Bernoulli 15(3), 2009, 799-828
DOI: 10.3150/09-BEJ187

The Dantzig selector and sparsity oracle
inequalities

VLADIMIR KOLTCHINSKII

School of Mathematics, Georgia Institute of Technology, Atlanta, GA 30332-0160, USA.
E-mail: vlad@math.gatech.edu

Let

Y; = fu(X;) +§j, j=1,...,n,
where X, X1, ..., X, are i.i.d. random variables in a measurable space (S,.4) with distribution IT and
£,&1,...,& are ii.d. random variables with E£ = 0 independent of (X1,..., Xy). Given a dictionary

hi,....,hn:S+—= R, let f :=Zy:1)»jhj,}»=()»1,...,)w)e]RN.Givens>0, define

2

Y (X)) = Y)he(X )

Ag ={reRY: max
1<k=<N ot

and

A= AF € Argmin ||Ally, .
reA,

In the case where fi := foix, A* € RN, Candes and Tao [Ann. Statist. 35 (2007) 2313-2351] suggested
using % as an estimator of A*. They called this estimator “the Dantzig selector”. We study the properties of
f; as an estimator of f for regression models with random design, extending some of the results of Candes
and Tao (and providing alternative proofs of these results).
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1. Introduction

Consider a regression model with random design,

Yj=fu(X)) +§, i=1....n,

where X, X1, ..., X, are i.i.d. random variables in a measurable space (S, .4) with distribution
IT and &, &y, ..., &, are i.i.d. random variables with [E¢ = 0, independent of (X1,..., X,) (in
what follows, it will be assumed that the noise &; satisfies some further assumptions, such as, for
instance, &; is N (0, o2)).

Let iy, ..., hy be a dictionary consisting of N > 2 functions from § into R. Define

N
f}‘:Z)\']h/’ )\,:()\.],...,)\,N)ERN.
j=1
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=

Given ¢ > 0, define the set

n= Y (AuX)) = Y he(X )

[\5 =11 eRY: max
1<k<N A
]:

and consider

A =A% € Argmin [|A]l¢,.
AGAF

Although the set of constraints Ay could be empty, we will see that for sufficiently large values
of &, it is non-empty with a high probability (if Ay = @, one can define A¢ in an arbitrary way,
for instance, A= 0).

In the case where f, = fi« for some 1* € RY, Candes and Tao (2007) suggested using A¢ as
an estimator of the vector of coefficients A*. It is easy to see that the computation of ¢ reduces
to a linear programming problem:

N
E uj — min,
j=1

subject to the constraints

n
ug >0, —up < A < g, —an_lz(fx(xj)—Yj)hk(Xj)SS, k=1,...,N.
j=1

Candes and Tao called this estimator “the Dantzig selector”. It is closely related to the £1-
penalization method (similar to what is called “LASSO” in statistical literature), which is based
on fitting the regression model by solving the following penalized empirical risk minimization
problem:

‘12 Fu(X)) = Y;)? + 2ellMlle, =t Lo () + 2¢l|All, — min. (L.D)

Note that
Ae={A:IVLy(Wlle,, < 2¢)

and that A € A, isa necessary condition for A to be a solution of (1.1).

We will establish several “sparsity oracle inequalities” for the Dantzig selector that are akin
to recent inequalities proved in Bunea, Tsybakov and Wegkamp (2007), van de Geer (2008) and
Koltchinskii (2009) in the case of £;- or £,-penalized empirical risk minimization. Candes and
Tao (2007) concentrated on the case of fixed design regression models, that is, when the design
points X1, ..., X, are non-random. They proved their version of oracle inequalities under the
basic assumption that the design matrix A = (h;(X;))i=1,s;j=1,n satisfies the so called uniform
uncertainty principle (UUP). To explain the meaning of this assumption, define

Jy. i=supp(A) :={j:A; #0}, reRVN,
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and set d(A) := card(J;). Define 84(IT) to be the smallest § > 0 such that for all A € RV with
d(») =d,

(I =&)lAlle, = < (L+8)IAlle,-
Lo(IT)

N
D jh;
j=1

If §4(IT) < 1, then d-dimensional subspaces spanned on subsets of the dictionary and equipped
with either the L, (IT)-norm, or the £;-norm on vectors of coefficients are “almost” isometric.

Given the dictionary {h1, ..., hy}, it is natural to call the quantity §4(I1) the restricted isometry
constant of dimension d with respect to measure IT. If [T, denotes the empirical measure based
on the design points X1, ..., X,, then the UUP essentially means that the restricted isometry

constants 8,4 (I1,) (which are characteristics of the design matrix A) are sufficiently small for the
values of d comparable with the degree of sparsity of representation of f in the dictionary (the
number of non-zero coefficients of A*). Candes and Tao (2007) stated that the UUP holds with
a high probability for some random design matrices such as the Gaussian ensemble (the matrix
with i.i.d. standard normal entries). It is also true for the Bernoulli or Rademacher ensemble (the
matrix with i.i.d. entries taking values +1 and —1 with probability 1/2), which relies on some
facts concerning random matrices that were established in other papers. In these examples, the
dictionaries are orthonormal systems in the space L (IT), which means that §,4(IT) = 0.

We here provide more direct proofs of oracle inequalities in the random design case that do not
rely on the bounds for random matrices and that apply to broader classes of design distributions,
in particular, to such distributions that the dictionary is not necessarily orthonormal in L, (IT), but
rather satisfies a restricted isometry condition with respect to I1. The next statement is a typical
example of what follows from the results of Sections 2 and 3 (specifically, from Corollary 6).

Proposition 1. Suppose that the random vector (h1(X), ..., hn(X)) has normal distribution
with zero mean and that the noise & is N(0; 0'%). In addition, suppose that f, = fix, \* € RN,
There then exist constants § € (0, 1) and C, D > 0 with the following property. For an arbitrary
A > 1, denote by d the largest d < N /e — 1 such that

834(I) <8

Adlog(N/d
C M <1/4.
n
AlogN
£>Co max |||, ’
1<k<N n

the condition d(\*) < d implies that with probability at least 1 — N™4,

and

Then, for all

1A — A*[le, < Dy/d(3¥)e.
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Our approach is based on some facts concerning empirical and Rademacher processes and
it is close to the approach taken by Rudelson and Vershynin (2005) or Mendelson, Pajor and
Tomczak-Jaegermann (2007). At the same time, it relies only on rather elementary tools (sym-
metrization and contraction inequalities for Rademacher processes and Bernstein-type exponen-
tial bounds) and does not use more advanced techniques, such as concentration of measure and
generic chaining, which are used in the papers cited above. It is worth mentioning that Koltchin-
skii (2005, 2009) showed that if, in (1.1), one uses ”)‘”Z, with p =1+ 10ch instead of [|All¢,,
then one can establish a version of sparsity oracle inequalities without making strong assump-
tions on the dictionary such as a restricted isometry condition.

