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In this paper, we study the problem of pointwise estimation of a multivariate function. We develop a gen-
eral pointwise estimation procedure that is based on selection of estimators from a large parameterized
collection. An upper bound on the pointwise risk is established and it is shown that the proposed selec-
tion procedure specialized for different collections of estimators leads to minimax and adaptive minimax
estimators in various settings.
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1. Introduction

In this paper, we study the problem of pointwise nonparametric estimation of an unknown func-
tion F:R? — R in the multidimensional Gaussian white noise model

Y(dt) = F(¢t)dr + eW(dr), t=(t1,...,t3) €D, (D)

where D is an open interval in RY containing Dy := [—1/2, 1/2]¢, W is the standard Wiener
process in R? and 0 < ¢ < 1 is the noise level. Our goal is to estimate F at a given point x € Dy
using the observation ), := {Y (¢),t € D}. We assume that the observation set D is larger than
Dy in order to avoid boundary effects. Such assumptions are rather common in multivariate
nonparametric models (see, e.g., Chen (1991), Hall (1989)).

Accuracy of an estimator F(x) = F(x;),) is measured by the risk

ReF; Fli={Ep|F(x) = FOI')'", r>0,

where Er denotes the expectation with respect to the distribution Pg of ), satisfying (1).

We develop a pointwise estimation procedure that is based on the selection of estimators from
a large collection.

Denote by R the set of all kernels, that is, functions K : D x Dy — R such that fD K(t,
x)dt = 1 for all x € Dy. Let K be a given subset of & and let F(K) be the corresponding
collection of linear estimators of F'(x) associated with the family KC:

FK) := {ﬁ’%o:/ K(t,x)Y(dt),KelC}. )
D
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In this paper, we propose an estimator of F'(x) that is based on random (measurable with respect
to ). ) selection from the collection F(K). Denoting this estimator by Fy(x), we have

Fie(x) = F¥ (v),

where K € K for any “frozen” trajectory ). Although F, ic (x) can be constructed for any K € R,
we establish the upper bound on its risk only for I € P(R); here, P(R) is the set of all collec-
tions /C satisfying some natural and non-restrictive conditions (see (K0)—(K2) in Section 2). We
then prove (Theorem 1) that for all &£ small enough and for any I € P(R),

RolFx; Fl1<Ug p(x)  VF eF(K), 3)

where the upper bound U ¢ (x) is completely determined by the function F and by the family of
kernels K. Here, FF(KC) is a large nonparametric set whose dependence on K is typically weak. In
particular, in most interesting examples, we have [F(K) D C (D) (see Remark 6 and Theorem 1
below), where Cp, (D) is the set of all uniformly bounded continuous functions.

It is important to emphasize that our selection procedure can be applied to different collec-
tions of kernel estimators. Thus, we derive estimators {ﬁ 1c, IC € P(R)} with different statistical
properties as an output of a unique computational routine.

Kernel collections. Consider several examples of kernel collections for which the upper
bound (3) can be established. Here and later on, K :R? — R is a fixed function and for all
u, v € R?, we understand u/vas @i/vy,...,uq/vq).

Example 1. Letd =1 and for any x € Dy, let

Ki= {h_lK(%>, h € [hmin, hmax]}a

where 0 < hmin < hmax < | are given real numbers.

A random choice from this collection leading to a data-driven bandwidth fze (x) = fz(x, Ve)
was proposed in Lepski et al. (1997). The upper bound of type (3) obtained in that paper was
used in order to establish minimax results on the Besov classes of functions. We note that the
estimator I:"K, I%(t, x) = fle K[t - x]/fzg (x)) constructed in Lepski et al. (1997) and the
estimator F, i, developed in this paper are different.

Example 2. Consider generalization of the above collection K1 to an arbitrary dimension d > 1.
Let H =@, [h")  hi] and

d
ICH={|:Hhi_1}K(%),heH}. )
i=1

A sophisticated random choice from the collection K4 was proposed in Kerkyacharian ez al.
(2001). The corresponding upper bound of the type (3) allowed minimax results to be obtained on
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the anisotropic Besov classes of functions (functions with inhomogeneous smoothness). Again,
we note that the estimator constructed in Kerkyacharian et al. (2001) and the estimator Fy,,

proposed in the present paper are different.

Even though K7 is a rather rich collection, it is not “sufficiently” rich for many interesting
statistical problems. The next example illustrates this point.

Example 3. Denote by £ the set of all d x d orthogonal matrices and let
Hi={he RY:h= (h1, hmaxs -« Amax)s 1 € [Pmins Amax]}-

Consider the kernel collection

Ty, _
;cs,:{l L K(E[ x]),EGS,heHl}. 5)

Ehd_l h

max

This collection is appropriate for the estimation of functions possessing the single index structure.
We refer to Chen (1991), Golubev (1992), Hristache et al. (2001) and references therein for works
on estimation in the single index model.

Note that the collections (4) and (5) are quite different and “incomparable”. However, one can
easily define a more general collection of kernels that combines (4) and (5).

Example 4. Define

d T . o—_
Kne= H:Hhil]K(y)’h eH,EeE}.
i=1

The estimator F K¢ could be applied simultaneously to estimate functions with inhomogeneous
or unknown smoothness as well as functions with the single index structure.

The list of examples of kernel collections corresponding to different “structural” models (see
Stone (1985)) could be continued. Selection from such collections leads to estimators that adapt
simultaneously to a wide spectrum of assumptions on smoothness, structure, etc. Pointwise adap-
tive estimators based on selection from specific collections of estimators were also constructed
in Lepski (1990, 1991), Lepski and Spokoiny (1997), Goldenshluger and Nemirovski (1997),
Tsybakov (1998), Klemeld and Tsybakov (2001) and Golubev (2004). A detailed discussion of
relationships between our results and results in the cited papers is given in Section 3.3.

Objective of the paper. The local inequality (3) specialized to different families of kernels K €
‘P(R) allows us to derive minimax and adaptive results in various settings. This is the feature that
characterizes the power of the estimator F, i and usefulness of the upper bound in (3). In order to
demonstrate universality of our selection procedure, we discuss its application to the following
nonparametric estimation problems.
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(1) Pointwise adaptive estimation in the single index model. Here, we assume that F'(t) =
f (w''t), where f:R — R is an unknown function, w € S9-1 is an unknown direction
vector and S?~! is the unit sphere in R?. Suppose, also, that f belongs to the one-
dimensional Holder ball with unknown parameters. The objective is to estimate F at
a single given point x € Dj.

(ii) Pointwise minimax estimation over a union of anisotropic Holder classes. In this setting,
it is assumed that F belongs to the union of anisotr(y)ic Holder classes Hy (e, L) (see
Definition 2) over all & = (o, ..., aq) satisfying ) ;_,; 1/a; =1/y, where y >0 is a
given number. The objective is to estimate F(x) at a given point x € Dy.

(iii) Global minimax estimation over isotropic Besov classes. Assume that F' belongs to the
isotropic Besov class. The objective is to estimate F' globally on Dy with small L, -risk,
Ry, [F; Fl,r €[l,00).

We are not aware of any results on problem (i) reported in the literature. For this problem,
our procedure provides a minimax adaptive estimator in the sense of (6) with I} being the one-
dimensional Holder class H (o, L) and the parameter s = (o, L) including smoothness index o
and constant L. Thus, in the setup of problem (i), there is no price to pay for adaptation to the
unknown smoothness parameters « and L.

Problems (ii) and (iii) were considered in Klutchnikoff (2005) and Kerkyacharian et al. (2001),
respectively. We note, however, that the methods proposed in these papers are highly special-
ized and are tailored to the problem in question. In contrast to this, we arrive at the solution
to these problems by applying the same general selection procedure for different collections of
estimators. In particular, our selection procedure applied to the collection F (Kg;) provides a so-
lution to problem (i). The minimax estimators for problems (ii) and (iii) are constructed by using
the proposed scheme on certain subcollections of F (K7 g). Moreover, we show that all of the
problems (i)—(iii) can be solved simultaneously by the same selection procedure applied to the
collection of estimators F (K3 g).

Derivation of minimax and adaptive results. Let us briefly discuss how to derive minimax and
adaptive results from local inequalities of type (3).

In the framework of the minimax approach, F is assumed to belong to some given set F*. The
objective is to find an estimator F such that

sup Rr[ﬁ; F] =< inf sup R, [F; F] ase — 0,
FeF* F FeF*
where inf is taken over all possible estimators. Here and in what follows, a < b means that

0 <c1 <a/b < cp < oo for some constants ¢y and c;. If, for a fixed family of kernels K € P(RK),
it is shown that F* C F(K) and

sup Ui p(x) < inf sup Rr[ﬁ; F] ase — 0,
FeF* F Fel*

then the estimator £, % is minimax on [F*,
The minimax global results can be also derived from local inequalities of type (3). Indeed,
suppose that we are interested in estimating F with small L, -risk

Ry, [F; F1:={Ef||F — FII}V/",  r>0,
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where || - || is the standard L,-norm on Dy. Then, by the use of Fubini’s theorem, we obtain
from (3) that

Ry, [Fi; F1 < |t rO)llr-
If, for a fixed family of kernels /C € P(RK), one can prove that F* C F(K) and

sup Ui r()|l, < inf sup Ry, [F; F]1  ase— 0,
FeF* F Fel*

then the corresponding estimator Fic is minimax on F* with respect to L,-risk. Local inequal-
ities (3) are powerful tools for derivation of global minimax results in problems of estimating
functions with inhomogeneous structure.

