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We consider the fragmentation at nodes of the Lévy continuous random tree introduced in a previous
paper. In this framework we compute the asymptotic behaviour of the number of small fragments at
time 6. This limit is increasing in @ and discontinuous. In the a-stable case the fragmentation is self-
similar with index 1/a, with a € (1, 2), and the results are close to those Bertoin obtained for general
self-similar fragmentations but with an additional assumption which is not fulfilled here.
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1. Introduction

A fragmentation process is a Markov process which describes how an object with given
total mass evolves as it breaks into several fragments randomly as time passes. Notice there
may be loss of mass but no gain. Such processes have been widely studied in recent years;
see Bertoin (2006) and references therein. To be more precise, the state space of a
fragmentation process is the set of non-increasing sequences of masses with finite total
mass:

+00
Sl:{SZ(sl,sz,...); s;=s=...=20 and Z(s):Zsk<+oo}.
k=1

If we denote by P, the law of an S'-valued process A = (A(f), @ = 0) starting at
s =(s1, 52, ...) € S', we say that A is a fragmentation process if it is a Markov process such
that 6 — X(A(0)) is non-increasing and if it satisfies the fragmentation property: the law of
(A(0), 8 = 0) under Py is the non-increasing reordering of the fragments of independent
processes of the respective laws Py, 0..), Ps,0,.), ---. In other words, each fragment after
dislocation behaves independently of the others, and its evolution depends only on its initial
mass. As a consequence, to describe the law of the fragmentation process with any initial
condition, it suffices to study the laws P, := P, ) for any r € (0, +o0), that is, the law of
the fragmentation process starting with a single mass 7.

A fragmentation process is said to be self-similar of index «' if, for any » > 0, the
process A under P, is distributed as the process (rA(r®6), @ =0) under P;. Bertoin
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(2000b) proved that the law of a self-similar fragmentation is characterized by the index of
self-similarity a', an erosion coefficient ¢ which corresponds to a rate of mass loss, and a
dislocation measure v on S which describes sudden dislocations of a fragment of mass 1.
The dislocation measure of a fragment of size r, v, is given by [F(s)v,(ds) = re
[ F(rsyv(ds).

When there is no loss of mass (which implies that ¢ =0 and a’ > 0), under some
additional assumptions, the number of fragments at a fixed time is infinite. A natural
question is therefore to study the asymptotic behaviour when e goes down to 0 of
N¢(0) = Card {i, Ai(0) > ¢}, where A(0) = (A1(0), Az(0),...) is the state of the
fragmentation at time 6; see Bertoin (2004) and also Haas (2004) when o’ is negative.

The goal of this paper is to study the same problem for the fragmentation at nodes of the
Lévy continuous random tree constructed by Abraham and Delmas (2005).

Le Gall and Le Jan (1998a, 1998b) associated with a Lévy process with no negative
jumps that does not drift to infinity, X = (X,, s = 0) with Laplace exponent v, a
continuous state branching process (CSBP) and a Lévy continuous random tree (CRT)
which keeps track of the genealogy of the CSBP. The Lévy CRT can be coded by the so-
called height process H = (H, s = 0). Informally, H, gives the distance (which can be
understood as the number of generations) between the individual labelled s and the root, 0,
of the CRT. The precise definition of 9 we consider is given at the beginning of Section
2.1.

In order to construct a fragmentation process from this CRT, Abraham and Delmas
(2005) mark the nodes, of the tree in a Poissonian manner. They then cut the CRT at these
marked nodes, and the ‘sizes’ of the resulting subtrees give the state of the fragmentation at
some time. As time 60 increases, the parameter of the Poisson processes used to mark the
nodes increases as well as the set of the marked nodes. This gives a fragmentation process
with no loss of mass. When the initial Lévy process is stable — that is, when (1) = A%,
a € (1,2] — the fragmentation is self-similar with index 1/a and with a zero erosion
coefficient; see also Aldous and Pitman (1998) and Bertoin (2000a) for a =2, and
Miermont (2005) for a € (1, 2). For a general subcritical or critical CRT, there is no more
scaling property, and the dislocation measure, which describes how a fragment of size » > 0
is cut into smaller pieces, cannot be expressed as a nice function of the dislocation measure
of a fragment of size 1. Abraham and Delmas (2005) give the family of dislocation
measures (v,, r > 0) for the fragmentation at nodes of a general subcritical or critical CRT.
Intuitively v, describes the way a mass r breaks into smaller pieces.