In the next section, we introduce some geometric characteristics of the dictionary that are of
importance in analysis of sparse recovery problems, and we prove general oracle inequalities for
the Dantzig selector in terms of these characteristics. Several corollaries, more special results and
some examples are given in Section 3. Finally, the Appendix contains some exponential bounds
for Rademacher processes needed in the proofs of the main results.

2. Main results

In what follows, we frequently use the Orlicz norm || - ||y for random variables, most often with

Y=Y, Yi1(x) = el —1or v =Y, Yo(x) = e"2 — 1. For any convex non-decreasing function
Y R4 — Ry with 4 (0) =0, it is defined as

Iy :=inf{c >O:E1//<|Ci|> 5 1}

(see Ledoux and Talagrand (1991), van der Vaart and Wellner (1996), de la Pena and Giné
(1998)).
For J C{1,...,N}, letd(J) :=card(J). Define

Cy :={u€RN:Z|Mj|§Z|Uj|}.

Jj¢J jeJ

The set C; is a cone in RV (that is, u € C; implies that ou € Cy for all @ > 0). It consists of
vectors # € RV such that the coordinates of u in the set J are dominant. Such cones of dominant
coordinates play an important role in the analysis of the Dantzig selector, LASSO and other
sparse recovery methods. The reason is that, for a “sparse” feasible vector A € A, the definition
of the Dantzig selector Af means that ||A° lle, <IlIAlle,, which implies that

DSUIRE=al =D RIS DY Al —1RED = D 1AE =2y 2.1)
JE JE J€J J€Ji

and, hence, A* — 1 € C J,- The proofs of various bounds on the norms of the vector Af — i and
on the norms of the corresponding function

f):g — fiels.({h1, ..., hN})
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are usually based on the comparison of these norms on the cone C,,. We will introduce several
geometric characteristics of the dictionary that are needed for such a comparison.

Define
L (I) }

(set B(J) =0 if J = @). Note that if J # & and the functions A1, ..., hy in the dictionary are
linearly independent in L (IT), then B8(J) < 4o0.

| }

Lo (IT)

Another quantity of interest is
Note that 8>(J) = 1, J # & if the dictionary {h,...,hy} is orthonormal. In Section 3, the
connection of these quantities to restricted isometry constants 4 (IT) is discussed. In particular,
it can be shown that if 334 (IT) is small enough, then, for all sets J of cardinality d, $2(J) remains
properly bounded.

The following condition on the dictionary and on the distribution IT is often of interest: for all
reCy

N
> Ajh;

Jj=1

B(J) = B(J; D) ::inf{ﬂ >0:VAeCy. Y =B

jeJ

N
D Ajh;

j=1

Bo(J) := Ba(J; TT) ::inf{ﬂ >0:Vire C,,ZM,-F <p?

jeJ

=<
Ly (IT)

<B(J)
L (IT)

2.2)

N
Y ki

j=1

N
> ajhj

j=1

N
> hjhj
j=1

with some constant B(J) > 0.

Note that the first inequality in (2.2) is trivial for all A € RY. The second (non-trivial)
bound holds for all A € RV, with a constant B > 0 that does not depend on N, and on
the set J in several interesting, but rather special, examples. In particular, this condition
holds when (h;(X),...,hxy(X)) has mean zero normal distribution in RY (for instance, if
h1(X), ..., hny(X) are i.i.d. standard normal, which is the case for the Gaussian dictionary) or
when (X)), ..., hy(X) areii.d. Rademacher random variables (thatis, 4 ;(X) is +1 or —1 with
probability 1/2 each; this is the case for Bernoulli and Rademacher dictionaries). In the last case,
(2.2) holds by the Khinchine inequality. For Gaussian and Bernoulli dictionaries, all L ,-norms,

Ly(IT)

p > 1, and even ¥ - and yrp-norms of Z;V:] Ajhj are equivalent up to numerical constants (see
Bobkov and Houdré (1997) for a discussion of more general Khinchine-type inequalities and
their connections with isoperimetric constants). In general, the constant B might depend on N
and, since this constant is involved in the bounds on the performance of the Dantzig selector, it
is of some importance that condition (2.2) is supposed to hold only for all A € C; (rather than
for all € RY), and this condition is usually needed for a small set J.

Under the condition (2.2), the following bound is straightforward:

B(J) = B(J)B2(J)vd(J). (2.3)

If B2(J) is bounded by a small constant (as in the case of orthonormal dictionaries), then 8(J)
is “small” for sets J of small cardinality d(J).
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Recall the notation J, := supp(A) and also recall that d(X) := d(J}).
We will fix the values of ¢ > 0, A > 0 and C > 0, assume that

Alog N -
—, =

1

and define the following set:

Ae(A) == 1A eRY:[(f = fior i) Lo |

Alog N
+ C(ICf = IO Ny + 16—k (X N1y, )/ c’>1g Se,kzl,...,N}

(recall that £ involved in the above definition is the noise of the regression model). Under the

condition
AlogN
e>C max IIShk(X)le\/i’
1<k<N n

which is necessary for the set A;(A) to be non-empty, this set consists of vectors A such that f;,
is, in a certain sense, a good approximation of f,. The condition

éikalfo}(fx — fo by | < e 2.4

that follows from A € A.(A) essentially means that f, — f, is almost (“up to &) orthogonal to
the linear span of the dictionary, so fj should be close to the projection of f, on the linear span.
In fact, (2.4) is a necessary condition of the minimum in the convex minimization problem

1fs = fellcm + 2elAlle, — min,

which can be viewed as a distribution-dependent version of the empirical risk minimization (1.1)
(recall that A € [\8 is a necessary condition for (1.1)).

If f,0, 19 € RY is the orthogonal projection in L(IT) of the function f onto the linear span
of the dictionary, then it is obvious that the condition

Alog N
e>C lga}N(ll(fxo — [ XOh(X)lly, + IIShk(X)IIx/n)\/ "

is sufficient for A,(A) # @ (since, under this condition, A° € A (A)).
The next proposition shows that if A;(A) # &, then, with a high probability, A, # .