Local and global minimax adaptive results are obtained in a similar way. In the framework of
the minimax adaptive approach, F is assumed to belong to | J;.¢ F;, where {F}, s € S} is a given

collection of sets. The objective is to find an estimator F such that for every s € S,

sup Rr[ﬁ; F] < inf sup Rr[ﬁ; F] as ¢ — 0. (6)
FelF} F FelF

If, for some XC € P(R), one can show that I} C F(K) for all s € S and

sup Ui, p(x) < inf sup Rr[ﬁ; F] ase — 0,
FelFt F FeFt

then the estimator Fi is minimax adaptive for the collection {F},s € S}. Moreover, if F} C
F(K),Vs € S and

sup [t ()l < inf sup Ry, [F; F]  ase—0,
FeF} F FeFt

then F, i is minimax adaptive for {IF}, s € S} with respect to the L,-risk.

The rest of the paper is organized in the following way. In Section 2, we introduce notation and
assumptions that are used throughout the paper and prove some preparatory results. In Section 3,
we present our selection procedure, discuss its connections to other procedures and state the
main result of this paper (Theorem 1). In Section 4, we apply the developed selection procedure
to the aforementioned nonparametric estimation problems (i)—(iii). Section 5 contains the proof
of Theorem 1. In Section 6, we prove all the results appearing in Section 4. Auxiliary results and
proofs are collected in Appendix.

2. Preliminaries

We will use the following notation: || - ||, denotes the IL.,(Dp)-norm, while || - || 5, denotes the
LP,OO(R“! x Dg)-norm,

1/p
G llp,00 = sup <fd IG(t,x)Ipdt> ; pEll, ool
R

XEDO
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We also write | - |» for the Euclidean norm.

Basic families of kernels. Let ® C R™ be a compact set and consider a parameterized family
of kernels g = {K,, u € ©}, where K, ‘RY x RY — R. Throughout the paper, we consider
families of kernels Kg satisfying the following conditions.

(KO0) Let Dy be an open interval in R? such that Dy C D; C D. For all i € ©, one has

supp(K, (-, ¥)) €Dy Yy € Dy,

@)
/ K, y)dt=1 Vy e Di.
D
Moreover,
o (Ke) := sup || Ky l2,00 < 00, (®)
Hne®
M(Kg) := sup | K |l1,00 < 00. )
He®

Note that (7) implies that M (Kg) > 1. Conditions (7)—(9) are standard in the context of kernel
estimation.

In the construction of our selection rule, we use the auxiliary kernel collection Kgxe =
{Kuv, ity v €0O), Ky y iR x R — R, defined as

Kp,,u(tsx) ::/ Ku(l,y)Ku(y,X)dy, teD,x eDy.
Dy

In what follows, we will assume that the following “commutativity property” is fulfilled for the
kernels from Kg:

(K1)
Kuv=Kyp Yu,ve®. (10)
Remark 1. Assumption (K1) is crucial for the construction of our selection procedure. Although
this is a restriction on the family Kg, (10) is trivially fulfilled for kernels K, (¢, x) = K, (t — x)

that correspond to standard kernel estimators.

The next statement establishes an important property of the kernel K, ,, i, v € ©. With any
function F, we associate the quantities

BM,V(x)zf Ky, x)F(t)dt — F(x), an
D

B, (x) =/ K,(t,x)F(t)dt — F(x), x € Dy. (12)
D
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Proposition 1. Let (7) hold. Then for any x € Dy and F € Cy(D), one has
Bu,v(x)_Bv(x):/DKv(y»x)Bu(y)dy- (13)

The proof of the proposition is given in the Appendix.

Remark 2. Note that K, ;, is a kernel for all u,v € ©, that is, fD K, v(t,x)dt =1, Vx € Dy.
This fact follows immediately from (13) if we put F = 1.

Auxiliary estimators and selection statistics. With the collections g and Kgx @, we associate
the following families of linear estimators via (2):

F(Ko) = {F, = FXu, p e 0);
F(Koxe) = {Fy,=FKv puveo).
It is easily seen that
Fu(x) = F(x) = Bu(x) + £8,(x),
Fuw(0) = F(x) = By (%) + 88,0 (%),

where
EM(X)=/KM(I,X)W(dI), EM,V(X)=/KM,V(1,X)W(dt).

Thus, the quantities B, (x) and B, ,(x) defined in (11)-(12) represent the bias of I:“,L (x) and
I:"M,v(x), respectively. In addition, we denote oi(x) = var{I:“/L(x)} =K, (-, x) ||%.

Our selection procedure will be based on the statistics {I:" (X)) — I:"v (x), u, v € O}, Itis clear
that

Fpuv(x) = Fy(x) = By y(x) — By(x) + &[€0(x) — £ (0)], (14)

where £, , (x) — &,(x) is a Gaussian zero-mean random variable with variance
o () = var{F ,(x) — F, (1)} = Ky (- x) = Ky (013
Also, note that F, ,(x) = F, , (x), in view of (K1) .

Integrated bias and variance. With any estimator F,, u € ®, we associate the following two
quantities:

By (x) := sup |Buv(x) = By(x)[ V |Bu(x)l; 15)
veq

ou(x) = Sug/ |Ky (v, x) o (y)dy V oy, (x). (16)
ve@
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In words, BM is the maximum among the maximal integrated (with kernels K, ) bias and the
bias of Fy,, while ¢;, is the maximum among the maximal integrated standard deviation of F,
and standard deviation of F, - In what follows, with slight abuse of terminology, we will refer to

Bu (x) and &i (x) as the integrated bias of F w and the integrated variance of F - respectively.
It follows from (13) and (9) that

B,.(x) < M(Ke) sup| B, (y)l, 0. (x) =M (Ke)supoy(y). a7
y y

We also have the following upper bound on o, ,, (x) in terms of 6, (x) and &, (x): forall u, v € O,

O (X) < [Kp w02 + 1K G x) 2

<0u(x)+0y(x) <6, (x) + 0, (x).

(18)

Here, we have used the triangle inequality and the Minkowski inequality for integrals.
In what follows, point x is fixed. So, in our notation, we will not indicate dependence on x
when this does not lead to confusion.

3. Selection procedure and main result

In this section, we introduce our selection rule.

3.1. Majorant

We begin with the definition of the majorant, the main ingredient of our construction.
Let Yo := {0, :u € ®} C Ry and define oyjn 1= inf 2@, omax 1= sup L. Thus, g is the
image of ® under the mapping u — 6, where 6, is defined in (16). Let

ey (0) :=sup E sup |§,, — &l o€ Xop. 19)

HEO®  v:i5,<o

Remark 3. By definition, the function ey, (-) is non-decreasing on Xg. For any given o € Xg,
ex e (o) is the maximal (over u € ®) expectation of supremum of the Gaussian zero-mean ran-
dom process {&,,, — &,} with the index set {v:5, < o} € ©. The covariance structure of this
process is completely determined by the family of kernels K. Thus, the function ey, (-) can be
computed, for example, using Monte Carlo simulations. Alternatively, useful analytical bounds
on ek, (+) can be derived from the theory of Gaussian processes.

(E) Let e(0) be a continuous non-decreasing function on X such that
(i) e(0) = ey (0), Yo € Xo,
(i1) there exist absolute constants 1 < ¢, < C, such that
< e(20) <
e(o)

C, VoeZeo. (20)

Ce
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Remark 4. The function e(-) is an upper bound on ej, (-). Such a bound can be derived from
general inequalities on suprema of Gaussian processes. Condition (20) holds, for example, if
e(o) = coL(o), where c is a constant and L(o) is a slowly varying function. In fact, for our
purposes, it is sufficient to require that inequalities in (20) hold for the ratio e(ac)/e(o) for
some a > 1.

We are now in a position to define the majorant:

0(0) :=me(@)+0 [1+mIn——, ocTe, Q1)

Omin

where 90 =2C, and s = 128r(1 VInC,/In2).

Remark 5. Loosely speaking, the majorant uniformly bounds from above the random process
&uv — &, 1, v € O, with prescribed probability. The function Q consists of two terms. The first
term bounds the expectation of the supremum of a zero-mean Gaussian random process, while
the second term controls the deviation of this supremum from its expectation. In fact, the first
term characterizes “massiveness” of the subset of estimators from F (g) with variance less than
a prescribed level. The second term involves a logarithm of the ratio of estimator variances in
the family. It can be regarded as a price to be paid for considering families of estimators with
different variances.

3.2. Selection rule

We are now in a position to define our selection rule.
For any ¢ € O, let

A

Ry:= sup {|Fu,—F|—3e0GG0)}. (22)

V:6,>0y,

Let § = 1£Q(0min) and let & € © be such that

Ry +£0(57) gggg){éu+sg(&ﬂ)}+5. (23)
We then define
F=F (24)

Several remarks on the above definition are in order. First, observe that Iéu may be negative;
however, by definition,

R.>—-1e06,)  Vueo, (25)

so that R w+£0(0y,) is always positive. Second, in order to ensure that there exists a measurable
choice of [1 satisfying (23), one needs to impose additional conditions on the family of kernels
K. The next assumption provides such conditions.
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(K2) There exist positive constants L and y € (0, 1] such that

”Kp, - Kp/”Z,oo

sup "y = l_” (20)
w'ed =l
sup, |1 — 1K, G, )2/ 11K (- x) 2] <L 27)

v
' e® |,LL - ,LL/|2

where K, (-, x) = K (. x) /| K (. 0) |12, Vi € ©.

In the proof of Theorem 1, we show that (K0)—(K2), and boundedness and continuity of F' imply
that there exists a measurable choice of i € © such that (23) holds. Thus, our selection rule is
well defined.

3.3. Discussion

In this section, we explain the main idea underlying the construction of our selection scheme and
discuss connections to other procedures in the literature.