We denote by N the excursion measure of the Lévy process X (the fragmentation process
is then defined under this measure). We denote by o the length of the excursion. We have
(see Section 3.2.2 in Duquesne and Le Gall 2002) that

N[l —e?]=y'A), (1)

and 1! is the Laplace exponent of a subordinator (see Chapter VII in Bertoin 1996), whose
Lévy measure we denote by mx. The distribution of ¢ under N is given by 7x. As 74 is a
Lévy measure, we have f(o o) (1 A7) my(dr) < co. For € > 0, we write
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Tx(e) = mx((e, 00)) = N[o > €] and o¢(e) = J ravs(dr) = N[o 1y, <]
(0.¢]
If A(O) = (A1(0), Ax(0), ...) is the state of the fragmentation at time 6, we denote by
N?(0) the number of fragments of size greater than &, given by

+00

NEO) = Lia0=e) = sup{k = 1, An(6) > ¢},
k=1

with the convention sup @ = 0. And we denote by M?(0) the mass of the fragments of size
less than &,

+00 +o00
MAO) = AOlp,0=e) = Y. Ax(O).
k=1 k=N¢(0)+1

Let 7 ={s=0, X; > X,_} and let (A,, s € J) be the set of jumps of X. Conditionally
on (Ag, s € J), let (T, s € J) be a family of independant random variables such that T
has exponential distribution with mean 1/A,. T is the time at which the node of the CRT
associated with the jump A, is marked in order to construct the fragmentation process.
Under N, we denote by R(€) the mass of the marked nodes of the Lévy CRT:

RO)= Y Al
seJN[0,0]

The main result of this paper is then the following theorem:

Theorem 1.1. We have
Ne) .. M*0)
e—0 Tx(e) =0 @(e)

in L*(N[e P?.]), for any B > 0.

R(0)

We consider the stable case (1) = A%, where a € (1, 2). We have
ax(dr) = (al(1 — a )17V dr,

which gives

Fx@) =TI —a ) 'e ™" and ¢(e) = ((a — DI —a™)) el
From the scaling property, there exists a version of (N,, » > 0) such that, for all » > 0, we
have N,[F((X,, s € [0, r])] = Nl[F((rl/“XS/,, s € [0, r]))] for any non-negative measur-
able function F' defined on the set of cadlag paths. The proof of the next proposition relies on
a second-moment computation (see (20)). It is similar to the proof of Corollary 4.3 in Delmas
(2006) and is not reproduced here.

Proposition 1.2. Let y(A) = A%, for a € (1, 2). For all 0 > 0, we have N-almost everywhere
or Ni-almost surely,
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limF<l - l)el/o‘Ng(B) = lim(a — 1)F<1 - l) A/llj—@ = R(6). (2)
£—0 a £—0 a) el-1/a

Remark 1.1. Notice the similarity with the results in Delmas (2006) on asymptotic behaviour
of the small fragments for the fragmentation at height of the CRT: the local time of the
height process is here replaced by the functional R.

Remark 1.2. Let us compare the result of Proposition 1.2 with the main theorem of Bertoin

(2004), which we now recall. Let A be a self-similar fragmentation with index o > 0, erosion
coefficient ¢ = 0 and dislocation measure v. We set

oo
o0 = (Z T—_— 1>vl(dx),
i=1

@)= | D wilgggvi(d),
Sti=l

2
gn(e) = l (Z xil{xi<s}> v1(dx).
St \i=1

If there exists § € (0, 1) such that ¢, being regularly varying at 0 with index —f (which is
equivalent to fj being regularly varying at 0 with index 1 — f3), and if there exist two positive
constants ¢, 17 such that

g(e) < ¢fj(e)log1/e) 7, 3)
then almost surely
Ne(O) .. M“(6) Je > 8
im = lim = Ai()*P du.
e=0 pp(e)  e=0 fu(e) o ;

In our case, we have ¢ and 7« equivalent to ¢, and f; (up to multiplicative constants;
see Lemmas 5.1 and 5.2). The normalizations are consequently the same. However, we have
here g,(e) = O(f %(8)) (see Lemma 5.3) and Bertoin’s assumption (3) is not fulfilled. When
this last assumption holds, remark that the limit process is an increasing continuous process
(as O varies). In our case this assumption does not hold and the limit process (R(6), 8 = 0)
is still increasing but discontinuous as R(f) is a pure jump process (this is an increasing
sum of marked masses).