Proposition 2. Suppose that A;(A) # & and A € A (A). Then, with probability at least 1 —
ON=4 A e A,.
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Proof. Indeed, for any such A, we have

n! Z(fA(Xj) —Yj)hi(X )
=

< (= fa hi) Lo |

+ 1 Y (A = LKD) (X ) = E(f(X) = fu(X))he(X)]

j=1

_I_

n~' Y Eihi(X))

j=1

Applying Lemma 3 from the Appendix to the second and third terms yields, with probability at
least 1 —2N 4,

n
12?ng n! ]Z_;(f)\(xj) - Yj)hk(Xj)
< lgng[m — fo b aon] +C(I — FICOMOONy, +18m Xl ) | 2N }
=g,
by the definition of the set A¢(A). U
Also, define

AlogN
Ag(A) = {AGRN:C,B(JU max_[lhx(X)]ly, g 51/4}.
1<k<N n

We will interpret Ag(A) as a set of “sparse” vectors since, in view of the bound (2.3), (/) has
some connection to the sparsity of 1. Of course, the fact that 8(Jj) is not too large is also related
to the properties of the dictionary. For dictionaries that are close to being orthonormal, Ag(A)
would include sparse enough vectors in the usual sense.

Essentially, the bounds of Theorems 1 and 2 below show that if there exists a vector A in
A, (the set of constraints of the Dantzig selector) that is sufficiently “sparse”, then the Dantzig
selector will be in a small ball around A in such norms as || - |[¢, and || - [|¢,, or f; will be in a small
ball around f;, in such norms as || - ||z, () and || - [, (). The radius of this ball crucially depends
on the degree of sparsity of A and also on the “well-posedness” of the dictionary characterized by
such quantities as B, (see also Section 3 for a discussion of the connection of these quantities to
restricted isometry properties of the dictionary). The bounds also imply that the Dantzig selector
is adaptive to an unknown degree of the sparsity of the problem (at least in the case when the
dictionary is not very far from being orthonormal in L (IT)).
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Let
Ac(A) = Ag(A) N Ag(A).

This set will be interpreted in the next theorem as a set of oracle vectors and it will be assumed
that Ao (A) # &. In particular, it means that & must satisfy

AlogN
> C max IIShk(X)le\/i
1<k<N n

(which, of course, requires that ||/ (X)ly, < +00). The fact that A € As(A) implies that A is
sparse in the sense that A € Ag(A) and, at the same time, that f, provides a reasonably good
approximation of f; in the sense that both (2.4) holds and

Alog N
IS — LIy ‘;g <e.

If A,(A) = @, then there are no sparse vectors A for which f; approximates f, well, so, from
this point of view, the problem is not sparse.
First, we prove the following result.

Theorem 1. There exists a constant C in the definitions of A¢(A), AS(A)A such that forall A > 1
with probability at least 1 — N~4, the following bounds hold for all » € A N As(A) and for the
Dantzig selector A:

If5 — fullL,amy < 16B(Jn)e
and

1A — Ale, <32B8%(Jy)e.

Under the assumption that As(A) # 0, with the same probability,

If5 = fell,am < . i!lfA)[fo — fellLyam + 16B(J0)e],

ENg
and if, in addition, f, = fx,A* € RN then we also have

1A —A*le, < inf [ — A%[le, +328%(J2)el.
reA(A)

Proof. Suppose that A € Ae N Ag(A). The proof of the first two bounds will be based on up-
per bounding ||)A» — Allg, in terms of || f3 — fillz,(m) and vice versa. Combining these bounds
yields inequalities on both of the norms that can be solved, leading to the first two bounds of the
theorem.

Since A € A¢, (2.1) implies that A — A € Cj, and

o=l < DG+ Y g =<2 ) A=A <2800 f = fllaan. (2.5

JE A J€n
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We will now upper bound || f; — fillL, ) in terms of ||)A» — Allg,, which will imply the result. We
start with the following, obvious, bound (we use the notation v(f) := f fdv):

15— falleyany = 1f; — flleyany + T = TL) A S5 — fa)
<If; = flleay + sup [0, — IDALDIE = Alle, -

lulle, <1

(2.6)

We will separately bound the first and second terms of this bound. First, note that

L = A7, @) < 1= AllLm, = — fuo fi = A,

N
= Z()A\k — 5 = fus i) o) < k= Alle, ILI}CZLXNRfi — fu b Loy
k=1 =t=

Since both € f\s and A € ZA\S, we have

max ~— i h
l<k§N|<f)‘ fas hi) Ly ()

n

< max |n7' Y (fu(X) = ¥))hi(X))

T 1<k<N

n

n Y (X)) = Y he(X )

j=1

+ max <2e¢,
1<k<N

Jj=1

which implies that

15— fallyan) < V2€llh = Allg, -

By Lemma 4 from the Appendix, with probability at least 1 — N~4 (under the assumption

Alog N <n),
Alog N
sup |(IT, — (| ful)| < C max [ lhglly, :
llulle, <1 1=<k=N n

This yields the following bound (with probability at least 1 — N ~4):

<J2¢elh = Alp +C h ,/AlogNi A 2.7)
/5 = falloyany <4/ 2elld — Alle, + 12}35%” kllyy TH —Allg;- .

Together with (2.5), this implies that

15 = Fulla = \J4eBUDIS; = fillya

2c el 208N g
+ 1235)(1\7“ kllyy " BN S — fulleya-
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Recalling the definition of the set Ag(A), we can guarantee that

Alog N
n

2C h Jy) <1/2,
12}21\/” klly, B <1/

which implies that

1£5 = filley < 2,/4eBUDNf5 = fillyan,

and the first bound now follows. The second bound is also true, in view of (2.5).

To prove each of the remaining bounds, define A to be the vector for which the infimum in the
right-hand side of the bound is attained. By Proposition 2, with probability at least 1 — 2N 4,
we have A € As N As(A). Therefore, we can use the first two bounds of the theorem and the
triangle inequality to complete the proof of the remaining bounds that now hold with probability
atleast 1 —3N 4.