The pointwise selection procedures were developed by Lepski (1990, 1991), Lepski et al.
(1997), Lepski and Spokoiny (1997) and Kerkyacharian et al. (2001). In those papers, the pro-
cedures are two-staged: first, a collection of admissible estimators is constructed using a “bias—
variance” comparison scheme; second, among admissible estimators, an estimator with minimal
variance is selected. The procedure in Lepski (1990, 1991) (and its refinements in Lepski et al.
(1997), Lepski and Spokoiny (1997)) selects from the collection F(K;) of one-dimensional ker-
nel estimators (see Example 1 in Section 1) discretized in an appropriate way. In our notation, it
reads as follows:

select the estimator with maximal bandwidth i € [Amin, Amax]” such that
|Fy— Bl <T,v) Y € [min, hmax]* 100 > 0, (28)
where A* stands for a discretization of a set A and T (u, v) is a certain threshold.

Here, the set of admissible estimators contains all estimators I:"M, W € [Mmax, hmin]® satisfy-
ing (28) and at the selection stage, the estimator with minimal variance (maximal bandwidth)
is chosen. This scheme exploits monotonicity properties of the bias and variance with respect to
the bandwidth which, in general, do not hold in the multidimensional case.

A generalization of (28) to the multidimensional case was developed in Kerkyacharian et al.
(2001). Their procedure is designed for selection from the properly discretized collection F (KCpy)
(see Example 2, Section 1) and can be represented as follows:

For u = (u1, ..., 1a) eH*andv = (v1,...,vy) G'H#,deﬁneu\/vz(u] VUL, .eo, hg V
vg) and consider the auxiliary estimator F), , = F},\,. The estimator Fy,, u € H#, is called
admissible if

|Fuw—F<T(w) VYveH*:0,>0,, (29)
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where T (v) is an appropriate threshold. Note that (29) can be rewritten as

sup  [|Fyp — Fy| = T(1)] <0. (30)

veH*:0p>0,
At the selection stage, we choose the admissible estimator with minimal variance.

Note that the scheme (29) involves an auxiliary estimator I:“,W and its construction can only
be used for selection from the collection F(K1). Specifically, the procedure (29) cannot be
applied for selection from the collection of kernel estimators F(/Cgy) (see Example 3, Section 1)
corresponding to the single index model.

Our selection procedure (22)—(24) also uses an auxiliary estimator 1:",“,, but, in contrast
to (29), the construction of F w,v 1s universal and fits a wide variety of kernel collections. In
addition, instead of pairwise comparisons with a threshold (as in (28) and (29)), we define the
majorant function and use direct minimization. Our rule (23) is very much in the spirit of (30). In-
deed, the procedure of Kerkyacharian et al. (2001) minimizes o, subject to constraint (30), while
in (23), we minimize, with respect to u, the expression SUP,., >0, [l I:*,w - I:"M| - %T(v)] +T (1)
and T (w) is “roughly” proportional to o,.

Summing up, the proposed selection method differs from other pointwise selection procedures
in: (a) construction of the auxiliary estimators F w,v; (b) selection by direct minimization. These
features enable a wide variety of kernel collections to be treated in a unified way and the dis-
cretization of the parameter space ® to be avoided.

3.4. Upper bound

In order to present an upper bound on the risk of the proposed estimator, we need the following
definition.
For any function F € Cp(D) and given collection Kg, define

Or(Ko):={1ne®:Vo >5,,0 € o 30 € O such that 59 = o and By < 1e0(G0)}.

In what follows, we will consider functions F for which ® ¢ (Kg) is non-empty. This condition
is closely related to the existence of estimators in F(Kg) realizing the bias-variance trade-off.

Remark 6. Clearly, @ (K@) is non-empty for any constant function F' since, by (13) and (15),
By =0 for all # € . For the same reason, if Ky is orthogonal to all polynomials of degree </,
then ® (K@) is non-empty for any F which is a polynomial of degree < [. In general, the size of
the set of functions F for which ® ¢ (Kg) is non-empty is completely determined by the family
K. For example, if F(/Cg) is the family of standard kernel estimators with a bounded kernel Ky
and bandwidth 0 = (hy, ..., hy) € [e2, 1/2]d, then ® (K@) is non-empty for any F' € C,(D).

Finally, we put

k . ~
W =ar inf  &,. 31
% ucorico)
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Theorem 1. Suppose that assumptions (K0)—(K2) and (E) hold. Then, for any F € Cp(D) such
that O (Ke) # @, and for all ¢ small enough, one has

R, [F; F1<CeQ(6,0),

where C is a numerical constant depending only on r, c, and C,.

4. Applications

In this section, we show how the upper bound of Theorem 1 can be used for the derivation
of minimax and adaptive minimax results. In particular, in Sections 4.2-4.4, we consider three
particular problems:

e pointwise adaptive estimation in the single index model;
e pointwise minimax estimation over a union of anisotropic Holder classes;
e global minimax estimation over isotropic Besov classes.

Our goal here is to show how a careful choice of the family of kernels leads to estimators with op-
timal statistical properties. Note that in each particular case, the estimators are different, although
all of them are obtained by the same computational routine presented in Section 3.

In Section 4.5, we demonstrate that the choice of a rather huge kernel collection allows a single
estimator to be constructed which is simultaneously optimal (up to a log-factor) for these three
entirely different problems.

4.1. General kernel collection

Let G :R? — R be a function supported on [—1/2, 1/2]% and satisfying the conditions
/G(t)dt:l, /t’G(t)dt:O Vir|l=1,...,1, sup|VG(H)2 <M, (32)
t

where r = (ri,...,rq), ri =0, |r|=ri+---+rgand " =] -1}
Let £ denote the set of d x d orthogonal matrices and let H = [/pin, hmax 14, where 0 < hpin <

hmax < 1/2 are given real numbers.
Define, forallh € Hand all E € £,

d
Gi(1) = |:1_[h_1:|6(2—1] . %) G g(t,x) = Gp(ET [t — x]) 33)
i=1

and consider the following collection of kernels:

Kn.e ={Gne,(h, E) e H x &}. (34)
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Remark 7.
1. For the family K4, ¢, we have

d
—~1/2
one@) =onp =Gl []n; " Vx € Dy, YE € £
i=1
and, therefore, 63, g (x) = |G |l104,E, Vx € Dy,
—d)2 —d/2
min = GG 12 hmat Omax = ||G||1||G||2hmin/ .

2. Assumptions (K0)—(K2) are fulfilled for the family K4, ¢. Indeed, (KO) holds trivially; here,
M(Kr.e) = IIG|l1. Assumption (K2) is fulfilled because K7 g consists of convolution
kernels. Boundedness of the gradient of G in (32), along with (K0) and (K1), implies (K2)
(see Lemmas 1 and 2 in Section 6.1).

In order to construct estimators in the aforementioned problems, we will consider families cor-
responding to different subsets of Kz ¢. The family of estimators F (s ¢) will be considered
in Section 4.5.

4.2. Pointwise adaptive estimation in the single index model

Consider the model (1) with F(t) = f (w''1), where f :R — R is an unknown function from the
Holder ball Hj («, L) with unknown parameters o > 0 and L > 0, and w € S9-1 is an unknown
direction vector. We refer to this model as the single index model.

Definition 1. We say that function F belongs to the functional class Fsj(a, L) if there exists
a direction vector v € S, parameters o > 0, L > 0 and a univariate function f € H;(o, L)
such that F(t) = f(a)Tt).

Define Hy ={h € H:h = (h1, hmax - - - » hmax)}>» Osr = H1 x € and consider the following
subset of K3y g:

Ksi ={Gne:(h, E) € Og;}. (35)

The corresponding family of estimators is given by
FKsi) = {ﬁh,E(x) = / Gpe(t,x)Y(dt), (h, E) € ®31}-

Remark 8. In view of Remark 7, we have

~ —(d-1)/2

nE = 1Glhone = IGIIGI2 hmea "*[1/v/h1]; (36)
—d/2 —(d-1)/2

Omin = hmst NG 111G, Omax = b 2IG 111G 2 [1/3/ Amin]- 37)

Note that oy, g does not depend on E.
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Let e(0) = Coo«/Ino, where Cy is a numerical constant depending only on d and G. It is
shown in Lemma 3 of Section 6 that e(0) > ex, (o) for all 0 € Zgy,. The majorant Q is given
by

Q(0) =0 [s0CovIno + /1 + 5 In (0 /omin) |- (38)
Note that assumption (E) is trivially fulfilled with ¢, = 2 and

Ce=2(1+ 2/ Inomin) < 2(1 +/2/d).

Let F s7 be the estimator derived from the collection F (Kg;), in accordance with our general
selection rule, with the majorant (38), where 59 = 4(1 4+ +/In2/Inopiy) and 3¢ = 320r.

Theorem 2. Fix some 0 < qmax < 00, let hmin = €2, hmax = €2/ C*maxtD gnd assume that (32)
holds with | > | amax |-
Then, for any 0 < o < amax <1, L > 0 and & small enough, one has

. 1 20/ a+1)
sup  R,[Fsr; F]1<CLYC+D <e‘ /In —) , (39)
&

FeFg(a,L)

where C depends only on a, G, d and r.

Remark 9. 1f the parameters « and L of the class H («, L) are known and the direction vector w
is unknown, then we consider the following subset of Kg;:

]Cfgl = {Gh,Ea h=h*"E¢ £},
where 1* = (b}, hmax, - ... hmax), b = L72/2* D [e/InT/e]*@**D_ Under these circum-

stances,

= hmx 2D TG

Oh* E = Nmax

does not depend on E (see also Remark 8) and therefore
—(d-1)/2 _
Omin = Omax = 0 1= |G ll1one. £ = hmise 2 (H)T21GI2 G 1.

