We note that
Dj is a martingale difference and by Doob’s inequality we get:

(p) ©) 2 2 1— 2 .
P (?:E‘T"J B 5) <(1/8) C(K)V(x)(yp+n]n atp +Z)/p+j1]’o). (39)

j=n

By combining (33)—(39) and (16), we get (31) as claimed.

3.7. Proof of the results of Section 2.7

3.7.1. Proof of Proposition 2.6

The function a() is of class C'. Hence, by Assumption C1 and the mean value theorem £ =
{60 € R: a(f) = a} is not empty. It also follows from C1 that the function 6 — foe cosh(u)(a —
a(u)) du is bounded from below; so we can find K; such that w(f) = f(f cosh(u)(a@ —a(u))du +
K1 > 0. Moreover, (a(u) — @)w'(8) = —cosh(0)(a(8) — @)% < 0 with equality iif 6 € L. By
Sard’s theorem w(L£) has an empty interior. Again from C1, it follows that £ is included in
a bounded interval of R and since limg_, +o w(6) = 00, we can find My such that £ C {# €
R: w(f) < My} and W)y is bounded thus compact for any M > 0.

3.7.2. Proof of Proposition 2.8

A straightforward calculation using the boundedness of |V log 7 (x)| implies that for any 6 € K,

<CK1+y—x|?)

9
‘ 70 log(ag (x, y)go (x, y))

for some finite constant C (K). It follows that
d
[ |55 ot naste. s ay = 0011 a1y =BV Gt oy

We do a change of variable y = b(x) + e?/2z, where b(x) = x + O.SeQVIOgn(x) and using the
boundedness of |V logm(x)|, we get:

sup |- (@o ey e 30 F )| dy < COOIF1aVEG) [+ P52 () d
0eE 39 oX, ¥)qox,y y)|ay = vh Vs z g(z)dz,

where g is the density of the mean zero d-dimensional Gaussian distribution with covariance
matrix /. The stated result follows by an application of the mean value theorem.
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