It only remains to show that by adjusting the value of the constant C in the definitions of the
sets Ag(A) and Ag(A), it is possible to ensure that the bounds hold with probability at least
1 — N4, as was claimed. To this end, check that for ¢ := logb3+1landallA>c,N >2,

3INTA < NTA/C,

Now, take A’ = A/c > 1 and replace the constant C with C/c to show that the bounds hold with
probability at least 1 — N4, ]

Under the condition (2.2), the bound (2.3) holds and one can derive from Theorem 1 the
bounds expressed in terms of quantity B, namely, replacing 8(J;) in the inequalities of Theo-
rem 1 by the upper bound B(J,)B2(J;)/d(A). However, below, we will give another version of
such a statement with bounds on the norms || - ||z,(m) and || - [l¢,, and with a slight improvement
of the logarithmic factor in the definition of the set of sparse vectors Ag(A).

Define (with a minor abuse of notation)

B2(d) := Bo(d; T1) := max{Ba(J):J C{l,...,N},d(J) <2d}
and
B(d) :=max{B(J):J C{l,...,N},d(J) <d}.
Let d denote the largest d < % — 1 such that

Adlog(N/d) <1

n

Adlog(N/d)
CB(d)B(d)  sup ||fu||wl\/15 14,
lulle, <1.d(u)=d n

and
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We redefine the set of “sparse” vectors as follows:
As2(A):={reRY:d()) < d).
Let
AZ(A) 1= As(A) N As2(A),

which will now play the role of an oracle set (that is, the set of sparse enough vectors that
approximate the target function f, reasonably well).

‘We will use the notation
k
n n
<< k) =2 (1) '
< o,

Theorem 2. Suppose that condition (2.2) holds. There exists a constant C in the definitions of
Ag¢(A) and As2(A) such that for all A > 1, with probability at least

—A
| _5-da N
<d ’

the following bounds hold: VA € f\e NAs2(4A)

1f; = fullLaan < 16B2(d(0)B2(d (W)y/d(M)e
and
I3 = Ale, < 32B2(d(1)B3(d())Vd(Me.
Suppose that ]\g(A) =+ &. Then, with probability at least 1 — N™4,

I3 = fellyam < . irlzf( (1. = fellLyam + 16B*(d (M) f2(d (W) d (M)e].

A2(A)

Moreover, if, in addition, fy = fi+, A" € R, then, also with the same probability,

I =2 e, < inf [k —A*lle, +32B2(d (W) B2 (M)A ()e].
reAZ(A)

We will need the following well-known fact (see Candes and Tao (2005), proof of their Theo-
rem 1).

Lemma 1. Let u € Cy. Define Jo := J and let J be the set of d coordinates in {1,..., N} \ Jy
for which the |u;|’s are the largest, J, be the set of d coordinates in {1, ..., N} \ (Jo U Jy) for
which the |uj|’s are the largest, etcetera. Define u® = (uj:jeJy). Then,u= Zkzo u® and

Z”u(k) ”e2 < (Z |uj|2>1/2’

k>2 jeJ



810 V. Koltchinskii

which also implies that

1/2
||M||z2§2( > |u,~|2) :

jeJoUdp

Proof. Forall j € Ji41,

implying that
12
( > |u,»|2> sﬁZmn.
JE€Jk+1 J€Jk
Adding these inequalities for k =1, 2, ... yields
) 1 1 ) 1/2 ) 1/2
> e, < ﬁZws ﬁZw < <Z|u,-| ) 5( D7 lujl ) :
k>2 j¢J jed jed jeJud,
Thus, foru e Cy,
1/2
lulle, 52( > |u,~|2) : -
jeJoUJdp

Proof of Theorem 2. This is a straightforward modification of the proof of Theorem 1. Suppose
that A € A, N Ag2(A). Instead of (2.6), we now use

15 = flleyan = 15 — flleyany + T =TL) A f5 = fil)
<\f; = fillya@,) + sup (T, = IO LD]IA = Alle,.-

llulle, <1,ueCy,

(2.8)

To bound ||): — Allg,, we observe (as in the proof of Theorem 1) that A—recC s, and apply
Lemmaltou:):—)», J=J:

1/2
=, <2( > |A,-—AA,'|2) <2BdD)IIf5 = FillLoa- 2.9)
jedoUJy

We will also use Lemma 6 to bound

Adlog(N/d)
sup |(M, = (| ful)| =€ sup I fullyyy| ———— (2.10)
lule,<1.ueCy, llle,<1.d(u)<d n
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which holds with probability at least

—A
1—s5=da( N
<d '

The first term in the right-hand side of (2.8) is bounded as in the proof of Theorem 1

/5 = falley o) <+/2ellh — Al (2.11)

and we then use

1/2
A —Ale, ssz—Ajlswd(k)( Z I/\/—f\jlz)

jeJ jeJuJ

(2.12)
<2B2(d)NVAM f5 — fillLyay-

It remains to substitute bounds (2.9)—(2.12) into (2.8), to also use (2.2) and to solve the resulting
inequality with respect to || f; — fi.llL,(m) to obtain the first bound of the theorem.

To prove the second bound, it is enough to use (2.9) to obtain a bound on ||)A» — Mg,
The remaining two bounds are proved the same way as in the proof of Theorem 1. (]

Condition (2.2) required in Theorem 2 is rather restrictive. Moreover, since the yr;-norm of
fu is involved in the definition of the set A 2(A) of sparse vectors, one might need the equiv-
alence of the v{- and the L,-norms on the linear span of the dictionary in order to have a more
explicit way to describe the sparsity of the problem. Condition (2.2) is not needed in Theorem 1.
However, this condition is needed to bound the quantity 8(J) in terms of the quantity B>(J),
the latter being much more convenient because of its simple relationships to various geometric
characteristics of the dictionary (see Section 3). So, in both cases, one must rely on condition
(2.2) and the class of examples to which the results apply is rather limited (such as Gaussian and
Rademacher dictionaries). Below, we give another version of sparsity oracle inequalities for the
Dantzig selector that does not have this drawback and which applies to a variety of dictionaries.
However, in this case, much more is required in terms of sparsity. In the orthonormal case, the
result applies only to oracle vectors A with

[ n
d) < —_—.
(*)=c log N

A similar constraint was needed, for instance, in sparsity oracle inequalities for LASSO in the
paper by Bunea, Tsybakov and Wegkamp (2007). In Theorems 1 and 2, the oracle sets were
larger, including vectors A with d(A) comparable to n.

The set of “sparse” vectors is defined as

Alog N
Asa(A):= {2 eRY:CB(A(R) max_[lhihjlly, | ——2 51/8]
1<k,j<N n
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and the oracle set becomes

AJ(A) = Ac(A) N Ag3(A).