The corresponding majorant is given by Q(o*) = s9Coo*vIno* 4 ¢* so that the first term is
dominating (all estimators in F (IC/S ;) have the same variance). The resulting selected estimator
for this family will then satisfy the same upper bound of Theorem 2. One can prove a lower
bound that shows that even if « and L are known, the rate of convergence on the right-hand side
of (39) cannot be improved.

4.3. Pointwise minimax estimation over a union of anisotropic Holder
classes

We start with the definition of the anisotropic Holder class of functions.
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Definition 2. Let a = (atq, ..., 0q), o; > 0 and L > 0. We say that f:[—1/2,1/2]¢ — R be-
longs to the anisotropic Holder class Hy (e, L) if foralli =1, ...,d and all t € [—1/2,1/2]¢,

ID"f()| <L  Vm=1,..., o]
and
DM ftr, iz, 1)) = DI F Gt i) < LIS vz eR,

where D" f denotes the mth order partial derivative of f with respect to the variable t; and |o; |
is the largest integer strictly less than o;.

Fix y > 0 and introduce the functional class

d
Fag(y,L)= U Hy (e, L), where A, = oc:Zl/otizl/y,oti>0,i=1,_d}.

acA, i=1

Remark 10. 1t is well known (see, e.g., Kerkyacharian er al. (2001) and Bertin (2004))
that for any « € A,, the minimax rate of convergence on Hy(a, L) is given by g2r/Cr+h,
Thus, Fag(y, L) is the union of functional classes with prescribed accuracy of estimation.
Klutchnikoff (2005) showed that the rate £2¥/¥+D js not achievable on F 4 u(y, L) and proved
that the minimax rate of convergence on F4 g (y, L) is given by

S [ew/lnln(l/s)]zw(zy—kl).

In this section, we show that the application of our general selection rule with a specific choice
of the kernel collection K4 C K1 ¢ leads to the minimax estimator on F 4z (y, L).
Define the set of bandwidths H, C H

d
H, = :h € [Mmin, hmax]d : thy = gog} (40)

i=1
and consider the following subset of the family of kernels Ky ¢:
Kanw ={Gng:(h,E) € Oap :=H, x {I4}}, 41)

where I is the d x d identity matrix.
The corresponding family of estimators is given by

FKan) = {ﬁh(x) = / Gu(t —x)Y(dr),h e H, }

For all h € H,,, we have

d
~ —-1/2 —1/Q2y+1
&n=1Ghon =G IGI2[]h7 " = IG I G l2[ey/InIn(T/e)] /Y.

i=1
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Thus, the set Zg ,, consists of the single point ||G||; | G|l2[e+/InIn(1/e) ]~/ @r+D,

Let e(0) = Cio+/InIn(Amax/ Amin), Where C; is a numerical constant depending only on d
and G. Lemma 3 of Section 6 shows that e(o) is an upper bound on e ,,, (o). Note that assump-
tion (E) is trivially fulfilled with ¢, = C, =2 and the majorant in our procedure can be taken as
follows:

0(0) = [1 +4C1y/InIn(hmax/ hmin) |- (42)

Let F '4n be the estimator derived from the collection F (X4 ), in accordance with our general
selection rule, with the majorant (42).

Theorem 3. Fix 0 < amax < 00. Let hmin = €2, hmax = 1/2 and assume that (32) holds with
I > |omax]. Then, for any e € A, N (0, amax]?,

. T\ 2/@y+1)
sup  Ry[Fam; F1<CLY@TD <8,/1n1n —) ,
FeHy (e, L) £

where C depends only on G,d,r and y.

4.4. Global minimax estimation over isotropic Besov classes

We begin with the definition of the isotropic Besov class of functions on Dy.
Forall x € Dy and a € R such x + a € D, define

ALF(x)=F(x4a) - F(x).
For any integer [ > 2, let Ala F(x) denote the (I — 1)-fold iteration of the operator A }ZF (x).
Definition 3. Lets >0, p € [1,00) and L > 0 be given constants. Let B;‘Oo(d, L) denote the set
of all functions satisfying
suplaly* [P FO)|, < L,
a

where | s] is the largest integer strictly less than s. We call IB%;‘OO(d , L) the isotropic Besov class
of functions.

The considered classes were first introduced in approximation theory by Nikolskii (1975).
They represent a particular case of the Besov classes B), ,(d, L) with ¢ = co which appear
more often in the statistical literature. More general anisotropic Besov functional classes were
considered in Kerkyacharian et al. (2001).

On the class ]B%j,’oo(d , L), we introduce the maximal risk

Ry (F)= sup (Ep|F—FI}Y",  rell,o0),
FeBj (d,L)
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where F is an estimator of F. It is well known (Delyon and Juditsky (1996)) that

g3/(5+d/2), ifsp > d(rz— P)’
d —
e =\ [ev/IT/e]/ O+ 2 In1 /6], if sp = —(r2 2
d(r — p)

[e/In T /6] —d1/p=1/r)/(s=d(1/p=1/2)) ifsp <

is the minimax rate of convergence on B;,oo(d ,Lyifsp # M and differs from minimax rate

of convergence by In(1/¢)-factor if sp = M.
In this section, we present the estimator which attains the rate ¢, on IB%;,, o(d, L). As before,
this estimator is the output of our general selection procedure.

Let
Ls]+2
G)=G*(t):= Y _ (-1)/*! (LSJ].JFZ) idgG) teR?,

j=1 /

where g : R? — R is a bounded, compactly supported function with [ g = 1. 1tis easily seen that
the function G* satisfies assumption (32).
Consider the following subset of K3 g:

Ks={G} p:(h, E) € ©p :=Hg x {Is}},

where H D Hp:={h=(h1,....,hg) e H:h; =h;,i,j = 1, d}. Note that the family Kp con-
sists of isotropic kernels having the same bandwidth in each direction. The corresponding family
of estimators is given by

F(Kp) = {ﬁhiﬁh(x) = / Gt —x)Y(dr),he HB}.

Let F p be the estimator derived from the collection F(/Cp) in accordance with our general
selection rule, where the majorant Q is given by

Q(0) = C(s,8)o/1 + 31 In(0/Omin) =: C10 Q*(0/Omin).
Here, 0*(z) =z+/1 +1Inz,z>1and C; = C(s, g, d, r) is the numerical constant.

Theorem 4. Suppose that s > d/p and choose hmin = €2 and

d —
£2/Qs+d), ifsp > (rz p)’

hmax = dr —
12, irsp< 2P

Then, for all € > 0 small enough,

Ry, (Fg) <C(d,s, p,r, 8¢,
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where C(d, s, p, 1, g) > 0 is a numerical constant.

Remark 11. The result described in Theorem 4 was first obtained by Delyon and Juditsky (1996)
using wavelet techniques. Lepski et al. (1997) used the pointwise approach in order to develop
minimax theory on the Besov balls. All results in Lepski ez al. (1997) were obtained for the one-
dimensional case d = 1 and the selection rule proposed there, being a modification of Lepski’s
method, cannot be directly extended to dimensions greater than one. Generalization to an arbi-
trary dimension was proposed in Kerkyacharian e al. (2001). This allowed minimax results to
be developed for the anisotropic Besov-type functional classes. The class studied in this section
can be viewed as a particular case of the anisotropic one and in Theorem 4, we reproduce the
results from Lepski et al. (1997).

4.5. Mixture of problems

Consider the family of estimators
FKne)= {ﬁh,E L Fy p(x) = / G g(t,x)Y(dt),h e H,E € 5}

and let F' be the estimator derived from the collection F (K1.e) in accordance with our general
selection rule, where the majorant Q is given by

Q(0) =Cro/T+1In(1/e).

Here, C; =Cy(d, r, g) is a numerical constant.

Theorem 5. Choose hpyin = €2, hmax = 1/2 and suppose that G satisfies assumption (32). Then,
for all ¢ > 0 small enough,

1. under the conditions of Theorem 2 the estimator F is minimax, that is, it satisfies (39);
2. under the conditions of Theorem 3, we have

. T\ 27/@r+D)
sup  Ry[F; F]§CL1/(2V+1)<8 ln—) ,
FeHy(a,L) 2

where C depends onlyon g, d, r and y;
3. under the conditions of Theorem 4, we have

dr —

[ev/mT/e]/ 2, ifsp> %
o oz
_ _ B B o

[8 Tn I/S]S d(1/p—=1/r)/(s—d(1/p 1/2))’ Fsp < w’

where C depends onlyon g, d,r and y .
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The proof of the theorem is along the same lines as the proofs of Theorems 2—4 and is hence
omitted.

Remark 12.

1. Comparing the results from Theorems 3 and 5, we conclude that the rate provided by the
estimator F' differs from the minimax rate of convergence on F4g by a [In(1/¢)/Inln(1/
&)]*/@r+D _factor.

2. Comparing the results from Theorems 4 and 5, we conclude that the estimator F is minimax
adaptive up to a /In (1/¢)-factor for all values of parameters s and p. Moreover, Fisa
minimax adaptive estimator on the isotropic Besov balls of functions for all s and p such
that sp < @. A wavelet thresholding estimator which is nearly minimax adaptive over
a scale of one-dimensional Besov balls was developed in Donoho et al. (1995).

5. Proof of Theorem 1

In the proof below, c, c1, ¢3, ... denote constants depending only on r, ¢, and C,; they can be
different on different occasions.

0°. We begin the proof by showing that under the premise of the theorem, the selection
rule (22)—(24) is well defined, that is, there exists a measurable choice of (i € ® such that (23) is
fulfilled.