The paper is organized as follows. In Section 2, we recall the definition and properties of
the height and exploration processes that code the Lévy CRT and we recall the construction
of the fragmentation process associated with the CRT. The proof of Theorem 1.1 is given in
Section 3. Notice that the computations given in the proof of Lemma 3.1 based on
Propositions 2.1 and 2.2 are enough to characterize the transition kernel of the
fragmentation A. We characterize the law of the scaling limit R(6) in Section 4. The
computations needed for Remark 1.2 are given in Section 5.
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2. Notation

2.1. The exploration process

Let 1 denote the Laplace exponent of X : E[e *X:] = e®¥™® 1 > 0. We shall assume there
is no Brownian part, so that

P(A) = agh + J a(de)[e ™ — 1+ 4],
(0,4-00)

where ap = 0 and the Lévy measure 7 is a positive o-finite measure on (0, +00) such that
J(O, o0 (¢ A 1?)7(df) < oco. Following Duquesne and Le Gall (2002), we shall also assume that
X is of infinite variation almost surely, which implies that J}o,n £7(dl) = co. Notice that these
hypotheses are fulfilled in the stable case: ¥(1) = A%, a € (1, 2). For A = 1/¢ > 0, we have
e — 14 A0 = J A1 =y, which implies that 1~'9(4) = ag + [, ., £ 7(df). We deduce
that

fim oo =% @

The so-called exploration process p = (p,, t = 0) is a Markov process taking values in
M, the set of positive measures on R,. The height process at time f is defined as the
supremum of the closed support of p, (with the convention that H, =0 if p, =0).
Informally, H, gives the distance (which can be understood as the number of generations)
between the individual labelled ¢ and the root, 0, of the CRT. In some sense p,(dv) records
the ‘number’ of brothers, with labels larger than ¢, of the ancestor of ¢ at generation v.

We recall the definition and properties of the exploration process which are given in Le
Gall and Le Jan (1998a, 1998b) and Duquesne and Le Gall (2002). The results of this
section are mainly extracted from Duquesne and Le Gall.

Let I = (I;, t = 0) be the infimum process of X, [, = infy<,<,X,;. We will also consider,
for every 0 < 5 =< ¢, the infimum of X over [s, #]:

I = inf X,.

SSrs<st

There exists a sequence (&,, n € N™) of positive real numbers decreasing to 0 such that

. 1
H, = kh_{l; a JO l{XX<F,+sk} ds
exists and is finite almost surely for all ¢ = 0.

The point 0 is regular for the Markov process X — I, —1 is the local time of X — I at 0,
and the right-continuous inverse of —/ is a subordinator with Laplace exponent 1~! (see
Chapter VII in Bertoin 1996). Notice that this subordinator has no drift thanks to (4). Let
7« denote the corresponding Lévy measure. Let N be the associated excursion measure of
the process X — I out of 0, and ¢ = inf{# > 0; X; — I, = 0} be the length of the excursion
of X — I under N. Under N, Xy = I, = 0.

For u € My, we define H" = sup{x € supp u}, where supp u is the closed support of
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the measure . From Section 1.2 in Duquesne and Le Gall (2002), there exists an M /-
valued process p° = (p?, t = 0), called the exploration process, such that:

e almost surely, for every ¢ =0, we have (p%, 1) = X, — I,, and the process p° is
cadlag;
the process (H? = H", s = 0) taking values in [0, oo] is lower semi-continuous;
for each ¢ = 0, almost surely H? = ﬁr;

e for every measurable non-negative function f defined on R,

=] s
[0,1]
or equivalently, with J, being the Dirac mass at x,

pidry =Y (I} =X )0 p(dr).
)?i‘flt;

In the definition of the exploration process, as X starts from 0, we have py = 0 almost
surely. To obtain the Markov property of p, we must define the process p starting at any
initial measure u € M. For a € [0, (u, 1)], we define the erased measure k,u by

kau([0, 7]) = w([0, r]) A ((u, 1) — a), for r=0.

If a > (u, 1), we set k,u = 0. In other words, the measure k,u is the measure u erased by a
mass a backward from H*.