Theorem 3. There exists a constant C in the definitions of A(A) and As 3(A) such that for all
A > 1 with probability at least 1 — N™4, the following bounds hold: ¥ € A, N As3(A)

15 = FllLaay < 8B2(J)Vd Ve,
& = Alle, <1683 (J)d (e
and
I3 = Alle, < 16B3(d())y/d(Me.
Suppose that 1~\3(A) + &. Then, with probability at least 1 — N~4,

/5 = fellyam < lrgf( [I1fx = fell Lo + 8B2(J)vd (M)e].

reA3(A)
Moreover, if, in addition, f, = fi+, \* € RY | then, also with the same probability,

1A —2*le, < inf [IA — A% le, + 1683 (J)d()e]
reA3(A)

and

IA=3%le, < inf [IIA = A% lle, + 1683 () y/d(Me].
AeA3(A)

e

Proof. This is similar to the proofs of Theorems 1 and 2. The following bounds are used for all
rAreA:NAs3(A):

I3 = Alle, < 2B2(I)VAM £ — Full Loy
1% = Alle, < 2B2(dODIf5 — Fill Loy,

and
155 = ity < 13 = fllym, + =LA f5 = fil*)
<2e|A— Al + sup (T, — ID( ful D12 — A3,
lulle, <1
and then Lemma 5 is applied to bound the last term on the right-hand side. U

It is not our goal in this paper to study the fixed design case in detail. However, some results are
rather easy to obtain, in a manner similar to our derivations in the random design case (actually,
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with some simplifications). In particular, the following result holds. We will use a version of
B2(J) with IT replaced by the empirical measure IT,, (based on the design points):

Bo(J):=pa(J;TL,) and  Ba(d) := Ba(d; TL,).

Theorem 4. Suppose X1, ..., X, are non-random design points in S and let I1,, be the empirical
measure based on X1, ..., X,. Suppose, also, that f, = fox, A\* € RY . There exists a constant
C > 0 such that, for all A > 1 and all

Alog N
8ZC||$||w2lg}(ilelhklle(nn)‘/ pa—

with probability at least | — N4, the following bounds hold:

I s = fir o, < 4Ba(Ja)V/d(hF)e,
I3 — 2 lle, <8B3 (Jrx)d(A¥)e

and
A — A¥lle, < 8BH(A(W))Vd(A¥)e.

Proof. This is, essentially, a simplified version of the arguments used in the proofs of Theorems
1 and 2. The following two bounds are obtained exactly as in the proof of Theorem 1:

1f5 = Frellaqm,) < y/2elA = 2], (2.13)

I3 = 2*1le, < 2B2(BNVAGH 5 = firlLocr- (2.14)

They hold if A* € A, which is equivalent to the condition

and

max
1<k<N

Alog N
e > Cl&lly,  max, 2kl Ly —

then standard exponential bounds for sums of independent random variables and bounds on the
maximum of random variables in Orlicz spaces imply that with probability at least 1 — N ™4,
A* € Ag.

It remains to combine (2.13) and (2.14) to prove that with probability at least 1 — N=4,

<e.

n”! ZS/hk(Xj)
=1

If |||y, < 400 and

I = far o, < 4B2(Jh)y/d(W)e
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and
I3 —2*lle, <8B3 (i )d(W")e.

Arguing exactly as in the proof of Theorem 2 (in particular, using Lemma 1), one can add to this
that

13 = 2* e, < 8B2(d(V)V/d (e, =

One can also obtain an upper bound on ,32(] ),d(J) =d in terms of fixed design versions of
restricted isometry constants (see Lemma 2, Corollary 6), which leads to Theorem 1 in Candes
and Tao (2007) (bounds on the performance of the Dantzig selector under the UUP). They also
proved a sharper oracle inequality in the case of random design that we are not going to reproduce
here. However, Corollary 3 in the next section provides a direct proof of a similar inequality in
the random design case (for orthonormal dictionaries).

3. Corollaries and remarks

Under the additional assumption
IAlle, < Bl fallL,ams reRY, 3.1

it is easy to establish a corollary of Theorem 1 that implies the main results of Candes and Tao
(2007) in the random design case. Assume that f, = fi, A* € RV,
Define

_ Ad(n)log N
Ao (A) :=A€(A)D{AGRN:CB max ||hk(X)||¢1,/&§l/4}.
1<k<N n

Corollary 1. Suppose that condition (3.1) holds. There then exists a constant C in the definition
of the set A¢(A) such that, for all A > 1 and under the assumption A¢(A) # @, with probability
atleast 1 — N™4,

I =2, < inf [lIA = 2" ]le, + 16B>Vd (W],

rEAL(A)

Proof. Under the assumption (3.1),

D Il VAW IMle, < BVAWD | fill Ly,

jeJ

implying that 8(J) < B+/d(J). Therefore, A.(A) C A;(A). Denoting by A the value of A that
minimizes the right-hand side of the bound of Corollary 1, the bound

I1f5 = fillLyam < 16B(J3)e < 16By/d(D)e



Dantzig selector and sparsity 815
follows from the first inequality of Theorem 1. This yields

13 = Xlle, < 16B%/d(R)e,

implying the result. |

Alog N
e>C max ||Ehx(X)lly, 2
1<k<N n

and the vector A* is sufficiently sparse in the sense that

Ad(A*)log N
CB max |he(X)lly,/ —————— < 1/4, (3.3)
1<k<N n

then Corollary 1 immediately implies that with probability at least 1 — N4,

1A — A", < 16B2/d(W¥)e.

It is enough to observe that, in this case, A* € 1_\5(A) and to use A = A* in the bound of the
corollary (without taking the infimum). By simple properties of Orlicz norms,

If

1§k (XDl < 1&g [172£ (XD [l - 34

(Indeed, for random variables n1, 17, such that ||n; ||y, <1, the following holds by the definitions
of the norms:

Immaliyy < 1T +7)/2lly, < Antllyy + 1m0 /2 < Ay, + Inally,) /2 < 1.

This immediately implies that for all 11, n2,

Imim2lly, < Intlly, 19211y, )

If & is a normal random variable with mean zero and variance o2, the v/»-norm of & coincides
with o (up to a numerical constant). So, under the assumption that

e (XD ly, <1, k=1,...,N,
conditions (3.2) and (3.3) take the following form:

AlogN
n

cp |Ad0DIeN (3.6)
n

e>Co

(3.5)

and
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The case 0 = 0 (no noise in the regression model) is of special interest. In this case,
16~k (X)|ly, =0 and one can use ¢ = 0 in the definition of the Dantzig selector. The follow-
ing result holds.