It follows from Lemma 1 and assumptions (K2) and (KO) that there exists a separable modifi-
cation of the Gaussian random process {&,,,,(x) — &,(x), (i, V) € © x O} that with probability
one belongs to the 2m-dimensional isotropic Holder space with regularity index 0 < 7 < y (see
Lifshits (1995), Section 15). In addition, if (K2) holds and F is uniformly bounded, then the
integral f K, (y,x)B, (y)dy, considered as a function of (u, v), belongs to the 2m-dimensional
Holder space with regularity index y. Then, by (14) and (13), we obtain that |ﬁ v (x) — ﬁv ()]
is continuous in (u, v). It also follows from (26) and (27) that o, (x) (and 6, (x)) are continuous
functions of v € ®. Hence, Q(6,) is also continuous in v; thus, the random function under the
supremum on the RHS of (22) is continuous in (u, v). Iéﬂ is then a random variable for every
neo.

We now describe the construction of the measurable choice (i € ® satisfying (23). Let

A

Ru,vzlﬁu,v_ﬁvl_%gQ(&v)a w,veo.

For any § > 0, there exists a simple function, say RM,U, on ® x O such that |I§M,v — ﬁM,U| <4
for all i, v € ®. Then, clearly,

IR, — Ryl<8 Vueo, (43)

where we have defined Iéﬂ '=SUP,5,>5, Iéu,u. We now observe that Iz’u is a simple function of
i € O and define i = arg infﬂe@{ﬁ' 1« +€0(0,)}. Since the function Iéu assumes a finite number
of values and Q(6,,) is continuous in u, /i is measurable and belongs to ®. (43) then implies (23)
if & is chosen to be %eQ(omin).
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10, We write
{Ep|F — FI'YV" <{Efp|F — FI'\(5y < 6}/ +{Ep|F — FI'1(G, > 6,0}/ (44)

and our current goal is to bound the two terms on the right-hand side.
20, By the triangle inequality,

|Ey — FING, < 6) < [1Fp e — Fpl 4 1Fp e — Furl + | Eys — FIILE, < 6,00)
[+ 2+ 116, < opx).

By the definitions of I:’M,v, I:"M and BM,

110y <opux) < Bp ux — Bal +€lép i — Epl11(0p < opx)

<sup|By x — By|+& sup |& pux — &yl

ve® Vi0y <0,%

< Bu* +e sup |§v,m - SU|

PR 55#*

Therefore, in view of Lemma A.1 in the Appendix,

. 1/r
{EFJfl(&,;sam}”’sBM*H{E sup |sv,m—su|’}

v:&ufﬁu*
< Bys + Cre{e(6,) +26,+) (45)
S CS Q(SM*)3

where we have used the definitions of u* and Q(.).
Furthermore,

D1Gp < 60) < {1 Fp e — Furl = 5606, J1(65p < 6) + 56 Q6107
<Ry + 120G,
< Ry +3606,0) +9,
where the second inequality follows from (22) and the third is a consequence of (23). Hence,
By 16, <6} < {EpR1(Rys > 0} +320(G0) +36.

Because

Ry sup [ Eun — Ful — $60(60)]
v:&l,zﬁu*

(46)

IA

Bu* +8[ sup |§§u*,v &) — %Q(&v)i| s ([-1+ = max{-, 0}),
+

VI&quTM*
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we obtain

([ErJ; 16, < G}/

B ryl/r
< Bys +8{E[ sup  [Eur . — 0] — %Q@)} } +36Q(6,0) +8
ViGy 26 % +
. 47)
< By + %8Q(6ﬂ*) + 8 + ceomin

= CEQ(6M*)7

where the second inequality follows from Lemma A.2 (see Appendix) and the last inequality
follows from the definitions of ©* and Q(-).
The bound on {EfrJ51(6; < &,+)}/" is immediate:

(EpJ516, < 6} < By + e[BlE 1" < Bur + ceoyr < ce Q(G,00). (48)

Combining (45), (47) and (48), we obtain that there exists a constant ¢ depending only on » such
that

(Er|Fy — FI'16G; < 6,1 < ceQ@G,0). (49)

39, To bound the second term on the right-hand side of (44), we proceed as follows. Define
the events Ay = {28716, <6, < 2%6,+}, k=1,2,..., and let ux € ®(Kg) be such that the
corresponding estimators F e € F(Kg) have the following properties:

@) &ﬁk = var{ﬁﬂk} = Zk&m;
(i) By, < 380G

The existence of estimators F, w, satisfying (i) and (ii) is guaranteed by the fact that © r (Kg) is
non-empty and u* € @ (Kg). We can then write

o0
|Fp = FING = 60) < Y [ Fjy — Fal + 1Fp = Fugl + | Fy — FIIL(AY)
k=1
(50)
o0
= Uik + b+ Ball(A).
k=1
‘We have
I 3 1(AR) < [Byy, + el€a.,, — Eal11(AR)

1
=< |:§5Q(&p,k) +¢& sup |§U,p,k - %_v|i|1(Ak)a

Vi, fc'rﬂk
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where the second inequality follows from the definition of ;. Hence, by the Cauchy—Schwarz
inequality and Lemma A.1,

{Erl] J(AO}"

1/2r
<1e0@,,)PY (Ak>+s{EF sup |su,,lk—su|2’} [Pr(A]Y*"

Vi) <Gy

(51)
< 160G OPY (AL) + cele(G) + 5, PR (AT

<ceQGu)Pr(A]V.
Furthermore,

LAY < [1Fa — Ful — 360601140 + 1 06,,)1(Ar)
[Ry + 1050 ]1(AY

[Rus + 3605, +8]1(A)

[Ru

ARy > 0) + 305 y,) + 8]1(Ar),

IN - IA

IA

where the second inequality follows from the definition of Iéu and the third from the definition
of & and the monotonicity of Q(-). Arguing as in (46) and (47), and using the Cauchy—Schwarz
inequality, we obtain

{Erl3 1AM
< {ErRZA(Rys > O} [Pr(AD]YY + (3065 + 8)[Pr (A1

- (52)
< (Bur + ceomn) [Pr(AO]Y + (360G y,) + 8)[Pr(AD]”
<ceQGuMPF (AT
Finally,
{Er 15, 1A < By [Pr(ADIY" + e(Blg, 7}/ [Pr(AD]
< 360Gu)IPFAON + 66y, [PF(AD] (53)

< ce QG IPr(ADTY?,
where we have used the definition of . Combining (51), (52) and (53), we obtain
{ErI] JAOY + Er 1L LA +{Er 1A <ceQGu )M PrADIYY . (54)

In order to complete the proof, we need to bound Pr(Ay) from above.
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49, Note that for any integer 1 < m < k, by definition of ji, we have Ay C {&,1 > Oy}
Hence,

A CH{op >0}
C{Ry +£0(57) < Ry, +60Gy, ) +8)
R +60G,,) > 36QE7) — 8]
< {Ruy +60G ) > 360Gy ) — 8},

where the second inclusion is by (25) and the third is by the monotonicity of Q(-). Furthermore,
using assumption (E), we have

(55)

1
=0Q0u_) — 00u_,)

2
- Ctm
= 20e(0y, 1)+ Uuk /1450 ln —L — 300e(Guy_y) — Oupma| 1+ 5110 -
2 Omin Omin
! om= 1 M 2 5/Lk_m
>z —1|0e(Gu_,) +0uys 1+%11n 1+In
2 ‘min Omin
1 aﬂk —m
= 5%()6(0—”,,( m) + Uﬂk m 1 + 3! In
- E Q(&ﬂkfm)’
provided that m >3 Vv [1 4 (In3/Inc,)]. Choosing
m=mop:= |1+ (n3/Inc.)] Vv 3, (56)

we obtain that

1
Pr(Ag) < ]P)F{ Pk—my EgQ(a—,ukfmo) - 5}

= PF{BM—MO

1 1
+¢€ sup |:|§uk—m0,v &l - EQ(&Mk—mo)i| > ZgQ(auk—mo)} (57)

DR Zé#k*mo

1
= IP)F{ sup I:Iéuk—mo,v & - ESQ(&M]{—I’HO)} > O}

V:0y Zéuk —mgy

21 /64
Omin
S 4( ~ ) 9
Uﬂk—;710
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where the first inequality is by (55), the second is by the bound on Iéu (see (46)), the definition
of § and the monotonicity of Q(-), the third is in view of the definition of the p;’s and the fourth
inequality follows from Lemma A.2.

59. Now using (54) and (57), we bound {Ef|Fj; — FI"1(&; > 6,4)}/7; see (50).

Let mq be given by (56) and, for the sake of brevity, set y = 51 /64. Then,

- Omin \ /@) o\ Y@
Z [PF(Ak)]l/zr < C(ﬁ) 2mo)//(2r) Z 2= ky/(2r) < ( mm) 2,,,10},/(2},).
k=mo+1 O k=mo+1 Ou*

Moreover, using assumption (E), we obtain

Y 0GuIPE(AN]

k=mqo+1

= Crmin y/(@2r)
<c E |:%06(U;Lk)+0uk 1+ ln i|<~—>
k=mo-+1 Omin 1\ Oki-mo

o\ Y/ o0
< 61%02”[0)//(2”(%) e(&ﬂ*) Z Cécszy/(Zr)
" k=mo+1

moy /Qr) = omin )/ o k—ky /(2r) 2k,
+ c2mor/@ng L[ 2 > 2t 14 5 1n
O k=mo+1 Omin

2, ~
< ¢omoy/(2r) ( Omin v 5 5 I
<c  — e (oyx) +0yx [ 14 221 In ,
Opu* Omin

(58)

o \ ¥/
cermen (7)™ g5,
O

because, by our choice of sr1, y = 5/64 > 2r(InC,/1n2), which implies that the sums on the
right-hand side are finite. In addition,

Omin

mo mo 5
> 06 = Z[%oe(&uk) + &gy 1+ 2 In £ }
k=1

<%0€(GM*)ZC + 6, 1+%11n ZZ"—}-ZJM,/%l]n szf (59)

k=1

=cQ@Ou);

here, we have used assumption (E).
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Therefore, combining (54), (50), (58) and (59), we finally obtain

{Ep|Fy — FI'1(6; > 6,0))1"

) o0
<cie) 0Gu)+ce Yy Q6EuIPFADY <ceQGyr).

k=1 k=mo+1

This inequality and (49) lead to the statement of the theorem.