For v, u € M/, and u with compact support, we define the concatenation [u, v] € M,
of the two measures by

([, v], f) = (. ) + (v, f(H" + 1)),

for f non-negative measurable. Eventually, we set for every u € M, and every ¢ > 0,

pr = Lk_ru, p°1.

We say that p = (p,, t = 0) is the process p starting at pg = u, and write P, for its law. We
set H, = H’'. The process p is cadlag (with respect to the weak convergence topology on
M) and strong Markov.

2.2. The fragmentation at nodes

We recall the construction of the fragmentation under N given in Abraham and Delmas
(2005) in an equivalent but easier way to understand. Recall that (A, s € J) is the set of
jumps of X and T, is the time at which the jump A, is marked. Conditionally on
A5, s€ ), (Ts, s € J) is a family of independent random variables such that 7 has
exponential distribution with mean 1/A;. We consider the family of measures (increasing in
0) defined for 6 =0 and ¢ = 0 by
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ml(dr) =Y 1{z<g) Op,(dr).

0<s<t

X, <I
Intuitively, rh? describes the marked masses of the measure p;, that is, the marked nodes of
the associated CRT.

Then we cut the CRT according to these marks to obtain the state of the fragmentation

process at time 6. To construct the fragmentation, let us consider the following equivalence
relation RY on [0, o], defined under N or N, by

sR't = ml([H,,, Hy]) = m((H,,, H]) =0, (5)

where H,, = inf,¢[, 4 H,. Intuitively, two points s and ¢ belongs to the same equivalence
class (i.e. the same fragment) at time 6 if there is no cut on their lineage down to their most
recent common ancestor, that is, ﬂzf puts no mass on [H,;, H;] nor n?? on [H,;, H;]. Notice
that cutting occurs on branching points, that is, at nodes of the CRT. Each node of the CRT
corresponds to a jump of the underlying Lévy process X. The fragmentation process at time
0 is then the Lebesgue measures (ranked in non-increasing order) of the equivalence classes
of RY.

Remark 2.1. In definition (14) of Abraham and Delmas (2005: 12), we use another family of
measuges m(te). Frce)m their construction, notice that 7’ is absolutely continuous with respect
() (0)

to m;  and m;’ is absolutely continuous with respect to iﬁ?, if we take T, =

inf{V,, u >0}, where > ,~00y,, is a Poisson point measure on R, with intensity

Ag1y,>qy; see Section 3.1 in Abraham and Delmas (2005). In particular, m; and m(,o) define
the same equivalence relation and therefore the same fragmentation.

In order to index the fragments, we define the ‘generation’ of a fragment. For any s < o,
let us define H?, =0 and, recursively for k € N,

H*' = inf{u =0, m?((HE, u]) > 0},
with the usual convention that inf & = +o0o. We set the ‘generation’ of s as
K, =sup{j € N, H/ < 4oc}.

Remark 8.1 in Abraham and Delmas (2005) ensures that K is finite N-almost everywhere
and that the ‘generation’ is well defined. Notice that if sR%¢, then Ky = K,. In particular, all
elements of a fragment have the same ‘generation’. We also call this ‘generation’ the
‘generation’ of the fragment. Let (o"(0), i € I}) be the family of lengths of fragments in
‘generation’ k. Notice that / is reduced to one point, say 0, and we write

6(0) = c%0(0)

for the fragment which contains the root. The joint law of (0(8), 0) is given in Proposition
7.3 in Abraham and Delmas (2005).

Let (r/¥1(0), j € Ji41) be the family of sizes of the marked nodes attached to the snake
of ‘generation’ k. More precisely,
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{r ¥ 10), j € T} = {As, Ty< 0 and K, = k + 1}.

We set, for k € N,

Lk(e) = Z Oi’k(a)a N‘;((G) = Z 1{0“‘(9)>2}: Mék(a) = Z Oi,k(a)l{gi,kgg},

i€l i€l i€l

and, for k € N¥,

Ri(0) = > r*h(0).

=

We set Ry =0. Let us remark that we have 0 =3 4=¢ Li(0), N°(0) = k=0 N’(0),
M#(8) = Yx=0 Mi(6) and R(8) = Ry(6).

Let F; be the o-field generated by ((¢%/(0), i € I;), R/(0))o=/<k. As a consequence of
the special Markov property (Theorem 5.2 of Abraham and Delmas 2005) and using the
recursive construction of Lemma 8.6 of Abraham and Delmas (2005), we have the
following propositions:

Proposition 2.1. Under N, conditionally on F_1 and Ri(0), D icr, Oyi1(p) is distributed as a
Poisson point process with intensity Ri(0)N[do (0)].