Corollary 2. Suppose that & =0 and ||h(X)|ly, < 1. Let ¢ = 0. If condition (3.1) and sparsity

condition (3.6) hold, then, with probability at least 1 — N4, A =2%

Moreover, if we assume that both ¥1- and L{-norms on the linear span of the dictionary are
equivalent, up to numerical constants (independent of N), to the £;-norm in the space of vectors
of coefficients (which is true, for instance, for Gaussian and Rademacher dictionaries), then the
sparsity assumption (3.6) can be replaced by a slightly weaker assumption d(A*) < d, where d

satisfies the condition
Adlog(N /d
|Adlog(N/d) _ 3.7)
n

with a proper choice of ¢, and the conclusion of Corollary 2 still holds (when N = n, this means
that d(A*) < cn, with a proper choice of constant ¢). Theorem 2 must be used, leading to the
bound
N * —dA N -
P{A#2"} <5 (53) ,
S0, in this case, the probability of the error is bounded in a better way.

Hence, the Dantzig selector provides an exact solution to the problem of recovery of a sparse
vector A* based on noiseless measurements of function fj+ at random points. It is easy to see
that in this case, one can also use another definition of A, as a minimizer of the £;-norm IAlle,
subject to the linear constraints f3(X;)=Y;, j=1,..., N with no changes in the proof. This
striking fact has been known for a while and has some interesting connections to deep results
in convex geometry and asymptotic geometric analysis (such as, for instance, neighborliness of
convex polytopes; see Donoho (2006a, 2006b), Candes and Tao (2005), Candes, Romberg and
Tao (2006), Rudelson and Vershynin (2005), Mendelson, Pajor and Tomczak-Jaegermann (2007)
and references therein).

We will consider another interesting consequence of Corollary 1 under the additional assump-
tions that the dictionary is orthonormal in L, (IT) and that the ;- and the L,-norms are equiva-
lent on the linear span of the dictionary up to a numerical constant. Because of orthonormality,
the L,-norm is equal to the £>-norm in the space of coefficients, and condition (3.1) becomes, in
this case, a version of condition (2.2):

I fillL,am < Bl full,amy, — »eRM.

Thus, all of the Orlicz norms between L and v, are equivalent in this case. In particular, this
applies to Gaussian and Rademacher dictionaries. The result given below also follows from the
oracle inequality proven by Candes and Tao (2007) in the fixed design case (under the UUP con-
dition). It is also not hard to establish it for the dictionaries that are not necessarily orthonormal,
but that satisfy some assumption on the “weakness” of correlations between functions /.
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Corollary 3. Under the above assumptions, including (3.1), the assumption that the noise is
N(0; o2), that the dictionary is orthonormal in Ly(T1) and that the yp- and the Ly-norms are
equivalent on the linear span of the dictionary up to a numerical constant, there exists a choice of
constant C such that for all ¢ satisfying condition (3.5) and 1* satisfying the sparsity assumption
(3.6), with probability at least 1 — N~4 and with some D > 0 depending on B in condition (3.1),

N
Y *12 *2 2N : *12 2
I =217, DY (AP Ae )=D _inf N}[Zw +d(J)e }

j=1 igJ

Proof. Define A* as follows:

)ﬁ; = kj](pﬁ;l >¢e/3).
‘We then have
[(fis = fors hid Ly | = 1A < €/3

forall k € J;», |AZ| < ¢/3 and it is equal to O otherwise.
We also have, forallk=1,..., N,

1§71 Xlyy = 1§y, 1 (X ly, =< co,

with a numerical constant ¢, implying that with a proper choice of C, C’,
Alog N
ClIER(X) 1y 4/ = €/3,

AlogN

n

provided that

e>Clo

Finally,

I (fre = fo) (O (X Nlyy = 107 = fr) O Nlyp 1Ak (XD My, < cll fr = far Lo

12
=c< > |A;f|2> < c(e/3Vd(H),

J: |A’;\<s/3

which implies that

AlogN
Cll(fzs = ) (X (X) 1y,

Ad(A*)log N
oo [Ad0T e N _
n

<¢g/3,

provided that
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The last condition is equivalent to (3.6) with a proper choice of constant therein.
Hence, 1* € A.(A) and Corollary 1 implies that with probability at least 1 — N4,

12
||x—x*||22s< > |Ajf|2) + 1687 feard(j: ] = &/3)e,

j:|)L7|<8/3
which yields that, with some constant D (depending on B),

N
1 — 21, < DY (IA517 Ae?).
j=1 0

We now describe a couple of ways of bounding the quantity 8, (J) involved in Theorem 2 and
in the upper bound on B(J).

Let « (J) denote the minimal eigenvalue of the Gram matrix ((h;, ;) 1,(m))i, jes - Also, denote
by L the linear span of {h;: j € J} and let

o(J) = sup (f, 8) L) '
feLy.geL e, f.g0l I f lLyamy 18l Lycm

p(J) is thus the largest “correlation coefficient” (or the largest cosine of the angle) between
functions in the linear span of a subset {/;:j € J} of the dictionary and the linear span of its
complement. It is of interest to compare p(J) with the concept of canonical correlation used in
multivariate statistical analysis. It is very easy to check (see Koltchinskii (2009), Proposition 1)
that

1
k()1 = p2(J))
and, as a consequence, if (2.2) holds with some constant B(J) > 0, then

B2(J) <

B(J) </ d(D),
where
- B2(J))d(J
k()1 = p=(J))
In particular, if the dictionary {A1, ..., hy} is orthonormal in L, (IT) and condition (2.2) holds

with a constant B that does not depend on J (f~0r instance, in the case of Gaussian or Bernoulli
dictionaries), then k (J) =1 and p(J) =0, sod(J) = B%d(J), leading to the bound

B(J) = Byd(J).

‘We define
d) :=d(Jp),
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which plays the role of a modified “dimension” of the vector A (that takes into account how close
the dictionary is to the orthonormality property; in the orthonormal case, d (1) = B2d(})).
Define

. Ad(M)log N
K, (A) = Au(A) N i,\ eRV:C max A (X)lyy AdWlogN _ 1/4}.
1<k<N n

The proof of the following corollary repeats the proof of Corollary 1, with the £>-norm re-
placed by the L, (IT)-norm.