6. Proofs of Theorems 2, 3 and 4

The proofs of Theorems 2, 3 and 4 use upper bounds on the function ex, (-) defined in (19).
Therefore, we begin this section with two lemmas establishing such bounds. We then present the
proofs of Theorems 2, 3 and 4.

6.1. Bounds on function ey ()

For fixed x € Dy, consider the random process {1,,,(x), u, v € O} given by

nu,v(x) = E/A,U(x) —&(x) = /[K/A,v(t» x) — K, (t,x)]W (1), H,vEB.
For A, A" € ®, define

D) = 1K — Kyrllzoes  Ka(x) = Ka(ox) /1Ko G, 0) |23
oG A = sup|l — K C, 0) 12/ 1K ¢ x) 2]

The next lemma establishes an upper bound on the intrinsic semi-metric of the process
{Uu,v(x), /JLv vV E ®}

Lemma 1. Let

PLGL ). (' T = Bl 0 (0) = ()

(1) Then, for all v, ' ,v' € ©, we have

Pl v), (1, V)] =26, ()P, V) + p (v, V)] + G ()P, 1) + p(pt, 1)1 (60)
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(i1) In addition, suppose that ® = ®lj=1 ®; and 0 = (61,...,6;), where 0; € ©;, j =

.....

1
PN < Y supllKy , —Kg ilboo  VAM €O, 1)
=16 S 1
AjFEN,
Proof. (i) We have
oL, v), (W )] = || (Ko u (. x) = Ky (%)) = (K (4 x) — Ky (4 0) |,
S NKv o x) = Ky ) 2+ 1K Cox) = Ky (L) 12
S Ky x) = Koy o)l 4 1Ky G x) = Ky (L6 [l
+ 1Ky (ox) = Ky (L 0) 12

= ||KV,,1L(‘7 X) — KU/,/L('v X2 + ”KM,U/('5 x) — K;L’,v’(', x)|2
+ 1Ky, x) — Ky (- x) 2,

where the last line follows from assumption (K1).
Thus, to prove (60), it suffices to show that for all A, \" € ©,

sup 1Kx0C,x) = K a(, X)ll2 <80 (p(, A) + p(h, ). (62)
6

Let us prove (62). Indeed, using the Minkowski inequality, we get, for all 6 € ©,

2
1Ko (o) = Ko g (o )2 = \/ / ( / Ko (v, 0K (t, ) — Ky (2 )] dy) dr

=< / |Ko (v, OINKL(C, y) = K (-, y)ll2dy.

Moreover, for all y,

1K, ) = K o) ll2 < HK G DI KL G y) = Koo G )l + (1K Gl = 1Ko G ) |
< IKLC0I2BGRL ) + p(r, A1),

It remains to note that by definition,

Go(x) = ;“gf 1Ko Gy, Ol ()2 dy v o0 (3),.

(i1) The statement follows immediately from the triangle inequality. (I

Using general results of Lemma 1, we now establish an upper bound on the intrinsic semi-
metric of the Gaussian process 7, with index set ® =H x £.
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Lemma 2. Let Ky g be the family of kernels defined in (34). Then, for all 1, v,v' € H x &, we

have 172
) +2

Proof. Letv=(h, E), v = (W', E") € H x £. Our current goal is to bound p (v, v’) from above.
For this purpose, we apply Lemma 1 with © =H x &.
In view of (33), (34) and Remark 7, we have

d

Pl v), (V] < 26—U(x){M(Z

i=1

d g
1—]_[hi

i=1

p_h
h

/ min

+Mdh7 |E—E |2}

-1 -1
loy £ Gn.e — 0y G £ ll2

d 1 4] 17 d 1 11 tq ? 172
G(—.... —|G(—.....=)| 4
/(Hhm) (m hd> (E [h;]l/z) (ha h;) t}
d N N 2 12
=||G||;1 /G(tl""’td)_(H‘/hi/h;)G<ﬁt]"”’étd> dt}
i=1
2 172
G h hy
(t,...,t5) — G h—/l‘l,.. W —1 dr (63)
1 d
Iy 172
1—1_[,//1//1/ {/ <_t1""’h/ )dr}
1/2
} +]_[,/h/h 1—]_[,/h/h’
d
L=T ki hil:
i=1

=G5!

—1
=Gl

+ G,

17

d
SIIGIIZ'M{Z

i=1

1

W12 172

1

<ul3-

i=1

here, we have taken into account (32) and the fact that |G| > 1.
Furthermore, if H = diag(hy, ..., hgq}, then

—1 -1 —1
”O-]LEGh,E - O’h’E/Gh,E’HZ = O‘h,E”Gh,E —Gpel2

d 1/2
= ||G||;11"[h§/2{/ Gh(ETt) - Gh<<E’>Tt>|2dr}
i=1
1/2
= ||G||;1{f IGH™'E"r) - G(H‘(E’)Tr>|2dr} (64)

1/2
< ||G||;1M{f \H(E - E’)Tﬂ%dz}

< Mdh-|E — E']s.

min
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Combining (63), (64) and using (61), we obtain
2y 1/2
} .

pw V) =1 =0y /oy pr| =

d

Py, ) < M{Z

i=1

d

1—[]/hi/hi

i=1

hi
1— =2

" + Mdh= |E - E'},.

min

Observe, also, that
d

L=T [ /R hil-

i=1

Applying Lemma 1(i), we complete the proof. (]

Lemma 3. There exist constants Cy, Cy and C3 depending on G and d such that the following
statements hold:

(1) if Ksy is the family of kernels defined in (35) and o > 1, then
ek, (0) <Ciovino Vo € Ty,
(1) if Kap is the family of kernels defined in (41) and In(hmax / Amin) > 1, then
e,y (0) < Cao [/ InIn(hmax/ hmin) + 1] Yo € o,y

(iii) if KCp is the family of kernels defined in Section 4.4 and o > 1, then

ek, (0) < C30y/In(1 +In(0/Omin)).-

Proof. Throughout the proof, c, ¢y, ¢z, ... denote positive constants depending only on G and d.
They can be differ from appearance to appearance.

19. Let Kg; be the family of kernels defined in (35). Let omin and omax be as defined in (37)
and fiXx o € [omin, Omax]- Here, v = (h, E) and the index set of the corresponding random process
{40 — &) is given by (v:5y <0} =[he, hmax] X &, where hy = c1h 8 o2 (see (36)).

Lemma 2 implies that the following upper bounds holds on the semi-metric pg; of this process:

!

+ 21 m
hy

psil(w, v), (u,v)]<26{M‘ + Mdh,; |E—E’|2},

for all v, v’ such that &, v &, < o. Note, also, that by (18),

sup var(§,,—&,) <2 sup G, =20. (65)

v:ioy <o v:oy<o

The number of balls N1(¢) of radius ¢ in semi-metric c20 {|1 —h1/h}|+|1—h}/h1|} covering

the set [ho, hmax] = [c1h ;8 072, hmax] admits the following upper bound:

N1(¢) <In(c30%hd, ) In~ (1 + cago™).
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The number of balls N>(¢) of radius ¢ in the semi-metric ¢so|E — E’|; covering £ does
not exceed (c6ah;1§‘_l)d_l = (C7G3hfnz,f _l)d_l. Thus, the total number of balls covering
[ho, hmax] X € equals N1(£)N2(¢). Hence, using the bounds on N1 (¢) and N2(¢), (65) and the
bound on the supremum of a Gaussian process in terms of the Dudley integral (see, e.g., Lifshits

(1995), Section 14), we conclude that

/G[\/lan(g) —i-\/lnNg({)]d{ <covIno.
0

The first statement of the lemma is proved.
20, For the family of kernels KCqy of Section 4.3, we have v = h € H,,, where H,, is defined
in (40). Note that the set g, consists of the single point

—1/2
o* = |GILIIG 2 [ey/InIn(1/e)] /Y,

It follows from Lemma 2 that the semi-metric p4 g of this process admits the following upper

bound:
2) 1/2

The number of balls N(¢) of radius ¢ in the above semi-metric covering the index set H,, does
not exceed

d
panL(. V), (1. V)] < 2o*M<Z

i=1

hi

1 —
W

N (&) < [In(hmax/ hmin) I~ 4 12 /0)]4.

Hence, applying Lemma A.4 (see Appendix), we obtain

/U VvInN(¢)d¢ < 02‘7*[\/ InIn(Amax/ Amin) + 1]~
0

39, For family of kernels Kp, we have v = h| € [Anin, fmax] and

~ —d/2 —d/2
&n, = IG* 11 I1G* I2h7 "2, Omin = 1G* 111G l2hmat- Omax = [G*[[1|G™I2h

h/ d
21— (L
* ‘ <h1> }
for all v = hy, v' = h/ such that 63, v&hzl <o.

For fixed 0 € [Omin, Omax], We set hg = (]|G*||1]|G*||l20 ~1)?/2. The number of balls N (¢) of
radius ¢ in the semi-metric pp covering the set [h4, hmax] does not exceed

—d)2

min

According to Lemma 2,

/ h
esl(w,v), (u,v)] SZU{Md‘l - h_’l
1

N(©) < In(c1hmaxo ™ In~1 (1 + ealco ™19,
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Hence,

/0 VInN()de < co\/ln(l + ln(U/Gmin))- O
0

6.2. Proof of Theorem 2

Throughout the proof, c, c1, 2, ... stand for constants depending only on d, G and r.