Proposition 2.2. Under N, conditionally on Fi_1, ) jecy, O,ixp) is distributed as a Poisson
point process with intensity Li_1(0)(1 — e~ %) n(dr).

Remark 2.2. These propositions allow the law of the fragmentation A(6) to be computed for
a given 0 (see the Laplace transform computations in the proof of Lemma 3.1).

Let us recall that the key object in Abraham and Delmas (2005) is the tagged fragment
which contains the root. Recall that its size is denoted by g (0). This fragment corresponds
to the subtree of the initial CRT (after pruning) that contains the root. This subtree is a
Lévy CRT and the Laplace exponent of the associated Lévy process is

Yod) == p(A+0)—y(®), A=0.
This implies w;l(u) =y~ v+ () — 0, and we deduce from (4) that

lim (/4 =0, ©
We also have
) N 1
N1 — e O] — ot d N[g©@)e 7] = ———
[1-e | =v5'(B) an [0(0)e ) Yoy (B)) ”

(see (1) for the first equality with 1 instead of 1y).
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3. Proofs

We fix 6 > 0. As 6 is fixed, we will omit to mention the dependence with respect to 6 of
the different quantities in this section: for example, we write ¢ and N¢ for ¢(6) and N¢(6).
We set

N¢ =N — 15> and M = M* —01l5<.

3.1. Proof of Theorem 1.1

The poof is in four steps. In the first step we compute the Laplace transform of
(N¢, M?, R, 0). From there we could prove the convergence of Theorem 1.1 in probability
instead of in L?. However, we need a convergence speed to get the almost sure convergence
in the a-stable case of Proposition 1.2. In the second step, we check that the computed
Laplace transform has the necessary regularity in order to derive, in the third step, the
second moment of (AV¢, M#, R) under N[e #?.]. In the last step we check the convergence
statement of the second moment.

Step 1. We give the joint law under N of (N¢, M, R, ) by computing for x > 0,
y>0,8>0,y>0,

N[ef(xN£+)st+yR+ﬂo)|o~.].
By monotone convergence, we have
N[e~ N rM7 RG]  fim N[ef(ﬁdJrZ;:l N+ yMS+yR +BL)) 6], (8)
We define the function Hiy ., by
H(x,y,y)(c) _ G()/ +N [1 _ e*(xl{5>5}+)’51{m}+ctf)])’
where, for a = 0,
G(a) = Jﬂ(dr)(l —e ) (1 =) = 90+ a) — y(a) — P(0) = Yo(a) — Y(a).  (9)

Recall that F; is the o-field generated by ((oi’l,i € 1)), R))o<i;<r- We then have the
following lemma.

Lemma 3.1. For x, y, y € Ry, ¢ >0, we have, for k € N,
N[ef(xN‘;(+yM€k+CLk+yRk)|]:k_1] — e*H(\.,J,»,V)(C)Lk,l .
Proof. As a consequence of Proposition 2.1, we have
N[e*(-’CNiﬂM?ﬁc’LkJrVRk)|]:k_1 R = e*Rk()’JrN[l*eXP(*(xl{o*»}+y0~1{a'sﬂ+00~))]).

As a consequence of Proposition 2.2, we have



220 R. Abraham and J.-F. Delmas

N[e*Rk(VﬂN[l*exp(*(ﬂ(i>s}+)’0~1{dsd+le))]) |-7:k71] — e Hurp(OLir

We define the constants c(;) by induction:
co) =0, 1y = Hixyyp) (i + B)-
An immediate backward induction yields (recall Ly = ¢) that, for every integer n = 1, we
have
N[e*(z; N+ yM+y Ri+BL1)) 6] = e 0
Notice that the function G is of class C* on (0, co) and is concave increasing, and that the
function
c— N [1 _ e—(xl<d>s}+y51(d<s}+(ﬁ+c)tf)]

is of class C* on [0, co) and is concave increasing. This implies that H, ,,) is concave
increasing and of class C*. Notice that

~ ~ X ~
xligsey +y0lg<,y +co < (E+ y+ c)o.