Corollary 4. Suppose that condition (2.2) holds. There exists a constant C in the definition of
A¢(A) such that for all A > 1, the assumption A;(A) # & implies that with probability at least
1- N4,

£ — felloam < inf [ — filloan + 16y d(We].
reAg(A)

Denote by f;o0, 1% € RY the orthogonal projection in L(IT) of f, onto the linear span of the
dictionary. The following result is also straightforward.

Corollary 5. Suppose that the condition (2.2) holds and that the noise is normal with mean zero
and variance o*. There then exists a constant C such that forall A> 1 and all

Alog N
ez C(llfro = filly, +0) et

if A0 satisfies the “sparsity” condition

Ad(09)log N
c [Ad0DIoeN
n

then with probability at least 1 — N~4,
1S5 = FellLyamy < 10 = full Ly + 167 00)6™.

Proof. Under the assumptions, it is easy to check that A’ e A¢(A). This allows one to deduce
that, with probability at least 1 — N™4,

”fi - f)ﬁ”iz(n) = 162d~(ko)82_

Since f; — f;0 and fy0 — fi are orthogonal, this implies the result. O

Another approach to bounding B>(J) is based on some quantities involved in the restricted
isometry condition.
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Forl,J C{l,...,N}, INJ =g, define

r(l;J) = sup (/> 8 Loy
fers.gely, f.g20l 1f Ly llgllLyamy

(for p(J) defined before, p(J) =r(J, J¢)). Let
pa:=max{r(I,J):1,J C{l,....N}, INJ =@, d(I)=2d, d(J) =d}.

This quantity measures the correlation between linear spans of disjoint parts of the dictionary of
fixed cardinalities, d and 2d (it is a more “local” characteristic of the dictionary than the quantity
p(J) used before).

We will also define

mq =inf{|| full Ly 1w € RV Jlulle, =1, d(u) <d}
and

My = sup{|l full Ly :u € RV, ulle, = 1, d () < d}.

Lemma 2. Suppose J C {1,..., N}, d(J)=d and

pd<@
My,

Then,

B2(J) <

maq — pdMaq

Proof. Recall Lemma 1 and its notation. Denote by P; the orthogonal projection on L; C
L, (TT). Then, for allu € Cy,

N N
D ujh; > | Prun Y ujhj
j=1 Ly(Im) j=1 Ly ()
> | > ujhj — | Prus D ujhy
jeJu Lo (IT) J¢doUJ; Lo (TT)
=\ D0 wihy| =Y Paun D uih
jedouldy Lo p>2 jedk Lo (IT)
= 2wkl =pay | Y uih
jedoul, Lo (M) k>2"jer Lo (IT)
k
> Y uny — paMaa Y |lu® e,

jedoUldy Ly (IT) k>2
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1/2
> Z ujh; —de2d< Z |uj|2)
jedoUh La(IT) jeJul
Mg
z| 2wk —pa s D ik
jedoUdy Lo (M) 2\ ¢ joua Lo (M)
Mg
Z(l—pd—) Z ujh.,' .
Mad J & oo Ly (IT)
On the other hand, foru € Cy,
1/2 1/2
-1
(Zwf) " =( X wp) =mal] X own]
jeld jedoUd jedoUdy La(IT)
implying that
172 o\
_ 2d
(Dunz) szdl(l—pd—) > uing|
, mad —
jeJ Jj=1 Lo (IT)
which yields
1
o)) ———— O

Mmag — paMog”
If mg <1< M, <2, one can express the restricted isometry constant §; = §4(I1) as

Sa=Myz—1)Vv (1 —my).

It is also easy to show that

1+ 83\> 1—83\>
wel(i) - G)
1 —634 1+ 6834
Lemma 2 then implies that there exists § < 1 such that, under the condition 834 <8, B(J)<c
for all sets J with d(J) < d, where ¢ is a constant that depends only on § (for instance, one can

take § =1/8).. )
Denote by d the largest d such thatd < N/e — 1, 834 <6,

Adlog(N/d) _ |
- <

Adlog(N/d)
CB(d) sup ||fu||¢l\/I <1/4.
llulle, <1,d(u)<d n

and
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Let
A2(A):=A. (A N{AeRY:d() <d).

The next corollary is an immediate consequence of Theorem 2 and Lemma 2. It shows that
sparse enough target functions can be recovered by the Dantzig selector under a version of the re-
stricted isometry assumption. In particular, Proposition 1 in the Introduction immediately follows
from this corollary.

Corollary 6. There exist constants C, D depending only on § such that for all A > 1, the as-
sumption Ag(A) + & implies that with probability at least 1 — N4,

15 = felloan < . 1nzf( [If» = fellLoay + DBAHAG)Vd (e
€ &

A2(4)
Moreover, if, in addition, f, = fix, A* € RY, then we also have

I3 = 2lley < inf 1A = 2*[le, + DB*(d(1))Vd(M)e].
rEA2(A)

Another way to bound the quantity B>(J) is given in the following proposition that is akin to
some statements in Bickel, Ritov and Tsybakov (2009) (in the fixed design case). The proof is

rather straightforward and is based on a simple modification of Lemma 1.

Proposition 3. If J Cc {1,..., N} with d(J) =d and, for some s > 1,
My s
<. 5
Mstd d

VS
J .
P = \/Emd-l-s - \/EMS

then

We conclude this section with a couple of examples that provide some explanation of the role
of such geometric characteristics of the dictionary as B>(J) in sparse recovery problems.

Example. Consider the case where the functions 41, ..., hy are orthogonal in L, (IT). It is easy
to see that

p2(J) =

minjey |7l Ly

Suppose that f, = fi» with A* € RV and

I2jllL,m =1 >0, je .



Dantzig selector and sparsity 823

Fix the value of the parameter ¢ > 0 of the Dantzig selector and consider, for simplicity, the limit
case when n — oo. In this limit, the set A, becomes

Aci={neRN:(fi = s i) e, k=1,..., N}
which, under the orthogonality assumption, is just
A= {neRY g — Afl i}y <& k=1.....N}.