We show that ® ¢ ([Csy) is non-empty for any F € Fg;(«, L). Assume that F(t) = f(a)gt),
wo € S9!, where feH(x, L).

First, we note that in view of (36) and (38), there exist constants ¢y, ¢ such that

1 1 | 1
—In— < < —1In— VY(h, E E. 66
‘/hl o Q(0nE) =2 P (h,E) € Hy x (66)

Consider the family of kernels IC(S)I :={Gng:h € Hi1, E = Eo} C Ks1, where Ey is a fixed
orthogonal matrix whose first column is wg. Clearly, for any estimator associated with kernel
G, g, from IC(; ;> we have the following bound on the bias: | By, g, (x)| < Lh{ for all x. Moreover,
by (17) and the fact that M (Kg;) = ||G||1, we obtain

By 5, (x) < IGll1sup| By g, (DI < IGIW LAY VheH,.
y

Let h* = (A%, hmax, - - - » max) be defined by the balance equation

IGI L™ = 36 QGnr )

It then follows from (66) that

= c3[(e/L)y/In(e/ D)%Y, (67)

Note that for & small enough, 4} € [Amin, Amax] and by definition of 7, B+ By < ZEQ(Uh* Ep)-
We now show that (h*, Eg) € O (Ksr). To that end, fix o € [64* E,. Omax]. Consider the
estimator associated with parameter (h’, Eo) such that &y, £, = 0. Hence, by (36), h/1 =co 2 <

c&};%EO = h7 so that, in view of the monotonicity of the function Q(-),
By g, < IGllth()® < IG I LI = L6 Q@i 1)) < 26 QG ).
This shows that (h*, Eg) € © p(Ksy). Then, applying Theorem 1, we obtain
{Er| Fsi(x) = F)IM" < ceQ6n k)

Substitution of (67) completes the proof.



1180 A. Goldenshluger and O. Lepski

6.3. Proof of Theorem 3

If F e Fap(y, L), then there exists a* = (o, ..., o)) € Ay such that F € Hy(a*, L). Note that
under the premise of the theorem, we have, for any i € 'H,,, that

d
£Q(6p) = ce (]_[ hi1/2> VI imas/ Tomin) = e2[ey/InIn(1/6)]7/ @7+ = 14

i=1

Define h* = (h], ..., h}) by the following relation:
* 1 - (&9 .
d||G |1 L(h})% =§£Q(ah*)=?(p5 vVi=1,...,d. (68)

For ¢ small enough, h* € [Apiy, hmax]¢ and, clearly, h* € H,. Let ﬁh* be the estimator from
F(Kan) associated with kernel Gp+ (see (33)). We have the following upper bound on the bias
of this estimator: sup, |Bp+(x)| < L Zﬁl:] (h?)% . Moreover, by (17),

d
By-(x) < |Goll sup | By=(0)| < [IGINL Y (h)* <d|GILWL(h)™ = 30Gw),  (69)
X

i=1

where the last inequality on the right-hand side follows from (68). Because the set X is the
singleton {7+ }, inequality (69) implies that ® r (K 4z ) is non-empty. Application of Theorem 1
yields

(Ep|Fan(x) — FQOI'Y" < c360600) = cage.

The theorem is thus proved.

6.4. Proof of Theorem 4

Before turning to the proof of the theorem, let us make some remarks which will be used in the
subsequent proof.

l.Letslgl=1[s —d/p+d/q]l As,q €[], oo]. Then, due to the inclusion theorem for Besov
balls (Nikolskii (1975)), we have

B, o(d. L) CBy4.(d, L). (70)
In particular,
B, oo(d. L) S BL Y (d. L) € C(Dy). (71)

The last inclusion follows from the assumption of the theorem that s — d/p > 0. It also implies
slq] > 0.
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2. Let us introduce the following notation. For any § € (0, hpax], let A(h) = (b, ..., h) € Hp
and define

By () = / Gyt — VF @) dt — F(-) =: By (x), n=h(b),

By p () i= By (1) = By(x) = / Ghan (Y — By (»)dy, v="h(b"), (72)
By():= sup [By () — By ()| VIBy(l.
b’ €(0,hmax]

Let Ky (x), x € Dy, be the cube centered at x with side length equal to b. The possible values of
b are found from the condition x 4+ b € D for all x € Dy and, later, sup, denotes the supremum
over this set.

Assuming, without loss of generality, that the support of the function g belongs to [—1/2(|s |+
2),1/2(Ls] +2)1¢ (it also implies that the support of G* belongs to [—1/2, 1/2]¢), we obtain
from (72) that for all x € Dy and h € (0, hmax],

- 1
By(x) < Ci(s.)sup / |By ()| dy =: Ci (s, ) B™™ (x), (73)
b Ky (x)

wherei C1(s, g) is a constant depending only on ||g|lcc and s. To obtain (73), we used the fact
that By (x) is a continuous (even uniformly continuous) function of b, since F is uniformly
continuous on Dy and G* is bounded. The uniform continuity of F follows from (71) and the

compactness of Dy. Note that Bémax) () is the Hardy-Littlewood maximal function of By (-) (see,

e.g., Wheeden and Zygmund (1977), Chapter 9, Section 3).
3. The operator Ala has the following representation:

1
AL F(x)= Z (j) (=)/MF(x+ja) VI>1, Va>O0.
j=0

Therefore,

1
DAL F(x) = (l> —1)ItF ia) | — F(x).
(=D AL F () LX_; ISLARCEND (x)

Using this formula and the definition of the function G*, we obtain, for any § € (0, Amax],

Bh(x)=/G*(u){F(x+ub)—F(x)}du

[s]+2

. 1
= Y ! (L”j* 2) j—d/gw/j){F(x +ub) — F(x)}du
j=1
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s]+2

= /g(v){ Z (-1t (Lst—i—Z) F(x+vjh) — F(x)}dv

j=1
- (—1)D‘J+3/g(v)AL‘,')J”F(x)dv.
Therefore,

|By (x)| < C2(g) o AN E )| dv = Co(9)By(x)  Vx €Dy, (74)
[—1/2,1/2]

where C(g) is a constant depending only on ||g||~. Here, we used the fact that the support of g
belongs to [—1/2,1/2]¢.
Finally, from (73) and (74), we get

By(x) < C3(5, B™ (1) ¥h € (0, hmax], Yx € Dy, (75)

where, as before, B™ () is the Hardy—Littlewood maximal function of By () and C3(s, g) =
Ci(s, 8)C2(8).
The next important property of B,(]max) (+) follows from the definition:

sup Bgm*"‘) (x) <27BM(x) V1 € (0, hmax]. Vx € Dy. (76)
helr/2.7]

Indeed, for any § € [t/2, t], we have
By () == b—d/ |ASIT2F ()] du §2dt_d/ ABIT2E() | du
[(—b/2.6/2)¢ [—7/2.7/21¢

=29B,(").

4. Since ”Gz(b) 2 = IG*|l2h~4/% =: oy, the majorant can be rewritten in the form

0(h) := Q(04) = Chimel> Q% (hmax /),
where 0% (z) = z%/2/T+dInz, z > L.

Thus, for our particular problem, the set ®  (ICp) is
OF(Kp)=05%(Kp) ={h € (0, hmax]: By (x) < 360(h),¥h' <h},  xeDy.

Note that (75) and (71) imply that for all F' € ]B%;,,Oo(d, L) and all § € (0, Amax],

1Bylloe < C3(5. )| BI™ = C3(5. ) 1By oo < 2C3(5. 6) p |y F [
ve[—1,

< 210305, O[] suplaly [ APIRF| < LCats. g p .
a
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Therefore, there exists a constant ¢, depending only on s, g, p, d and L, such that
0,e1C O©%(Kp) VF eB), (d, L), ¥x € Dy. a7)
Putting, for all F € IB%;,,OO(d, L) and all x € Dy,
hr(x) =sup{h:h e O (Kp)},

we obtain from Theorem 1 that

RL (F)<C'e"  sup Q" (hF(x))dx.
FeB}, (d.L) /Do

Proof of Theorem 4. As already mentioned, the function Bh (+) is continuous in §. Evidently,
the function Q(h) is also continuous. Therefore, in view of the definition of hr(x), we have

By, ((x) =3e0(r(x))  ¥x €Do:hp(x) < hmax. (78)

Let kmax € N* be chosen in such a way that 2~ Kmaxpy < p o< 21 kmacy o where hpin = €.
Set

Io={xeDy: f)p(x) = Nmax},
Te = {x €Do:2 Fhmax <Hr@x) <2 hmax), k=T, kmax.