In particular, we have Hy,y)(c) < G(y + 9, (x/e +y+¢)). As lim,_..cG'(a) =0, this
implies that lim,_...G(a)/a = 0. Since lim;_,,1,'(A) = oo, we deduce, thanks to (6), that

. H c
lim (€ _ o (10)
c—00 C
For y > 0, notice H(y,,)(0) > 0. As the function H, ,,) is increasing and continuous, we
deduce that the sequence (c(,), n = 0) is increasing and converges to the unique root, say c’,
of ¢ = Hy,yy)(c+ ). And we deduce from (8) that

N[e N +IM 4y REBo)| G = (B0 (11

Step 2. We look at the dependency of the root of ¢ = Hy ) (c+ ) in (x, y, y).
Let &, x, y, 8, v € (0, 00) be fixed. There exists a > 0 small enough such that for all
z € (—a, a), we have zy + N[1 —e#9/2] > 0 and, for all ¢ =0,

Z(XI{(}>5} + y(fl{dss}) + ﬂ(f = ﬂ(f/Z.
We consider the function J defined on (—f/2, o0) X (—a, a) by
J(c, 2) = Hozyoy(c+ ) — c.

From the regularity of G, we deduce that the function J is of class C* on
(—f/2, >0) X (—a, a) and that the function ¢ — J(c, z) is concave. Notice that J(0, z) > 0
for all z € (—a, a). Together with (10), this implies that there exists a unique solution c(z) to
the equation J(c,z) =0 and that 9J(c(z), z)/0c <0 for all z € (—a, a). The implicit
function theorem implies that the function z — ¢(z) is of class C* on (—a, a). In particular,
we have c(z) = ¢y + zcy + z2¢2/2 + o(z*). We deduce from (11) that, for all z € [0, a),
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N[efz(x/\/"%LyM‘UryR)fﬂa |0':] — g (fre@)d _ ef(ﬂ+c()+zcl+zzcz/2+o(zz))5-

Step 3. We investigate the second moment N[(xA¢ + yM? + yR)*e #7]. Standard results
on Laplace transforms imply that the second moment is finite and

N[(xN¢ 4+ yME 4 yRY e #7|6] = e P+ (26 — ¢,)6. (12)

Next, we compute cg, ¢; and c¢;. By the definition of ¢(z), we have

2
co +zey + %62 +o(z%) = G(zy +N [1 - e’z(“{v‘»}+W~1{a‘s;})f(ﬂ+co+zcl+z2cZ/2+o(z2))tf} )

We compute the expansion in z of the right-hand-side term of this equality. We set
ap =N[1 — e P*07] = ygl (B + co),
a; =y +N[eT PO (x5 + ¥ (5= + €10)],
ay = N[e7 P9 (0,6 — (x1yg¢) + Y01 (5=¢) + c16)7)],

so that standard results on Laplace transform yield

72 z2
co + zcq —|—?cz + 0(22) = G<a0 + za, —|—3a2 + 0(22)>.

We deduce that
co = G(ag) = G(N[1 — e’(ﬂ“‘))d]),
c1 = a1G'(ap), (13)

1 G"(ag)

¢ = ayG'(ag) + a%G"(ao) = a,G'(ao) + W-

(14)

Using (9) and (7), we have c¢o = G(y, ' (B + c0)) = B+ co — YWy (B + o)), that is
hg =B+ co=wo(p " (B) and a9 =y, (B+co)) =y (B)
Notice that sg > 0. And we have, thanks to the second equality of (7),

_ @ (B — '@ ()
Yo(y~'(B))

(This last inequality is equivalent to saying that 9J(c(z), z)/0c < 0 at z = 0.) From (13), we
obtain

G'(p {(BN[e M75] <1.

Y+ N[e "7 (x1{55¢) + ¥ 1{5=})]
1 -G ' (P)N[e M7G] ~

cr =Gy (B) (15)

and from (14),
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_ —G@ (BNl " (xlige) + ¥ lg=e) + 10)’] + 1 G" (" (B)/G'(y~ l(ﬁ))2
1= Gy~ (BYN[e 5]

(16)
We obtain
N[EN" + y M+ yRy?e ] = eiN[e™"767] — exN[e™7 3], (17)

where ¢ and ¢; defined by (15) and (16) are polynomials of respective degree 1 and 2 in x, y
and . In particular, (17) also holds for x, y, y € R.