It is easy to compute the Dantzig selector: fork=1,..., N,

J = (AZ - L)I(AZ > #> + (A;; + #>I(AZ < —#)
el )\ T2 Y AN T

Therefore,

A 1
=2, =6 > e > NP

Il
k125 1ze/ Ik oy L2D kg <e/ I3,y

If |k§| 28/12 for all j € Jy=, we get

N 1
A =A%, = ?vd(k*)s.
Ifthj(X), j=1,...,N, areiid. N(O, rz), this yields

1A — A¥lle, = BH(A(W )V d(A*)e,

which is in agreement with the last bound of Theorem 2 in this case. Thus, the presence of
B2(d) in the bound has something to do with the nature of the problem, although there might be
different and, possibly, much better ways to take into account the geometry of the dictionary.

Example. Suppose that
m
(... Ny= L.
k=1

where [ are disjoint sets. Suppose that ¢1(X), ..., ¢ (X) are i.i.d. N(0, 1). Let
m
glL:ZMk¢kv I‘L:(M19'--7/-’Lm)€Rma
k=1

and define h; := ¢, j € Iy. It is easy to check that, for such a dictionary, the Dantzig selector A
is a solution of the following problem. First, solve the problem

m
Z|uj|—>min
j=1
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subject to the constraints

1<k<m

max |n~ Zgu(X)— )k (X )| <e.

Let (i be its solution. Then, take arbitrary A satisfying the conditions

Sohi=ak  osignGp=sign(),  jel. k=1l...m
Je€lk

Clearly, we have f; = g; and
If; = Fell Ly = llga — fll -
If f. = gu» for some u* € R™, then it follows from Theorem 2 that, with a high probability,
If5 = fell Ly = 8 — fill Ly < Dd(u*)e?
(under appropriate further assumptions, say, that £ is N (0, o) and

AlogN

n

e>Co

).

Of course, in this case, the dictionary is linearly dependent, coefficients of representation f; are
not identifiable and, in addition, such quantities as 8>(J) are infinite. But the Dantzig selector is
still recovering f, with the L, (IT)-error being of the correct size.

This example shows that there are situations beyond the scope of Theorems 1 and 2 in which
the Dantzig selector is a reasonably good estimator of an unknown regression function f. It
might be possible to develop more subtle geometric characteristics of the dictionary than S,
which can be used, for instance, when the dictionary can be partitioned into disjoint sets of
highly correlated functions with very little correlation between the sets, and to prove sparsity
oracle inequalities in terms of such characteristics. However, it is not our goal in this paper to
study such situations in detail.

Appendix: Several exponential bounds
We need the following three lemmas.

Lemma 3. Ler n®, ngk), e, n,(qk) be i.i.d. random variables with En® =0 and ||r;(k)||,}b1 <
400, k=1,..., N. There exists a numerical constant C > 0 such that for all A > 1 with proba-

bility at least 1 —NfA,forallkz 1,..., N,

~ AlogN AlogN
|zl (RN AR
j=1
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This is a consequence of a well-known version of Bernstein’s inequality (see, for example,
Lemma 2.2.11 in van der Vaart and Wellner (1996)).

Lemma 4. There exists a constant C > 0 such that for all A > 1 with probability at least 1 —

N—A
AlogN AlogN
sup |(I, — TD(| fu])| < C max [[Ax(X)lly, v .
llelle, <1 Isk=N n n

Proof. Let R,(f) denote the Rademacher process

Ru(f)=n"">"g; f(X)),

j=1

g,€j,j=1,...,n, being i.i.d. Rademacher random variables independent of X1, ..., X,. For
t > 0, we use the symmetrization inequality and then the contraction inequality (see Ledoux and
Talagrand (1991), page 112) to get

Eexp{t sup |(, = M|} = Bexpfor sup 1Ry b1}

lulle, <1 lulle, <1

<Bespldr sup IR, (£}

lulle, <1

Since the mapping u — R, (f,) is linear, the supremum of R, (f;,) over the set {|lu|,, <1} is
attained at one of its vertices and we get

Eexplt sup [(M, = MfD[} = Eexpf4r max 1RG0

lulle, <1

=N 1n}caxN]E[exp{4tR,,(hk)} Vv exp{—4tR, (hi)}]

< 2N max Eexp{4rR,(hi)}
1<k<N

t n
< 2N max (]Eexp{4—8hk(X)}> .
1<k<N n

To bound the last expectation and to complete the proof, we need only to follow the standard
proof of the Bernstein inequality. (]

The proof of the next lemma is quite similar.
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Lemma 5. There exists a constant C > 0 such that for all A > 1, with probability at least 1 —

N4,
AlogN  AlogN
sup [T, = (L fP)| <€ max 1 (XOh;(X) g, [/ Sr v 2282 ).
llulle, <1 1<k, j<N n n

Let J C{l,....N},d(J) <d <X — 1. Define

Ky:=Cyn{ueRN:|ull, <1}

Lemma 6. There exists a constant C > 0 such that for all A > 1, with probability at least

—A
l_sfdA N
<d) ~
Adlog(N/d) Adlog(N/d)
sp [(M, — (D <€ sup W fully, [ 2LEND |, AdlogN/d) )
ueky llulle, <1,d(w)<d n n

Proof. The idea of the proof is well known (see, for example, Ledoux and Talagrand (1991),
page 421, or, in a context closer to the current paper, Mendelson, Pajor and Tomczak-Jaegermann
(2007), Lemma 3.3). Recall Lemma 1 and its notation. Let u € K;. Lemma 1 implies that

Ky C3conV(UB1:I c{l,...,N},d() gd),

where

B; :={(ui:iel):2|ui|2§1}

iel

since u® € By, u € By, and

Zu(k) econv(UBl:I c{l,...,N},d{) fd).

k>2
It is easy to see that if B is the unit Euclidean ball in R¢ and M is a 1/2-net of this ball, then
B C2conv(M).

A somewhat informal version of the proof of this claim that can easily be made precise is as
follows: with 4 denoting Minkowski sum,

BCM+ %B C conv(M) + %B C conv(M) + %COI’IV(M) + %B C---
C conv(M) + %COI’IV(M) + %COI’IV(M) 4+ ---C2conv(M).
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Now selecting for each I with d(I) < d its minimal 1/2-net M yields

KjcC 6conv(U Mp:1c{l,...,N},d(I) < d) =:6 conv(My).
Therefore, we can repeat the proof of Lemma 4 and reduce the bounding of

sup | (I, — TD(| fuD)|

ueky
to the bounding of

sup | Ry (fu)ls
ueMy

with card(M) playing the role of N. It remains to observe that
N
card(My) <59 (5 d) :
which implies that with some ¢ > 0,
N
log(card(My)) < cdlog R

and the result follows. O
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