Note that the sets (I'x, k = 1, kpmax) form the partition of Dy since hr(x) > hpip for all x € Dy,
in view of (77). Therefore,

kmax kmax

1F= [ ortranar=ey [ trwya =Y nm. @
Dy k=0 '

k=0

Let gx € (1, r], k € N*, be a sequence of real numbers, to be specified later. Then, in view of (78),
we get Vk = 1, kpax,

I (F) = ¢ 4 2% g Q" (hF(x))(By ) (x)) ™ dx. (80)
k

It follows from (75) and (76) that

Bypo () =2/Ca(s, B, (x)  VxeTy, @81
Moreover,
Q(hr(x) < QQ  hmax) = Chal2M2 /T kdIn2  Vx €T. (82)

Thus, we have, from (80), (81) and (82), that

qk
o (83)

I(F) < C) [Eh;g){z]r—qk2kd(r—tIk)/2k(r—¢]k)/2 ” B;Iln_“kx})l

max
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Here and later, we denote by Cp, C», ..., the constants depending on d, s, p, r, g, L, but inde-
pendent of F and ¢.
We have, for all h € (0, hmax] and all F € B;’oo(d, L),

qk
/ |ALSH2F| dv
[-1/2,1/2)4

qk
542 qk
SC(CIk)|:/ Aag™Fl, dv:|
[—1/2,1/2)4

qk
<02[b Wsuplaly | AP F, }

|8y & < @0 By I = C g

(84)

< (Lsz)S[qk )4k — C3h4k5[qk )

Let us comment on the proof of (84). The first inequality follows from (Wheeden and Zyg-
mund (1977), Theorem 9.16), where the constant C(g;) depends only on gz and, moreover,
supj <4<, C(g) < oo for any fixed r. The second inequality follows from the Minkowski in-
equality for integrals. The last inequality is a consequence of (70).

Substituting h = 2! %A, in (84), we finally obtain, from (79) and (83), that for any F €
B oo (d, L),

kmax
I(F) < 04[( hf/z > + Z( ) (hmax)q”[qklz“kk(f‘Wz},
max

. (85)
M= qrslgr] — (r —qi)d /2, k=1, kmax.

Let us now con51der three cases.
Case 1. sp > d(r d¢=p) Choose gr =r A pforall k =1, kpax and recall that /i, = 2/ ¢+4/2)
Therefore,

dir—r A
Moreover,
‘ €
(hmax)b = hd/2 = ;.
max

Thus, we obtain from (85), for any F € B;yoo(d, L),
o0
I(F) <Cy [¢g +ol Y 2—“k<f—’”’>/2} < Cs¢l.
k=1
Case 2. sp = @. Choose g = p for all k = 1, kymax and recall that hpyax = 1/2. Therefore,

slgel = s, A =0.
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Taking into account that ky,x ~ In (1/¢), we obtain from (85) that for any F € ]B;,,Oo(d , L),

I(F) < Co[e" + & PlIn(1/e)]7P/*H] < Crgf.

The last inequality follows from the relation » — p = 2%2: -
Case 3. sp < 252 Recall that imax = 1/2 and g, = [e4/In1 /e ~4(1/P=1/n/(s=d(1/p=1/2),

Let he =[es/In1/c]*, z=1/(s —d/p + d/2), and define

[p. ifl<k <k
*=1,. if k> k*,

where k* € N* is chosen from the relation 2~*"*+1D < p, < 27%" Noting that

Ak:{,\l;zsp—@d, if1<k<k*,
A= (s—d/p+d/r)r, if k> k*+1

and again taking into account that kmax ~ In(1/¢), we get, from (85), that for any F €
B, o(d, L),

k* %
I(F) < Cs |:8r +[ey/In1/e] ™" ZQ*’W + Z 2kl2:|

k=1 k=k*+1
[[8 /ln l/g]r_pz—k*)nl + 2_(k*+1)}~2]
[[ev/Inl/e] " "h} +b22].

To obtain the second inequality, we used the fact that A; < 0 and X, > 0. It remains to note that,
in view of the definition of b,

<Gy
<Gy

[e lnl/,s]r_fpl)gl =h2 =y O
Appendix

Proof of Proposition 1. We have, for all u, v € ® and all x € Dy,
Buy(x) = f Ky (6, ) F () df — F(x) = f [ / Ko(t. ) Ko (s x)dy]F(r) dr — F(x)
D DLID,
_ f Ku(y.x) [/ Ko, E() dt] dy — F(x)
D D

:/D Ku(y,X)[/DKM(Ly){F(I)—F(y)+F(y)}dt]dy—F(X)
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= [ K008, 00ay+ B
The fifth and sixth equalities follow from the second and first lines of (7), respectively. (]

Lemma A.1. Forany u € ® and r > 0, we have

1/r

{E sup Iéw—svlr} < Crlecy () +26,),
v:0, <0y,

where

1, r<I1,

C. = 00 2 L/r
r= [&f (t\/l)r_lexp<—5> dt] . or>1.
0

Proof. For brevity in the proof below, we will write e(-) = exc, (+).
The statement for r < 1 follows immediately from the definition of the function e(-). If r > 1,
then

00
E sup |€v,u_§v|r:r/ tr]]P{ sup |§v,u_€v|>t}dt
0

V:6, <6y V6, <0y
o0
56’(&M)+r/ t’_l]P’{ sup &y, — &l >t}dt
e(ou) V:6, <Gy

= (6u) + r/ [t + e(&u)]r]]P’{ sup &, — &l —e(Gy) > t} dr
0

V6, <0y

00 t2
<G+ 2r/ [t +e(G)1 ! exp{——z}dt,
0 2 Supv:&,,féﬂ O,u,v

where the last inequality follows from the fact that e(o) > ep(0) and Lemma A.3 below; recall
that var(§, , —&,) = U,%,w Inequality (18) implies that SUP,,.5, <5, Op.v = 26,,; hence, continuing
the preceding chain of inequalities, we obtain

o0 2
<eée'(6,)+ Zr/ [t + e(&,i)]’*1 exp{— St } dr
0

~2
g

=" (6,) +4rd, / {216, 4 e(G,)) " exp(—12/2) dt
0
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o
<€ (6p) +4r6,[26, + e(G,)] ! / (t v 1) lexp(—1*/2)dt
0

o0
< 8r[26, +e(&u)]’/ (tv 1) "Lexp(—1?/2)dt.
0
This completes the proof. O

Lemma A.2. Let assumption (E) hold and let the function Q be given by (21) with sy > 2C,
and 1 > 64. Then, for any u € ® and t > 0,

1 Omin >1/64 12
IP’{ sup [ISN =&l — gQ(c?u)} > t} §4< = ) exp{—@}. (86)
n

V:6y 25;1. "

Moreover, if sc; > 128r, then
ryl/r
{E[ sup |‘§u,v —&)| — %Q(&v)] } < COmin, &7
v:&\}Z&/L +

where C is a constant depending only on r.

Proof. As previously, we will write e(-) = exg ().
Define Ny = {v:2¢715, <&, <2%6,} fork = 1,2, ... and write

P{ sup [16.0 — &l — 30(6)] > 1 SZP{ sup[|su,v—sv|—%Q<&v)]>z}. (88)
k=1

V0, >0y VENy

Since Q(o) is monotone increasing in o,

1 -
IP{ sup |:|§/L,U — &) — EQ(a—u) > t}

VEN

1 -
<Pj sup |§;L,v —&|>t+ EQ(Zk_IUM)}

VEN

<P{ sup |s,w—sv|—e(zk&ﬂ)>t+%Q(zk_l&p—e(zk&ﬂ)}

v:&l,§2k&#

1
=P! sup |gu,v—sv|—e(zk&ﬂ)>r+§%0e(2k—1&u)

v:6, <2kG,

k=17
2k,

+2572G, [1+4 5 In - e(2k6M)}

Omin

k= k=2~ 2715,
<P sup  |Euv — &l —eR0y) >t +2"""0,,[1+31n ,
VG, 52"&# Omin
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where the last inequality follows by assumption (E) and choice of the constant s¢. By (18),

sup  var(§uw —§) = sup oy, <2%FIGL;
v:&USZ"&# v:&VSZk&M
hence, using Lemma A.3, we obtain
1 1(t +ar)?
P{ sup [Ié v—&l—50(@ )] >t} SZGXP{——i ;
LeNk S T 2 B

where we have denoted for brevity

a = 2k—2&M\/ 450 %16, fomin), b = 257125,

Noting that
{ (t+ak)2}< { ﬂ} { ag}
eXpl———=5 [ SeXP\ =5 (XPy 5
2b;, 2b;, 2b;,
64
expy — ! —(k=1)3¢1 /64 ( Imin g
- 16&5 Oy ’
we have
1 £2 oo\ 71/64
P{sup |:|§u,v_$v|__Q(C7v)j| >t}§21_(k_1)”'/64e><p{— 2}( I‘““) . (®9)
veN, 2 160” Opu

Summing up over k = 1, 2, ... and taking into account (88), we arrive at (86).
We now prove (87). Using (89), we have

1 r O 21 /64 00 £2
E[sup |su,u—su|——Q(&u>} szl—“—“m/@‘(ﬁ) r/ r’—lexp{——~2}df
ve N, 2 + om 0 166,
L\ #1/64
< (2~ (k=1)3c /64 ( Omin 5
= &M "

This implies that

1 ryl/r o0 1 r 1/r
{E[ sup Eu,u — & — 5 Q(&v):| } < {ZE[SUP |Ep.,v —&|— 5 Q(f}u):| }

VioyZoy + k=1 VEN +

omin \ [ s /64 v
Scu<6ﬂ> > 2t

2
- Omin
SCG;L< = = COmin,
[e2
w
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because of our choice of . O
The next result can be found in, for example, Adler and Taylor (2007).

Lemma A.3 (Borell, Tsirelson and Sudakov). Let X;, t € T, be a centered Gaussian process,
a.s. bounded on T . Then, for all u > 0,

P{sup X;>Esup X; + u} < CXp{—MZ/ZO’%}
teT teT

and hence

IP’{sup |X,| > Esup|X;| + u} <2exp{—u®/20}},

teT teT

where 0% = sup; 7 var(X;).

Lemma A4. Leta > 0 and aoc < exp(l) — 1. Then,

o VInln=(1 + ao)
/‘\/mdnfexl;(l) Inln (1—1—&0’){1jL 1 }
0

In(1 4+ ao) 21nln71(1 +ao)

The proof is immediate.
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