Step 4. We look at asymptotics as & decreases to 0. Let 11, A, € Ry and y = —(4; + 4y).
We set

Xe = A1/7x(e) and  y. = 4/ 0(e).
We recall from Lemma 4.1 in Delmas (2006) that

. . €
lli%ﬁ*(g =0 and lg%@fo. (18)

Lemma 7.2 in Abraham and Delmas (2005) tells that for any non-negative measurable
function F, we have N[F(d)] = N[e~% F(0)]. We define

A=y + N[efhﬁd(xgl{(;>g} + yg(fl{(fgg})]
— C — C o
= —x.N[(1 —e "D ] —eyN[(1 —e ”’ﬁ*"”);l{m})].

In particular, we have A, = O(1/7«(e) + €/¢(¢)) and, from (18), lim,_oA, = 0. From (15),
we obtain ¢; = O(A;) = O(1/7x(¢) + ¢/ p(€)). From (16), we also have, for some finite
constant C independent of &,

G'(y~ 1(IB))N[G57’1/j(](Xel{a>e} + yeal{a<£}) ]
— G'(p~ Y (P)N[e "9 5]

AV + Cc2.
1

Notice that

Nle "7 (xe 1556y + 760 1i5=))"1 = N[e " (521 5 + 267 1(5=¢)]

Are
x:N[e™ hgo 1{0>g}]+ veN[e™ hyo 01{a<e}]

A
71*( )

1 €
= 0| = + —) 19
(motm (4
We deduce that ¢; = O(1/7«(€) + €/ @(¢)). Equation (17) implies that

N M | oL e
Nl(l e e HR) ¢ ]—O(ﬁ*(5)+¢(5))~

As 0 = ¢, we have that

@(€)
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1 ! po 1 1 §
N[(J‘[ (8)2 1{a>e}+ () g 1{g<é}> ] = Nl:(ﬂ (8)2 {0>é}-|- (8)20- 1{0<é}) -p :|

1 £
B 0<ﬁ*(e)+@>’

where we used (19) for the last equation (with B instead of /g). Recall that N®(6)
=N?+ 155, and M*(0) = M* 4 61(5<, and thus

€ & 2
N (/11 _N + Ay — M — (M +/12)R> e fo
Tx(e ) (&)
_ N M 2 g
< 2N l(ﬂ,l (e ) (8) — (ll —‘rﬂ.z)R) € ]

1 1
+2(/12+1)NK e Loy +— o) 1{o<a}> ﬂa}

We deduce that

N¢ M* g 1 e
N (4 +A——— (A1 +4)R =0 — . 20
(g R ] (@ o) @0
which, thanks to (18), says precisely that lim,_o (N¢(6)/7T«(g)) = lim,_ (M*(0)/p(€)) = R
in L2(N[eP7.]). O

4. Law of R(0)

Lemmad.1. Let =0, y < 0. We have
N[1 — e o 7RO] = p,
where U is the unique non-negative root of

B+yYy +0+0v)=ypw+0)+y+y). 21

Remark 4.1. For the limit case (1) = A> (which is excluded here), we obtain that the unique
non-negative root of (21) is v = /A +2y6. This would imply R(6) =26c N-almost
everywhere and R(6) = 26 Nj-almost surely. This agrees with the result in Bertoin (2004),
where the limit which appears for (2) is almost surely equal to 26.
Proof. Take x = y =0 in (11), integrate with respect to N and use (7) to obtain

N [1 _ e*VR(e)*ﬂU} =N [1 _ e*(ﬁJrC)lf(e)} — w;l(ﬂ + C),

where ¢ is the unique root of ¢ = H(gp,)(c), that is, of ¢ = G(y +1/)51(ﬁ—|— c)). If we set
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v=1yy(B+c), we have that v is the unique non-negative root of the equation
G(y + v) = Ye(v) — B, that is, (21). O

5. Computations for Remark 1.2

Let a € (1, 2). Recall from Abraham and Delmas (2005: Corollary 9.3) or Miermont (2005)
that the fragmentation is self-similar with index 1/a and dislocation measure given by

_a(a—DI(1 - 1/a) AS,
[ Foomn = Se DAV g (852 )]

where F is any non-negative measurable function on S', and (AS,, ¢ = 0) are the jumps of a
stable subordinator S = (S,, = 0) of Laplace exponent 1! (1) = 1/, ranked by decreasing
size.

In this section we shall compute the functions f}3, ¢, and g, defined in Bertoin (2004)
and recalled in Remark 1.2 for the self-similar fragmentation at nodes.

Lemma 5.1. We have

1 e \I1-1/a
1O =7 (1 —g) '

Proof. The Lévy measure of S is given by

1 dr

mx(dr) = aT(1 = 1/a) riii/e dr.

For § € (0, 1), we have

dy A s T(1—p)
l—e )y = —2.
J(O,oo) J’Hﬂ( e B

We deduce that

B _ ﬂ * dy S o ﬁ o0 dy L _F(l—aﬁ)
HSI]‘F(I/%)[EUO sl e )}_F(lﬁ)L EEACA R VTR

Standard computations for Poisson measure yield
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ORI DRI
i=1

a(e — HIA - 1/a) | AS,
= T2 —a) E[S Z S—II{AS,<5S|}

t=<l1

a(e— DI - 1/a) [
- Ire—o) E Z ASfl{ASKs(Sl—AS,)/(lfg)}

L =<1

_ala— DI —1/a)
B Ir'2-—a)

o« I-1/aq( € \'7Ve
’r(z—a)[ES‘ ](1—8)

~1/a
:F(l-l—ll/a)(li8>l "

E Jn*(dr)rl{r<ssl/<1e>}]

Lemma 5.2. We have
-1

1/a a
T+ 1/a)

lime /“pp(e) =
e—0

Proof. We have

oute)= | (Z T 1)vl(dx>

i=1

T2 - a)

=<1

ala— DHI'A —-1/a [
— ( )( /)[E SlZI{ASz>851}_S1]

a(e — D1 - 1/a) |
= T2 - a) 1D (St = AS)Lias,>e(si-as)/1—e — ASl(as,=e(s1-As,)/(1-0))

| =<1
—DIra-1 [
_ aa F(; E > /a)[E _S1 Jn*(dr)l{pssl/(ls)}} )
_ala—1) roi-1/a]f € Ve
_F<2—a)[E[Sl =) " he
a—1 e \—l/a
T+ 1/a) (1 - g) —/5@).
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Lemma 5.3. The limit lim,_ (g,(¢)/f5(¢)?) exists and belongs to (0, co).

Proof. We have

2
gb(e) = J ( xil{xi<s}> 1ll(dx)
SE\'i=l

2
afa— DA -1/a) AS,
- Q- a) E [Sl (Z Sll{AS,<eS1}> ]

=<1

(AS))?
S, 1ias,<es1)

=<1

~a(a—DIA~1/a) E
- T2 —a)

+E

S

AS;AS,
Lias,<esias,<esit | |-

t<l,s<1,s#t¢

For the first term, we obtain

E

/M

AS))?
( lt) 1{AS,<£S1}] <

sy
> =<1 S1 — AS; {AS<e(S1—ASy)/(1-¢e)}

t=<1

1
E [S_l J 7k (dr) P 1 s, /(18)}:|

" (2a-— 1)r1(1 “1/a) [ ifl/a] (1 ie)zil/a

= o(e27%/%).

For the second term we notice that, for r, s, S € R.,

{r=eS/(l—¢e,v=<eS/(l—-e}Cc{r<elS+r+v),v<eS+r+v)}

C{r=<eS/(1 =2¢),v=<eS/(1 -2},

and we obtain
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AS;AS;
[El > ;—11{AS,<551,ASS<8S1}]

tslssls#t
. __asAs
=2, ST AS, - A5, AN AS-AS 1205 <S55 1-20)
| 2
— |E |:SVI <Jﬂ*(dr)r1{r<ssl/(l_25)}> ]
e 2-2/a
—alt5)
with
o G -a)
“ 7 (@ — 1PTQ/aT(1 - 1/ayp’
as well as
ASAS,
t<I,s<1,s#t !

_ Z AS;AS; 1
= e (51 —AS, — AS)(1 +26)/(1 — &) {AS,<e(S—AS,—AS,)/(1—€),AS,<e(S;—AS,—AS,) /(1—¢)}

! 2
E S_ (Jﬂ*(dr)r1r<851/(15)}> ]
1

1—e¢ &g \2-2/a
_C“1+2e<1—g) '
In particular, we have that g,(e) = c,e? 2/%(1 + o(1)). We deduce that lim,_( gp(€)/
In(e)*) € (0, 00). O

1—¢
1+ 2¢
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